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NIKOLAI GUR’ EVICH CHETAEV 


A biographical sketch* 


N.G. Chetaev was born on December 6 (November 23 of the Gregorian calen- 
dar) 1902 in the village of Karaduli in the Laishevo district of the 
province of Kazan’, the present Tartar Autonomous Socialist Soviet Re- 
public, in the family of a village clerk and chanter, Gurii Ivanovich 
Chetaev. The mother of N.G. Chetaev, Vera Vsevolodovna Kedrova, had a 
predominant influence in bringing up her two children, the sons Nikolai 


and Arkadii. 


Nikolai Gur’evich received secondary instruction at the Kazan’ third 
High School (Gymnasium). After the Revolution he attended a second degree 
School, from which he graduated in 1919. In the secondary School Nikolai 
Chetaev was an outstanding pupil, passing from class to class with high 
honors. He was mainly attracted by natural science and the exact 
sc lences. 


After a short time spent in the village military commissariat (Chep- 
chug, near Kazan’), in 1920 Nikolai Gur’evich entered the mathematical 
section of the Physico-Mathematical Faculty, the University of Kazan’. 


The exceptional capabilities and diligence of N.G. Chetaev attracted 
the attention of the university professors. Physics was taught at that 
time by Professor D.A. Goldhammer and mechanics by Professor D.N. Zeili- 
ger. Of the mathematicians Professors N.N. Parfent’ev and N.I. Porfir’ev 
may be mentioned. N.G. Chetaev studied with enthusiasm, inspiring also 
his friends. He presided over the well-known students’ scientific circle 
named after N.I. Lobachevskii, and while a student published his first 


scientific work "Diffraction of light in nontransparent media". 


Beginning with January 1926 Nikolai Gur’evich was enrolled as an 
aspirant in the graduate school and assigned to the Department of 
Mechanics directed by Professor D.N. Zeiliger. Evidently the origin of 
the deepest ideas and scientific projects of Nikolai Gur’evich, which 
later became the substance of his life’s scientific programme, mst be 
dated back to that time. During his graduate training, which he completed 








* On p. 238 of this issue of the journal an article is devoted to the 
scientific works of N.G. Chetaev. At the end of this article a list 
of the published papers is appended. 
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A biographical sketch 


in February 1929, he carried out and published a series of investiga- 
tions into the stability of the equilibrium figures of a rotating liquid 
mass, the equations of dynamics in the form of Poincaré, and other 
difficult problems of mechanics. 


Due to his scientific achievements N.G. Chetaev was sent to Germany 
in March 1929 for one year’s work at the University of Goettingen. In 
Germany, N.G. Chetaev made acquaintance with the then leading aero- 
dynamical school of L. Prandtl. He spent much of his time in attending 
the seminars of this well-known scientist. At the same time he continued 
his investigations, mainly in the domain of the stability of motion. 


After his return from Germany at the beginning of 1930 N.G. Chetaev 
was appointed docent at the University of Kazan’. According to tradition 
in the spring of 1930 he gave his inaugural lecture. These lectures were 
attended not only by students but also by professors, lecturers and 
aspirants of the graduate school. 


In September 1930 Nikolai Gur’evich was appointed to the Chair of 
Mechanics in the Physico-Mathematical Faculty of Kazan’ State University. 
This chair was left vacant after the departure from Kazan’ of Professor 
D.N. Zeiliger. 


In June 1931 an aerodynamical division was founded at Kazan’ Univer- 
sity, and almost at the same time reorganized into the independent Kazan’ 
Aviation Institute. The soul of this undertaking, as far as its organi- 


zation and scientific and pedagogical operation was concerned, was N.G. 
Chetaev. As a deputy director of the Institute he was in charge of the 
scientific as well as of the pedagogical sections. 


After the establishment of the basic Chairs at the Aviation Institute, 
N.G. Chetaev returned to the staff of Kazan’ University. 


The well-known Vermutungsseminar, organized by N.G. Chetaev, apparent- 
ly following the example of the Goettingen seminars, was the center which 
united in the thirties of the present century almost all creatively work- 
ing mechanicians and certain mathematicians of Kazan’ University and the 
Aviation Institute. The seminar was concerned with problems of stability 
of motions in analytical dynamics and qualitative methods in the theory 
of differential equations. Besides the aspirants of N.G. Chetaev, an 
active part in the work of the seminar was taken by the mathematicians 
(at that time docents) I.G. Malkin and K.P. Persidskii, and also N.G. 
Chebotarev. At the seminar papers were given without any calendar 
planning. Of great importance for the seminar were the reports on work 
left incomplete because of the insurmountable difficulties involved and 
reported on by their authors during the process of their investigations. 
This fact added to the studies of the seminar a particular quality of 
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closeness in discussions, mutual aid and scientific competition, which 
was wisely and tactfully directed by N.G. Chetaev as the moderator. The 
work of the seminar was reflected in the papers published in the *Trudy 
Kazansk. Aviats. Instituta", *Uchenye Zap. Kazansk. Gos. Universiteta" 
and the *Izvestiia Kazansk. Fiz. Mat. Obshchestva". 


Thus in mechanics a new trend was created which became known as the 
Kazan’ school of the stability theory. 


In the works of the seminar the mathematically rigorous results of 
Liapunov were developed further and, in addition, their practical 
significance was made clear. 


The development of science and technology showed how important it was 
to anticipate the necessity of investigating this new domain of mechanics, 
the significance of which had been obscure, to initiate these investiga- 
tions and to attract youth to this field. 


At Kazan’, both in the University and the Aviation Institute, various 
lecture courses were given by Nikolai Gur’evich to students as well as 
lecturers and aspirants. These courses included general mechanics, 
hydrodynamics, theory of aerofoils, special chapters of analytical mecha- 
nics, stability of motion, theory of the Kronecker characteristics, in- 
tegral invariants, special theory of relativity, and other subjects. 


In 1940 N.G. Chetaev was invited to work in the Academy of Sciences of 
the USSR. He left for Moscow and became director of the section for 
general mechanics in the Institute of Mechanics, the Academy of Sciences 
of the USSR. From 1945 to 1953 he was director of this Institute. During 
recent years N.G. Chetaev held the Chair of Theoretical Mechanics at 
Moscow State University. 


In Moscow Nikolai Gur’evich concluded many of his works, which accord- 
ing to their contents were connected with the Kazan’ period of his activ- 
ity, wrote a series of new articles, and also a monograph on the stabil- 
ity theory. 


As in Kazan’ he directed a seminar in the Institute of Mechanics, the 
Academy of Sciences of the USSR and at Moscow University. His activ- 
ities became wider, and the domain of mechanics, headed by him, penetrat- 
ed into various branches of technology. The methods of Liapunov and 
Chetaev were applied to the solution of problems of automatic control, 
the theory of gyroscopes and the guidance of flight vehicles. 


Beginning in 1945 and to the end of his life N.G. Chetaev was the 
chief editor of the journal *Prikladnaia matematika i mekhanika*. In this 
capacity he earned esteem by his judgements on points of principle and 
by his objectivity in evaluating the papers. 





A biographical sketch 


N.G. Chetaev generously shared his ideas and knowledge with the 
younger scientists, was benevolent towards them, trained them affection- 
ately and carefully, and allotted much of his time to the direction of 
seminars for students and aspirants, and to lecturing in general. 


In science N.G. Chetaev was an enemy of useless words and easy 
success. He always stood for rigorous statements of new problems in 
mechanics, and for the creation of rigorous methods for their solution. 
At the same time he opposed excessive generalizations of problems in 
mechanics, which deprived them at times of their practical meaning. He 
was against unjustified hypotheses, introduced frequently in the course 
of the solution of a problem by short-sighted or selfish desire to 
*solve* it. This neatness of approach Nikolai Gur’evich had inherited 
from Liapunov whom he always followed and whose ideas he tended to trans- 
mit to his pupils. 


The sudden death of Nikolai Gur’evich, caused by heart disease, 
occurred in Moscow on November 17, 1959. 


The Government and the scientific community highly esteemed the activ- 
ity of N.G. Chetaev. In 1940 he was given the title of a merited worker 
in science of the Tartar Autonomous Socialist Soviet Republic. In 1943 
N.G. Chetaev was elected corresponding member of the Academy of Sciences 
of the USSR. In 1945 the order of the Red Banner of Labor and in 1953 


the order of Lenin were conferred on him. 


The memory of Nikolai Gur’evich Chetaev, an outstanding scientist and 
citizen, a man of high morality, crystal honesty, exceptional modesty 
and kindness, a patriot of his native country, will be preserved for a 
long time by the people who knew him. 


Translated by E.L. 





ON CERTAIN QUESTIONS RELATED TO THE PROBLEM 
OF THE STABILITY OF UNSTEADY MOTION* 


(0 NEKOTORYKH VOPROSAKH, OTNOSIASHCHIKHSIA K ZADACHE 
OB USTOICHIVOSTI NEUSTANOVIVSHIKASIA DVIZHENITI) 


PMM Vol.24, No.1, 1960, pp. 6-19 


N.G. CHETAEV 
(Moscow) 


In modern engineering there arise new and increasingly more complex 
problems concerning the stability of motion. Looking at the past and 
anticipating the future, one can see that in order to keep up with 
technological progress it will be necessary to develop more and more 
precise methods for the investigation of these stability problems. The 
main difficulties in this direction are caused by the insufficient de- 
velopment of computation algorithms and of the procedures proposed al- 
ready by Liapunov in his work "General problem of the stability of 
motion". 


1. Some problems on the stability of motion. The possibility 
of the application of Liapunov’s [1] method to the solution of important 
engineering problems of stability of motion was pointed out by me in my 
lectures on aircraft stability which I gave at Kazan’ University in the 
early forties. 


Liapunov’s general theorems on stability (Section 16) apply, obvi- 
ously, to the equations of perturbed motion 
dr 


== as Xa (lf, So,.--. Sad (s= 1 n) 
at 


in which the bounded, continuous, real functions x, vanish when x, = 0, 
x = 0, and satisfy the conditions for the existence of a single- 
valued solution in the region 


t>t,, r,? 4 L t,2?< H 


for arbitrary disturbances in this region. ** 


* The work was published in a small number of copies in 1949, 


** The notation is the same as that used in my textbook [2 Be 





.G. Chetaev 


Liapunov accepted the following definition of stability. 


If for an arbitrarily small, given positive number A there can be 
selected a positive number A such that for all disturbances Ziq» see 
X19, satisfying the condition 


2 2 
Z10° 4 +- Ing” & A 


and if for all t, t > tg, the following inequality is valid 
z,* + 


then the undisturbed motion (x) re a” 0) is stable; in the 
opposite case, it is unstable. 


In the proof of the theorem on stability (Section 16) which was given 
in the spirit of the epsilon proofs, Liapunov proposed a useful, practi- 
cal method of finding (for a given number A, less than H) with the aid 
of the functions V and W, a positive number A possessing the property 
specified in the definition of stability. This is a very important point. 


In most engineering problems one is interested in satisfying the in- 
equalities, appearing in the definition of stability, for given A and A 
over a bounded time interval from the initial moment ¢, to some instant 
T. When the values of A, A, ty and T are, however, given, then there 
arises the problem of the definition of the (A, A, t,, T)-stability in 
the large during a bounded interval of time. 


0’ 


Transforming, if necessary, the right hand sides of the differential 
equations of the disturbed motion in the problem of the (A, A, t,, T)- 
stability in the appropriate way in the regions* 


0? 


B° +-...+ Se < ? i#<a7°+...+2,°<H 


for every t > ty, while in the region 


hat +... bag*@<A 


for t > T, we can reduce the problem of the (A, A, t,, T)-stability to 
amore general stability problem of Liapunov with a certain additional 
restriction. This restriction is that the Liapunov functions of the 


The possibility of transforming the given equations in the region 

as + cos @ ty <A by such a treatment of the given stability problem 
of Liapunov, is explained by the possibility of selecting (in the 
latter problem) the initial instant of time as any point in the in- 
terval (to, T). 
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transformed equations possess the properties specified by Liapunov for ¢ 
greater than the given t,, and that the number A, obtained from A by 
Liapunov’s method, be greater or equal to the given value for A. 


This circumstance makes the direct method of Liapunov quite valuable 
in the application to those applied problems of stability in the large 
during a bounded interval of time, for which there exists a general 
problem of Liapunov. 


In Liapunov’s definition of stability it is textually assumed that 
there are no disturbing forces in the sense, that the disturbed motion 
takes place under the action of those forces which were taken into con- 
sideration in the determination of the undisturbed motion. Liapunov gave, 
already in the problem of stability in the first approximation, the first 
examples of problems with disturbing forces. Obviously, not every problem 
of the (A, A, t,, T)-stability with disturbing forces can be covered 
by one of Liapunov’s problems (for example, such a direct covering does 
not exist when A = 0). The covering of the problem of the (A, A, to, T)- 
stability with a Liapunov problem can be accomplished by various methods. 


After these introductory remarks, I shall occupy myself in what 
follows with the problem of the stability of motion in the sense of 
Liapunov. 


2. Theorem of instability for regular systems [3]. Every- 


body knows Liapunov’s theorem: if the system of differential equations 
of the first approximation is regular and if all its characteristic 
numbers are positive, then the undisturbed motion is stable. 


One can prove a theorem of instability that is a converse in a certain 
sense: if the system of the differential equations of the first approxi- 
mation is regular, and if among its characteristic numbers there exists 
at least one negative number, then the undisturbed motion is not stable. 


Let us consider the system of differential equations of the first 
approx imat ion 


dz, 


rT, Ps12\ ees PsnTn . ,n) (1) 


where the p.. represent certain real continuous, bounded functions of ¢ 
defined for all positive values of t. If this system is regular, then 
according to the definition of regular systems [1, Sect. 9] the sum 
A, + «+. + A, of the characteristic numbers A, of the normal system of 
its independent solutions 


Ziry ++ r (r i, ooo A 


is equal to the negative of the characteristic number of the function 
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exp — \> Pest 


This is possible if the sum of the characteristic numbers of the func- 
tions 


exp \ > Pest, exp — \ y Pest 


is zero. 


A system of n independent solutions is normal if the sum of the 
characteristic numbers of all remaining independent solutions attains 
its supremum[1, Sect. 8, Theorem IV]. 


We denote by A the determinant constructed of the functions x,,, and 
by A. the cofactor (minor) of its element X ij It is well known that 
the functions 


Yer = . ees (2) 


satisfy, with r fixed, the system of linear differential equations asso- 
ciated with the problem of the system (1). 


Let us denote by », the characteristic number of the group of func- 
tions y,,, -++» ¥,, of formla (2), which were determined by a normal 
system of independent solutions x,;. of the regular system (1). On the 
basis of general results of Liapunov on characteristic numbers [ 1, Sect. 


6], we have the inequality #, >-A_. From the obvious relation 


>) YorLer = { 


we deduce the inequality p, + A, < 0. These inequalities lead to the re- 
lation 


Uy +h = 0 (3) 


The system of differential equations that has been associated with 
(1) will, therefore, be regular also, and the system of functions Bens 
given by (2), will represent its normalized system of independent solu- 
tions. 


Let us now consider the complete system of differential equations of 
the disturbed motion 


dx 


Gp = Pati +--+ + Pentn + Xe 


where, for all positive t, the X, are holomophic functions of the quan- 
tities x), ..., x, at least for all those values of the latter which 
satisfy the condition 
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z°+...+2,°Q A 


where A is a constant distinct from zero and the coefficients in x, are 
assumed to be determined by definite, continuous, bounded functions of 
t; the expansion of X, begins with terms of at least the second order. 

Let us introduce the variables z,, ..., z, in accordance with the form- 
ulas 


7 
Zr = >) eYoryr! (r = eee ~A 
s 
From this it follows that the characteristic number of the group of 
functions z,, ..., Zz, is smaller than the characteristic number of the 
group of functions x,, ..., %,, i.e. 


char. numb. La} > char. numb. La} 


_ ; 
(A, — &) 2 + >) Xsyere - 


Let us now assume that among the characteristic numbers A,, «..., A 
there is at least one negative one. let it be A,. 


The instability of the undisturbed motion (relative to the variables 
1» «++» %,) will be proved by the method of contradiction. 


If the undisturbed motion is stable, then for an arbitrary given small 
positive number A there will exist such a positive number R that for 
arbitrary initial disturbances x,), ..., *,9 satisfying the inequality 


Xo" Poet Ino* NX R (6) 
the following inequality will hold for all positive ¢: 
2+ ...+an°< A (7) 


Under this assumption it follows from the equation with r = 1 of 
system (5), that 


2, = ce Ae! 4 et |S) Xsyardt (ce is some constant) 
s 


Since the functions X, are assumed to be bounded for all positive 
values of t and for all Xi, +++, %, satisfying the condition (1), and 
since they are assumed to possess expansions beginning with the second 
degree terms in powers of the variables x,, ..., *,, it follows that in 
the selection of the initial values Xi9* +++» Zn9, im accordance with the 
inequality (6), and for small enough R, we find that the characteristic 
number of the last term on the right hand side of the last equation is 
not negative and, hence, that the characteristic number of the function 
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z, is equal toA, [1, Sect. 6, Lemma IV]. This and the relation (4) 

prove that the characteristic number of the group x,, ..., *,, which is 

equal to the smallest of the characteristic numbers of the functions z,, 
or Zn, will be not larger than the characteristic number of Zi,» 1-e. 


char. numb. tz. <¢ A, <0 


This statement contradicts the condition (7). We must, therefore, con- 
clude that whatever the value of R may be, among the initial disturbances 
Zig» +++» %,9 there exist some for which the inequality (7) ceases to 
hold for some positive values of t. Thus the theorem can be considered 
proved. 


3. Om some questions of the stability and instability for 
non-regular systems [4]. If the system of differential equations 
of the first approximation is not regular, then, indicating the sum of 
all characteristic numbers of the normalized system of its solutions by 


$=h, 2 2 = Dee 
and by » the characteristic number of the function 1/A, we will have 
st+pup=—e 
where o is some positive number. 


In this case the characteristic number of the functions 
A 


sr 


Yer = A 


will not be less than -— A. - o. For the sake of definiteness we shall 
asssume that the functions y,. satisfy the conditions 


dyer? (0) = 1 


Theorem of Liapunov. If the system of differential equations of the 
first approximation is not regular and if each of its characteristic 
numbers is greater than c, then the undisturbed motion is stable. 


Proof. Let us introduce the new variables 
. —(Ap —#)f 
lp = Dy ZeYore 
s 


where « represents some positive number less than every one of the 
characteristic numbers A_ and larger than o. If the smallest of the 
characteristic numbers is denoted by A,, then A, >«€>¢. 


1’ 
The formulas for the inverse transformation will be 
. —(A, —e)t 
Za = >) 2rLare = 


r 
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The coefficients standing on the right hand sides of the linear forms 
in the variables z_ will be vanishing functions of time with character- 
istic numbers not jess than ¢. From the last formulas it follows that 


char.numb.{ x, | > char.numb.| z, | +€ 


Here the symbol | x,| stands for the system of functions x,(a = l, 


op B)- 


Let us consider the positive definite quadratic form 


2V =z,’ + ooo SF Zn" 


The total derivative with respect to time is, because of the given 
system of differential equations of the disturbed system, 


= = - - SO " R= 2; ZX gYsrl 
r re 
The function R = R(t, z,, ..., z,), a8 a function of the new vari- 
ables, has in its series expansion, in positive powers of the variables 
Zyp seen Bus coefficients which are vanishing functions of t with 
characteristic numbers not less than the positive number « - o. 


For every positive number 7, no matter how small, one can find a 
region of sufficiently small numerical values z,, ..., z, and a number T 
such that within this region and for all ¢ greater than T the following 
inequality is valid 


| R(t, £3,---58n)| < H(zy2 +... + 2n%) 


This follows from the properties of R(t, Bao sees z,) as a function 
with vanishing coefficients and with an expansion that begins with terms 
of at least the third degree in z,. 


If » is chosen in accordance with the inequality A, - « > with the 
indicated conditions, we shall have, for all t > T and for all z,, ..., 


z, in the specified region, the following relation 


d e ‘ 
¢ i < - 2 (ky —¢ — ) jz” 


aoe 
_ 


Hence, if the initial values Z,9 are chosen so that as t varies from 
t, to T, the values of the variables z_ lie in the indicated region, 
then for all t > t) we shall have 


— pe—2AAy—e-—n)t 
Whence, 


char, numb. |2z | 2A,;-¢€-7 
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and, hence 
char. numb. {x} >A, -—7 > 0 


This proves the stability of the undisturbed motion relative to the 
variables x,, ..., x,, and also shows that every sufficiently close dis- 
turbed motion will tend asymptotically to the stable motion. 


Theorem. If the system of differential equations of the first approxi- 
mation is not regular, and if its smallest characteristic number is less 
than — o, then the undisturbed motion is unstable. 


Proof. We denote the smallest characteristic number of the equations 
of the first approximation by A,. By the hypotheses of the theoremA, + 
o < 0. 


Let us consider the variables 


whence, 


char. numb. {| z,) > char, numb. tx,J 


We consider the equation 


dz . ' ly +a 
— (hy, + 3) 2z, -+ >) X sare (Aton 
8 


“dt 

The proof of the theorem will be made by contradiction. Let us assume 
that the undisturbed motion is stable under the given conditions. Then 
for every given positive number A, no matter how small, there will exist 
a positive number a such that, for initial disturbances x,), --., Xn 
satisfying the inequality 

Zig? +... + Sng? KG 

and for all t greater than t,, the following inequality will hold: 


ry +...+2,°< A 
From the differential equation for z, it follows that 
t 
Z, = ce~Mrtont +4 eOrton | >) X ,y5,at 


where c is some constant. 


If the undisturbed motion is stable, and A is chosen smaller than the 
radius of the region of holomorphness of the functions X,, then the func- 
tions x, will be bounded for all values of t > t,, provided, of course, 
that the initial disturbances are chosen in accordance with the inequal- 


ity 
Ly? + .-- + Ing? Qa 
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The characteristic number of the system of functions y,, is not 
smaller than ~{A , + o) > 0. The limits in the integral were, therefore, 
chosen in accordance with known theorems of Liapunov on the character- 
istic number of an integral. If, without loss of generality, we let the 
initial moment of time be ¢, = 0, we obtain the relation 

0 
>} LeoYa, (0) = ¢ — \ >) Xayarctt 

From this and the property of the holomorphic functions X,, whose ex- 
pansion of powers of X), «++, %, begin with terms of degree at least two, 
and from the property of the functions y,,, which vanish with a positive 
characteristic number not less than -(A , + o), we see that, for a 
numerically small enough A and for the largest a for the given A, the 
left hand side of the last equation will be a first order quantity, while 
the integral will be a quantity of order not less than the second. Hence, 
the constant c will be distinct from zero. 


One can obtain this result more simply if in the preceding equations 
the variables x, are expressed in terms of t, Erqs -++> By under the 
assumption that the undisturbed motion is stable. In this case the inte- 
gral will begin with a second order term in x_, with a bounded coeffi- 
cient. Hence, for a small enough a, one can find such values of x,, that 
c will be different from zero. 


From the formla for z, we deduce that 
char. numb. 2, = Ay +a<0 


and, hence, 


char. numb. tx} < A, +e< 0 


which contradicts the hypothesis on the stability of the non-disturbed 
motion. This proves the theorem. 


4. Om the sign of the smallest characteristic number. Among 
the problems concerning the stability of motion, the one dealing with 
the sign of the smallest characteristic number of a system of linear 
differential equations is of special interest. Its significance is 
illuminated by the preceding theorems. 


In the general formlation the problem of the sign of the smallest 
characteristic number has not been solved [5] in a form which would lend 
itself effectively for computations, even for equations with constant 
coefficients. For the latter equations the determination of the charac- 
teristic numbers does not present a problem. 


The reasons why the various methods for the determination of the 
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characteristic number in the general formulation of a problem yield re- 
sults which are quite ineffective for computations are not clear at the 
present time; furthermore, it is not clear what minimal properties of 
the coefficients p,, are to be dropped or even to be forbidden in order 
to obtain an effective solution of the problem. This matter could be 
resolved with the correct general statement of the problem of the 
characteristic number. 


5. On the upper and lower bounds of characteristic numbers. 
The first results on the more or less precise upper and lower bounds of 
characteristic numbers for the linear differential equations (1) were 
established by Liapunov in the proof of the theorem that every non- 
trivial solution of the system of differential equations (1) has a finite 
characteristic number. 


Proof. Let us consider a real solution in which the x, are real func- 
tions of t. We introduce the new variables 


where A denotes some real constant. 


Then the given equations (1) will be transformed into the following 
ones: 


dz, 
ai = Pai71 "cee (Des ; A) 2 arr k, PsnZn (sg 3 


from which we derive 
idyi2_y =. oe 
> dt iJ*s 2 (Pen T Berk) “ser 
The second part of this equation represents some real quadratic form 
in z, with coefficients depending on A, and t. Because of the assumed 
boundedness of the function P,, one can find such values A = A’, for 
which all principal diagonal minors of the discriminant 
Por 1 Prs ® 
~ Ogr/ 
will be positive for all values of t under consideration. For such a 
value of A”, the quadratic form will be positive-definite. 


One can also find such values A = A, for which the principal diagonal 
minors will alternate in sign beginning with a certain negative one 
P,,; + A,. For such aA,, the quadratic form standing on the right hand 
side will be negative-definite. 


From this it follows that for every A = A” + «/2, where is an arbi- 
trary positive number, we have the equation 
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dy ’ 
Ft" > D2." 
‘ 


from which we obtain by integration the inequality 
D2." > ce 
’ 


for all ¢t under consideration. Here, c stands for some positive constant 
which does not exceed > sf 0 where the Z49 are the initial values 
of the variables z, corresponding to the initial time ¢. 


IfA = A, ~ «/2, we have 


| 
e >} 2." 
’ 


whence, 
D207 < cet 
’ 
for all t under consideration. Here, c' stands for a positive constant 


not less than e ‘oe > 55. 


Hence, for A = A, + «/2, where « is an arbitrary positive number, one 
can find among the functions z, at least one unbounded one; while for 
A= A’ -«€/2, all the functions z, will be non-decreasing functions. 
Thus, the smallest characteristic number of the functions x, of the real, 
non-trivial solution of the system (1) under consideration will not be 
less than A, and not greater than A’. 


Consequence [2]. If the coefficients P,, of the differential equa- 
tions (1) are such that the principal diagonal minors of the determinant 


| Psr ? Prs ; 


alternate in sign, whereby p,, is negative for all values of t greater 
than some constant t>, then the characteristic numbers of the particular 
solutions of such a system are all positive. 


The bound for the characteristic numbers determined by Liapunov can be 
improved. Indeed, in accordance with the given equations we have 
Ss S\ 2,” ») 


2a 


If the right hand side of this equation is symmetrized and if the sym- 
metric quadratic form is reduced to the sum of squares by means of a 
linear orthogonal transformation, then one can obtain the known inequal- 
ities 


PerT st 





N.G. Chetaev 


’ J 
- —f£ 2 
a >} 20" < >; PsrXelr B>\2. 
8s s.r s 


where a and § denote the smallest and largest roots, respectively, of 
the equation 


2a >} 2." < 5-Yjz." < 2B >) 2." 


cexp (2 \ adt)<>)x,' <cexp (2 \ pdt) (e = 210+ ...+ Z*no) 


where the integrals are taken with the limits ¢, to t. 


On the basis of this we must conclude that the characteristic number 
of the system of functions x,, ..., x, satisfying the given linear equa- 
tions, is not larger than the characteristic number of the expression 
exp { adt and is not less than the characteristic number of the function 


exp f Bdt, i.e. 
char. numb. exp f adt > char. numb. {s,} > char. numb. exp f adt 


Consequence. The smallest characteristic number of the solutions of 
the given equations will be positive if the characteristic number of the 
function 


exp | pat 
is positive, where 8 stands for the largest root of the equation 


- B,-x| =z 0 


6. The coefficients P,, tend towards the definite limits 
Cor [ 8 ] . 


Theorem. If with the unbounded increase of t, the coefficients Dia 
tend to the definite limits c,,, the smallest characteristic number of 
the equations (1) coincides with the smallest characteristic number of 
the limiting system 

dz 
= Cgi1X%, + --- + ConZn = (8) 


Proof. We make the substitution 
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Z, = z,e™ am fc ges n) 


where » is some constant. The given equations (1) will be transformed 
into the system 


dz 
r = Put Poco (Pss + 7) Zs + -++ T Pantn (9) 


while the limiting system (8) will go over into the next system, which 
is the limiting system for Equation (9), 
dz 
rs = C53, +... + (Ces + n) Ze ~- «++ t ConZn (10) 
The roots of the characteristic equation of the system (10), ||c,. - 
5,-(x-7) || = 0, we will indicate by x,, ---, x, - 


If there exist no non-negative integers #,, ..., ™,, whose sum is 2, 
for which the expression 
MX +. -- + MnXn 
vanishes, then there will exist a quadratic form ¥ with positive coeffi- 
cients satisfying the equation 
aw 


ad Oz, 


The form ¥ will be negative-definite if the real parts of all the 


[CopZ1 + «~~ + (Coe + 4) 20 + - ~~ + Condn) = 24° + ~~~ + Bn? 


roots X, are negative; this form W will take on positive values for 
certain values of the variable z if there exists at least one root (among 
the roots x), «--, X, With a positive real part). 


In view of Equation (9), the total derivative of such a function ¥ 
with respect to t will have the form 


dw ow 


= z,* + i s.* + >) (Per— Cer) Zr 


Is 
os 


Since the function 7 is a quadratic form with constant coefficients, 
one can find a number « > 0 such that whenever 


| Per —Cor| <8 


the right hand side of the last equation will represent a positive 
quadratic form in the variables z. 


The coefficients P,,» however, tend to the limit c,, as ¢ increases 
indefinitely. Hence, for every positive «, no matter how small, there 
exists a T such that for all t > T the absolute values of the differences 
Py will be less than«, and, hence, for all t greater than T, the 


derivative dW/dt will be a positive-definite function. 


This leads us to conclude on the basis of the general stability 
theorems of Liapunov, that if there do not exist non-negative numbers 
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© -, ™, whose sum is 2, for which the expression 


MX, +... + + MyXn 


oe 


vanishes, and if the smallest characteristic number (taken with opposite 
sign of the largest real part of the roots x,) of the system (10) is 
positive, then the undisturbed motion of the system (9) is asymptotic- 
ally stable; while, if the smallest characteristic number of the system 
(10) is negative, the undisturbed motion of the system (9) is unstable. 


From this we may conclude that the smallest characteristic numbers of 
the set of functions z,, ..., z, when the x,, ..., *, are solutions of 
the given equations (a), as well as those of the limiting system (8), can 
be equal to zero only for one definite value of the constant 7. This 


proves the theorem. 


7. The coefficients p,, have bounded oscillations [2]. If 
the coefficients of the linear equations (1) have the form 
Psr Cer + ef sr 
where « is a parameter, the c,. are independent of «, and the f,, are 
bounded real functions of t, then the given equations (1) include as 
particular cases the equations with the constant coefficients c, |: 


dz 


= CeyXy +--+ tT ConDn (s errr 
Let us assume that the roots A, of the characteristic equation 
| Cor = 84, iJ = 0 


satisfy the condition #,A, + ... + #A, # 0 for arbitrary non-negative 
integers whose sum is 2. We consider the quadratic form (a,, = a,_) with 
constant coefficients 


determined by the equations 


1 
>} (Co1Z1 ose 4 
° 


The total derivative of V with respect to t can be written, in view 
of the last equation and of the given equations (1), as 


’ av 
V = — 2° —...— Sn + 8 (fp % +--+ fon Zn) — 
’ 


For small enough |«| and for a positive » less than 1, the form 
- Wo (x7 + 2... + x7) can be made positive for all t and for arbitrary 
values of the variables. For such a value of «, the asymptotic stability 
or instability of the undisturbed motion (x, = 0, ..., z,= 0) of the 
equation with the constant coefficients c,, will correspond to the 
stability and unstability of the given system (1); the value of «, for 
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which such a correspondence will unconditionally exist, is determined 
by n inequalities for all t > ft): 


ISOs 


, € , ' 
Ogr D SY) (Gri Jis tT Asi Jir) he, 
1 
For the case of stability which is of interest to us, one can sharpen 
the estimate given in the preceding discussion. 


For this purpose we consider the extremal values of V’ on the surface 


V—e= 0. We make use of Lagrange’s method. 


We have the equations for the extremum 
ov | 

Oz. 

s 


Hence, for the extremal positions we have 
V’ = dV 
where A is a root of the equation 
| 2hrs — ha;,] = 0 


Let A, be the smallest, A” the largest root of this equation; then, 
if V is positive-definite, 


Hence, 


} exp | hidt < < V,exp\ r’dt 


t, ‘, 


From this we deduce that for a positive-definite V, the upper and 
lower bounds of the characteristic numbers of the solutions are deter- 
mined by the characteristic numbers of the expressions 


t 
rite, . a 
exp(+|> dt), exp (5 \ As de 


/ 


, 


(Note. The last inequality yields the possibility of solving the 
problem of the (A, A, ty, T)-stability. Let V be a positive-definite 
quadratic form. Let us assume that c is the exact maximum of V on the 
sphere s," * eos ¢ 2" = A, and that C is the exact lower bound of V on 
the sphere A. Then 
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|Vel<e 


and, hence, in order to have (A, A, ty, T)-stability it is sufficient 


to satisfy the inequality 
t 


coxp \ k'dt 


for all t on the interval (to, T)). 


8. Parametric considerations [8 ] . The equation 
A() =[P,, — 8,4 = 0 


will have n roots A,, ..., A, for each value of t. These roots will 
change with a change in t. 


If for every positive t there exist no non-negative integers m,, 
m., whose sum is 2, for which the expression 


mMyAy + eee | Myhn 
vanishes, then, for such t, there will exist a quadratic form 


y a | . 
V DY} Ger Ls Zr (a,. a,,) 
sr 


with bounded coefficients depending on t. This V will satisfy the first 
order partial differential equation 


ov 
>> ap (Poy %1 { see { Pon, En) 


where t plays the role of a parameter. 


The form V will be positive if the real parts of all the roots A, are 
negative; for certain values of the variables x,, the form will take on 
negative values if there exists at least one root, among the Air seer AQ, 
with a positive real part. The total derivative of V with respect to 
time can be written in the form 

dV 


9a 
2.2 
dt . 


in view of Equations (1). 


The discriminant of the quadratic form, standing on the right hand 
side of the last equation, is 


D —_ ja,,’ ’ Ser 4 


Suppose that for all positive values of t, the derivatives a., are 


bounded, and that all principal diagonal minors D,, ..., D, of the dis- 
criminant D satisfy the inequalities (-1)"D, > 0, and that their absolute 
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values are not less than some positive number. In this case the deriva- 
tive will be (in accordance with a known criterion of Sylvester) a 
negative-definite quadratic form in the variables x,, ..., x,. Under 
these conditions, if V is a positive-definite quadratic form, the undis- 
turbed motion will be stable; if V in addition does have an infinitesi- 
mally small upper bound, then the stability of the undisturbed motion 
will be an asymptotic stability. If, however, the form V admits an in- 
finitesimally small upper bound and can take on negative values, then 
the undisturbed motion is unstable. 


The parametric consideration can be useful for practical purposes 
when the p,, change slowly with time. 


For the case when V is a definitely positive function, the obtained 
results can be made more precise. Indeed, let us consider the problem on 
the extremal values 


V’ = L(a,,’ —4,,)z,2, On the surface V =c 


The equations of the extremal problem 


for the extremal values of V’ yield 
V'= AV 
where A is a root of the equation 


lay.’ — Spo — Ady | = O 


If A is the smallest, and A’ the largest root of this equation, and 
if V is positive-definite we will have 


Vsexp(( ra?) <JVs V, exp ((x' di) 
te i, 


This inequality makes it possible to determine the bounds for charac- 
teristic numbers A,, ..., A,, and it also can be directly useful in the 
consideration of the problem on the (A ,A, t,, T)-stability. 


0’ 
BIBLIOGRAPHY 


Liapunov, A.M., Obshchaia zadacha ob ustoichivosti dvizheniia (General 
problem of the stability of motion). 1892. 


Chetaev, N.G., Ustoichivost’ dvizheniia (Stability of motion). Gos. 
Izdat. Tekhn. Teor. Lit., Moscow-Leningrad, 1946. 





N.G. Chetaev 


Chetaev, N.G., Teorema o neustoichivosti dlia pravil’nykh sistes 
(Theorem on the instability for regular systems). PMWM Vol. 8, No. 
4, 1944. 


Chetaev, N.G., O nekotorykh voprosakh ob ustoichivosti i neustoichi- 
vyosti dlia nepravil’nykh sistem (On certain problems of the stabil- 
ity and instability for irregular systems). PMM Vol. 12, No.5, 
1948. 


Chetaev, N.G., O znake naimen’shego kharaktericheskogo chisla (On 
the sign of the smallest characteristic number). PMWM Vol. 12, No. 
1, 1958. 


Persidskii, K.P., Matematicheskii sbornik (Mathematical collection). 
1938. 


Chetaev, N.G., Ob odnoi mysli Puankare (On an idea of Poincaré). 
Sb. mauchn. tr. Kazan. aviats. in-ta, No. 2, 1934. 


Chetaev, N.G., Ob odnoi zadache Koshi (On a problem of Cauchy). PMM 
Vol. 9, No. 2, 1945. 


Translated by H.P.T. 





ON THE STABILITY OF ROUGH SYSTEMS* 
(0B USTOICHIVOSTI GRUBYKE SISTER) 
PUM Vol.24, No.1, 1960, pp. 20-22 


N. G. CHETAEV 
(Moscow) 


Rough systems are non-linear systems for which the problems of stability 
can be solved correctly by fairly simple approximate methods. The sost 
interesting of such systems are those for which the problem cf the 
stability of motion reduces to the consideration of linear equations with 
constant coefficients. 


A sufficiently general method for the treatment of rough systems was 
given by me in ay book [1 ], page 194. One should take into account that 
the functions = considered there were assumed to be only bounded. They 


may, therefore, depend on ¢ as well as on the variables Bie sees Bye 


l. Let us consider the system of differential equations 
dz, 


ii = P, Zn (s 7 _n 


Zit. TP 


on 


on the assumption that all the coefficients p,_ have the form 


Pop = or c/., 
where « is a real parameter, the C,, are real constants, and the f,, are 
bounded real functions of the variables t, and, possibly, of Bip coo, B 


n 
in the region t > ty, and 2° > coe 4 x? « A. 


The given equations (1) can be juxtaposed with the equations with con- 
stant coefficients c, 
dz, 

dt 


r 


— == Cy, Zy - - ss 1 Con Zn ! , mn) 


Regarding the roots A, of the characteristic equation of the latter 
system 


| Csr — 34, 4] = 0 


we make the assumption that for arbitrary non-negative integers @,, ..., 
=,, whose sum is 2, the expression m,A, + ... + #,A, does not vanish. By 


* The work was published in a small number of copies in 1953. 
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this assumption and on the basis of a known theorem of Liapunov, the 
partial differential equation 
V 
; a (Cs, Zi + *“*- + Cen Zn) — = (x,? + ee + 2°) 
z, 
8 


determines uniquely the quadratic form with constant coefficients, a, = 
a 
+ 2 ie 
V = >) Ger Ls Lr 
6r 


rs’ 
For numerically small enough «, and for a small enough positive 
(less than 1) the quadratic form 


dV 


_ us (x," -| oe + Sy) = 


v 
(1 —p) (a? +... + tn?) —© ju fet =D) har Xe Br (h,. =h,,) 


will be positive for arbitrary values of the variables, if A is small 
enough. The total time derivative in the last expression was taken with 
the aid of the given equations (1). 


The asymptotic stability or instability of the undisturbed motion 
(x, = 0, ..., = 0) of the equations (2) with the constant coefficients 
c., corresponds exactly with the asymptotic stability and instability of 
the given system (1). The quantities « and A, for which there uncondition- 
ally exists such a correspondence, are determined in accordance with 
Sylvester’s theorem from the n inequalities 


hy, **-e , Ry 


=o © 


>0 . (4) 


for small enough pz. 


The bounds on A and « determined by the last inequalities, and also 
the bounds for the functions «f,. can, of course, be made more precise, 
if in the equations (3), one considers in place of the expression ~(x,7+ 

24 a7) some other negative-definite form U with real coefficients. 


2. One can give an estimate of the bounds of the largest and smallest 
deviations of the disturbed variables. 


For this purpose let us consider the extremal values of the derivative 


v= — (z,” teeet In”) +é >= ler Z = ¥ Dy ber Le Xr 
io sr 


on the surface V = c. By Lagrange’s method we have for the extremum the 
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equations with the multiplier A 


db 
ap 7 -_ 1 
oz, Zap + >) bee =.= dS) Gee Ze 
a 


i 4) 

2 pa 

a.B 

Synmmetrizing these equations, we obtain 


ab ab 
1 ig aB Be os, =A 
it 72 ( dz, 7° + Gz, Ha) Za + D) beata =» ¥) don te 


and, hence, find that A must satisfy the equation 


In the region x 24... + «.2 <A, and for t in the interval (t,, t), 
let A, be the smallest and A” be the largest root of this equation. 


For the case of rough stability, when the function V is definitely 
positive, we obtain through multiplication of (5) by the variables z,, 
and through addition, 


av’ 
5 9) ; Pie 1 OY’ Ob e Fa 
> bz, z, = 2dV, or - t, + 2V 2) 


On the surface V = c, and for small enough A, the following inequal- 
ity is valid 
1 . db. - oy 
ry >) Oz, 70707 ° 4 


s,a,B 


where «, and«¢” are smal] enough numbers. 


Hence 
Q,+e\VKVCA'’'+e')V 


and, hence, 
] frat Ot « } < J e( ey 
0 : 0 


If the initial disturbances x,,, ..., %,9 were on the sphere Son” + 


2 
++ = c, then 


‘where x, and x, denote the largest and smallest root of the equation 
\|a,.- 5,,xl]| = 0, respectively. 
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In the case of rough stability, when V is positive-definite, these 
roots are positive. 


The points (x,, ..., x,) in which Liapunov’s function has the value 


VY, are in the region 


9 


Zz,” 


From this it follows that the square of the radius of the sphere, in 


which the point in the disturbed motion will lie under the initial con- 


dition om, + ccc 4 ae = c, will satisfy the inequality 


x,” = 
It is obvious that the bounds given by the last inequalities for the 
deviation of disturbed variables x, could be improved if in Equations (3) 
one would consider in place of the expression a," + coo + x,” some other 
positive-definite quadratic form U with real constant coefficients. 
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THE PROBLEM OF KLEIN* 
(ZADACHA KLEINA) 
PUM Vol.24, No.1, 1960, pp. 23-32 


N. G. CHETAEV 
(Moscow) 


One of the most important discoveries of analytical mechanics is the 
optical-mechanical analogue revealed (discovered) by Hamilton. 


Hamilton established the likeness of the canonical forms 


dg _ 0H ap 
dt Op ’ dt 


of the basic equations of the dynamics of conservative systems and of 
the wave theory of light of Huygens. 


Discoveries of Hamilton, Jacobi, Poincaré and Helmholtz are closely 
connected with the optical-mechanical analogue. All this is well known. 


Optical theory did not cease to develop after the wave theory of 
Huygens. There followed the theories of Fresnel, Cauchy and Maxwell. 


Cauchy, who set himself as a goal the further development of the 
optical-mechanical analogue of Hamilton, found this analogy not in the 
area of the dynamics of systems of material points, but in the field of 
the theory of oscillations of an elastic medium. With his discovery, 
Cauchy diverted from analytical dynamics problems concerning the further 
development of the analogue with the post-Huygens theory of light. 


Felix Klein was, probably, the first who directed his attention to 
this matter. It is for this reason that we shall refer to the problem of 
the further development of the optical-mechanical analogue within the 
framework of analytical dynamics, as the problem of Klein. 


In order to solve the problem of Klein, we note that in all post- 
Huygens theories, light is considered as some oscillating process. The 
development of the optical-mechanical analogue should, therefore, be 
sought in the area of oscillatory motions. 





* The work was found in notes by N.G. Chetaev and was dated 1941. 
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Lagrange established that near the position of equilibrium of some 
mechanical systems there arise oscillations under small disturbances of 
the initial values of the coordinates q and of the momenta p when the 
position of equilibrium is stable. Conversely, if the position of equi- 
librium is stable, then in its neighborhood, any disturbed motion will 
have an oscillatory nature, and if they are of a destructive nature, 
then this is due to secular terms. For the case of periodic motion, the 
theorem of Lagrange was generalized by Poincaré. and Liapunov independ- 
ently of each other. They showed that if a certain periodic motion of a 
conservative system is stable, then the corresponding equations in 
Poincaré’s variations will have solutions with zero characteristic 
numbers of Liapunov. I have been able to generalize the theorem of Poin- 
caré and Liapunov to the general case of stable motions of conservative 
systems. 


Thus, if the solution of Klein’s problem exists, then one should seek 
it among the properties of stable motions of conservative systems. 


1. On a property of stable motions of conservative systems. 
For the sake of simplicity let us assume that we have a holonomic system 
with one degree of freedom which is acted upon by a system of forces 
which admit a force function; let q be Lagrange’s coordinate, p its 
momentum, and let H be Hamilton’s function. The equations of motion have 
the form 

dq __ 9H 
dt Op’ 

The equations in variations of Poincaré for some leading or undis- 
turbed motion will be 

d @H @H d fH @H 
= apeg tap A — Gt — Seop 


where €, 9 denote the variations of the coordinate q and of the momentum 
Pp, respectively. 


Let us assume that the leading motion is reducible and stable in the 
sense of Liapunov. For small initial disturbances be: No, the equations 
of Poincaré will always be equations of the first approximation. The 
solutions of the equations in the variations of Poincaré will have the 
form 


E= ak, + Bry 1 = Tho + 8% (1.1) 


For two arbitrary solutions €, 9 and €’, 7” of the equations in the 
variations, Poincaré established the now well known invariant 


En’ — vf 


In accordance with Poincaré’s invariant we have 
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E "|= 3 | bo » |=[ To 
eo elle te’ |” |&e’ 1 | 

In other words, for every instant t, the transformations (1.1) repre- 
sent a uni-modular group of linear transformations. If the leading 
motion is stable and reducible, then, in accord with the basic results 
of Liapunov’s theory of stability, the equations of variation of Poin- 
caré possess an invariant quadratic form of a definite sign, and the in- 
variant quadratic form will be of the type 


+m 
What are the interrelations which the invariance of this form imposes 
on the coefficients of the uni-modular linear transformation (1.1)? 


We have 
BE + mm = (aby + Bry) (aE, + Brig) + (E> + 8%) (rE + B19) = 
= ake, + aBt sn + Panyt, + BBN + TTkoko + 5b Mo + Boke + 881M = 
= (am + 71) Fake + CB + 78) Eo + (Bar + 8) Thoke + (BB + 58) Moho = Eko + Toe 
Since this relation must hold for arbitrary initial values eo: No: 
the following equations have to be valid 
an + yy = 1, aB + 73 = 0 
a+e—=0, pP+i—t 
From the first colum of the obtained relations we obtain 


- i ¥ _ a i 
sthat 0 3(=8 ™ =I. o|-1- 


while from the second column we have 


-~ |0 7 . a0 
B-|, 3|=—+ hae :|=< 


Thus, the matrix of the uni-modular transformation (1.1) has the 
following property 
* ?)- — (1.2) 
( 1 % (_ 5 a 


in case the leading motion is stable also in the reduced variables é, 7. 


2. Representation of the obtained group of transformations. 
The revelation of an analogue between phenomena consists of showing the 
coincidence of the group of transformations of one phenomenon with the 
group of transformations of the other phenomenon. In case both groups 
turn out to be the same, then there exists an analogue between the two 
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phenomena. 


The essence of the analogue discovered by Hamilton lies in the fact 
that the group of transformations of the conservative systems, and the 
group of the propagation of light by Huygens’ wave theory are groups of 
contact or canonical transformations. That the group of transformations 
of the dynamics of conservative systems is the group of tangent trans- 
formations was established by Hamilton in the basic property of the 
function of action V 


8V = >) pq — D) p°bq 


This asserts that the values g, p, and q®, p® are connected by the 
formulas of the contact transformations 
av — 
= 550 at dl 
Hence, in order to find phenomena which are analogous to the disturbed 
motion of canonical systems in the neighborhood of a stable leading 
motion, it is necessary to consider representations of the obtained group 
of the uni-modular, linear transformations (1.1) with the property (1.2). 


It has been shown quite clearly that the group of uni-modular linear 
transformations (1.1) has a representation in the proper Lorentz group. 
It is necessary to explain the nature of the property (1.2). 


Let us consider the space £, 7 whose metric properties are determined 
by Poincaré’s invariant 


ey — 1 
We obtain the so-called spinor space with the skewsymmetric funda- 
mental tensor 
0 1) 
{gap} = (_' 0, 
if we interpret the variations €, 7 as contravariant components of the 
vector £', £7, The covariant components are determined by the usual 
form] as 


be = > Zagt® 


whence, 


If the transformations of the contravariant components happen to be 
the transformations (1.1), then we will have the following formlas for 
the covariant components ¢,, ¢,: 


E, = 8&) - - (oe, .=— BEo, + 2&oo 


From this it follows that the conjugate components See é, will be 
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transformed according to the formulas 
: toe. S2 — BEor + oe 


If the leading motion is stable, that is if the relation (1.2) holds, 
then one obtains directly the formulas for the transformation 


- “ - te 
51 1 2, $2 YSo1 T Soe 


In other words, the components i é, are transformed, in accord with 
the formulas (1.1) of the transformation of the contravariant components 
of the vector of the spinor space. 


Thus, if the property (1.2) holds for an arbitrary vector (£), one 
may look upon the components oi é as upon contravariant components 7, 
n* of some corresponding vector (y). We shall express this circumstance 
analytically by following relations: 


Saf = E, (a = 1, 2) (2.1) 


Van der Waerden has made a thorough study of the representations of 
the transformation S in his work *The method of group theory in quantum 
mechanics". He established that the transformation S augments with a re- 
flection the representation of the uni-modular group of the linear trans- 
formations (1.1) in the proper group of Lorentz. 


For the sake of completeness, I shall give here the method of such a 
representation. Let us consider the spin-tensor of the second order 
llepsll whose component c,; is tcansformed as the product €y: Such a 
tensor has the following invariant 


-y¥ 


| Sui 19 
| “oy “ai | 


I " so : » 1 _. 
. . 12 223 1) ¢.-fl2 “eal . c 
C1 Cog — p02 =e (Ce Cea r Cy C2ic**) - >; pe 


Let us consider the tensor ||c,,;|| for which the invariant quadratic 


form 
} 
>) Cust" 


takes on only real values. Here c,;, ¢,; must be real, and c,,5 and cy; 
are complex conjugates. If we now introduce in place of Cy, new real 
variables x,, x,, %5, *3 in accordance with the relations 

Chi = Zs + Zo, Cy = ZX, + IZ 

Cqy = Fy — 173, Cg = — 23 Tt 2 


then the invariant C will take the following form in terms of the new 
variables: 


zy + iz, | ‘ 2 . 
Zz," — 2; 
Ig + Ze } 
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This shows that under the transformation (1.1) the real variables x, 
will be transformed in such a way as to leave invariant the expression 
_ - s," - ." ~ a," i.e., the variables x, will undergo a real, proper 


Lorentz transformation. 


Let us now apply the transformation S, given by formulas (2.1), to 
the tensor ||c 


poll 


Sje,:| =e | 
or, more explicitly ” 
Sqqj = C1 = Cy’, 
Seai = cl — . 2 
This, however, by formula (2.2) yields directly 
=2%o, =-—2;, %@t=—2, Ly =—TZs 


Hence, the complete group of Lorentz transformations is a represent- 
ation of the group of uni-modular linear transformation (1.1) with the 
property (1.2). 


The complete Lorentz group is basic for the theory of light of Cauchy 
and Maxwell which appeared after Huygens’ theory. One can look upon the 
obtained result as a solution of Klein’s problem. 


3. Amother proof. It is reasonable to require another proof for 
the basic result. 


In the first proof the property (1.2) of the reduced variables was 
used for stable disturbed motions. Let é', €? represent general vari- 
ations of the coordinate and the impulse. According to the Poincaré in- 
variant the components €* are transformed as the group of uni-modular 
linear transformations 


¢ = ag," + BE,” g* reo’ t 5,” (ab — (3.1) 


Let the leading motion be stable, and the corresponding differential 
equations in the variations of Poincaré be reducible. Then, according 
to the results of Liapunov, there exists a definite (in the sense of 
Liapunovy) real, invariant quadratic form known as Liapunov’s function. 
In the spinor space of the group of uni-modular linear transformations 
(3.1) this function of Liapunov will be a quadratic form of the Hermite 


type 
De,ske" 


where | c,;| represents a bounded function of time. The criteria for the 
definiteness of a Hermitian form are well known 
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Indeed, suppose that 


is a transformation to the canonical reduced variables ¢* in terms of 
which the equations of variations of Poincaré have constant coefficients. 
In accordance with the definition of reduced systems (Liapunov, Obshchaia 
zadacha |General problem ] page 43) the coefficients Ap* satisfy the 
following conditions: they are continuous and bounded functions of time 
t; their first derivatives are functions of the same type, and the 
quantity 


= 
i Ag Il 


is a bounded function of t. From this it follows that the now obvious 
Liapunoy function of the canonical, reduced variables ¢* has the form 


Yee = DAS ave 


For the stable disturbed motions, determined by the canonical equa- 
tions in variations, the function of Liapunov is an invariant (a pair of 
pure imaginary characteristic roots). Hence, 


C= DAG AY 
a 


are the components of a spin-tensor of the second order. The Hermitian 
nature of the quadratic form can be proved directly from the relation 


“n= DAA =D Aa 


The expressions c,; are bounded, and the Cy, are positive. 


pv 


We have seen that the discriminant of the Hermitian form C is an in- 
variant of the group of the uni-modular linear transformations (3.1). 
The criterion for definiteness of (3.2) in the variables x, takes for 
form 


2,3 — z,* — 2,7 — z;* > 0 
The rest follows easily. Let us consider, therefore, the invariant 
Lo? — 2° — 23° — 23° = i> Q 


In the space (Euclidean) Xq % Xq X35, this equation determines a two- 
sheeted hyperboloid. By geometrical considerations, like those that were 
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developed by Poincaré in his work *On the basic hypotheses of geometry", 
one can represent a two-sheeted hyperboloid in a real three-dimensional 
space of Lobachevskii. To a definite set of values of the variables x, 
there corresponds a point of the upper x, > 0 sheet of the two-sheeted 
hyperboloid, and, hence, also a point of the real part of the space of 
Lobachevskii. This representation can also be realized by the methods of 
Cayley, Cartan and others. 


The totality of the transformations of the real Lobachevskii space 
represents, as is known, the complete Lorentz group, i.e. the basic group 
of transformations of the mathematical theory of light of Cauchy and of 
the electromagnetic theory of light of Maxwell. This proves that the 
group of the uni-modular linear transformations (3.1) for the case of a 
stable leading motion (if the equations in variation are reducible) has 
as its representation the complete Lorentz group. 


The set of all linear transformations of the variables x, in the real 
Lobachevskii space consists of the motions of the space within itself 
and of reflections. In other words, the group of uni-modular linear trans- 
formations (3.1) which corresponds to the stable leading motion, has a 
representation in the proper Lorentz group augmented by a reflection. 
The group of proper Lorentz transformations with the transformation of 
reflection represents the complete Lorentz group. The theorem has thus 
been proved. 


(Note. The presented proof makes it possible to drop the hypothesis 
on the reducibility of the equations in variation of Poincaré if one re- 
quires to begin with the existence of a "sign-definite" (in the sense of 
Liapunov) invariant. 


> uvbXe” 


The stability of the leading motion will then follow directly from 
the existence of such an invariant on the basis of the general theorem 
of Liapunoy on the stability of motion (Obshchaia zadacha, [ General 
problem | p.61)). 


4. Third Proof. One can give still a third proof without the use 


of the results of spinor analysis and without drawing upon the geometry 
of Lobachevskii. 


Let us consider the equations in the variations of Poincaré for the 
leading motion 


de @H, . #H dn =6ss HS OH 


dt — dpdg® + Op dt — — Op ° — Bgap™ 


If the disturbed motion is stable and the equations in the variations 
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are reducible in the sense of Liapunov, then the characteristic equation 
of the reduced system will have a pair of pure imaginary roots. Hence, 
the *sign-definite* Liapunov function V for the equations in the vari- 
ations of Poincaré will be a real quadratic form whose total time deri- 
vative will be zero. 


Let Liapunov’s function be given by the Hermitian form 
V = qi + tnt dfn + am 
satisfying the criterion of sign-definiteness (¢, 4 0) and 
>0 (4.1) 


The first total derivative with respect to time of Liapunov’s func- 
tion is identically zero. This yields 


“fH On aH - 

= =F "E+ Fi (att + op n)é + ot ( } Sr 
@H @H - 
+ d,'En+ ¢, (spaq" + Ha 4 ht (—5 


+ da’én +b, ‘OH on 


(S59 * + n) a+ o:8 (— 


x a eH. oH 
T P24 4 e(— oq? t— gdp n) 


Comparing the coefficients of éé, én, én , 77 we obtain the follow- 
ing system of linear differential equations 


#H eH —— &#H @H 
2 5paq 4 ($1 + $2) = 0, i + 35%4 Spaq Sgt 2 = 0 


6*H ’ OH oF os 
<2 mts Gite=0 + tape -0 


Indeed, if the right hand sides of these equations were not zero, then 
it would be possible to select the initial values €,, 7, so that dV/dt 
would not vanish at the initial moment (which can be chosen arbitrarily). 
This, however, is not possible by hypothesis. 


It is easily verified by direct computation that the expression 


| Pa Yi tt 

lds ven 
is an integral. Indeed, according to the differential equations for the 
functions Pa» va» we have 





N.G. Chetaev 


+ Pipa — Pipe — Pade 
« CH 0H >. 8H eH . 
(255.1 + Sor Ws + 40) pe + [2 5550 2 — Sor Oh + od] oA 


Opoqg . 
aH (eH, MH ls is fH, OH 
Y2 


t dp?! + Spaq *? ag? 2 Opi 71 ” Ipaq %? ar P| $1 0 


The rest of this proof continues as the preceding one. 


5. Fourth Proof. It is possible to find the solution in closed 
form for one of the primitive cases. 


Let 


2T = >} ij PiP3, U=U (q,,..-, Qe) 


where T and U are the kinetic energy and the force function for some 
mechanical system with k degrees of freedom for which the q), -..-, % 
are the coordinates, while p,, ..., P, are the momenta. 


Let V(t, Gy, «+++ Ups @y» «++» @y) be the complete Jacobi integral 
of the equation 


OV 
at ’ 


+ H=0 
where H = T — U is the Hamiltonian; aij does not depend explicitly on t. 
Hence, 


av 
ot 


-h 


where h is a constant force. Let us consider the function ¢(V). We have 


a ¥ av 0 -™ OV \ "a OV aV OF = 
ag, | 4 aq, ) 04; | P %) 09; “a 09; 99; re aa, | “189, 


whence, 


1 @ 0 eX , , 
Ligh= Dag ( a Fp) =P Daum; + P'LIVI 
-* 7 


21415 PAP; =2(U +h) 
When A ¢ 0, we have 
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Now we will assume that the leading motion is stable for fixed a,, 
+, @,. We have 


a 
= 6p; = Sten e 
; > 0q 99; »? 


The equations in the variations of Poincaré yield the following system 


dé 


> a) fH » j  94;, , 
dt > 1 1A — hs daa, 865-1 >) dis Me - 


. ,@a av \ 
$j = >) =— 1 Gis ; y E; 
09; 7, } 
For the reduced system (this is true for any regular system) the 
characteristic number of the expression 


exp \> is, ( ars 5, dt = exp \ L{V\ dt 


must be zero if the motion is stable. For the primitive case this con- 
dition of stability is 
L{iVj=0 


(In the general case this condition is sufficient in order that one 
condition of stability be satisfied). In accord with the last relation 
we have 

) Lh) 
PP L |¢} \p ja -) 


This equation is of the hyperbolic type because 2T = Xa; P,P; is a 
positive definite quadratic form. 


In the general case 
{LUV ]dt is a bounded function 


6. Development of the optical-mechanical analogue. In order 
to show that the obtained result represents a development of the optical- 
mechanical analogue, it is sufficient to note that the equations in the 
variations of Poincaré were used only for the sake of convenience in the 
application of the general results of the theory of stability of motion 
of Liapunov. One can start out directly with the fundamental propositions 
of the optical-mechanical analogue of Hamilton. 


Indeed, the function of action of Hamilton V satisfies the fundamental 
relation of the contact transformations between the values of the co- 
ordinate q and the momentum p for the instant t and for the initial in- 
stant ty 
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éV péq psq” 


The outer product or bilinear covariant of this expression 


[8p, 8g] = [6p", 89°] (5. 4) 
represents nothing more than the Poincaré invariant for the equations in 
the variations. Therefore, if one now demands stability of the deviations 
Sq, 5p for small initial deviations of the coordinate 5q° and of the 
moment um Sp°,. then the bilinear covariant of the fundamental relation of 
the optical-mechanical analogue of Hamilton (5.1) yields the represent- 
ation of the transformations arising hereby of 5p, 5q in the fundamental 
group of the post-Huygens theory of light, i.e. the complete Lorentz 
group. 


An essential addition to the results of Hamilton was made by Jacobi 
in his well known theorem on the properties of the complete integral 
V(t, q, a) of the partial differential equation 


av ; H(t,q, 4) _0) 


—,.. \ 0q 


Jacobi established the relations 


where a, 8 are constants. From these equations we obtain 
8V = piq — Bia 

or, forming the bilinear covariant, we have 
[3p, 8g] = [88, 8a 


The general invariant of dynamics makes it possible to show how the 
derived results depend on small deviations of the parameters a and f. 


If one has a mechanical system with k degrees of freedom, and if 
furthermore, all variables can be completely separated, then the pre- 
sented development of the optical-mechanical analogue can be extended to 
such a system directly in the form of a k-multiple representation. The 
general case is of interest for its own sake in analytical mechanics. 


6. Problems. Several interesting problems arise in connection with 
the solution of Klein’s problem, some of which were solved quite long ago. 


It seems that Lagrange was the first to consider properties of 
mechanical systems admitting an invariance of relations under possible 
transformations of the elementary group of translation and rotation of a 
solid body. He did this in his work "Analytical Mechanics". A.P. Kotel’- 
nikov considered the general transformation of this group. For holonomic 
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relations of the group of possible displacements which are connected with 
invariants, Poincaré gave a general treatment. 


A second problem that has been considered deals with mechanical 
systems that have certain transformations which leave invariant certain 
relations and the work or force function or the total energy of the 
system. Lagrange considered elementary transformations of the group of 
motions of a rigid body which leave invariant certain relations among 
given forces and the work done by these forces. I have treated the trans- 
formations of the general group of all possible displacements which 
leaves Lagrange’s function invariant. 


The group of real motions has also been studied. Lagrange established 
the properties of mechanical systems whose real displacements are within 
the group of possible displacements. Hamilton showed that the general 
transformations of Lagrange’s coordinates of the canonical system q, and 
of the conjugate momenta Pp, represent a group of contact transformations. 
The general group of contact transformations has been well studied. In 
this work the group of disturbed motions of a stable, leading motion of 
a canonical system has been determined. 


Other natural problems of dynamics, which are connected with the group 
of possible displacement, with the group of real motion, with groups that 
leave invariant fundamental mechanical functions, or problems related to 
representations of these groups, still await solution. 


Translated by H.P.T. 
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(ZAMECHANIIA © KLASSICHESKOI GAMNIL’ TONOVOI THEORII) 
PMM Vol.24, No.1, 1960, pp. 33-34 


N. G. CHETAEV 
(Moscow) 


The requirement that deviations of theoretical values from the natural 
values of observed functions be small imposes a series of conditions on 
the forces in a strict theoretical sense. 


In rough engineering theories the requirement is that the undisturbed 
motion must be asymptotically stable in order that the equations of the 
disturbed motion represent the instrument or system to the first approxi- 
mation. Then all the exciting forces of order of smallness above the 
first will not be able to make the undisturbed motion unstable [1]. But 
this elementary consideration interests me little now. 


Actual exciting forces, if they do make the undisturbed motion un- 
stable, are detected by inadmissible deviations between theoretical and 
natural values of observed functions, with respect to which the undis- 
turbed motion becomes unstable; and consequently such forces must be in- 
troduced into the theory if the latter is to satisfy the requirement of 
small deviations of theory from experiment. In a rigorous theory, real 
exciting forces must not cause a well established stable equilibrium or 
an undisturbed motion of a mechanical system to become unstable. 


In mechanics we possess the brilliant theory of holonomic mechanical 
systems acted upon by forces derived from a force function. 


This theory has been well tested. The equations of motion of such 
mechanical systems in the canonical variables q,, p, are written in the 
Hamiltonian form 


dq, @H dp, aH 


dt Op,’ dt 0q, 


where H(t, Gye +2 Ves Pao vere P,,) is the Hamiltonian function. 





* This work was discovered in the writings of N.G. Chetaev and dated. 
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The first approximation to the equations of the disturbed motions 
have the form of equations in Poincaré’s variations 


dE, @H . eH dn, . OH . OH 


+ 


—- Si — Ni 
’ Op,op; "i ’ dt ke | 0q,0q, ° 0q,Op, ‘ 


dij dp,q;”? 


where ¢,. n, are corresponding deviations of the coordinates q, and the 


momenta p,. 


The stability of the predominant or undisturbed motion may be assured 
only when the characteristic numbers of all solutions of the variational 
equations are zero [2]. 


If the undisturbed motion is stable, then the equations in Poincaré 
variations appear to lead to a system of equations with constant coeffi- 
cients [3] and consequently [4] arbitrarily small exciting forces may 
make stable motions unstable. But why, in virtue of all this, has the 
Hamiltonian theory so well justified itself? 


Let us consider the simplest and most frequently treated case, in 
which the undisturbed motion represents the equilibrium of a mechanical 
holonomic system under the action of forces given by a force function. 


What is here the force barrier which protects the system against large 
deviations under the action of arbitrarily small exciting forces? The 
answer to this was found by Lord Kelvin. 


Normal coordinates exist close to the equilibrium position; to the 
first approximation the equations of the disturbed motion close to the 
stable position have the following form: 


os _ 
x,“ =—a@ x, for positive a; 


Besides the general exciting forces which are assumed to be of a 
higher order of smallness than the first, there are also assumed to be 
present linear small dissipative forces with components 


where the dissipation function f =e, B%q*pB° represents a positive de- 
finite quadratic form with constant coefficients, in the velocities x,” 


If the equilibrium is stable under potential forces, then it becomes 
asymptotically stable under additional dissipative forces with complete 
dissipation, as well as for exciting forces of a higher order of small- 
ness than the first [5]. 


All this leads us to conclude that smal! dissipative forces with com- 
plete dissipation, always present in nature, are the force barriers which 
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make negligible any effects due to nonlinear exciting forces. 


Similar considerations apply to the stable undisturbed motions of a 
Hamiltonian system, since in this case the equations reduce to Poincaré 
variations also. 


Problems of the exciting forces may be extremely diverse and may be 
different from those just considered. 


In the paper "On Stable Trajectories in Dynamics* the problem of ex- 
citing potential forces was considered, with one determining condition 
that the stability of the undisturbed motion of a mechanical system did 
not depend on the potential of the assumed exciting forces but on the 
force function of the given forces and on the physically significant 
constant vis viva of the system. 


The problem as postulated has been solved within the framework of 
classical mechanics. 
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The problem of the motion of mechanical systems constrained by frictional 
connections is more than of practical interest only. Usually, such 
systems are reduced to systems with smooth connections by incorporating 
the forces of friction with the given forces; nevertheless, a direct 
application of the method of Lagrange permits the establishment of 
general principles for such systems without any explicit introduction of 
the constraint reactions. 


1. We consider a mechanical system of n points with masses a,, which 
have the coordinates Zin Yur 2; relative to certain fixed orthogonal 
axes. Let the system be constrained by certain linear connections. 


The possible displacements of the points #, under the imposed con- 
straints, and at a fixed moment of time t, we denote by bx, by, 5z,. 


From the possible displacements we isolate all displacements which 
satisfy the conditions 


aj ba; + yi'by; + 2/62; = 0 (¢ = 1,...,m) (1.1) 
where x.", y,", z,° denote the actual velocities of the points a; at the 
chosen moment t. We shall call these the S-displacements. 


We suppose that given forces X,, Y;,*Z; act on the points a,;. The 
differential equations of motion of the constrained material system are 


mr*=X,+R,, my*=Yi+ Ry, ma’=2,+ Ri, psseglt) (1.2) 


where Ry R R,. denote the reaction forces imposed on the system by 
the connections. 


The most usual frictional connections are determined by the axiom 


>) (Ax,82i + Ry dyi + Reba) = 0 (1.3) 


which holds for any S-displacements 5z,;, 5y;, 5z 


i’ 
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The frictional-connections axiom (1.3) postulates that the work of 
the reactions acting on the material system m, at the chosen instant of 
time t, when the real velocities of the points m, are x,", y;", z;", is 
zero for any arbitrary S-displacements. 


If we eliminate the reactions R,., R,., R_. from the axiom (1,3) in 
accordance with the differential equations (1.2) of the real motion, 


then we obtain the following relations for the real motions: 


D(z’ — X,) 8a, + (mys — Y;) by; + (mzzi*— Z;) 62;) = 0 (1.4) 


which holds for any S-displacements 5x;, 5y;, 5z;. 


It is of interest to note that the constraint reactions R.., a FF 
, , : ees : yt zt 

do not enter into the relation (1.4), which plays a principal role. 
Actually, upon multiplying relations (1.1) by an undetermined multiplier 


wp; and adding it to (1.4) we obtain 


Sl(mze— Xi _ iri") bz; + (miy,” = Y; a iyi) by; T 
T (m4z;"— Z; — 442") 52;] 0 (1.5) 


This equality holds for any possible displacements 5x,, 5y,, 5z; if 
the multiplier »; was so chosen that yw ,x;° (or w;y;" or jz," ) is equal 
to the corresponding projection of frictional force (with x,;", y;", z,’ 
not zero). But under these conditions the last expression represents a 
known principle in the dynamics of material systems constrained by 
frictional connections. 


2. In order to establish the differential equations of a material 
system from the principle enunciated in (1.5), we suppose that the im- 
posed constraints are expressed by the general relations 


Dd) (aia; + BBY; + cBz,) = 0 (2.1) 


Upon multiplying these constraint equations (2.1) by an undetermined 
multiplier A, and as an additional restriction, the S-displacements by 
#;, and combining with (1.4, we have 


Mima’ Xi 7 > ha; —_ 4Z;') bx, + (myi” — Y; oo >) a,b, — pays ) byi+ 


+ (mi2;"+- Z; —); ci") — pya,’) 824] = 0 (2.2) 


By choosing n + m of the multipliers so that the coefficients in the 
last expression vanish for n + m dependent S-displacements Bio Yur Zi 
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we obtain for such a choice of ~; and A, only terms in the last expres- 
sion with 2n- m independent displacements 5x,, dy,, 5z,; the coefficients 


i’ 


for the independent displacements must be zero and consequently we have 


myx” = Xi + Dai!) + ye’ 
mays” = Yi + Dp dedi + ways’ (6 = 1,..09) (2.3) 
myzi” = Zy + Dj recs + pia’ 


For determination of the miltipliers A,, the expressions for the 
material system constraints are used, written in the form of a relation 
for admissible velocities as a refinement of (2.1): 


Dy aia’ + bys’ + cy'*)z;") + e) — 0 


The relations for determining the multipliers »;, being insufficient, 
must be either a refinement of relations (1.1) or else the values of the 
multipliers #, must be given beforehand as characteristics ‘of the 
frictional forces. 


3. If the geometrical relations (2.4) are integrated, then it is 
possible to employ the Lagrangian method to eliminate the multipliers 
A.; it follows that the geometrical relations mst be expressed by means 
of new holonomic variables q,, ..-, 9% 

x T4(Giseees Gn»), u= Yi (Gas--es Gest), i= 24 (Jis--+s Qe, t) 
(i= 14,....23 k= 3n—m) (3.1) 


From this the possible displacements are obtained as the relations 


Oz _, Oy Os 
bz, = Dh, 5qs, by = Dix, 54s, bz, = ) 7 bq, (3.2) 


Upon substitution of these values into (1.5) we have 


d 0T 6T ' 
>}4 dt dq,’ iq,’ | (3.5) 


if the ~, do not depend on the velocities and where f denotes the dis- 
sipation function 


ju— > Divs (xi? + yi’? + 24") = fa + hit So (3.4) 
From this we obtain the equations of motion in the form 


d @T aT , a at 
Fe (s = 1,..., &) (3.9) 
*s 


dig,’ — 39, ~ &*— dq, 


in which the multipliers »;, still undetermined, have entered into the 
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dissipation function f. For given values of the »; multipliers, the 
dissipation function f is completely determined, and consequently it is 
possible to express the characteristics of the frictional connections by 
means of a dissipation function, if the u, depend only on the time and 
position of the system. 


4. Upon multiplying Equations (3.5) by qg,” and adding, we shall have 


d , ’ , t 

q(T 2 — To)= 9) 0090’ — 2h2 — hs: (4.1) 
Therefore 2f,+ f, determines the rate of dissipation of mechanical 

energy. 


Usually, in frictional connections, the mechanical energy is dissi- 
pated as heat; for such connections the quantity 2f,+ f, will be relat- 
ed to the heat developed by friction. 


5. For definiteness it must be noted that the so-called dry friction, 
reduced by Coulomb [1] to unilateral smooth constraints is not included 
in this paper. 


In connection with the theory of dry friction it may be noted that a 
point of mass m moving under applied forces X, Y with unilateral con- 
straints 


y > — acos; (5.4) 


where a and b are extremely small quantities, has the following diffe- 
rential equation of motion for(A > & 


mz" =— b> sin 5 + X, my*=i+Y (5.2) 
The rough approximation X + Y = 0 gives the known result of Coulomb, 


that the value of the frictional force is 


max 


a, z 
min | —Y ¢sin 3 


b 
which is proportional to Y and is independent of the velocity x’. 


If in the exact expression for A 
a x —_— 
—mY +myx" cos; + Xj sing 
as ee a 


a 
m + 7 sin® 5 


only the principal terms are retained, then the corresponding value of 
the frictional force 


6 "*con-) {sin * 
\(— Y + jax” cos >); sin 5 
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will increase at first from the Coulomb value with the growth in x’, 

while the value of x, after breaking away from the preceding crest to 
fall to a second crest, will lie to the left of the point of maximum 

frictional force; after this, the frictional force will decrease. 


BIBLIOGRAPHY 


Coulomb, Théorie des machines siaples, 1785. 


Translated by E.Z.S. 





ON THE RELAXATION OF MATERIAL SYSTEMS 
(OB OSVOBOZHDENII MATERIAL’ NYKE SISTER) 
PUM Vol.24, No.1, 1960, pp. 39-46 


¥V.I. KIRGETOV 
(Moscow) 


(Received 8 October 1959) 


In 1829 Gauss found and described [1] a remarkable property of material 
systems, namely to move with least constraint. Gauss discovered this 
property in connection with a transformation of material systems. The 
Gauss transformation consisted of a relaxation [removal ] (the terminol- 
ogy stems from here) of all the constraints of the systems. After Gauss 
attempts were made to find other forms of relaxation where a property 
similar to that formulated by Gauss would hold. 


In his *Mechanics* Mach noted that the property of least constraint, 
which holds for systems with complete relaxation, possibly also holds 
for a relaxation of only a part of their constraints (partial relaxation 
of material systems). This assumption by Mach was verified by &.A. Bolo- 
tov, who proved it for a system with linear differential constraints of 
the first order [2]. Later on this case was also extended to a systes 
with nonlinear constraints [3]. 


In 1933 N.G. Chetaev [4] developed a new point of view on the re- 
laxation of material systems. He proposed to apply the term, relaxation, 
to any system transformation which satisfied some mathematical algoriths 
(parametric relaxation of material systems). N.G. Chetaev added to his 
proposition a proof of a corresponding sinisum theores. 


In the present paper the problem of the relaxation of a material 
system is studied from the qualitative point of view. A sufficiently 
broad qualitative definition of the relaxation of a system is given, and 
a corresponding minimum theorem is established, after which its mathe- 
matical algorithm is derived from the given qualitative definition of the 
material systems. 


A continuous numbering of the geometric and kinematic parameters of 
the system (coordinates x, velocities x", accelerations x” ) and also 
forces acting on the system is used in this paper. The indices utilized 
in the paper run through the following values: 
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Da b, cccs 


Here n is equal tothe number of points of the material systems studied, 
the actual meaning of the values r, «, r°, #° will be clear from the 
text. 


1. We shall call a Chetaev system all possible material systems with 
constraints of the form 


fe (t, Xi, %) = 0 (1.1) 


for which *possible displacements" are given by the relations 


3n 
Ofs 9 
yg bz, = 0 (1.2) 
t-=1 
The Chetaev systems may be outlined completely if one notes that 
Gauss’ principle [4] holds for every one of them, and that these systems 
are unique among the material systems with constraints of the form (1.1), 


for which Gauss’ principle [5] holds in general. 


We shall assume that the system in its given state is more relaxed if 
in this state the mltiplicity of the accelerations which it can acquire 
in actual motion is enlarged. In relation to this we shall apply the 
term, relaxation of the material system, to any transformation of it 
which, without narrowing down the mltiplicity of the allowable states 
of the system, makes the system more relaxed in each one of its given 
states. 


(Note. The notion of *enlargement* in this formulation is understood 
as a “supplement*, and thus all states and accelerations, allowable for 
the basic system, are assumed also to be allowable for the relaxed 
system. ) 


Such a qualitative notion of the relaxation of material systems is 
already completely sufficient for the establishment of the property of 
Chetaev systems, similar to that formulated by Gauss. 


Actually, let A be some Chetaev material system. Then assume that some 
system B is obtained by a relaxation of the system A, and system B is 
such that its *allowable displacements" include all ‘allowable displace- 
ments" of system A. 


(Note. It will be shown below that if system B is also a Chetaev 
system, then the ‘allowable displacements" of the original systes will 
also be found among the “allowable displacements" of the latter. The last 
remark ceases to be essential for this case). 


Let us denote by Ure eos Us, the actual accelerations of system A, 
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by Vir seer Vg, its virtual [4] accelerations. System B is more relaxed, 
and thus its actual accelerations may differ from the actual accelera- 
tions of system A. Let us denote them by Wir sees ype Furthermore, we 
denote by 5x,, ..., 5x, the *possible displacements of system A and by 
5*x,, wae 5°x,. the possible displacements" of system B. Finally, we de- 
note by X,, ..., Xs, the forces* which act on systems A and B. 


We write for each one of the studied systems the fundamental equation 
of mechanics 


gn 3n 
> (mu; — X,) a; = O, » (mw, — X;) 8a, = 0 (1.3) 
i=] i=] 
According to the condition we have 
ba; — 8a; 


Thus, equations (1.3) can be written in the following fashion: 


gn on 
>) (mu; -—— X,;) dz; = 0, > (mw, — X,;) ba, = 0 
i=] t=] 


By subtracting the second equation from the first, the terms with the 
forces are eliminated, and we obtain 
an 
S') my (uy — wi) 64, = O (1.4) 
On the other hand, since system A is a Chetaev system, then 
6a, = Uj — Y; 


These equations allow us to rewrite relation (1.4) as 


m 
>; m, (uy — wi) (uj — v4) = 0 
foe] 


The last relation reduces to the form 


Au» — Avw + Avy = 9 


Here the expression for A,, is of the form 


an m 


> > (u; — v;)* 
i=] 


and the expressions for A, and A, 


‘ are obtained from A, by a cyclic 
permutation of the variables. 





* During relaxation of a material system the forces acting upon it do 


not change. 
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The value of A,, is not negative, thus it follows from Equation (1.5) 
that 


Aan K Aes 


The values A,, and A,, are called, respectively, the measures of devi- 
ation of the actual and the virtual motions from the motion of the re- 
laxed system. In the case of complete relaxation this concept coincides 
with the Gaussian concept of system relaxation. Thus we have the follow- 


ing theorem. 


Theorem. If a material system A is a system of the Chetaev type, and 
a system B is obtained by relaxation of the system A and the *possible 
displacements" of system B contain all the ‘possible displacements" of 
system A, then the law of least deviation of the actual motion of the 
system from the relaxed system holds (generalized Gauss’ principle). 


Let us turn now to the derivation of the mathematical algorithm from 
the qualitative definition of the relaxation of meterial systems given 
above. Let us limit ourselves to the case where the relaxation of the 
Chetaev system to be studied takes place in a class of systems with con- 
straints of the form (1.1). 


2. (a) Take some arbitrary material system of the Chetaev type. Denote 
the Lagrangean coordinates of the system by q,, .-., 9,; let p), «.., P, 
be those of the generalized velocities which are assumed to be indepen- 
dent. Then because of the constraint equations of the studied system we 
can write [3 ] 


Sy wm Oy (0, as, . «5 See Pars ++ vPe) (2.1) 


The right-hand sides of Equations (2.1) are assumed to be differenti- 
able functions of all arguments shown. 


(Note. Equations 


can be written in another fora. 


All coordinates gq are actually written out on the right-hand sides of 
these equations. However, this does not mean yet that they all should be 
there. In particular cases some and even all % may drop out from the 
right-hand sides of Equations (2.2). With this case in mind and also con- 
sidering the fact that it is not known beforehand which a will be 
chosen to be independent, Equations (2.2) can be rewritten as 


z= 5, (t, % a" ; (2.3) 


with the essential limitation, however, that the dependent derivatives 
ta" drop out of these equations. Such a notation possesses symmetry and 
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this is a very important property. 


The dependent values ~ are known to drop out of Equations (2.3). 
Further, some Gq =ay drop out of these Equations. Thus, it is entirely 
possible that some of the Va which drop out of equations (2.3) drop out 
together with their derivatives. In such cases (having changed if 
necessary the numbering order of the variables gq) one can write instead 
of (2.3) the equations 


w= Di (t, dare e+ Tye M1 "y (2.4) 


where k<_r, and all coordinates shown in these equations are represent- 
ed by at least their derivatives. Such a way of representing the multi- 
plicity of the real velocites of the system in the problem of analysing 
the relaxation of material systems was used by N.G. Chetaev [4 ].) 


Together with system A let us study some arbitrary material system 
which is obtained by means of a relaxation of system A. We denote it by 
the letter B. According to the assumption, the constraint equations of 
system B should be of the form (1.1). Thus, some description of the form 
(2.1) should hold for system B, as well as for system A. Assume that it 
is 


% = a; (t,Q,,..-., Op), 2° == by (t,Q;,..., Qe, Pa,.--, 


The quantities Q,, ..., Q + im these equations are the Lagrangean co- 


. 
ordinates of system B, the parameters P,, ..+, P.- are those of the ge- 


neralized velocities of the system B which are taken to be independent. 


The functions a,*, 6;* are assumed to be differentiable with respect to 


all arguments, as in the case of system A. 


(b) The multiplicity of the positions of system A depends on r inde- 
pendent parameters and the multiplicity of the positions of system B on 
r° independent parameters. System B is obtained by a relaxation of A. 


Thus 
r'>r (2.6) 


On the other hand, since system B is obtained by relaxation of system 
A the multiplicity of its virtual accelerations in its arbitrary state, 
which is permissible in the concept of system A, should be at any given 
instant larger than the miltiplicity of the virtual accelerations of 
system A, which was analyzed in the same state at the same instant. From 
this follows the relationship between s and s’. 


Indeed, after differentiating, with respect to time, the expressions 
for the velocities x,” of the basic and correspondingly of the relaxed 
system, and then expressing in the resulting equations the generalized 
velocities q° by means of the parameters p and the generalized velocities 
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Q’ by means of the parameters P, we obtain the equations 


a," = &(t, 9, P) + >) cplt, 9, P) Pp’, wi = er (2,0, P) + Sic’ (t, 2, P) Py’ 
B= pant (2.7) 
for the basic and the relaxed systems, respectively. The derivatives p’ 
and P’ do not depend on the values of the remaining parameters. Thus, in 
every state which is admissible for both systems under consideration, the 
multiplicities of the virtual accelerations of the basic and the relaxed 
systems depend on s and s” independent parameters, respectively. Thus, 
we have 
r’>r, s’>s (2.8) 


From these inequalities it also follows that within the framework con- 
sidered, the relaxation of the Chetaev system is always accompanied by a 
reduction of the number of equations of constraint of this system. 


(c) Because of the properties of relaxation, all states that are 
admissible for system B should be admissible for system A. Thus, for an 
arbitrary system of values q,°*, ..-, 9,°, Py*» «++» p,* at an arbitrary 
instant ¢t a system of values Q,*, ..., Q.*, P,*, ..., P,* should exist, 
such that the following equalities are satisfied: 


a; (t, Q,’, sees Q,") = a;(t, qi: sabes qr ) 
he” (8, Qa", «22 > Qe, Py, Po) malt. gy 


In other words, the functions 
Fy (t, 91, *** » qr), 


should exist where the equations 
a; (t,F,’, ** 
SS AST Le, : Ps) ~—(2.9) 


are satisfied identically for all arguments. 


Let us find these functions. 


Because of Equations (2.5) the parameters Q are differentiable func- 
tions of time and some r” coordinates x (let z,, ..., ,-) and the para- 
meters P are differentiable functions of time, coordinates x), ..., xe 
and some s” velocities x,", ..., *,+" (let z,°, ..., zie"): 


?> = ha (t, 2, eee » Zr’), 


We will show that the functions 
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F,° = fy (t, a;, ..- , Gr), ®,,° = @, (t, Fy... ., Fr, 03,22. 50e) (2.44) 
satisfy Equations (2.9), depend on all q and p, and are thus the unknowns. 
Actually, the following identities hold: 
1 = a,” (t, fi, eee, 


They are not violated when x, and x,” are replaced by the values from 


(2.1). thus 


a(t, Fy, ...,Fr)ma, b(t, Fi',..., Fr’, Or, ..., Oe) maby 


On the other hand, the constraint equations of system B will be be- 
cause of the equations (2.5) and (2.10) 


(2.12) 


System B is obtained by the relaxation of system A. Thus, Equations 
(2.12) should be satisfied identically if x; and x,” are replaced in them 
by the expressions (2.1), i.e. 


. , F, ) — Gr’ +i,y a 2-6 


Fy, Oy, 2 2 es» Oe) = bya, .-- 


Thus, it is proved that functions (2.11) satisfy the identities (2.9). 
From these identities it is obvious that the functions F,* should depend 
on all q and the functions °° on all p. This completes the proof. 


The numbers r, s, r°, s° are restricted by the inequalities 


“ 


r<r’, s<s’ 
This means that there are not more parameters q than parameters Q and 


there are known to be fewer parameters p than parameters P. 


Let us supplement the system of parameters q to the number r° and the 
system of parameters p to the number s” by means of the independent para- 
meters € and 7, and let us perform the following change of variables in 


Equations (2.5): 
rg) 


s+» Poo Ms +++ > Tene) (2.43) 
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r’ , 


P= P+ Y Fin es 


yl 


r’—r “—s 


ov, = ®,. + >; ®,, (t, q; Pp) &y + >} Dyas (, q, P) % 
vas o= 


I 1 


and where the differentiable functions yy ' ®, 


®, g are so chosen as 
: . as 
to satisfy the inequality 


* 





Because of this inequality, the transformation (2.13) is not degene- 
rate, and thus one can find for every allowable state of system B a 
corresponding system of the values of parameters g, p, &, 7. The converse 
follows directly from Equations (2.13). 


By substituting the expressions for Q and P from Equations (2.13) into 
(2.5) we obtain 


Z = A; (t, G3, ---:. 
ty = By(t, day ~~~ 6 Ary Say 
The right-hand sides of these Equations are such that they pass into 
a, and b., respectively, if one sets all € and » in them equal to zero. 
Thus if system B is obtained by a relaxation of system A, then one 
can write a description of it in the form (2.14). 


On the other hand, it is not difficult to verify that if one can write 
for any arbitrary system B a description of the form (2.14) then this 
system is relaxed in relation to system A. 


Thus we obtained the following mathematical algorithm of the relaxa- 
tion of a Chetaev system. 


In order to perform a relaxation of any material system of the Chetaev 
type whose multiplicity of the admissible states is given by the equa- 
tions 


By = G; (65, Gay «+ 0 > Gr) wi" = by (t, Oy, +5 Ors Pas ->+s Pe) (2.45) 


one should transform it in such a fashion that in the new system the 
multiplicity of the admissible states be given by the equations 


zr, = A;(t, 9; 
x; By (0, Gas > 00 Grn Sao 02s Rermes : » Wh Ne’—e) (2.16) 
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where € and 7 are additional independent parameters, A, and B; are in- 
dependent quantities in their arguments and transform into the functions 
a, and b,, respectively, if all ¢ andy are set equal to zero. 


(d) The algorithm of the relaxation of material systems according to 
Chetaev is included in the transformation of any given material system, 
for which the description (2.4) is written for the multiplicity of the 
real velocities of the system, into a form in which this multiplicity 
would be given by the equations 


ai = by (ty Gay -- +s Gur Mr» ee Qe) + Bills Gay +5 Ges Sy voy Rar Ea's woo 9 Re) 


where ¢,, ---, €., €)°, «++, €,” are additional independent parameters 
and their derivatives and the functions 8; are independent functions of 
the given arguments which vanish when one lets all € and €’ be equal to 
zero. 


Comparing this algorithm with that obtained in this paper, we see 
that after the parameters p and » in Equations (2.16) are expressed in 
terms of parameters gq, £ and their derivatives, the difference between 
these algorithms reduces to the functions of different degrees of general- 
ity used in the right-hand sides of Equations (2.16). 


3. Let us return now to the problem of the "possible displacements" 
of the basic and the relaxed systems in the case where both are Chetaev 
systems. 


As already noted above, the following equations hold for the Chetaev 
system 
ba, = Uy — Yj (3.1) 


The values u; and v,; are components of the actual and of any virtual 


accelerations of the system, respectively. 


According to (2.7) they are expressed by the equations 


wi =er(t, g, p) + D) cap (ts Gs P) Poo’. v= er(t, g, P) + Dd) cowl, GP) Pr’ 


B=1 p= 


where pp,” denote the magnitudes of the values of PB” corresponding to 
the actual motion. 


Thus 


s 
bx, = > Cipop 
B=1 


where oR = Po” — Pg are, obviously, independent. Assuming that 
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The following theorem holds. 


Theorem. If the basic and the relaxed system are both Chetaev systems 
then the "possible displacements" of the basic system are always among 
the "possible displacements" of the relaxed system. 


Actually, let systems A and B be the basic and the relaxed systems, 
respectively. Assume that for the first system the description (2.15) 
and for the second one (2.16) holds. Then the following equations will 
hold for the *possible displacements" of systems A and B, respectively: 


» 0b, 
bx, = > —— Gz, 
jai 9Pp 


In the second group of equations, let all €, » and also w be equal to 
zero. Denote this substitution by square brackets; then 


6B 


(sx) = 2) | Sat |e» = 


B=1 


Thus, if the conditions £ = 9 = # = 0 are satisfied, then the ex- 
pressions for the "possible displacements" of the relaxed system trans- 
form into the expressions for the ‘possible displacements" of the basic 
system. This completes the proof. 
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l. Let us consider an arbitrary holonomic mechanical system, and let 
9)» «++» %, be its independent Lagrangian coordinates, and q,°, ..., 9,° 
be its generalized velocities. We shall assume that the equations of 
motion of the system have the particular solution 


K=h® = i, (1.1) 
corresponding to the unperturbed motion. 


Let t, be the initial instant of the time t, and ¢,, and q,,° be the 
initial values of the variable q,; and its time derivative q,°. 


Let for the unperturbed motion 


Yio = fi (to), Yio = fi’ (to) 
and for the perturbed motion 


Jio = fille) + &%, Gio = fi (to) + & 


where «, ¢,° are real constants designated as perturbations. The intro- 


duction of these constants defines completely the perturbed motion, be- 
cause the forces acting on the system are assumed to remain unchanged 


[1]. 


let the values of the coordinates q,; and of the generalized velocities 
q,;° for the perturbed motion be 


% = fi(t) 4+ 4, “% =f (4 nti 
where x(t), (j = 1, ..., 2m) are the variations of the variables q,; and 


q;°, which satisfy the equations of the perturbed motion 


dr; , . 
z= Xs (t, By, .- 2 ibaa g (1.2) 
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We shall assume that for every t > t, the functions X(t, x), ..., 
x,,) can be expanded in convergent power series with integral exponents 
in the variables x,, ..., n’ Whose coefficients are real continuous 
functions of t, with x ;(t, 6" sooe Bao Ge 


We are interested in the stability of the unperturbed motion (1.1) with 
respect to certain real continuous functions Q. eres % of the vari- 
ables q,, q,° and the time t. For the unperturbed motion the functions 
Q, after substituting in them q, = f,(t) and q;’ = f;’(t) transform into 
certain known functions of the time F(t), and for the perturbed motion 
they will transform into certain functions of the time ¢ and of the per- 
turbations «¢ ,, ¢,”. Considering the differences y, = Q, = F,, Liapunov 
called the unperturbed motion (1.1) stable with respect to the quantities 
Qo, cece Q,, if for all L,, however small, there exist positive numbers 
E., E,’ such that for any « iv € i satisfying the condition 


le|< Ei, |e’ |< Ey’ 
and for any t > t,, the following inequalities hold: 
lye) <Ls 


We shall assume further [1] that to any set of real values of the 
perturbations ¢ ., ¢ ,° numerically sufficiently small, there corresponds 


a certain set of real initial values Y,o Of the variables y,, and that 


we could always satisfy the inequality 
Yio + +--+ Yeo’ <A 


for any positive value of A, however small, if the absolute values of the 
perturbations are not greater than sufficiently small non-zero numbers 
E., B;’. And conversely, for given positive numbers £,, E.’, however 
small, there exists such a positive number A, that to the quantity Yie° + 
~+y - < A there corresponds one or several sets of real « ir € - 


whose absolute values are smaller than £; and £.” respectively. . 


Since the variables y, represent certain functions of the variables t, 
Xj vanishing when all x, = 0, (j = 1, ..., 2n), then the region of 
variations of the real variables t, Bs coer ¥qy 


t >to, ty? ++ +++ Lan? CH (1.3) 
where ty and H> 0 are constants, will correspond to the region 


t >to, ye tee tye QA, (1.4) 
of variations of the variables t, Y, where H, > 0 is a constant. 


We shall assume that (1.2) yields the first integral 


@ (Z;, ..-» Zen, t) = const 
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whe re (x, sep Sqn, t) is a real, continuous, bounded, single-valued 
function of its variables in the region (1.3) vanishing when all the 
variables x. are zero. Suppose also that at all values of the variables 
t, x, in the region (1.3) and at all corresponding values of the vari- 
ables t, y, in the region (1.4) the following inequality is satisfied: 


D(y,, ..-. Yas GPCL -- +» Lem 4) (1.6) 


Here ®(y,, ~++» Yp» t) is a real, continuous, bounded, single-valued 
function of its variables in the region (1.4), vanishing when all the y, 
are zero. We can prove now the following theorem: 


Theorem. If the differential equations of the perturbed motion (1.2) 
admit a first integral (1.5) and it is possible to find a positive- 
definite function ®(y,, ..., y,, t) such that the inequality (1.6) is 
satisfied for all values of the variables t, x; in the region (1.3) and 
for all the corresponding values of the varisbles t, y, in the region 
(1.4), then the unperturbed motion (1.1) is stable with respect to the 


quantities Q,, ..., Q,. 


Proof. [1]. According to the definition of a definite function we 
can find a positive-definite function W(y,, ..., y,) independent of t, 
such that in the region (1.4) the inequality 


D (y:,---> Yu. t) > W (y, .... Yr) (1.7) 
holds. 


Let A> 0 be an arbitrarily small number, smaller than H,, and let | 
be the exact lower bound of the function W on the sphere Ad: 


yr testy =A 


The number | is obviously positive, since ¥ represents a positive- 
definite function. 


We shall examine the function ¢(x,, ..., %,, t,); since it does not 
depend explicitly on the time, it can have an infinitely small upper 
bound; consequently, we can find for | values A and A, such that when 
the corresponding values of x; and y, satisfy the conditions x," + ccc 

. . + y, 7 <A, respectively, the functions (y,, 
+++ %qq- tg) will satisfy the conditions 


D (yr, ~~ + Yar bo) SP (Lr, ~~~» Zens bo) <l 


When the initial values of the variables x;, and the corresponding 
variables y, are chosen to satisfy the inoquel ity Sae° + coc + Fon os 
A , and the corresponding inequality Pee” + ooo + ae <A), 
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according to the conditions of the theorem we have the inequalities 


W (yx, -- + Ye) SO (Ys, we ey Yes 2) QPL - ++» Tans t\h<l (1.8) 


We can conclude here, that the variables y, satisfy the condition 


wits +t yt<A 
since | is the exact lower bound of the function W on the sphere (A). 
The theorem is proved. 


(Note. If instead of (1.6) we had the inequality 


Yuet) SP (L1,-+-» Zan ot) +E (C >0) 


then for a suitably chosen value of x;, and for all values of the time 
the inequality ~ + eco 4 » < A would be satisfied, where A is a 
number such that the exact lower bound of the function ¥ on the sphere 
(A) is greater than the number C. 


As an example we shall consider the well known problem of stability 
of rotation about a vertical axis of a heavy rigid body in the case of 
Lagrange [1 ]. 


Let p, q, r be the projections of the instantaneous angular velocity 
of a rigid body on its principal axes of inertia with respect to a fixed 
point; let y, y’, y™- be the direction cosines of the vertical axis with 
respect to the principal axes of inertia. The projections of the angular 
momentum on these axes are 


G, = Ap, G;= Aq, Gs3=Cr 


where A, C are the principal moments of inertia of the rigid body with 
respect to its fixed point. 


We shall investigate the stability of rotation of the body about the 
vertical axis 


p=q=0, r=To (1.9) 


with respect to the quantities G,, G,, G,, y, y’, y“) assuming that in 
the perturbed sotion 


Gy=G+x, 7" =1+3 (G = Cro) 
and retaining the previous symbols for the remaining variables. 
On the strength of the obvious inequality 
Gy? + Gy? + x® < D(Ap* + Ag? + Ct?) (x = Cf)- 


where D is the greater of the two quantities A and C, the values of the 
function 
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® (Gy? + Gq? + x*) + 2A (Gay + Gey’ + 2B) — (rmgz + GA) (7? + 7? + 3°) (1.10) 


{ 
D 


for the perturbed motion are not greater than the values of the function 


@ = V, + 2AV, — (mgz + GA) V3 —2(G6 + CA)V const 


where V-(i= 1, ..., 4) are the first integrals of the equations of the 
perturbed motion (See [1 ] page 27). A is a constant, ag is the weight 
of the body, z is the coordinate of the center of gravity. 


According to the just-proved theorem the conditions for the positive- 
definiteness of the function (1.10) yield the sufficient conditions for 
stability of the unperturbed motion (1.9); this last condition could be 
reduced to the inequality 


G? — 4Dmgz > 0 (1.11) 


It is easily seen that if the above inequality is satisfied, then the 
Maievskii’s condition c*r,? — 4 Amgz > 0 is also satisfied; it is well 
known that this last condition is the necessary and sufficient condition 
for the stability of (1.9)). 


2. The theory given above could be useful in the application of the 
second Liapunov method to the problems of stability of motion of con- 
tinuous media with respect to a finite number of parameters, which 
describe the motion through integrals, [2]. Such parameters could be, 
for example, the coordinates of the center of gravity of a bounded 
volume of a continuous medium, or projections of its linear momentum on 
certain axes, or similar quantities, whose variations with time are 
described by ordinary differential equations. The stability of motion of 
a continuous medium with respect to the above mentioned parameters will 
be called the conditional stability of motion of a continuous medium. 


As an example we shall consider the problem of stability of rotation 
of a solid with a liquid-filled cavity, with respect to the parameters 
describing the motion of the solid and to the projections of the angular 
momentum of the liquid [2]. 


We shall consider a free solid with completely or partially liquid- 
filled cavity, and the liquid is assumed to be ideal, non-compressible 
and homogeneous. We shall also assume, for simplicity, that the central 
ellipsoid of inertia of the solid is an ellipsoid of revolution, and the 
cavity is also a body of revolution whose axis coincides with the axis 
of the ellipsoid. In the case when the liquid has a free surface we shall 
regard the pressure on it to be constant. We shall also assume that the 
motion of the liquid is continuous, and that the velocities of the liquid 
particles and the pressure are continuous functions of the coordinates. 
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Since among the possible displacements of the body and the liquid in 
its cavity are rotations about an arbitrary axis and also translatory 
displacements of the whole system, the solid plus the liquid, as a single 
rigid body, the theorem of the angular momentum of the system in its 
motion with respect to its center of mass, that is of the motion relative 
to the coordinate system 0,x,y,z, whose origin 0, is at the common center 
of mass of the solid and the liquid, and whose axes are parallel to the 
fixed axes. In the problem of the stability of rotation of a solid with 
a liquid-filled cavity this circumstance permits the consideration only 
of the relative motion, as if the mass center 0, of the system were 
fixed. 


We shall introduce another rectangular coordinate system Oxyz, moving 
with the solid. 


In the case when the liquid entirely fills the cavity, the origin of 
the moving coordinate system O will coincide with the mass center 0, of 
the whole system and the coordinate axes will coincide with the prin- 
cipal axes of inertia of the solid. In the case, when the liquid in the 
cavity has a free surface under a constant pressure, the origin O will 
coincide with the mass center of the solid, and the coordinate axes will 
be along the principal central axes of inertia. In both cases the axis 
Oz will be along the common axis of revolution of the central ellipsoid 
of inertia of the solid and of its cavity. The moments of inertia of the 


solid about the x, y, z axes are A = B, C respectively, and the direc- 
tion cosines of the constant direction axis 0,z, with respect to the 
fixed axes are y,, Yo, ¥3 respectively. 


In order to begin from some concrete example we shall consider the 
case when the center of mass of the whole system is in rectilinear motion 
with constant velocity. This case is the well known approximation to a 
small segment of a flat trajectory of a missile. We shall assume, as in 
the case of a solid propellant missile, that the liquid charged missile 
is subject only to the overturning couple of the forces of air pressure 
[3]. The moment of this couple is assumed to be proportional to the sine 
of the angle between the Oz axis and the direction of the velocity of the 
mas center of the system 0); let the x, y, z components of this moment 
be L, = ay,, L, = -ay,, L, = 0 respectively, where a is a constant. We 
assume also that the axis 0,2, coincides with the velocity vector of the 
mass center 0,. The reasons for the above assumption will be omitted, 
but we shall mention that the smaller the volume of the air bubble in 
the filling liquid the better the approximation. 


Applying the general theorems on relative motion of a mechanical 
system about its mass center we could obtain some of the first integrals 
of the equations of motion of a solid with a liquid-filled cavity. 
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When we consider the motion of the system with respect to the 0,x,y,z, 
axes, the real displacements of the body and of the liquid in its cavity 
belong to the set of possible displacements of the system. Since under 
the assumptions, listed above, the forces of the air pressure could be 
represented by the force function U = -ay,, the total kinetic energy in 
the relative motion of the system could be expressed as 


T, + T, + ays = const (2.1) 


where T, and T, represent the kinetic energies of the solid and of the 
liquid, respectively, in their motion with respect to the coordinate 
system 0)x,y,2). 


Let v;, Vg, v3 and @, a, @, be the x, y, z components of Y,, which 
is the velocity vector of the point O, and of the instantaneous angular 
velocity vector & respectively. Then 


27, = M, (v;* + v2" + v5") + A (@,* + @,*) + Co,? 
where M, is the mass of the solid. In the case when the liquid fills the 


cavity entirely, it is obvious that v, = v, = v, = 0. 


Let p be the density of the liquid and v_, v, v_ be the x, y, 2 com- 
ponents of the velocity vector V of the particles of the liquid with 
respect to the coordinate system 0,x,y,z,. Then 


27, = p\ (vx* 4 vy® + v,*) dt 


tT 


where r is the volume of the xyz space occupied by the liquid at the 
given instant. 


Under our assumption the forces exerted on the body by air pressure 
have no torque about the 0,z, axis; therefore the relative motion of the 
system has the integral of areas 


(Aw, + 81) 11 + (A@s + 82) Y2 + (Cs + 83) ys = const (2.2 
where by 


gy p\ (yv,—zvy)dt, g.= o| (vs —zv,)dt, g3=p\(zvy— yvx) dt (2.3) 
: : < 
are denoted the x, y, z components of the momentum of the liquid in its 
motion with respect to the coordinate axes 0) x,y,z). 


Since the momentum of the relative motion of the system is 


Mio + p\ vas = 0 


the angular momentum of the relative motion of the system is the same for 
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all points of the space. We shall write down the following obvious 
identity 


1° + 12° + 13° = 1 (2.4) 
for the direction cosines of the 0:2, axis. 


For cavities which are bodies of revolution, the moment of the pres- 
sure forces of an ideal liquid and of the air inside the cavity about 
the Oz axis, obviously equals zero. Since A = B and L, = 0, at any in- 
stant of time during the motion, the z-component of the instantaneous 
angular velocity vector remains constant: 


@,; = const (2.5) 


Among the real motions of a solid body with a cavity filled with an 
ideal liquid, we have a uniform rotation of the solid with the angular 
velocity @ about the Oz axis, which is colinear with the 0,2, axis; 
since in this case the motion of the liquid is steady and such that the 
x and y components of its angular momentum equal zero, and the z com- 
ponent is the constant g. Since according to our assumptions the liquid 
is inviscid, and the cavity is a body of revolution, this set of steady 
rotations includes in particular that of equilibrium with respect to the 
coordinate system 0,x,y,z,; in such a case g = 0. Under certain condi- 
tions there is also possible another extreme case of the liquid rotating 
as a rigid body with the angular velocity w. In this case 


g= wp | (2* + y*)de 


where r, is the volume occupied by the liquid in this motion. 
We shall consider now the stability of rotation of a solid and of the 
corresponding steady motion of the liquid in its cavity: 


q W. = w, 1 =%2 = 9, Xs 


Vv; = V2 Vs = 0, £1 =3 Ba =s 0, Bs = g 


@, = W@, = 0 


with respect to the quantities w,, Wy, Wy, Yi» Yor Yq» B+ Bqr Bye Yy> 
Vy, V3. In the case when the liquid fills the cavity entirely we shall 
consider the stability with respect to the first nine of the quantities. 


In the perturbed motion we shall substitute 


@, = w + €, Bs= 8+, %2=1+6 


and for the remaining variables we shall retain the previous symbols. 
The integrals (2.1), (2.2), (2.4), (2.5) for the perturbed motion become 
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M, (v,? + vq? + v5") + A (@,? + @,*) + C (E* + 2wk) + 27, + 2a0 = const 
(Aw, + £:) 11 + (A@s + £2) ¥2 + CE+ 44+ C(@+ 59° + (g¢ + 4) 0 = const 
*—+ C2 + a = U, V, = E const 7) 

We shall consider also the following function 


H,= M, (v,*+0,?+2,5*)+A (@,’+,") 4 


{ 


+ = (g1°+82" +2¢y + 7) 


where S is a quantity proportional to the greatest of the principal 
moments of inertia of the liquid in its cavity for the point 0. 


On the strength of the Liapunov’s inequality “" + g,° + gs" < 2T,S 
we can make the statement that 


H, <V; = const 
Let us consider the function 


+- Cwh +- gh) V, — 2C (@ + AV, 4 
Aw,* +. 2) (Ao,-+ 81) %1 — (a | Car 4 


a a. il — . { 
+- Aw,” + 2) (Aw, + £2) ¥2 — (a + Cw + gh) x," 4 z 


‘ -_ . — 2090 = ' 
1. 2) (C§ + "u)\— (a + Cwa 4+ gy) G + = 7 -+ M,v;* 


ie 


which represents the sum of three quadratic forms of the same type in 
four variables, and one linear function in the variable 7 ; A is a con- 
stant. According to Sylvester’s criterion, the necessary and sufficient 
condition that the quadratic part of V be positive-definite is that there 
exists aA such that 


(A + S)* + (Cw + g)h+a<0 (2.10) 


The inequality is possible if the polynomial on the left hand side of 
(2.10) has two distinct real roots Ay and A,; that is if 


(Cw + g)?—4(A+Sa>0 (2.41) 


If the condition (2.11) is satisfied we could choose the constant A 
arbitrarily in the interval A, <A<A,; if also 


(g/S+Ay>0 (2.12) 
then the function V will be positive-definite in all its variables. 


On the strength of the inequality (2.8) 
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V < V; “T 2dV 2 — (a -+ Cwh + gryV; — 2C (w + )V, — Ce: (C _ 4) Vv 
Consequently, when the conditions (2.11), (2.12) are satisfied the 
function V satisfies the conditions of the previously proved theorem. 


Thus, the conditions (2.11), (2.12) could be regarded as the necessary 
conditions for the stability of the unperturbed motion of the system 
(2.6) with respect to the quantities @,, @), @3, £), By 83» Yi» Yor Yy> 
Vi» Vo, Us. Let us mention that if we set A = —g/S, then the condition 
(2.195 will be satisfied, the inequality (2.10) assumes the form 


(Co — A®)£—a>0 (2.13) 


and becomes the single sufficient condition for stability of the unper- 
turbed motion (2.6). 


If we set A = —2a/Cw, then the inequalities (2.10) and (2.12) be- 
come the stability conditions (2.12) and (2.13) given in the paper [2]. 


It is also easily seen[2], that if the motion of the liquid entirely 
filling the cavity is always irrotational, with the velocity potential ¢, 
then the condition (2.12) is satisfied. 


We shall finally show that the condition (2.11) is the sufficient con- 
dition for the stability of the unperturbed motion (2.6) in the first 
approximation. Let us write down the third equation of the perturbed 
motion [ 2 ] : 

dv, 


— + W122 — Wog, = 0 


Regarding @,, @), g;, & a8 small quantities of the first order and 
neglecting their products, we obtain the integral of the equation in 
variations 


V; = 7 = const 
We shall consider the function 
w=v —2(§ +r)V, (2.14) 
where the function V is defined by the equation (2.9). It is obvious, 
that the necessary and sufficient condition for the positive-definiteness 


of the function (2.14) is the condition (2.11) which proves out state- 
ment. 
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In this paper it is shown that the known theorems of Liapunov [1] and 
of Chetaev [ 2 ] concerning stability may be extended to systems with 
retardation. A criterion of instability in first approximation of motion 
of systems with retardation is given. 


1. Chetaev’s theorem on the instability of motion, and its 
application te systems with retardation. Consider equations of 
perturbed motion of the form 


dz; (t) 


a = Xi (ts (¢ + 9),.., tn(t +), t) (i= (1.4) 
where the X (x, (0), ape x,(9), t) are functionals defined for any piece- 
wise-continuous (i.e., having, at worst, discontinuities of the first 
kind) functions x.(@) defined on the interval - r < @ < 0, and one has 


X,(0, ..., 0, ¢) = 0. 


Equations (1.1) are the general form of the equations with retardation, 
and are called equations with after-effects. 


In order to determine the derivatives dx;(t)/dt at a given t, it is 
necessary to know not only the x.(t) at the instant t, but to know them 
at all instants t on the interval [t —+r, t ]. Consequently, as in the 
work of Krasovskii [3,4] we shall take as an element of a trajectory of 
a system with retardation, not the vector function x,(x,(@,), t) at the 
instant of time t, but rather the vector-interval trajectory x (x9 (0), 
t+ 0), where-r <0@< 0. In view of this, the solution may naturally 
be considered as a trajectory in the function space C. We shall use the 
notation z(t + 6) ={x;,(0)}, where x;,(0), for fixed i and t, represents 
a point in the function space C, i.e. a function defined on the interval 
-r<6< 0. 


In the function space the system of equations (1.1) is just a system 
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of *ordinary* differential equations with an operator right-hand side 


[3]: 


dz, (9) 


——— oa R (x; (9), 8) 


xy (9) = {xy (9),..-, nt (9)} = (2, (¢ + 9) 


dr, (9) 
| x (x, (9), » Ty (9), ) = 0) 


The operator R is defined for t > r + t, when the initial function 
x9(@) is piecewise continuous, and it is defined for t > t, when the 
initial function is differentiable (at the instant t = t, by a derivative 
one must understand the right-hand derivative). 


In order to solve the problem of the instability of the motion 

x,(@) = 0 one must: (1) establish instability criteria for unperturbed 
motions when subjected to arbitrary, small in norm, differentiable 
initial disturbances; (2) determine the domain of instability in the 
space of differentiable functions, such that the functions belonging to 
this domain produce solutions of increasing norms, rendering the solution 

= 0 unstable; (3) determine whether a given possible perturbation of 
the real system belongs or not to the domain of instability. 


In the present paper it will be assumed that all perturbations which 
are differentiable with respect to t and are small in norm are possible 
perturbations. Liapunov’s method permits the determination of the domain 
of instability in function space. Of course, the question as to whether 
a certain possible perturbation of the real system belongs to the domain 
of instability cannot be answered in general, since there are no general 
criteria for the choice of such perturbations. 


Consider the functional v(z,(@), ..., x (0), t), defined for all 
piecewise continuous functions 


{, (9),.--, Zn (9)} 


in the domain 


| x (9) || < H, 2 (1.3) 


As in Liapunov’s theory, we shall suppose that the functional 
v(x(@), t) is continuous with respect to x(@) and t. For each continuous 
function x,(@) in the domain (1.3), the functional v(x(@), t) is a con- 
tinuous function of the time v(t) = v(x,(@), t). The following defini- 
tions, relative to functionals v, will be employed: 
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(1) A functional v(x(@), t) is said to be positive definite, provided 
that there is a continuous function w(r) satisfying the following condi- 
tions [2 ]: 

v (Ly (),.-+5 Zn (9), t) > w (|| x (9) ||) (1.4) 
wi(r)r> 0, 0O<r<H, w(0)=0 

(2) A functional v(x(@), t) admits an infinitely small upper bound in 


the domain (1.3), provided that there is a continuous function w,(r), 
satisfying the conditions 


| v (x, (9),..., Zn (9), 1) | < wy (|| z (9) |) (1.5) 
0O<r<H, w, (0) = 0 


(3) By the domain v > 0 we shall understand the set of piecewise con- 
tinuous functions x(@) which satisfy the conditions 


Iz @)|<4, v (x (9), t) > 0, t>t, (1.6) 


In particular, if v is an operator of constant sign, according to the 
definition (1), then the domain v > 0 coincides with the domain (1.3). 


(4) A functional v, admits an infinitely small upper bound in the 
domain v > 0 provided that it is bounded in the domain v > 0 and is such 
that for each positive «, chosen arbitrarily, there is a number A, 
different from zero, having the property that if 


t >to, |x (3) <2, v >0 (1.7) 
then 
|v, (x (®). t)| <e 


(S) A functional v, will be said to be of constant sign in the domain 
v > 0 provided that, for each positive ¢, no matter how small, there is 
a number 7, different from zero, such that whenever x(@) satisfies the 
inequality v > «, one has also the following inequality: 


1% (2(%), | >y 
An example of a functional of constant sign is 
v? ho + w (A > 0) 


where w(x(@)) is a positive functional in the domain v > 0, or else it 
is identically zero. 


(6) A functional v,(x(@), t) is called the lower functional derivative 
of the functional v(x(@), t) with respect to the system (1.2) provided 
that for any solution x,(@) of the system (1.2) which obeys (1.6) one has 
the equality 
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lim inf ($3) = v, (x, (9), t) for At— 4 (1.8) 


where the subscript (1.1) indicates the number of the system along whose 
trajectories one calculates the limit Auv/At. 


Theorem 1. If the differential equation (1.2) of the perturbed motion 
is such that there is a functional v(x(@), t) which is bounded and has 
an infinitely small upper bound in the domain (1.6); and which is de- 
fined for t > ty and any arbitrarily small, in norm, differentiable 
function x(@); and also that the lower functional derivative v, (x(@), t) 
with respect to the system (1.2) is positive definite on the domain v> 0 
(see (1.6)), then the unperturbed motion x,(@) = 0 is unstable. 


Proof: Let v(x(@), t) be a functional satisfying the hypotheses of 
the theorem. Then in the domain (1.6) one has the inequality 


v(z(%) th<b (1.9) 


for some positive constant L. 


It is to be proved that for no given positive number H, < H does 
there exist a number A, sufficiently small, such that the inequality 
| x_ (0) || <A implies the inequality || x, (0) || <H, for t > ty. In order 
to do this it is enough to show that, for any given A there is at least 
one function x,(@) for which, at a certain instant ¢ = t,, the equality 


Il x,, (6) || = H, holds. 


Let us suppose the contrary. That is, let us suppose that there is a 
sufficiently small number A having the property that if 


(A « H;) 
then 


r, (9) < Hy, (t > to) (1.10) 
Let us choose an initial differentiable perturbation x.(@) such that 


v (x, (9), t,) = v, > Y, ry (9) LAH, (1.11) 


As long as the point x,(@) never leaves the domain (1.6), it follows 
that 


v (x, (9), t) Sv, + \v, (a, (9), Odt cl, (t—t " (4.12) 
t, 


Since the functional v has an infinitely small upper bound in the 


‘domain v > 0, the conditions v(x ,(0), t)> v(x_(), t, )= Ue > 0 imply 


that, as long as the point x,(@) does not leave the domain v > 0, one 
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will have || x, (@)|| >, where » is a positive number. But, on the 
domain H, >|| x,(@)|| >, v > v9, the lower functional derivative v), 
which is positive definite on the domain v > 0, will satisfy the inequal- 
ity v,(x,(@), t) > 1,, where 1, is a positive number. Thus the inequal- 
ity (1.13) holds, and this contradicts (1.9). From this it follows that 
the motion x,(@) with an initial function satisfying the condition (1.11) 
will, at some instant, leave the domain 


lz, (B) |< Ay, v (x, (9), t) > 0, t>to 


In view of the continuity with respect to t of x,(@) there mst be 
at t, such that || x, (4) || = H,, and hence the motion x = 0 is unstable. 


(Note. If the initial perturbation is piecewise continuous then the 
following two possibilities arise for the motion x, (0): 


1, As the time r increases the motion x, (0) belongs to the domain 
v > 0. Then x,(@) will also be differentiable with respect tor and it 
may be asserted that x, (0) belongs to the domain of instability. In this 
case the corresponding initial piecewise continuous function belongs to 
the domain of instability. 


2. As the time r increases, the motion a, (0) does not belong to the 
domain v > 0. In this case we shall say that «x, (@) and x9 (9) do not be- 
long to the domain of instability (even if V9 (9 (8), to) > 0). 


It is easy to obtain, from the theorem just proved, the following two 
theorems on the stability of the motion of systems with retardation, 
which are generalizations of the theorems of Liapunov on the stability 
of motion. ) 


Theorem 2 (first theorem of Liapunov concerning stability). If the 
differential equation of the perturbed motion (1.2) is such that there 
exists a functional v(x(@), t) which possesses a positive definite lower 
functional derivative v,(x(@), t) with respect to the system (1.2), the 
functional v has an infinitely small upper bound; and if for any ¢ > ty, 
by a suitable choice of a differentiable, sufficiently small in norm, 
initial function x (@), the functional v(x(@), t) has the same sign as 
v,, then the motion x = 0 is unstable. 


Theorem 3 (second theorem of Liapunov concerning stability). If the 
differential equation of the perturbed motion (1.2) is such that there 
exists a bounded functional v(x(@), t) which possesses a lower functional 
derivative v,(x(@), t) with respect to (1.2) of the form: 


v, (x (9), t) = Av (x (9), t) + w(x (9), 0) 


where A is a positive constant, and w is either identically zero or is 





On the instability of the motion of systems with retardation 75 


a positive definite functional; and, if the second alternative holds, 
the functional v(x(@), t) is such that at ¢t > ty, by a suitable choice 
of the function x,(@), with sufficiently small norm || x, (@)||, it can be 
made positive, then the unstable motion x = 0 is unstable. 


2. Om the instability of motion, in the first approxina- 
tion, for systems with after effects. Consider the equation of 
the perturbed motion 


0 
oe =| x (t + 9) dy (%) + X (x(t + %),4) 


—f 
. 


where X(x(t + @),t) is a functional, which is defined for piecewise 
continuous functions x(@) which are defined on the interval - r < 6 < 0. 


The integral on the right hand side of equation (2.1) is a Stieltjes 
integral. If dn (@) = 0 for 04 0 and O04 -+Fr, and dy (0) = a,, and 
dy (— r) = a,, one obtains the following first approximation equation 


with retardation: 
dzit 


rT a,z (t) +- a, x(t — *) (2.2) 


We shall suppose that the functional X(x(t + @), t) satisfies a 
Lipschitz condition with respect to x(@): 


| X (x, (8), 2) — X (x, (9), 2) | < gz, (8) — 2 (%) (2.3 

where q is a positive number, whenever || x, (@)|| and || x, (@)|| satisfy 
q < [fx, (®) {4+ Iz, (9)}]° (a> (2.4) 

The functional X is supposed to be continuous with respect to ¢ for 


t > t, > 0. Consider the characteristic equation 


4 (d) ) | edn (9) 0 (2.5) 


Theorem 2.1. If the equation (2.5) has at least one root possessing a 
positive real part then the undisturbed motion x = 0 of the system (2. 1) 
is unstable, no matter what the functional X happens to be. 


(Note 1. A(A) is an entire function, and it may be expanded in a 
power series with majorant |A| + A exp r|A| (here A denotes the total 
variation of the function 7(@) on the interval (-1, 90)). 


It is well known that the zeros of an entire function are only finite 
in number in any bounded domain, and that the only limit of these zeros 
is infinity [5,4]. 
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The function A(A) behaves in a similar manner as the polynomial to 
which it reduces in the particular case of the system with retardation, 
(2.2). In fact, the function A(A) has a finite number of zeros on the 
right A half-plane and on the imaginary axis. Indeed, in order to see 
this one has only to verify that there is a circle of radius R, outside 
of which |A(A)| is bounded below by a positive number on the right 
half-plane, including the imaginary axis. 


We have 


| A (A) 


where R is sufficiently large, provided that, for A in the right half- 
plane, the following inequality holds: 


0 


' AS 
. dv, () 
A 


The preceding inequality does indeed hold, because the function 
exp A@ is bounded in absolute value on the right half-plane, including 
the imaginary axis, and hence the absolute value |A| can be chosen 
sufficiently large, for R large enough. 


Note 2. Por the sake of simplicity it will be supposed in the proof 
that the roots with positive real parts are all positive. ) 


Proof: The equations (2.1) of the perturbed motion are equivalent to 
the ordinary differential equation with an operator right-hand side: 


dz, (9) 
a 


© — =Ax, (9) + R(x (9), t) 


x, (9) dy (9) (9 0), 


Suppose that the roots with positive real parts are A,, ..-, Ay, «++, 
A,- Consider | linear functionals, corresponding to these roots: 
0 % 
fx [x (8)] = a (0)— | \ e(® — ©) Ak ay, (E) dé | dn (9) (k = 4,...,l) (2.7) 


Let us suppose that the initial functions of the solution are diffe- 
rentiable for—r <¢ t < 0. Then the operator equation (2.6) holds for 
t > 0 (for t = 0, by dx/dt is meant the right hand derivative with 
respect to t). Hence the functional (2.7) fulfils 
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1x [Az (%)) hufx[x()] (k = 1, l) (2.8) 
fu (ae(®)) = fala, (expt (>! 2.9) 


for differentiable x» (0) and solutions x,(@) of the first approximation 
equations 
dz, (8) 


1 — = Az, (9) (2. 10) 


Lemma: If the differentiable function x_ (0) satisfies the | conditions 


fy, [z, (9)] = 0 (& = 1,..., l) (2.11) 


then the corresponding solution x,(@) of (2.10) satisfies the | condi- 
tions 
fx [2 (%)] = 0 (2.12) 


for t > 0; and, as ¢ increases, decreases in norm, exponentially, with 
exponents 

fa = min | Re i; | (j=i+1 
where the remaining roots Ars 1» Apgar «ee have negative real parts, 
and @ is positive number less than unity. (The case of purely imaginary 
roots can be reduced to the previous one by the transformation 
y exp (8 t) = x.) 

The proof of the lemma may be carried out analogously to the proof of 
Theorem 29.1 of Reference [3], because the expression for the semi- 
group-operator on the class of functions satisfying conditions (2.11) is 
given by formula (29.29) of Reference [3]. Consider the subspace L, of 
the space of functions x,(@), consisting of all functions which satisfy 
the conditions 


Jx (a (%)| =0 (k = 1,...,2) 


Then every element x,(@) of the original function space may be re- 
presented in the form 


x, (9) = % (9) +y (2, (%EL, yt 


which decomposes the space into two subspaces: 


expA, 9 


Ye = felz(9)) (k= 1... 0, x1 (9) = 2 (9) + SF 


It is clear that f,[z,(@)] = 0, since 


[A’ (A) F/: [exp 2,9] 1 





S.N. Shisanov 


Thus the system (2.10) leads to the system 


a, (8) {z, (9 9 0 
z. Az; (9), Sx (21 (%)) (k 


Replacing x by y and z, in accordance with Equation (2.13), yields 


dy, 


a Ya + Pe LR (x (9))) (k =1,....0 (2.16) 


Az, (#8) + R (x, (9), t) — A’ (yy) exp, 9)/,[R (2, DO) 
A’ (hy)? exp (4,9) /, [R (x; (8), 0] (2.17) 


Tx (2 (%)] U (k 
Tr, ()) 


Obviously, the systems (2.16), (2.17) represent the system (2.6) in 
the subspaces z,(@) and y(t). 


Since the decomposition of x,(@) into y(t) and — is unique, the 


fact that x,(0) = 0 implies that y, = 0 and that z,(@) = 0. Thus the 
solutions of the systems (2.16) and (2.17) exist and are unique, provided 
only that the solution of the system (2.6) corresponding to x,(@) exists 
and is unique. 


Let us consider the system (2.14). For this system the function v, 
may be constructed as follows: v, = A,y;¥, + «++ + A)y)¥)- 


The function v,; is positive definite in the finite dimensional y sub- 
space. The derivative of v, along an arbitrary trajectory of the system 
(2.14) is positive definite on the subspace y: 


dv . ‘ a - 9 
(Fase ha (Qa + Add) Wii l see Ar ((Ar + Ad) yr) (2.15) 


Further, on the subspace L, for the linear system (2.15), one may con- 
struct (in view of the results of [3], pp. 191-192) a functional 
v,(z,(@)) satisfying the following conditions: 


Cy | Ze (9) | < ve (2 (9), t) < cg) z (9) (2.19) 


, (A 
lim sup ( 


Ve P 5 « 
\ Ae )te1sy SS ~~ ©31 (9)| for At++0 (2.20) 
/ \e. } 


| v (2; (8), t) — v (2 (9), t) | <4 zr (9) — 2% (9) | (2.21) 
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whe re Cy» Co» Cy, Cy are positive numbers. 


We now form the functional v*(z,(@), t) for the complete system as 
follows: 


v® (x (9), t) = 20, (y) — v2 (zr (9), 2) (2.22 


where y and z,(@) are expressed in terms of x,(@) by formula (2.13). 


It is readily verified that the functional v* satisfies all the hypo- 
theses of the first stability theorem of Liapunov for systems with 
after-effects (Theorem 2). Let us now compute the lower functional de- 
rivative of the functional v* with respect to the system (2.6) (or what 
is the same, the systems (2.16) and (2.17)). We have 


. , Av* 1 dv . , 
—lim inf ( _=—(———*}) — lim inf 
At--+0 2 Vv, dt/w6) At++o 


. Avs\ 
lim sup{ A = 
Al > Tv : £ /(2 6 


al i 
Vo 


‘Avs 
- S12 Re Ay yj9; + lim sup(=" + 
y staan At—+-+t, \Ai 2.15) 


v3\ Avs 
\ At /¢e \ At /(2.16) 


l 
bie dy Ay Lysis (XD + Hs- J(X)] + lim 


V Vv} 


Cely|< V21<6s y 
n 
| 


min - - min > h; 2 Red; yy (or |y 1), es} 


j=1 


+ | Ze (9) | >] (9), ¢> 2gD tor |x, (%)] - 


Thus, on account of the inequality 


. . Av*® c 
lim inf (——) > = 
At++0 At (2.6) - 


Zr; (9) (2.23) 


it follows that the lower functional derivative of v* with respect to 


the system (2.6) is positive definite for sufficiently small |x, (0) ||. 


Consider now the function 
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< 0) 


where 7 is a positive number, so chosen that || x,° (4) || is as small as 
is desired. 


To the function x,*(@) correspond the functions z,*(@) = 0, y,=7 
exp A.6 (j = 1, ..., 1) in the spaces L and 1, and from (2.18) and (2.22) 
it felleus that 


v® (xq (%)) > 0 (2.24) 


Now, the norms of y, and z, (6), from the definitions (2.13) and (2.7), 
are found to satisfy 


| yx | << Al x ()], | 2: (%) || < Bl x (4) | (2.20) 


where A and B are positive numbers. Let us now estimate the norm of v*. 


Taking into account (2.25), (2.19), (2.18), and (2.22), we obtain 
Jo" |< Nj x, (9), N = Imax {|4;|}V 2+ eB (2.26) 


where N is a certain positive number. From (2.26) it is seen that the 
functional v* has an infinitely small upper bound on any domain 


|x, (@) || < H, where H is a positive number. 


Thus, the functional v* possesses a lower functional derivative with 
respect to the system (2.6), which is positive definite, in view of 
(2.23). Further, v* possesses an infinitely small upper limit, by (2.26), 
and there exists a differentiable initial function x,(@), arbitrarily 
small in norm, for which v* assumes positive values lene (2.24)). There- 
fore v* satisfies all the hypotheses of the first Liapunov theorem on 
the stability of motion (Theorem 2). Consequently, the motion x = 0 of 
the system (2.1) is unstable for arbitrary X (fulfilling the required 
conditions). 


(Note 3. It is not difficult to prove the theorem in the case of non- 
simple roots A; with positive real parts. 


Note 4. The theorem concerning the stability of the motion x = 0 is 
valid also for systems of n equations of the form 
dx, (9) 7 
>» \ x; (t + 9) dn,; (9) + X; (zi (t + 9), ..., 2, (t + 9), 0) 


dt 


play roles similar to those of dy (@) and X in the 


where dn ij (9) and X, 
system (2.1). The proof of this assertion does not differ essentially 
from the proof of Theorem (2.1). 
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Considered is a problem of optimum control under the condition of minisum 
expected decay time of a transient process. A method is described for 
applying the Liapunov function to this problem [1,2 ]. Assumed statement 
of the problem is generalized to include some problems of optimum appli- 
cation of high speed action on systems subject to random disturbances. 
Discussed are approximate methods for synthesizing optimum control. 


Author notes that he discussed the theme of this work and the methods 
of solution of the considered problems with N.G. Chetaev who gave him a 
number of valuable suggestions. Especially, detailed remarks were made 
by Chetaev regarding the application of the Liapunov function to the 
problems of the investigated systems subject to random disturbances. 


1. Statement of problem. Let us consider the system described by 
the equations 


dz , ' 
idi Az + Bu + cy (1.1) 


where x is an n-dimensional vector of phase coordinates of the system, 

A, B are n x n-matrices, y(t) is a random scalar function, u is the n- 

dimensional control vector. For the given initial conditions x), 9, ty 
it is required to derive the rule for choosing control uw which ensures 
minimum time of decay for the transient process x(x», No» tor t, 0 u) 

in system (1.1). Depending upon the character of information about the 

process action, several versions of formulation are possible. 


Let us denote by g(%) the realization of the random function 4(t) for 
t < 3< t. A great number (almost all) realizations g() we shall de- 
note by 0(t). 


Definition 1.1. Let us consider the operators ut, g] which compare 
(for fixed t > t))with g() the vectors u. The totality U, of operators 
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ult, g] (tg < t < , g= Q(t) we shall call t-control. 


Vector-function u(x, 9, t) = U, which compares (for fixed t) with 
vectors x = G and numbers 7 © H the vectors u, we shall call x-control 
in the region G x H. 

Let us denote 


ly (y; +..-+ yn)’ 


Definition 1.2. Let there be given a number « > 0, a natural number 
k <n and the initial conditions x, 75, t,. Let us agree to call U, 
(t-control) ¢-permissible on | x1, «++, %3 for the initial conditions 
Xo» No» tg, if these conditions are satisfied: 


1) norm ||u|| satisfies inequality 
lu[t, g)}< tS [t,,00), 


2) inequality 


T (U1, k, &, Zo, No» to] | PIU sk, &, 205 Mo tldt< « (1.3) 


is satisfied, where the symbol p|[ Uys Re €s Xqe No» to» t] denotes the 
probability of inequality 


L (Lo, No» to, t, Hr U) le > © (1.4) 


for t > ty along the random solution x(t) of system (1.1), caused by the 
random functions 7(t) and u(t) = ul t, 7(%)]. The set of «-permissible 
t-controls (for given conditions k, ¢, %), 79, t,) we shall denote by 
M.[ a Xo» No» t. }. 


The meaning of Definition 1.2 is as follows: «-permissible t-control 
(totality U, of operators u[t, g]) determines the rule for choosing 
the u(t) control on the basis of information about realization g(#) of a 
random function n(t) for t, < #< t, whereupon this control ensures the 
decay of the transient process according to || x(t) ||, up to« > 0 with 
probability arbitrarily close to unity for sufficiently large t. 


Definition 1.3. Let there be given a number « > 0, a natural number 
k <n, regions G, and G of the phase-space | x} and a set of numbers H. 
Function U_, the x-control in the region G x H, we shall call « -permis- 
sible on{x,, ..., x,) for initial disturbances x, from region G,, if 
the following conditions are ful filled: 


1) function 7(t) may take values only from H for all realizations 
gE Alt), tec t <a; 
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2) solutions of system 1.1 (for u = u[ x, n, t]) with the initial 
conditions x, = G) fox all realizations 7 = g(%) remain in region G for 
t> ty; 


3) norm || ul] satisfies condition 
u(x, 4, t)|< 1, r=—G, é t>t, (1.5) 


4) inequality (1.3) is fulfilled (where U, is replaced by U,) for all 
xy <= Gy, » = H, whereupon the trajectory x(x», m9, to, t, 7, u) is 
caused by the control u(t) = u(x(t), m(t), ¢t). 


The set of ¢-permissible x-controls we shall denote by MI k, €, Go, 
G]. 


(Notes 1.1. In those cases where there can be no misunderstanding we 
shall use a»Sbreviated terms and notations, omitting complementary 
characteristics (e.g. permissible control instead of ¢«-permissible t- 
control, Tl U] instead of T (U,, sg. Toe Nor ty ] ete.). 


1.2. Admissibility conditions for U (or U,) must include a require- 
ment for the existence of solutions of system (1.1) for u(t) = u [¢, a] 
or u= ulx, 7, t] for almost all realizations 7 = g(9). In the follow- 
ing, a class of functions g(%) of a fairly general nature (discontinuous 
and 5-functions g(9)) are sometimes permitted. Accordingly, we shall 
consider as solutions x(t) also functions of a fairly general nature, 
the class of which we do not limit in the formulation of the problem, 
Therefore, in Definitions 1.2, 1.3 the requirement for existence of 
solutions is not stated even where it is necessary, and must be invest- 
igated separately, depending on the permissible class of solutions. For 
the same reason the proofs presented are not too rigorous assuming that, 
since each time the class of functions n(t) and x(t) is investigated, 
the appropriate calculations can be substantiated. 


1.3. Let us assume (unless stated otherwise) that for each realization 
n = g(#) the process of control is terminated at that moment ¢ = t, [g¢ ] 
when the point on the corresponding trajectory x(t) falls for the first 
time on the surface || «||,=«. Therefore, in the following one can form- 
ally assume that for such realizations equalities g(t) = 0, u(t) = 0, 
x(t) = 0 are fulfilled for ¢ > t, [g] and the quantity p[ ¢] = pl U, 


= Xo No» toe t ] is a monotonic non-increasing function of time ¢t 
for all t >t 


0° 
1.4. Definitions 1.2 and 1.3 include also the case of transfering 

z(t) into the ¢-neighborhood of the surface lis) > cco $ Oe = 0, if in 

system (1.1) we replace the variables tx, J + ty,| (whereupon y, = I), + 
+ l t,) and insert Definitions 1.2, 1.3 k = 1.) 
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Definition 1.4. The permissible control U°(U,° or U,°) we shall call 
optimum if 
T(U°|=min(7{U) tor Ue M) (1.6) 


In this article the term ‘optimum problem" is understood as the 
problem of determining the minimum of (1.6). This problem belongs to the 
class of problems in optimum control in the presence of a random signal 
at the system input [5,6]; here, however, we have some characteristic 
peculiarities connected with the nonlinearity of operators ul x, 9, t], 
ul t, g] and also the fact that the problem is essentially nonstationary. * 


(Notes 1.5. The problem is obviously generalized for the case of 
minimizing the functional 


© 
QIU] =\ PIU, k, ©, 20 Mo, toy HL (x(t), n(e)) at 
, 
1.6. Investigated analogous problems may be formulated for the case 
of fastest transfer of the x(t) trajectory into ¢-neighborhood of a 


random motion zs, = 9,(t) (i= 1, ..., a). 


1.7. Unless stated otherwise, we shall consider only random functions 
y(t) describing a random (Markov) process without consequences [7 ].) 


2. The problem of the existence of optimum control. We shall 
prove the existence of optimum control U,° for a particular case of 
system (1.1). Given an equation 


zy + az) +... + ant, = U, (t) + 7 (0) (2.1) 


.where the function n(t) describes a random process of the following type: 
n(t) is constant 7 = 7,(1 = 1, ..., m) on each semi-interval kr < t < 

(k + Ir, (r,> 0- const, k= 0, 1, ...), the probabilities of transfer 
nj >” for t = kr are constants pj;/, and also 


"i\<q< i (2 = i, 
Unless otherwise stated, everywhere in the following it is assumed 
that the roots A (i= 1, ..., nm) of the characteristic equation 
A—rE|; =0 
satisfy the inequality 


Re hi< - , (8 > 0 — const) 


* It should be noted that the problems of optimum control in the pre- 
sence of random disturbances are treated somewhat differently in 
References [ 17-18 }. 
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The optimum problem for Equation (2.1) at k =n, € = 0 (x; = »,*** 1), 
i # 1) and for the conditions (2.2) and (2.3) we shall call problem A. 


Lemma 2.1. For problem A there exists a permissible control U, regard- 
less of the initial conditions x9, m9, to. 


(Note 2.4. As permissible realizations u(t) of control al t, g ] we 
shall consider in the present section piece-wise smooth functions, per- 
mitting only discontinuities of the first kind at isolated values of t, 
as permissible solutions x(t)-continuous functions, satisfying Equation 
(2.1) for all t different from points of discontinuity y(t) and u(t).) 


Proof of lemma. According to References [8,9] for the problem of 
optimum response for system (2.1) underconditions (2.3) m(t) = 0 and 
limitation 


u(t); <(1—9) (u,=0, imw2,..., 2) (2.4) 


there exists an optimum control u, = u,*(t), regardless of the initial 
conditions x», t,. This control (piece-wise constant function u, *(t)) 
brings the trajectory x(t) of Equation (2.1) to point x = 0 (x, = 0, 


X= a = 0) at some time t = t, + T*. Obviously, the operators 


u(t, g)= {u, (t) —g(d), ..., 0} for t,< 


S44 (2.5) 
b 


to 


a. 
ult, gi ={—g, 0,...,0} for t> i. 


constitute the permissible control U,* whereby 


T\U;)=T" (2.6) 


Theorem 2.1. For problem A there exists an optimum control U,°, re- 
gardiess of the initial conditions x), m9, ty. 


Proof. Given are initial conditions x), m9, t,, whereby with no loss 
of generality t) =[ 0, r,]. According to Lemma 2.1 there exists a per- 
missible control U,*. Let us consider a sequence of permissible controls 
Uo! (k = 1, 2, ...), for which the following condition is satisfied 


uy? U;, T Ue” = T (UY), lim 7 (U) =T° tor k-—+ (2.7) 


and there is no permissible control U, for which 
T(U;)<T° (2.8) 


We shall show that there is a permissible control U,° satisfying the 
condition 
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rw; = 7" (2.9) 
Let us denote by g1 "(d) (r = L, : sess, OO. Gh woo, Os CEE OOar 
the realizations n(t), and by p,” probabilities of g,"- Let us put in 
order the set {g)"}. Now, let g," precede g,-’ , if r’ > r; for fixed r, 
realizations g," are ordered definitely on | = 1, ..., m’. Consider trip- 
lets ig, u, Th," composed of numbers 


Ty ((7;— 1)t,<t,+T 
and functions 
gi” (t), u;’ (t) (f, 


We shall state that the triplet {g, u, T} “d belongs to U 08, as 
u,(t)= ult, g)"] = u,"(t) and the trajectory x(x), No’ to, ts, 6)» 
ul t t, g,") ) fe ls for “the first time on x = 0 for t = ty + T," . The set 
of all y ton ig, u, T}," belonging to U, (bk) we shall ) ied “ Q,- 


Q, does ngt contain simultaneously two triplets |g, u, Th," 
lg, u, Thy" , where T’ > T and g,"(t) = g,-" (t) for t, < t< ty + T. 
Inequality 
Di’ = 1 (2.10) 
(k) 


is valid where the sum is taken along all realizations g," contained in 
triplets {g, u, Th," co Q,- Also, 


TYUY\}> > pr’'Ts for lim (>) "7 1’) « T° for kc (2.11) 


(k) (k) 


Let us pass now to the construction of U,°. Based on the properties 
of Q, sets we can derive a diagonal subsequence (for which we will use 
the previous notation but renumbered) satisfying the following conditions 


(1) There is a subsequence {g,"}, such that the first s terms of this 
subsequence are contained in all triplets Q,, beginning with k = s. 


(2) Equality 


> pr =! 


{g}k 


is satisfied in which the sum is taken over all elements of the sequence 

| g,"i, described in condition (1). (A case may arise when |g,"}, is finite, 
and starting with some number s, all Q, contain a finite number of reali- 
zations g,". For this case, the following discussions are sinplified. ) 

Let us denote by (u," ), contro] functions corresponding to g," from the 
sequence | g," bh in control U,‘*), and by (T,"), the numbers T contained 

in the appropriate triplets in Q,. Utilising low density [10] of a unit 
sphere in space L, of function u(t) (tg, < t< sry, s= 1, 2, ...) for 
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fixed s, the limitation of each sequence (T,"), (hk = 1, 2, ...), and re- 
peating the arguments of Reference [4], one can derive a diagonal sub- 
sequence {Q,} (for which again we shall use the old numeration) for 
which the following condition is satisfied: 


lim (7/')x = (Ti )) for kc (2.13) 


and the sequences (u,"), for k + « slowly converge towards the limiting 
measurable functions (u,")* on the intervals t, < t <¢ ty + (T,") 4. In 
addition, from the condition (2.11) and (2.12), it follows that 


> Pi (Tr) <T° (2.14) 
{ghk 
A limited transfer along functions (u,"), slowly converging to (u,")* 
is possible in integrals defining x(t) for system (2.1) according to the 
Cauchy formula for inhomogeneous linear equations [11]. Therefore, the 
trajectories x(t) of Equation (2.1) generated by the functions (u,")* 
under the corresponding g,"(t), arrive at the point x= 0 for t = ty + 


(T,")9. 


This fact, together with conditions (2.12) and (2.14), proves that the 
totality of operators u*(t, g] defined on realizations g," from the sub- 
sequence | g,"}, (as well as on segments g,"(%) (€[t,, t],t< t +(T,"), 
of these realizations) which compare with these realizations the °func- 


tions (u,"(t))* =u, for t < ty + (T,"), andu=—n(t) for t > ty + 
(T,"), (u; = 0 for i # 1), defines the control U;* for which 
T(U;\)=T (2.15) 
The control U,* is defined only in the class of measurable functions 
u(t) = u*([t, gl. 


Now, for the proof of the theorem it is sufficient to show that there 
exists a control U.° also satisfying (2.15) but already in the class of 
the piece-wise continuous functions u(t) = u°[t, g]. 


For the proof of this assertion one should, based on the results of 
Reference [9], substitute in turn on the intervals te<tc<rr, (r = l, 
2, ...) for each realization g,"(t) the measurable functions (u,"(t))* 
into the partially constant functions (u,"(t)°, | (u,"(t))°| < |, which 
after integration, according to the Cauchy formula for solutions (2.1), 
on each interval, yields 


rtay<t<(r'+1)%, (7+ 1)_<t<t,+( (Ti), (r° =0,...,(r—2)) (2.16) 


the same result as the substituted functions. The existence of such 
partially constant functions follows from the solubility of correspond- 
ing L problems [12] on intervals (2.16) in partly constant functions 
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(u,"(t))°, if these problems are soluble in measurable limited functions 
(u,"(t)* on the same intervals. The theorem is proved. 


(Note 2.2. Analogously, based on the lemma from Reference [13 ] (p. 
575) ome can prove the existence of optimum control u° for which the 
control functions assume only two values u = +1 and uw = —1.) 


3. Necessary conditions of optimal control. In this section 
the necessary conditions are derived optimising U, for a problem similar 
to A. This problem is *smoothed* by introduction of an additional random 
quantity € with a small dispersion o*. The conditions for optimization 
of A can be obtained for the optimization conditions for this problem by 
letting « + 0 and o* + 0; substantiation of this limiting transfer is, 
however, beyond the scope of the present discussion. Note that the 
analogous introduction of € may be applied for derivation of optimiza- 
tion conditions in a stable system in the absence of the random disturb- 
ance 7(t), i.e. for the ordinary problem of high speed response. Consider 
the equation 


zy + ayx™—) +... + Gnx, = u(t) + u(t) + §6(t —t,) (3.4) 


(2; = x"). i= .. ° e9 n) 


where € is a random independent quantity with a normal distribution 
Mi é} = 0, Mi €} =o? (here and in the following the symbol Mia} de- 
notes the mathematical expectancy of a). For Equation (3.1) we shall 
consider the following problem in optimization: 


Problem B. It is required to determine the optimum « -permissible t- 
control Uw, gl} on the coordinate x, under the condition that in 
the control process the value of the random quantity € remains unknown, 
and consequently, as in Definitions 1.2 and 1.4, the control u°[t, g] 
is based only on the information about realization g(%) of a random 
function n(t) for < t (»(t) function is described in Section 2). 


In the present section we shall assume that for all realizations g 
the operators u°[ t, g] are defined for all t > t,. Renumerate, con- 
sequently, the realizations g(#) in each of the intervals 


Tt <t < (r + 1) t, (r =0,1,...) (3.2) 


as follows. In each interval 0<#<r, let all realizations n = g() be 
renumerated by indices |, = 1, ..., m and denoted by gi, ‘), and corres- 
ponding probabilities denoted by p;,. Each g),(%) generates in the in- 
terval r, < #< 2r, m-realizations 7 = g(#) which we will denote by the 
symbols g)9;,(%) (lg = 1, ..., a; 1; = 1, ..., m). By induction let us 
renumerate g() in all intervals of (3.2). Let the initial value be 

to€ 0, +9) and my = gj,’ (ty), then the probability 
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plue, lie, Zoo Near tes t] = p(t) 


of inequality | x, (xo, 7 ty, t, mn, u)|>e for t€ (rr, (r+ Dry) 
in the given case is i a from 
(3.3) 


p(t]= > Pity nty( 4 —{ (2n)~“y(t) [exp —(C—C [l,’, U...1 r, t})® (24? ()- ‘}d6) 


(Uy..-lp) ang 


where the summation is overall l,, ..., l ws? = l, ..., m) for fixed 
1,”, and the quantities y and C[1,*, 1), ..., t] are determined by 
the equalities 


l, 


v (t) o*hiy” (t _ to) (3.4) 


C flo’ ty... let] = Dd) hay (t —t,) 20 4 (3.5) 
r (k+1)*, i 


1 pa \ hin (f _ 9) [u°[%, gr, ly] | 81,’ 1, (9)] dd + 
k=1 Kr, 


Te. 


| \ hin (t 9) [u°[%, g1,/] 4 gi, (8)] dd ! 


te 


hyn (t — 9) [u° (9, grt...) 4+ grt, 1, (8)] dd 


rT, 


In the equalities (3.4) and (3.5) functions h,.(t) are the elements 
of the fundamental matrix of solutions for the homogeneous system (3.1) 
(h; ,(t,) = 5; .). Thus the optimal problem B is reduced to minimization 
of ‘as functional 


T [u,°} \ pi{t}dt = min (3.6) 


t, 


where the probability p[t] is determined by the equalities (3.3) to 
(3.5). This problem can be solved by the usual methods of variational 
calculus. In particular, let Su[t,g] be the variation of control ult,g], 
permissible under condition (1.2), equal to zero for all realizations 
g(*) except the marked realization g*(*#) for which it is also equal to 
zero everywhere except at some small interval (t* —- a, t* + a), located 
fully inside the interval rr,< t< (r+ 1)r9. At the same time we shall 
assume that in the described numeration above the segment g*(*%) in in- 
terval ®€ (rr, (r + l)r4) is denoted by Bigiy.s++ bp’ Then the sign 
of the variation 5 T will be defined by the Sign of the expression 
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/(t') sign du, (t’) = 


(r+1)t, 
sign du, cy] \ Pig ty’ cocoate Fly’, by’, .. «br, Bhan (t — &) dt + 
t* 
oo (K+1)%, 


> » Pi’ sty’, vondp slp yy ty ly, died) t’, besa ee slant) Ayn(t—t’) dt 


k=r+1 kt, (lps t.ceely) 


where ‘ 
abe, betas. >> ola, the ———) 
. vi V 2n73(t) 


(3.8) 


5s 
(c —C[l,',.-. ; Ge’ » Gntigqeee ox, tH) 





forkr,<t< (k + 1) Fe: 


Let us consider function. f(t*), defined by the equality (3.7). For 
interpretation of this function let us consider the system (1.1) which 
is equivalent to Equation (2.1), where consequently x = |x,, ..., x,} = 


lx, ieee s,** 1}. 


ik 


Bt 
My 


According to known properties of linear systems, [11] functions 
h, (t - t*) (i= 1, ..., n) of argument t* constitute a particular solu- 
tion of the system 


dh /dt* = — A*h (3.9) 


comparable to system (1.1) (A* is the transposed matrix A). Consequently, 
function h, (t — t*) may be considered a scalar product of the solution 
vector thy, t — t*)} and the vector 6 is the first column of matrix B. 
Applying the rules for differentiation of integrals in (3.7) with respect 
to t* and taking into consideration the conditions h, ,(0) = 0, h,(0) = 1 
for i # 1, we verify that the function f(t*) may be considered as a scalar 
product f(t*) = (bx w(t*)), where ¥(t*) is the solution of the system 


s Abv+d(), di) ={(—pF(t),0,...,0} (3.10) 
When T| u°) is minimum, the variation should not be negative, con- 
sequently the following fact may be established. 
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Theorem 3.1. At each interval kr. < t< (k+ 1) 1,9 the optimum con- 
trol u[t, g] for each g(*) in problem B satisfies the condition: the 
operator u°[t, g] is such that the quantity 


uz’ (t, g) f(t] = — uy [t, 2) (0-9 (0) = max (3.11) 


where W(t) is the solution of system (3.10) (for t = t*). 


(Note 3.1. Condition (3.11) corresponds in the case considered to the 
principle of maximum [4 }.) 


In passing from one realization to another and in passing through the 
critical values t = k ry, the solutions Y(t) (3.9), defining according 
to (3.10) and (3.11) the optimum control u[t, g], deviate. However, one 
can see from formulas (3.3) to (3.8) that the deviations of W(t) in 
passing through the point t = kr, are subject to the rule of discontin- 
uity: let Vig: ee Lye {t) (the defining solution on Blo’ 


lp’ for t 
ba’, Ips 1 °t? be the 


for t in the interval 


in the interval (kr 


9» (k+ 1) 14) and Vio, 
defining solutions on Char. seco Cetaci 
((k+ l) ry (e+ 2) 1,4); then the following equality holds* 


lim (di: ly? (t)) , ’ i (Y1,’, ly’ Apay (t)) (3. 12) 


t-»(k-+-1)t.—0 


(Note 3.2. The method described for smoothing the optimal problem 
lends itself to the application of one of the direct methods for solu- 
tion in variational problems, for example, the method of fastest descent 
for calculation of optimum control. The situation is analogous to that 
occurring in solutions by direct methods of the known optimal problems 
(see for example [5,6,14 ]). However, it should be noted, that in mini- 
mizing the functional (3.6) the resulting computational difficulties are 
quite considerable. 


Verification of the existence of a permissible and optimal control and 
the construction of optimum control in concrete cases is difficult. The 





It may be considered that this discontinuity is defined by terms of 
the 5-function type in the right hand side of (3.10), corresponding 
to the transfer matrix ";° nj For the case of continuous process 
n(t), this fact causes the corresponding appearance of the continuous 
members in the right hand side of (3.10). It is worth noting that the 
appearance of d(t) in (3.10) is due here to the introduction of & and 
for o* + 0 function d(t) + 0 outside the neighborhood of point «x = 
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possibility of applying the method of Liapunov functions is investigated 
in the following section [1,2,15 ]. The application of this method to 
control problems was developed by Chetaev. In particular, the problem of 
parameter selection in a stable system for optimum high speed response 
was solved for linear systems by Chetaev in References [2,15 ] based on 
Liapunov quadratic form functions. In addition, Reference [15] derived 
concrete evaluations of decay times for transient processes up to the 
given quantity « > 0 based on the characteristic numbers of the Liapunov 
function wv of quadratic form and its derivative dv/dt, on the strength of 
the equations for a disturbed motion. ) 


4. Application of the method of Liapunov functions to the 
optimal problem. In this section a generalization of Liapunov functions 
is described which permits the application of these functions as appa- 
ratus for the investigation of high-speed response problems in control 
systems, including the presence of random disturbances. The application 
of the second method of Liapunov to problems of system response in the 
absence of random disturbances is described in Reference [9]. Note that 
the surfaces of the optimum level of Liapunov functions considered in 
Reference [ 9 ] are apparently isochronisms in the sense of Reference 
[16]. The author considers it his duty to point out that the discussions 
given in this section overlap in some essential respects with the re- 
searches of Repin, who has worked out a method for solving optimal 
problems on the basis of the methods of dynamic programming and derived 
a general partial differential equation for the minimizing functional. 


Let us first introduce a number of definitions corresponding in our 
case to the classical definitions of the second method of Liapunov [1,2]. 


We will consider functions v(x, 7, t) of coordinates x,(i = 1, ...,n) 
for a random value 7 and time ¢t, not assuming them to be continuous for 
all arguments. 


Definitions 4.1. We will call the function v(x, 7, t) positive de- 
finite in region G x H for t > t,, if the following condition is satis- 


fied 
v(z,y,t)>0 for r—G, zr+0, os . = (4. 1) 


4.2. The function v(x, 9, t) admits an infinitely small higher limit 
(in Gx H for t > t,), if there is a constant L satisfying the condition 


v(z, 4,0) < Liz] for r&=G, t+0,H7EH, t >t (4.2) 


i 0 


4.3. In substituting in v(x, 7, t) for x; andy, the coordinates 
x,(t), the solution of system (1.1) (corresponding to some control 
U,(orU_) and the values of the random function 7(t), one obtains the 
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random functions of time v(t). Let us assume that for the mathematical 
expectancy Miv(t)} of this function one can compute the right deriva- 
tive Mi v}. 


We will say that the function v(x, 7, t) has a negative definite 
derivative dMiv}/dt (in the region Gx H for t > t,), if the inequality 


dM {v} /dt << — for z@G6, nEH, t>t = const > 0) (4.3) 
is satisfied and if (4.3) can be integrated, i.e., 
M {v (t)} — M {v (t.)} < — 8 (t —2,) (¢ > ty) (4.4) 


The last restriction is necessary, since some more general functions 
are allowed as Liapunov functions v(x,7, t) and solutions x(t) than 
those from the classical cases of the Liapunov theory. 


4.4. The function v(x, 7, t) satisfying the conditions of 4.1 to 4.3. 
we shall call the generalized Liapunov function (in the corresponding 
region). 


(Notes 4.1. In this section we will consider only optimal problems 
fore = 0, h= n, G=| — wK< zi < of}. According to Note 1.3, each 
realization of the tfajectory x(t) is defined by the given control U,(or 
U,) only for zs # 0 (for « = 0), and after reaching the point x = 0 for 
t= t* we have x(t) = 0. Accordingly, we will assume that for x = 0 
Liapunov functions are not defined and that each realization of the func- 
tion v(t) after reaching the corresponding realization of solution x(t) 
at point x = 0 is continued in such a manner that dv/dt = —1. 


4.2. In what follows we will consider only those cases when the random 
solutions x(t) of system (1.1) have for all t > t, a finite dispersion 
uniformly bounded at t > t). In consequence of (2.3) this condition is 
satisfied, for example, if functions (t) and ul t,n] possess a finite 
dispersion uniformly bounded for t > ty). 


Lemma 4.1. If for a given control U 


(or U,) for the system (1.1) we 
can give a generalized Liapunov function v(x, 7, t), then the control 
U,(or U,) is permissible. * 


t 


Proof. Due to imposed conditions, x(t) has bounded dispersion. Conse- 
quently, v(t) due to the infinitely small higher limit (4.2) will also 
have a bounded dispersion D(t) < D = const. for all t > ty. Because 











* See Note 1.2. The control U, is bere assumed such that {| «(t), (t)} 
is a random process without after-effects. 
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v(x, », t) is positive definite (4.1), the probability p[t] of inequal- 
ity x(t) 4 0 coincides with the probability of inequality v(t) > 0. From 
the condition (4.4) according to Chebyshev’s inequality [7] (p. 187) we 
conclude now that the probability p[ t] is of the order 1/t? for t + «. 
This proves the convergence of integral (1.3). 


Definition 4.5. The generalized Liapunov function v°(x, 7, t) will be 
called optimal if the condition is satisfied that 


min dM {v°} /dt = —1 (4.5) 
U 


at each point x, 7 (or correspondingly at each instant t of the control 
process). 


Theorem 4.1. Let system (1.1) possess an optimal control U,° (for U,° 
for all initial conditions x, n, t > t,). Then the positive definite 
function v(x, 7, t) = TLU, n, 0, x, 7, t] satisfies (4.5), whereupon 
the minimum is reached on the optimum control U,° (or U,°). 


Proof. Compute dM{v}/dt for the function v = T[U°] at optimum 
control U° (at the point x = Xo» 1 = t= t,). Quantity p[ U, k, «, 
x(t, +r), mltg+r), tote, t] for fixed U and for constant t > ty + © 
is a random functionr, the statistical properties of which are deter- 


mined by x(t) and n(t). By definition of Mi v (t)} we have 


M {v (t, + At) — {v (t,)}) 


= M | \ p(U,n,0, x(t, + At), H(t, +- At), t, 4 At, t} dt} 


t,+At 


@ 
\ P[U, n, O, Ly, No» to, t} de 
Fy 


and in view of the known properties of the random processes without after 
effects [7] we have 


co 


M{ \ p(U,n,0, x(t, + At), H(t, + At), t, + At, t} de} = 


p[U, n, 0, 25, No» te, t) dt 


a’ | PIU, n, 0, Zo, No, toy t}dt|) -{ (4.6) 
t’ . 


since when x_# 0 on some sufficiently small interval (to, ty + At) 
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lim p[U,n, 0, 5, %, to, t] = 1 upw At—0 


Let us assume now that for some permissible control U at separate 
times of control dMiv} /dt, < — 1. Then on some interval At the in- 
equality Mi v(t, + At)} - Miv(t,)}<- At would be satisfied which in 
consequence of (4.6) contradicts the assumption regarding the optimum 
of control U°, 


The obtained contradiction along with the equality (4.6) proves the 
theorem. 


Theorem 4.2. Let there be given a generalized optimal v(x, n, t) 
Liapunov function for system (1.1). If for some control U°U,° or U,°) 
this function satisfies the condition dv’ /dt = —1 = min, then this 
control U° is optimal. 


Proof. According to Lemma 4.1 the control U° is permissible. Let us 
assume the contrary, namely, that this control U° is not optimal, and 
consequently there is a permissible control U * for which 


TU < TU (4.7) 


at least for one point x9,99, ty, whereby 


(a ).> - ates 


Let us consider the process of control under the given initial con- 
ditions Xo» Ng to, and let us denote by ve and v,°* the corresponding 
mathematical expectancies (computed at t = t,) of the random functions 
v°(t) and v°*(t), corresponding to controls U®° and U*, for those values 
x(t) and x*(t) for which v°(t) > 0 and &*(t) > 0. From conditions 
(d Mi v°} /dt) jo = —1 and dv’ /dt = —1 at x = 0, and also from (4.8) follow 


the conditions 
dv, ‘ 
(<a) — p[U°, n, 0, 2, thos to» t] (4.9) 
dv, ” 


be ate [* 
dt dt ti pie 7M, 0, Zo, No» to, t] 


+0 


(We assume that these derivatives are meaningful and that relations (4.9) 
are integrable). 


From conditions (4.9) it follows that 


T [U°) = v° (ty), P(U*)> v° (to) (4.10) 





Optiaua control in the presence of random disturbances 


which contradict (4.7). 


Theorems 4.1 and 4.2 indicate the application of the second method of 
Liapunov to optimal problems. It should be noted, however, than an 
effective construction of the optimum Liapunov function v(x, 9, t) is 
difficult. If one assumes that in the neighborhood of some point x, n, t 
the function v is differentiable with respect to x, and t, then condition 
(4.5) leads to a partial differential equation which must be satisfied 
by the generalized Liapunov function. For example, if the random function 
n(t) assumes m values 7,, ..., 7,, satisfying the limitation (2.2) where- 
by the probability p, (At) of the transformation 7; + n jl # j) on the 
interval (t, t + At) is determined by the conditions 


prj (At) = prjAt + 0 (At) (p,; = const) (4.11) 


then condition (4.5) leads to the equalities 


nn © n 
v) av (z, Ny tr v 
y ae os an yas) 


min 
oz 


(ajjx; + O4j;uj) + cime| 4 
i=] ’ j=1 , 


+ pute? (2. — 2° (2,9 t)]]=—1 me bent Gat...) 
kel 
which can be considered as a system of m equations for m functions v, = 
v(x, 9), t). The difficulty of defining v, is connected, in particular, 
with the circumstance that it is required to find positive definite 
solutions v, of the syagem (4.12) for x 4 0. 


In Section 5 we will consider: a case when the solution of the problem 
is facilitated by the fact that the optimal function v(x, 9, t) does 
not depend explicitly on 7,. In Section 6 an approximate graphical method 
for constructing functions v° (x, 7, t) for a second order system is 
described. 


5. Optimal control for the case of white noise at system 
input. Let the random function 7(t) describe white noise which we shall 
assume realized as a limiting case of a shot effect (random impulses 
with dispersion a? and mean density v distributed an axis t) for v + « 
and a*y = y = const [6]. Assume that M{»(t)} = 0. Since the considered 
random process n(t) is white noise, the information about past realiza- 
tion of the signal does not play a role in the choice of control for the 
future, i.e. at each instant t and point x(t) the U_ should be chosen by 
the same rule as the optimal control in the absence of a random signal 
n(t). 


let us consider the application of Liapunov functions for this case. 
Let matrix B in system (1.1) not be singular. It was shown in Reference 
[9] that in this case for n = 0 there exists an optimal function of 
Liapunov v° (x), defined for all x and possessing for x # 0 continuous 
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partial derivatives. (In Reference [9] condition (4.2) is not proved 
for v° (x) but this condition can be verified here). The optimum control 
U°_ corresponds to the function v° (x). If one computes dM{ v°| /dt for 
the function v(x), then, on the strength of system (1.1), in the pre- 
sence of a random signal y(t) and permissible control U, we will have 


av® 
zp, (is + byju5) 4 


(5.1) 
lim x (M {v (z, (t +- At))} —v(zit 4 At))) | 


At++0 


where x(t) is the random function x(t) (1.1), generated by random n(t) 
and u(t ). 


The first sum is of the same form as in the case of n(t) = 0. Utiliz- 
ing the properties of a shot effect, passed through a linear filter 
(1.1) [6], the equality M{n(t)} = 0 as well as property (4.2) and the 
ability of continuous differentiation of v° (x), we can verify that the 
second sum on the right-hand side of (5.1) is equal to zero. 


6. In this section an approximate graphical method is described for 
constructing an optimal Liapunov function v(x, y) for a second order 
system (zx, y-scalars). We shall follow the geometrical interpretation of 
the Liapunov function indicated by Chetaev. 


Let us consider the second order system 


d 
<: uy + (1 —p) Us, 7 tt (dx -+- a,y) + u, + py (0) (6.1) 


corresponding to the optimal problem for equation 
x ! a,x T Goi = Uy “= 7, (t) 


under conditions 


[uy|<1 for n= 1 (6.3) 


Consider only the case when n(t) can assume two values 1) and 7», and 
the probability p, 


(7, + 7;) on the interval (t, t + At) is of the form: 
j 
Pi; = pAt + (At) (p = const ) 


Assume that the optimal generalized function v°(x, 9, ») depends con- 
tinuously on the parameter p. In Reference [9], the continuous depend- 
ence of v ony is proved for 7 = 0. Here we take this fact as a hypo- 
thesis. This is sensible, since in the course of construction the 
generalized Liapunov function v is obtained in any case such that it 
ensures the passing of the trajectory through the point x = y = 0 with 
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large probability for large t (see Lemma 4.1). The sufficiency of the 
obtained response can be verified by the specific conditions of the 
problem. 


Let us describe the construction of function ¥. Divide the interval 
0 << 1 into n parts at points zp, = 0, w,, ..., w, = 1. For py = 0 
values v°(x, y, 7), Ha) and (x, y, mg, fg) coincide and the level lines 
for function v(x, y, 7), #_) are constructed by elementary means (see 


[9]). 


Assume that on the surface xy in region D of possible deviations x, 
y, there are constructed level lines for functions v°(z, y, 7), m,) and 
v° (x, y, My, w;). Let these level lines be constructed for values ¥ = 
const = kr), where r, is a sufficiently small positive constant k = l, 
2, +.» Assume also that for function (x, y, 7), #;,,) there are con- 
structed level lines* v° = jroG = l, ..., m). We will describe the con- 
struction of level lines for 


v°(Z, YM» Pigs) = (m+ 1) t, 


If it is assumed that the function v(x, y, 7), #;, ,) in the 
neighborhood of point (x, y) is differentiable, then according to (4.12), 
at this point the following conditions must be satisfied 


or 


- ' oy 


, av® | , ] 
qi } min pr | HY + (1 — Pits) Ua | + 


u° ul <1 


= ity (a,x t 


ay —%) + us| + plv° (x, Y, Nas Hits) — 2 (x, ys as Hi)I | -% (6.4) 


We shall assume, in accordance with out hypothesis, that a smal] 
change Ap “Hiy1 — By Causes a smal | change in v. Having chosen a point 
Xo» Yo on the line P(x, y, MN,» Hy 4 1) it is possible to obtain a point 
%1, ¥,» located on the line v(x, y, 7), wy, ,) = (m+ L)r,. The co- 
ordinates x,, y, are computed from 


UP Yo + Ay, (6.5) 
T) (Mian Yo + (i— i+, )U, )/B 


— T (— Bits (G2% + 41Yo — M) + 41°)/B (6.6) 


PIv° (Zo, Yor Tar Hi) — ¥° (Zo, Yor Tay Hd] 





Level lines for = To for all v may be constructed assuming «x = 

y = 0 on the right-hand side of system (6.1) and neglecting the trans- 
formation of 7. Then the problem of line construction v = To is solved 
elementarily. 
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and numbers u,° and u,° are chosen by the condition that the scalar pro- 
a u,° (1 = wd} and Ldvxo, Yor Mp up, )/dy, dv? (xo, 


duct of vectors lu, 


Yor 71, uw ,/0,} at point x), y, is a minimum with respect to u, and up», 
u,? + uy? < 1. Having chosen a sufficiently large number of points (x), 
Yo) on the curve v° = ary, we shall obtain by this means sufficiently 
many points (x,, y,,)€iv° = (m+ 1)r,j. Connecting these points by a 
smooth curve, we will obtain* the line v° = (m+ 1)r,. Upon construction 
of the necessary number of level lines of v°(x, y, 7;, w;, ,) one can 
analogously construct the level lines for (x, y, mo, My ;) = const. 
Then we proceed to the construction of level lines for v® (x, y, 1) p) 
and v(x, y, ny, #) for w= m+ 2 etc. up to the value » = p, = 1. This 
concludes the construction of level lines for v(x, y, v,,1) and v° (x, 
¥, %>, 1) on the surface xy. Having obtained the plot of these level 
lines, one can construct the switching line for the control function 
u,(t). Indeed, we will assume that the level lines for (x, y, Ny» 1) 
are constructed on the first sheet of x, y surface, and the level lines 
for v°(v, y, m5, 1) on a second one. The curves on each sheet, connect- 
ing the points where the tangent to the level lines is parallel to axis 
Oy, will be the curves of switching: function u,(x, y) will change sign 
only in passing through these curves (on a given sheet i.e., for given 
n =7,(l= 1, 2)). Function u,(t) will also change sign during the 
change of values 7,, when the representing point (x, y) passes from one 
sheet of surface xy to another one, whereby the surfaces xy on the 
various sheets correspond to this point in the regions of different 
signs of function u. 
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The variational principles of mechanics were formulated during the period 
of their establishment as requirements for certain functionals, defined 
by integrals, to attain a minimum or a maximum. 


The question of the character of the extremum of these integrals or 
even regarding its existence is non-essential for the deduction of equa- 
tions of motion of mechanical systems, which is carried out by means of 
equating to zero the first variation of the functional. It is therefore 
not surprising that together with real variational principles of 
mechanics, such as Hamilton’s principle for conservative systems with 
holonomic constraints, there were established also integral principles 
formulated with the aid of integrals containing expressions with vari- 
ations, but which did not, because of their structure, lead to a problem 
of the calculus of variations; an example of this type is the principle 
of Hamilton-Ostrogradskii for non-conservative systems. 


As a result, the question of the character of the extremum in real 
variational principles became secondary and the establishment of the fact 
that in the principles of Hamilton-Ostrogradskii and Maupertuis one 
deals with a minimum for only sufficiently small intervals of time, did 
not have any influence on the basic practical applications of variational 
principles. 


At the present time the corresponding terms belonging to the theory 
of kinetic foci [1 ] are almost never mentioned either in the educational 
or in the scientific literature of mechanics. 


One can however indicate problems in which the use of minimum proper- 
ties of action according to Hamilton, without regard to results of the 
theory of kinetic foci, leads to erroneous interpretations. 
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As an example one can mention certain problems of the theory of 
vibrations which is reducible to the determination of eigenvalues and 
eigenfunctions. 


In Book [2] and in Paper [3] there is a natural attempt to establish 
extremum properties for frequencies and mode shapes in problems of 
vibrations of mechanical systems on the basis of extremum properties of 
action as defined by Hamilton. 


The neglect of the theory of kinetic foci led Biezeno and Grammel] [2] 
to the necessity of distorting the formulation of the principle (intro- 
duction of L = II1—T instead of L = — Il), while Posch1 [3 ] was led to 
contradictions in his discussion (replacement of a minimum by a maximum) 
which obtained after he himself had corrected the indicated error [4]. 


We investigate below the question of the possibility of using vari- 
ational and integral principles to determine frequencies and mode shapes 
in vibrating elastic systems and show that the principle of Hamilton- 
Ostrogradskii, in changed formulation, makes it possible to reduce the 
problem to that of investigating the stationary values of a certain 
functional without, however, allowing us to draw any conclusion regard- 
ing the character of its extremum. 


This latter infotmation should be obtained on the basis of a separate 
study which is not connected with variational and integral principles of 
mechanics. 


1. Let us consider a material system subyected to conservative forces 
(it is assumed that the constraints are stationary and holonomic). Let 
q, and p, designate the generalized coordinates and momenta respectively; 
H is Hamilton’s function expressed through these variables. In passing 
to an infinitely close motion in which the coordinates and momenta will 
be q,+ *, and p, + u,, its increment AH is equal to 


AH = 6H + 8H 4 


+ (aa, « « «5 Sar Bap > + +p Ba) + 


Here (2 indicates the homogeneous quadratic form 
n 
Y} ( eH on, 4.9 eH zt, 4 @H - 
+25 - = —— Ug 
0q,0q, °° . 0q,0p, ° . Op.op, * . 


n 

' i 
2 :y 4 
s=] k=] 


The quadratic form entering into this system 


827" 


is conjugate to the quadratic form 
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en . eN (1.4) 


9 be hed 


s=] ke} 09,99 x 


where T is the kinetic energy of the system. Therefore, the form (1.3) 
is positive definite. The system of linear equations in variations for 
the canonical system of equations of motion 
on (1.5) 
Op, 


may also be written in canonical form: 
n 
; ( @®H eH 
Le \! c c 


- De 7 ; 
kay OUP OP,OP, 
n 
\) ( CH : @H 


j Te 7 
os 04g,0 Op,0 
=, § 99%9%s PKG, 


If it is assumed that Cauchy’s integral is known for the system (1.5) 


Jo = Ju (t — by, @y,..-, An, By,---> Bn), De = Do (t — ty, Oy, ..-,@n, Bay --s, B,) (1.7) 


where a, and B, are the initial values of the coordinates and the momenta, 
then the functions of time 


0”q, 


; ; 0 
E,(m) 7 = ( am) = —* (4.8) 


; 
Od. 


give, as is known, a system of particular solutions of the variational 
equations (1.6). Their linear dependence is a consequence of the equality 


(qi, +» In» Pir ’ 14a 
D = ——— r (1.9) 


which expresses the invariance of an element of volume of phase space 
(Liouville’s theorem). 


In as much as relations (1.7) represent Cauchy’s integral of the 
system (1.5), the following relations are valid 


E(m) (t,) >,(™ (t,) y, (m) (7, ) tr t, 0 ( { 10) 


where - are Kronecker’s symbols. Therefore, Cauchy's integral of the 
system of equations in variations (1.6) will be 
n 
’ > son omnes 
Zs (t) > [Lm (to) ce” (t) t Um (lo) Ne (f)] 
m=1 
Us (t) > [Tm (to) Ss" (2) +- Um (to) Bs°™ (0)] 


m=] 
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2. The motion of the system defined by the Equations (1.7) shall be 
called its direct path Co; let q, + 5p, and p, +Sp, designate the 
values of the generalized coordinates and momenta on neighboring paths; 
it is assumed that the latter cross the direct path at the instants t, 
and t,; then 


5q, (t,) = 9, 5q, (t;) = 0 (s=1,...,n) (2.1) 


The expression of the kinetic potential L on the neighboring path is 
written down in the form 


L= >> (p, + 5 Ds) (Qs } 8 qs) H (qs + 84s, Ps + 8ps) 4 + 6b + &L 4 


“= 99 


mek 


here L, is the value of L on the direct path. The second variation §7L, 
if (1.1) is conserved, will be 


n 
1 d i . 
) +-r = 2 5q55)s 


s=] 


It is known that the first variation 5S of the action according to 


Hami | ton 
(2.4) 
for the neighboring path satisfying Equation (2.1), is equai to zero. 


Therefore, the second variation 57S, based on (2.3) and (2.1), may be 
written down in the form 


AQ \ 
Odp,/ 


— | ae (2.5) 


064, | 


qs Ds ’ 


The second variation will vanish if 5q, and 5p, are solutions of the 
system of differential equations 


8Q 3) dQ 


dQ aia : 26 
abp,’ Ps 034, (: ; A) ( 7 ) 


éq, = 
But these are the same differential equations (1.6), which determine 
the motions along direct paths, infinitely close to the direct path Cy. 
Therefore, from the first group of conditions (2.1) and Equations (1.11), 
we have 
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5q, >) Um (to) Hs'™ (2), bps ) Um (fo) 3,'™ (8) (2.7) 
m=i1 m=! 
The second group of conditions (2.1) leads to a system of linear 
homogeneous equations for the determination of the constants u,(t,): 
n 


> Um (to) Hs" (1) = O (s (2.8) 


m=l1 


Thus, the determinant (2.9) has to be introduced into the discussion. 


| na"? (0) m™ (t) 


A(t) (2.9) 


From (1.10) it follows that A (ty) = 0. Let such a value of t,* be 


found, as t increases, that A(t) is again equal to zero: 
A (t,;) = 0 (2.10) 


Then the system of equations (2.8) will have a nontrivial solution. 
There exists a bundle of paths, originating from the initial position 
q,\t,) on the direct path C, and intersecting the latter at the position 
q,(t,*). Along all these paths, which should be considered as being 
direct, the actions in accordance to Hamilton, calculated within terms 


of the second order inclusive, are equal to each other (since 87S = 0). 
The positions q,(t,) and q,(t,*) represent the corresponding kinetic foci 
of simultaneous paths [1]. It is assumed that t,* is the first value of 
t > t,, which makes the determinant (2.9) equal to zero such that 


A(t) 0 acts 2.11) 


This condition, together with the condition regarding the positive 
definiteness of the quadratic form (1.3) 


87" = YT >0 


guarantees the definiteness of the second variation 5°S for an arbitrary 
neighboring path, originating from the initial configuration 92 (ty). 
Therefore, under conditions (2.11) and (2.12), Hamilton’s action will be 
a minimum along the direct path C,. To prove this statement 5°L is ex- 
pressed through variations of the generalized coordinates and generalized 
velocities and the following integral is considered 

t, ft; n n 

. S29 ’ Pee d : o af 
528 \ *Lat \ [sez + - 2) D>) Asx Sq Sq | det 2.13) 

i. Ps sob kml 
where t, < t,*. Then it appears to be possible to determine the continu- 
ous functions A.,(t), under the indicated conditions, in such a way that 
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the quadratic form under the integral sign (2.13) is positive definite. 
For n = 2 this proof is presented in[5] and[6], while the general 
case is considered in [7 ]. 


Along the direct path C,, when condition (2.11) is not satisfied, 
that is when the final configuration q,(t,) is attained after passing of 
the kinetic focus q,(t,*), Hamilton’s action will not be a minimum since 
it appears to be possible to construct neighboring paths along which the 
action will be smaller [8]. 


3. The most simple example is the one concerning small vibrations of 
a conservative system about a position of equilibrium. The expressions 
for the kinetic and potential energy in principal coordinates are 


n 


1 1 2, 2 
Il = >; On "Ok 


k=1 


where a is the frequency of principal oscillations; we have 


- 
? 


qs a, COs wt + _ sin @,f, Ds @,%,Sin@,t +B, cos@,t (3.1) 


Using (2.9) we obtain 


A (t) Sin @,f Sill @of . . . SIN @pl 
G1 We ° o, . 


and the closest kinetic focus is reached at the instant of time 


t,° T/@,y (3.3) 


j 


where w is the largest frequency. The location of this focus is deter- 
mined by the generalized coordinates 


Tw 5 Tw 
p ? 


qs (t;") = a,cos = { = sin *1), Gn (ty") tn (3.4) 
Hamilton’s action (2.4) will be a minimum along the direct path (3.1) 
only for 0< t, < t,*. The interval of time ¢,* turns out to be equal to 
the hal f-period of principal oscillation with the largest frequency. 
Therefore, for continuous elastic systems, the variational principle of 
Hamilton conserves its meaning as an assertion that Hamilton’s action is 


stationary, but not that it is a minimum. 


4. Let us consider first the usual scheme regarding the justification 
of the approximate methods of determining the frequencies and mode shapes, 
and free vibrations of elastic systems [2], with the aid of the principle 


of Hamilton-Ostrogradskii. 


We limit ourselves to calculation of a system having a finite number 
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of degrees of freedom. In this case the kinetic energy and the potential 
energy are represented by quadratic forms with constant coefficients 


n n 


T — = » >; Ask Is Tks Il . > } >; Coe QeQk (4.1) 


==] k=] 


As direct path we prescribe the motion 
q, = C, sin wt (s = 1,....m) (4.2) 


and we shall assume that the coefficients C, are varied while the 
quantity @ is assumed to be given. 


Since the variations must vanish at the initial and final instant of 
time t, and t,, we have to select two instants when 5q, = 5C, sin wt 
vanishes, that is, for example, we have to put t, = 0 and t,= 2a/ a. 


Then on the basis of the principle of Hamilton-Ostrogradskii 
2% /w 
’S = 8 \ (7 — Tl) dt = 0 (4.3) 
0 
In view of the obvious relations 


2n/w 2/@ 
\ sin*wt dt \ cos*wl dt 


0 0 


8S - — 8 (wT U) (4.4) 


where [‘ and U are quadratic forms obtained from T and [I respectively, by 
changing their arguments 9, and q, to C,. 


Sometimes [3,4] it is asserted that on the basis of the principle of 
Hamilton-Ostrogradskii the quantity o*[-U must have a minimum value. 


In this assertion the following obscurities and contradictions are 
apparent: 1) the quantity @ is assumed to be given and is not varied, 
and subsequently deductions are made regarding extremum properties of a; 
2) the integration with respect to time is carried out without accounting 
for the passage along the direct path of a series of kinetic foci, which 
makes it impossible to conclude the existence of a minimum. 


For systems with distributed constants which possess arbitrarily large 
natural frequencies an analogous discussion as indicated above is even 
less applicable. 


Thus, from the principle of Hamilton-Ostrogradskii, it is impossible 
to obtain a justification of relation (4.4) as a variational principle 
for frequencies and mode shapes. 
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Let us show that the integral principle expressed by the relation 


ts 


\ bLdt =@ (4.5) 


ty 
which results directly from the general equation of dynamics permits the 
satisfaction of expression (4.4) as a variational principle for eigen- 
values. For fixed values of t, and t, the form (4.5) is obviously equi- 
valent to the form (4.3). If, however, t, and t, depend on the varied 


quantities then 
t 


&S - \ 8Ldt + (L) rat, 8; — (L)eme, Bf, (4.6) 


t, 
where 5t, and 5t, are variations of the limits of integration. Then (4.5) 
takes on the form [8,9 ] 
BS +- (L)rat, 5t, — (L)rat, St; = 0 (4.7) 
Let us now prescribe a neighboring path in the form 
qs (t) = C,' sin (w’t + a’) (4.8) 
such that we shall assume that the quantities C,’, w anda’ are in- 
finitely close to quantities C.w anda, respectively, which correspond 
to the direct path 
qs (t) = C, sin (wt + a) (4.9) 


Then 
(4.10) 
gs’ (t) = gs (t) + 8 C, sin (wt 4 a) + da, cos (wt +-a) +- Cyt dw cos (wt +a)+... 


Let us now assume that the limits of integration differ by one period, 
that is, t, = ty + 2”/q@ and 


] ‘ 
at, = bt, — bo (4.11) 


Substituting into (4.5) the value 


and carrying 


is in our case, 0L/dq, is a periodic function, then to ob- 
tain from (4.12) the equations of motion it is sufficient to satisfy the 
conditions 
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8g, (t1) — 895 (ty) © 0 (4.13) 
without letting the variations at the ends be equal to zero separately. 


In view of the periodicity of L the integral principle (4.7) may be 
represented in the form 


(L), 
From (4.10) we have 
5qs (t,) &C, sin (wl, x) C ba « os (wl, ,f Om COS (wl, -- a) 


5q5 (to) 5C. sin (wt, x) C da cos (wl, " t bm cos (wt, , x) 


and since t,;-— toF 0, we have to assume in order to satisfy the condi- 


tions (4.13) on the neighboring paths 


l . 
tol x (4 15) 


The expression L, after substitution of the values of the generalized 
coordinates (4.9), takes on the form 


L w*l' cos* (wt x) U sin* (wt x (4.16) 


where I’ and U have the same values as in Equation (4.4). Then 


t) 


\ Lat — (wt 


and further 
(wl 
w 


Noting further that by (4.14) and (4. 15) 


(L), t, —e 8@ 


w* 


we may write down relation (4.18) in the form 


(r : = } | . (wT él ') } (4.20) 


Ww 


For a direct path the maximum value of kinetic energy w?T is equal 
to the maximum value of potential energy U on the basis of the law of 
conservation of energy: 


oT = U (4.21) 
such that relationship (4.20) may be represented in the form 


wl —b8U = 0 (4.22) 
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Therefore, if we introduce into our consideration the quantity 


R = + oS =0T —U (4.23) 


then its variation 5°R, calculated with a fixed w, will be equal to zero: 
’R = w*Sl —8U =0 (4.24) 


We note that (4.24) is a condition for a stationary value of the 
functional U in the presence of a supplementary requirement ["= 1; then 
wo plays the role of a Lagrange mltiplier. Such an approach to the 
functional (4.23), characteristic of problems for determination of eigen- 
values, explains the vanishing of the term with dw in the preceding 


calculations. 


Condition (4.24) may be used to obtain equations which permit the 
approximate determination of the frequencies and mode shapes; however, 
to judge the extremum properties of frequencies and mode shapes, supple- 
mentary considerations have to be invoked which are not connected with 
variational and integral principles of mechanics. 
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ON THE PLACING OF A GYROSCOPIC COMPASS INTO 
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The placement of a gyrocompass into a meridian after it has been started 
is usually accomplished by means of application to the gyroscope of 
additional external forces. The selection of the law of control of these 
forces may be subjected to the requirement of placing the gyrocompass 
into a meridian within an interval of time given in advance [1]. To 
accelerate the readiness of the gyrocompass it is advisable to start 
placing it into the meridian when the rotors of the gyroscopes are still 
being accelerated. For a gyrocompass with variable kinetic (strictly 
speaking, proper) moments of gyroscopes, we are led to the problem 
analogous to the one considered in paper [1 l, mentioned above. 


l. The equations of motion of a gyrocompass with variable proper 
moments of gyroscopes are of the following form: 


Aa + HB+ HB + HU cosea = 0 


BB — Ha + 1P8 + IP (1—p)% = HU sing 


Fd} = 0 


Here a is the angle of rotation of the gyroscope in the azimuth, f is 
the angle of elevation of the north diameter of the gyrosphere above the 
horizontal plane, # is the angle of inclination of the liquid level in 
the hydraulic damper above the equator plane of the gyrosphere, H is the 
resultant proper moment of the gyroscopes mounted in the gyrosphere (the 
law of its variation with time H = H(t) is assumed to be known), IP is 
the static moment of the gyrosphere, A and B are the moments of inertia 
of the gyrosphere with respect to correspondent axes, U is the angular 
velocity of the daily rotation of the earth, ¢ is the latitude of the 
point of observation, Q(t) is the supplementary generalized external 
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force which represents a moment with respect to the eastern diameter of 
the gyrosphere, applied for accelerated placing of the gyrocompass into 
a meridian (the law of variation of this external force with respect to 


time is to be determined). 


Limiting ourselves to a study of precessional motion of the gyro- 
compass, we omit in Equations (1.1) the inertia terms Aa and B3. Equa- 
tions (1.1) are to be reduced to the form 


IP » iP , ‘ Q (t) 
rer aS H 


H 


LU cos¢ 
“ee oe 


Introducing the matrices 


0 —IP/H | 
a(t) =| a, (2) U cos ¢ HjH 
0 PF 
we replace the system of scalar equations (1.2) by equivalent matrix 
equation 


= s(t) (1.4) 


The general solution of Equation (1.4) is of the form: 


(t) = N(t, 0)z (O)4+- \ Nt, x) s(x) dt (1.5) 
N (t, t) = 6(t) 0 (t) (1.6) 
and @(t) is the fundamental matrix for the homogeneous matrix equation, 


obtained from (1.4) with s(t) = 0. 


Since s,(t) = s,(t) = 0, the elements of the matrix z will be 


2 


3 t 
’ * 
z; (t) > Nix (t, 0) zx (0) 4 \ Na (t, =) s,; (t) dt (7 = 1, 2, 3) (1.7) 
k>1 0 


Expressions (1.7) determine the motion of a gyroscopic compass for 


arbitrary initial conditions z,(0). 


2. We proceed to the selection of a law of variation of the supple- 
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mentary external force Q(t), with respect to time, using the requirement 
that at the instant of time t = T the gyrocompass should be placed in a 
meridian [2]. We shall assume thereby that at the instant of time t = T 
the acceleration of rotors of the gyroscopes is already terminated. The 
requirement advanced above is contained in the fact that at the instant 
of time t = T the generalized coordinates of the gyroscope have the 
following values: 


z.(7) = 2 (2.1) 


I sin H_U sing , 
F “3 oP (2.2) 
The quantities (2.2) determine an equilibrium state (strictly speak- 
ing a stationary motion) of the gyroscope with a steady value of angular 
velocity of spin of the gyroscopes which corresponds to a stationary 


value of the H, resultant proper moment of the gyroscopes. 


Conditions (2.1) are equivalent to the following relations, which may 
be obtained with the aid of (1.7): 


T 


3 
Dd Nix (7, 0) 24 (0) +) Na (7. 2) 81 (2) = 
A 1 


0 


where, according to (1.3), 


Introducing the notation 


Ri (T)= >) Nix (T, 0) 2% (0) —Using\ Na (7, +) de 
A l 0 
j Ry ,) 


we reduce relations (2.3) to the following form: 


T 


\Nal(T, t) 34 dt = R, (7) (2.5) 
A) 


The interval of time (0, T) is now subdivided into three equal inter- 
vals (0, t,), (t,, t,), (t,, T) and the function Q(t) is assumed to be a 
stepwise one, conserving its values along these intervals of time. Let 
us designate these values by Q(0), Q(t,) and Q(t,), respectively. 


Relations (2.5) may now be represented in the form 
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¢(Q (0) c(YO (t,) + cf (t,) R,(T) 


i 

»N T,< 

= \ ja | ) d=. 
( 


From Equations (2.6) we obtain 


¥ 


0 (0) O (t;) 


Expressions (2.8) determine the law in accordance to which Q(t) must 
vary such that at the instant of time t = T the gyrocompass be in a 
meridian. 


In calculating the values (2.8), the functions N , {T, r) (Gj = 1, 2, 3). 
the expressions((2.4) and (2.7) are assumed to be known on the interval 
O<r< T; they represent the elements of the matrix function of weight 
N(T, rt) for a fixed value t = T. The values N e(T, op UY. €e i, & FB, 
entering into expressions (2.4), are also assumed to be known; they re- 
present the values of the elements of the matrix function of weight 
Nit, r) for t= T, r 0. 


As is known 


(2.10) 


where Z;(r) are the integrals of the system of equations (1.2) construct- 
ed for the conjugate system of equations 


dZ : 

La Be 
dt ~ 
k=1 


(t) Z;. = 4 » an on (2 11) 


which for r = T take on the values 
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‘2, (T) = 1, Zi(T)=O0 = (kj) 2.12) 


Equations (2.11), after substitution of the values of the coefficients 
a, ¢ (r) in accordance with (1.3), take on the form: 


Let us now introduce a new independent variable o with the aid of the 
rel at.ion 
(2.14) 
and let us use the notation 


Zz (t) = Ze(T 


H(t) = H(T >) 


H (7) 


Ha M(t)=M (7 


Taking into account that 
dZ. dY, ds 
+ - ») \ 
dt dc dt (2.16) 


we may transform the system of equations (2.13) to the following form: 


IP (1 
h (oc) 


Conditions (2.12) in accordance with (2.15) take on the form: 
Y; (U) a Y, (0) =U (k=) (2.18) 


Thus, in order to determine the functions N.-(T, r) it is necessary 
to integrate the system of equations (2.17) with initial conditions 
(2.18). The integration should be carried out for three systems of 
initial conditions which can be obtained from (2.18), in accordance with 
the values j = 1, 2, 3. 
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950 0.0546 
1000 .0254 
1050 .0036 
1100 =| 0323 
1150 0608 
1200 ). 0888 
1250 .0829 
1300 .0767 
1350 0700 
1400 .0631 
1450 .0558 
1500 .0483 
1550 .0405 
1600 0326 
1650 0246 
41700 | 0164 
1750 0082 
4800 0000 





3. As an example let consider a gyrocompass the following 
parameters: 


LP = 6400 gr co H,, = 155000 gr cm sec p=0.4, F = 1.5-10-3 sec” 


The variation of the proper moment of the gyroscopes with respect to 
time takes place in accordance with the law 


H (t) = H,, (1 — ne) 7, 7 = 0.005) 
If the latitude ¢ of the place of observation is equal to 60°, then 
U cos p = 3.646-10->sec-! 


The interval of time during which the gyrocompass should be placed 
into the meridian is T = 1800 sec. The initial deviations are 


2, (0) = 0.3 zq(0) = 7.82-10-3, 23 (0) = 0.18-10-3 


With this data the values Q(0), Q(t,), Q(t,) are the following: 


Q (0) = 113.47, Q (t) 78, Q (t2) = 25.54 [cm] 


The process of placing the gyrocompass into the meridian is given by 
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the table of the values of functions 


y; (t) =, (t)— z,* j= .2& oe (2.19) 


In accordance with the values of the parameters from (2.2) we have 


here 


z,° = 0, 
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We consider the derivation of the equation of the turbulent boundary 
layer of an imperfect gas (e.g., dissociated air). We show that the re- 
lations which hold for an ideal gas and which are consequences of the 
equations of motion, continuity and energy only can be generalized to 
include the case of an imperfect gas by formally replacing temperature 
with enthalpy. We give examples of such relations. 


1. Boundary layer equations. We consider the system of equations 
of an averaged plane turbulent flow of a real gas. We first look more 
closely at the energy equation. This equation is obtained by taking the 
time average of the energy equation of the actual motion which it is con- 
venient to write in this case in the following form* (the gas is supposed 
transparent): 


0 


=~ (of) 


ot 


0 


é 1 Op f 24 7% 1 p 
(u)+srD=7a, ay way, 


Or 


Here x and y are the Cartesian coordinates of a point, t is time, p 
is density, p is pressure, I is the stagnation enthalpy, i is enthalpy, 
e is internal energy and J is the mechanical equivalent of heat. 


(Note. In order to simplify computations we omitted in Equation (1.1) 
terms due to molecular heat conduction and viscosity. This is justified 





Strictly speaking one should consider the equation of energy for a 
‘three-dimensional flow for the simple reason that the actual motion 
of the gas is three-dimensional. However, in case of a plane averaged 
flow this does not affect the final result. 
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by the fact that, after averaging, these terms turn out to be small cos- 
pared with the corresponding turbulent characteristics. Equation (1.1) 
holds for an imperfect gas, i.e. when\the specific heats c, and cy de- 
pend on temperature and pressure and the equation of state is arbitrary. 
In particular, (1.1) is valid for equilibrium dissociation of air or 
other mixtures of gases. ) 


To obtain the energy equation of an averaged turbulent motion one 
must write the functions in (1.1) as sums of an averaged and a fluctuat- 
ing component 

v=v-+r’, i=i+i’ 


etc., and average with respect to time. After carrying out all the 
necessary transformations using the averaged continuity equation [ cf. 
Equation (1.11)] and disregarding fluctuating terms of order higher than 
two we get 


al 3  al® 1a , "ire 
) oF a (Pax + 2P + Py) + 35 la (3u*p,., 


f 4+ 7 ~ 72 tnt 
P| > . Ox Oy 
0 


dy 


oq, 


4 P . * , 2° . ) — 
up.) (3v*p,,, + 2u’r + Pxx)} ar 


Pyy * —pv" (turbulent stress) 


pv'i’ (turbulent heat flux) 


Here &, uv’, i° represent the averaged components of velocity and 
enthalpy in the flow of a compressible gas and [° the average stagnation 
enthalpy. 


We note that with the given definition of the mean quantities uw’, v® 
i°?, density fluctuations do not enter explicitly in Equation (1.2). The 
velocities uv’, v° are ratios of the appropriate averaged divergence to 
the mean density, and the enthalpy © is the ratio of the specific 


thermal capacity to the mean density. 


An important instance of the flow of an imperfect gas is the flow in 
a boundary layer. To obtain the energy equation in the boundary layer we 
must neglect in (1.2) quantities of order v° in comparison with quanti- 
ties of order &, and derivatives with respect to x in comparison with 
derivatives with respect to y (the x-axis is supposed directed along the 
body profile). Also in the boundary layer equation we must take into 
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account terms due to molecular viscosity and heat conduction, since these 
terms are significant in the immediate vicinity of the rigid surface 
where the turbulent fluctuations die out. We have 


——-.. . , a _ o_o, um) 
Poe + ae? By)’ (P=? +37) 


TOR +e) SEW) co 


Here T is the temperature, » is the viscosity coefficient, andy is 
the coefficient of heat conduction. We represent the turbulent stress 
Ps and the turbulent heat flux g, (by analogy with the corresponding 
molecular characteristics) in the following form 

ees - oT° . T = pT’ 

‘ay = SS Wy ~ Tt ey (7 =" =T[1+ 55) 
where « and 7, are the coefficients of turbulent viscosity and turbulent 
heat conduction. The relations just written out can be regarded as de- 
finitions of « and7,. In the expression for G, we use the mean tempera- 

y 

ture T° because in the case of an ideal gas (c. = const) this quantity 
appears on the left-hand side of Equation (1.35 in place of the enthalpy 
i° (i.e. for c, = const, i° = c.T° ) and it can therefore be viewed as 
an extension of the notion of average temperature to the case of a com- 
pressible gas. A further simplification consists in the replacement of 
the quantities 


uudu/dy, OT /dy by uu°du°/dy,  0T°/ dy 


This is justified by the fact that in the laminar sublayer close to the 
wall where these terms are significant there are no turbulent fluctua- 
tions. Therefore 


uu Ou / dy = pu? du° / dy = wu du / dy, nOT / dy = 4 0T° / dy = OT / dy 


However, it should be noted that in the boundary layer some distance 
away from the wall there always exists a “*transition" domain in which the 
coefficients of molecular and turbulent viscosity and of heat conduction 
are of the same order. In this domain the above simplification is not 
valid. Therefore the equations given below, namely, the energy equation 
and the equation of motion corresponding to the generally accepted form 
in which this equation is stated (utilizing this simplification) are 
based on an assumed division of the boundary layer into two domains with 
different flow regimes, a turbulent outer layer and a laminar sublayer. 


We have 
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[are _.al*. .al° 
(Gr tea +e Oy 
1 @ -,- a Ory, 1 @ > Ou® 
= 57 57 (Pax + 2P + Pyy) + iy | (0 + %) oy |t J by [( t s)u | 


Assuming the average enthalpy i° to be a function of the mean temper- 
ature and pressure, i° = i°(T°, p), we have 
ai° Ss «i BT” —, Ht” dp 


ay — aT by + apy 
If we define the mean specific heat c.° by means of the relation 

di° (T°, p)/dT° ang observe that in the boundary layer dp/dy = 0, we ob- 
tain the following formula which is valid in the general case only for 
an ideal gas: 

a _ 0a” 
dy =? by 
Using (1.4) and introducing the Prandtl number P = pe ,/n and the 


Prandt| number for turbulent mixing P, = ¢c °/, we obtain the energy 
: p ‘'e 
equation for the turbulent boundary layer 


(1.4) 


(ar ° 7 - 
—_ -+u or” p=) i 


P\ ai ied Sy) = 37 ay (Pex + 2P 4 
lero ]+ FIG eS] +816 


We note that (1.5) differs from the energy equation for an ideal gas 
only in that in place of the mean temperature it contains the mean 
enthalpy. The energy equation for a laminar boundary layer is a special 
case of (1.5). Next we consider the equation of state. In the case of 
pressures well below critical it can be written (for actual quantities) 
in the form 


pm = KoT (1.6) 


where m is the molecular weight of the gas, and K is the universal gas 
constant. 


If we average both parts of (1.6) with respect to time we get 


pm® = KpT° (me = 2 = m4 4 em) (1.7) 


Thus, with an appropriate definition of mean molecular weight we find 
that the equation of state connecting the mean pressure, density and 
temperature - all of which appear in (1.5) - retains its usual form. 
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The molecular weight of a gaseous mixture (e.g. dissociated air) is 
connected with the molecular weight of the individual components a, by 
means of the well-known formula 

R=) 
where M, is the mass fraction of the kth component of the mixture. Taking 
the time average of both sides of (1.8) we get 


M, 


m= (2a) (1.9) 


If we compare the expression (1.7) for a with (1.9) we see that the 
dependence of the mean molecular weight # on the quantities m, in case 
of a turbulent flow differs from the corresponding dependence under 
static conditions. Its explicit form can be established only by means of 
relations from the theory of turbulence which connect the mean quantities 
with mean values of the fluctuations, i.e. it depends on the character- 
istics of the flow. The same can be said about the connection between 
mean enthalpy i° and temperature T°. When prescribing the values of these 
quantities in the turbulent boundary layer of dissociated air it is not 
possible, in general, to make use of tables based on the assumption of 
equilibrium of dissociation which fail to take into account the special 
features of the motion of gas. 


The equations of motion and continuity do not change form when we go 
from an ideal gas to an imperfect gas. These equations are: 


o Gu° oOu’\ P a 
u = t+’ R)= (1.10) 


- 7] 
a + 5; Ou) + 5 (1.11) 


=z 


2 


From what we have said it follows that the system of equations of the 
turbulent boundary layer of an imperfect gas is more complicated than 
the corresponding system for c. = const and m = const and contains a 
greater number of variables. 


However, relations which hold for an ideal gas and are consequences 
of the equations of energy and continuity alone can be easily extended 
to the case of an imperfect gas by formally replacing temperature with 
enthalpy. Examples of such relations are given below. 


2. Integrals of the energy equation. Connection between 
heat conduction and friction. In the following we drop the symbol 
for taking averages. This is done to simplify notation. The index w de- 
notes values of quantities on the wall and « values of quantities outside 
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the boundary layer. 


For stationary mean motion P = P, = 1, in the absence of heat exchange 
between the body and the gas 


Gr). = (ie = Ge =9 


and for arbitrary distribution of pressure over the profile of the body 
we obtain, on the basis of (1.5), 


I = const = /,, (2.4) 


In spite of the fact that i, = const, the temperature of the surface 
of the body does not, in general, remain fixed but varies in accordance 


| |p = 0.001 /| 
ate. 
— — a = | + 
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with the form of the function i(T, p). In the case of dissociated air 
which satisfies approximately the conditions of the problem under con- 
sideration, the temperature of the wall 7, turns out to be low compared 
with the values obtained under the assumption that air is at all temper- 
atures an ideal gas whose specific heat c, is 0.24 Keal/Kg. degr. This 
is illustrated in the figure which shows the dependence of enthalpy of 
air i on its temperature T° K and pressure (p in atm.) under the 
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assumption of equilibrium of dissociation [1]. The figure also shows 
the relation i = cyt for an ideal gas with cy = 0.24 Keal/Kg. degr. 


We now consider the formula for the hydrodynamical model of heat con- 
duction (the Reynolds model). In the case of stationary mean motion for 
p= const, P=P,= 1, T, = const, Equations (1.5), (1.10) and the bound- 


ary conditions 


u=Q0 for y = 0, u—»U for y—> oo 


we obtain a linear relation connecting velocity and the stagnation 
enthalpy: 
(2.2) 


(2.2) implies the well-known connection between the Nusselt number 
N,, the Reynolds number R, and the coefficient of friction cy: 


Ne = ~ Rw; 
Here (L is a characteristic length) 


Q ul 


nN, (1, —/ 





oo) 
_ If we insert in the expression for the Nusselt number the heat flux 
q,= — 7,9 T /dy), by means of the relation (1.4) and the values of the 
coefficient of heat conduction 9, and the specific heat C pee in the un- 
perturbed stream we obtain 


m Vw “peok 
- = N = et 3 
Poo Bw Neo (4 — I.) (2 ) 


We put the Reynolds number in the following form 


Ny =N- 





UL 
nati (R ‘ =) 


Pw Poo 


In the case at hand we assume P = P, = 1 so that 
N= + Re, (2.4) 


We see that if the Nusselt number is defined by (2.3), then the form 
ula for the Reynolds model retains its usual form in case of an imperfect 
gas. Certain approximate relations based only on the equations of motion, 
continuity and energy admit of similar extension. 


The approximate connection between the stagnation temperature and the 
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velocity in a stationary turbulent boundary layer near a plate for P¢ 
P, * 1, p = const, Se = const can be represented in the turbulent outer 
layer of the boundary layer by 


q,, P,t 2 , 
[ — Je (1 — u) P.) ((1 — u*) A (i—u*)] 


w 


and in the laminar sublayer by 


PU y2 
= u- 7 (1 P) (u? — Au*) 


u 


A \ peu (1 u*) dy \ Peu(t u*) dy 
0 Pox 0 Pox 

In case of a turbulent boundary layer with u « yf. n= 7-8, com 
putations yield A = 0.59 =-0.60. In the given formulas the terms pro- 
portional to u, a’, a? represent the first terms in the expansion of 
I(a) in the vicinity of the wall. The coefficient of a* is chosen so that 
the complete profile of the stagnation enthalpy for q,* 0 satisfies the 
energy integral 

j | dy 0 

When these relations are applied at the boundary of the laminar sub- 

layer we obtain 


, 
> Rey | = 
Here I, is the enthalpy of the gas at the wall in the absence of 
heat exchange between the wall and the gas;u, =u, /lis the ratio of the 
velocity on the boundary of the laminar sublayer to the velocity of the 
unperturbed stream. According to the semi-empirical theory of turbulence 

this quantity is connected with the coefficient of friction 


a 7 Pe 


yPV 2 


Here a is an empirical constant of the laminar sublayer (experiments with 
incompressible fluids give a = 11.5). 


The quantity Te for P 4 1 and P, # 1 does not coincide with the stag- 
nation enthalpy of the unperturbed stream. The difference is determined 
by the value of the *coefficient of restoration of enthalpy* 6) 

(2. 


! 00 x ” ‘4 
d 7 ; {(1—P)(i—uj—A(i—u (1 — P)\(u?— Au,)) 


ao 
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We note that for P = P, # 1 the velocity on the boundary of the 
laminar sublayer does not appear in (2.5) and (2.6). In this case 


N= — Rey, $= 1—(1— P)(1—A) (2.7) 


Formula (2.7) differs from (2.4) only in that the quantity I_, which 
appears in the Nusselt number is not equal to |. 


The relations (2.5) and (2.6) were obtained under the assumption that 
P and P, are constant. In the case of a dissociated gas (e.g. air) the 
Prandtl number P depends on the extent of dissociation of the gas, i.e. 
on its temperature. However, within the limits of the laminar sublayer 
where the value of the parameter P is significant, the variation of 
temperature is small. As for the Prandtl] number of turbulent mixing P, 
it, as well as other characteristics of turbulence, does not, apparently, 
depend on the chemical nature of the gas or liquid and can therefore be 
taken equal to that number for an ideal gas. It should be noted that at 
the moment our knowledge concerning the Prandtl number in the case of 
turbulent mixing is far from complete. Prandt] [2 ] gives the value for 
the parameter P, = 0.7, i.e. for air P «= P.. 


When we take into account the difference of the values of the para- 
meter P at the wall (in the laminar sublayer) and in the unperturbed 
flow, Formula (2.5) can be written as follows: 


> 


N= -—+Re “7 + Uy Po _ Pc) 3 (2.8) 
fe . Poo P P../ ; 


From the specified data it is clear that when studying problems of 
heat exchange between the wall and the stream of an imperfect gas, it is 
more convenient to use the generalized Nusselt number [cf. Equation (2.5)] 
rather than the usual 


T.) 


for then certain relations which follow from the equations of motion, 
continuity and energy do not change form. It is expedient to replace the 
temperature recovery coefficient by the enthalpy recovery coefficient. 
These points should be kept in mind when processing experimental data. 
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This paper presents an analysis and classification of flows. Hyperbolic 
and elliptic-hyperbolic types of flow are examined. It is shown that in 
flow past corners in the hyperbolic regime the turning of the flow occurs 
successively through two compression shocks or expansion waves. A method 
for calculating such flows is given. It is shown that elliptical-hyper- 
bolic flows may be decomposed into an elliptical part which dies out at 
infinity and a hyperbolic part which does not. The character of flow 
past currents is investigated. It is shown that under the influence of a 
magnetic field component which is perpendicular to the flow, the per- 
turbations induced by the currents are not shielded by the flow. In an 
ideal infinitely conducting fluid, in the presence of a small perpen- 
dicular field, a magnetic boundary layer develops around currents. 


1. Equations and characteristics. As is well known [1], the 
equations of magnetohydrodynamics for an ideal gas with infinite electric- 
al conductivity have the form 


div(pV)=0, (VY)V=—"—7 HxrotH 


" (1.1) 
divH = 0, rot (V x H) = 0, V grad (=) 0 
p™* 


Here p is the density, p is the pressure, V is the velocity, and Hl is 
the magnetic field. 


In order to obtain more simple and descriptive results we restrict 
ourselves to linear theory. After linearization, the system of equations 


(1.1) takes the form 





dH, OH, 





dp , A,, ( OH, —) 
Po dy y Ampy ox tS” “Oy 


H,,.u—vH,,=0, p a 


where the symbols without indices denote small perturbations on the 
values of the corresponding quantities at infinity, denoted by symbols 
with index 0. 


The inclination of the characteristics of Equations (1.1) to the 
velocity vector is determined by the equations 
y’* ((M? — N,*) (1 —1 + M*N,*) + 2yN,N, - 
+ y’*[M* — N,* (1 M?*) — N, -M*)] + 2N;Nyzy' — N,? = 0,(1.3) 


| Ns | ss Ny VY | ae } 


Here y° is the tangent of the angle of inclination of a characteristic 
to the velocity vector, M is the Mach number. This equation may be de- 
rived, as is done in the theory of differential equations, by setting up 
the kinematic and dynamic conditions of compatibility [2]. But it may 
be obtained more simply if, in the equation which determines the velo- 
city of propagation of magnetohydrodynamic waves (cf., for instance, 
Equation 52.12 in[1]), the latter is equated to the velocity component 
which is normal to the wave front. In view of the complexity of Equation 
(1.3) it is difficult to see the behavior of its roots. A more descript- 
ive presentation of the characteristics of Equations (1.1) may be obtain- 
ed if they are considered as shock waves of vanishing strength. Inasmuch 
as the inclination of shock waves of vanishing strength is known [ 3 ] 
for the case where the vectors H and V are parallel, the inclination of 
these waves for arbitrary directions of H and V may be obtained by 
choosing a corresponding moving system of coordinates. From Fig. 1 it 
may be seen that the solutions of Equation (1.3) may be presented in the 
following parametric form: 
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tgo,+tga 


i—tge,tga ’ 
M,?— N2(1—M,?) 


tg’ (M, 2— 1) (M,?— N2) ° 


Given the values of M); in those regions in which tg o|| exists, it is 
easy to trace the behavior of the characteristics. Figs. 2 and 3 show 
the variation of M and tg o with My corresponding to large and small 
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values of tga, for N< 1. For N> 1 an analogous picture is obtained. 
For small values of a there are two hyperbolic and two elliptic-hyper- 
bolic regimes; for large a there is one elliptic-hyperbolic (for smal] 
M) and one hyperbolic region (Fig. 4). In the elliptic-hyperbolic 
regimes there are two characteristics, and in the hyperbolic ones there 
are four. As in[3] we shall call the first hyperbolic region quasi- 
hyperbolic, and the second one fully hyperbolic, or simply hyperbolic. 


Along the characteristics the following conditions are satisfied: 


u’ . © , , , , a 
(y’N Nx + M*N, ty’? — N,*) 5 — (y*N3? + M*N.N,y? — y'NiNy) @ 


[y’* (M* — N,*) + y?*N.N, (1+ M)] — 
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— [y’? + y3N,N, 4 y'NeNyl 0 (1.5) 


Here the primes denote differentiation with respect to x, along a 
characteristic. 














2. Flow in the hyperbolic region. In[3] flows with H, || V, 
are analyzed. Let us investigate the other limiting case, where H, 


Expression (1.5) takes the form 


, | &y 
N? (M*y’? — 4) 4 4. y’N2 (4 — My’) = — y’3y2 
Vo : H, ’ 


For this case, Equation (1.3) has the roots 





2 _ _— [M?— N*(1 — M*)] + V[M? — N* (i — M*)}? + 4N*M? (i — M¥) + NY 
wai 2((1— M2) + N7])M? — 








Here N= WN. , since A, = 0, and the index 1 corresponds to the 
smaller root, index 2 to the larger one. 
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For \| Vo it was possible to speak, just as in ordinary hydrodynamics, 
about the flow about a body of given form, independently of the field in- 
side the body. This is explained by the fact that the field at the wall 
of the body is always parallel to the wall and is independent of the 
field inside the body. The field inside the body simply determines the 
jump in field at the surface. If V, é H, then wll, - vi, = YoHy, - 0, 
throughout the whole flow field. 


It follows that on the surface of the body in the flow, of, = 
Va 9 # 0, i.e. the normal component of the field is different from zero, 
In this case the field at the wall cannot have a discontinuity since then 
a surface current would develop, on which there would be a force tangent 
to the body, which is impossible in an ideal fluid. Therefore, it is not 
possible to investigate the problem of flow over a body of given form in- 
dependently of the development of the field inside the body. 
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Let us investigate, for example, the flow about a thin profile at 
zero angle of attack. Inside the body there are no sources of magnetic 
field. Therefore, during the passage of the body the field can change by 
an amount which is of the order of the square of the body thickness. It 
follows that, to the accuracy being considered, H.,= H,_ and Ay, =H 

—_ , , a. 
(the indices plus and minus refer, respectively, to upper and lower sur- 
faces of the profile). From this condition and the second last equation 
of (1.2) it follows that u, = u_. In addition, the profile shape is 
given, that is, V. = - V_ = f(x). 


For a = 1/2m the hyperbolic type of flow occurs for values of M > 
¥ 1+ N?. In this case, disturbances cannot penetrate upstream. There- 
fore, Equations (2.1) may be integrated along the characteristics which 
go upstream, since in front of the body all disturbances are zero. This 


gives us four relations, for six unknowns a u, and P,. 


With the conditions H_, = _ and u, = u_ there are enough equations 


to determine u,, p, and x. Then H, is found from the second last 


equation of (1.2). 


Solving this system for the problem under consideration, we obtain 





us 


, , M? i j , Vv, 
p= Mm ye Ty i—ly De. Ax = Ay =0 
0 a t) 


P+ _ yr Asr 
Po x Bs v, P pP P, 


An =| yo’ |* (4 — M2y,') —| yy’ [* (1 — M* ye) 


From (1.4), when tg a + o we have y” = — ct 1711 and M= My tg o}- 
From (2.2) and Fig. 3 it is easy to see that the small root y, corres- 
ponds to values of My in the interval N/ ¥ 1+ N* < My < N< 1 for 
N < 1, and in the interval N/ ¥ 1+ N? < My < 1 for wy l. The larger 
root y,” corresponds to the value My> 1 for N< 1, and M\\> N for N> 1. 
Therefore, yw" < 1 and ¥, > 1. Consequently, A, >0. 


Thus, for v, > 0 the pressure on the wall Pp, > 0 and the velocity 
u, < 0, as in ordinary gas dynamics. However, where in ordinary gas 
dynamics the pressure increase occurs through a single compression shock, 
e.g. on a wedge, here it occurs through two successive shocks. In fact, 
let us examine any point between the characteristics issuing downstream 
from the vertex of the wedge (Fig. 5a). It is evident that through such 
a point there pass three characteristics from upstream infinity and one 
(with inclination + y,”) from the body surface. Integrating (2.1) along 
these characteristics we will obtain four relations for determining four 
quantities u, v, p and H. at the point in question. 


Solving these equations we find 


» nw (i— My”) P_ _|y's|* (1 — M*y,*) u ly’s| 


% Aa . P+ As F uy | ya | — bn’ | 
From this it may be seen that for v. > 0, v > 0 and p> 0. Also, v/v,<l 
and p/p, < 1. Thus, the flow is compressed first by the first shock and 
then by the second. For N + 0 the angle of inclination and strength of 


the second shock tend toward zero, while the first shock becomes the 
shock of ordinary gas dynamics. 


We note that at the first shock the flow is slowed down (u < 0) while 
at the second one it is accelerated (u/u, > 1). In fact, to the shock 
with inclination y,” there corresponds a value of M | > 1, and to the 
shock with inclination y,” a value of My between w) VV 1+N7 and N< 1. 
In the first case, as shown in [3] the end of the velocity vector down- 
stream of a shock with inclination o> corresponding to o,, appears in 
the first quadrant, while in the second case it appears in the second 
quadrant (Fig. 6). In passing through a real shock with inclination o - 
the end of the velocity vector appears, correspondingly in quadrants )’ 
and 2°. In the first case the velocity decreases, in the second case in- 
creases. 
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We shall also investigate the flow over a flat plate at angle of 
attack (Fig. 5b). In this case, v, = v_. Again, proceeding along 
characteristics from upstream infinity we obtain 


us u 0 


p, *A,M, H., | (lye’ : 24 
Po Ao ’ Hy Vo (2. ) 


Analogously to the foregoing, we have at a point between the charac- 
teristics, 
Mty,’2) p 22 (1 — Mty,’2) Mty,"*y_"? 
Ay " Ps A: ‘a rl VPA, ' 


Thus, in this case also, for v, > 0 the compression occurs through 
two shocks. But we note that for a given flow deflection in the two 
cases we have considered the shock systems will be different. It is 
evident that for v, > 0 the flow deflection occurs by means of expansion 
waves. For N + 0 the second shock (or expansion wave) lies along the 


a 
c 





a 
/ 

6 
FIG. 5. 


3. Flow over currents. Up to now it was assumed that there were 
no currents in the body. We shall now investigate the flow around a body 
containing currents perpendicular to the plane of the flow. 


For a simple example we shall investigate a flat plate at zero angle 
of attack (the conducting layer is assumed to be isolated from the flow). 
Let 
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In this case the following conditions mst be fulfilled on the surface 


of the body: 
Ay4= Hy v= VL = 0, u4~=uU_, Hz4— H, = f(z) 


where the function f(x) is determined by the distribution of current 
along the plate. Proceeding along the characteristics from upstream in- 
finity, as in Section 2, we find 


uy ; », &, 424 
H,= — H_= = /{(z), y, =m bye ls He 


% Pot y ( 1 M Y1 \ 1 M Vs it Ya Yi ) x+- 
pP = Pp. =S=— ee nn EEE ane SS — 


We assume for simplicity that f(x) = const and investigate a point 
between the characteristics which proceed downstream from the nose of 
the plate (Fig. 7). Proceeding to this point along the three character- 
istics from infinity and along one characteristic from the body, we ob- 
tain 

 .. —initi— Mn” i = 
Ai ; Py ~— yal — | 1’ 
_ ni* (4 — MMyn™) 
As 





For i > 0 we have Pp, > 0, u, < 0, and 


in addition, p > 0 and p/p, > 1. 


Therefore, the flow first goes through a 
shock in which the gas is strongly compressed, 
after which it is expanded a certain amount by 
an expansion wave. For N + 0 this expansion 
wave lies along the body, going over into a tangential discontinuity of 
magnetic field, and in the region between the shock and the expansion 
wave the disturbance approaches zero. Thus, the flow fully screens the 
currents only in the absence of a transverse magnetic field. In all 
other cases, disturbances created by the currents penetrate into the 
flow. 


Evidently, for H.,< 0 there is first an expansion wave, followed by 
a shock wave. 


For large but finite conductivity, the shock (or expansion wave) be- 
comes a certain layer which, for N + 0, approaches the body to become a 
magnetic boundary layer of the type investigated in [4]. 


For M< / 1+ N? anda " * 0 disturbances penetrate into all flows. 
However, for small values of Hy,» in an ideal infinitely conducting 





Plane flows of an ideal gas in a magnetic field 


fluid, there appears around the plate a magnetic boundary layer, in which 
the magnetic field changes from a value at the wall (determined by the 
flow) to practically zero (Fig. 8). This layer is similar to the one in- 
vestigated in[5]. In order to clarify in the simplest possible manner 
the phenomena obtained here, we shall investigate the flow over a plate 
with current, in an infinitely conducting incompressible fluid (Fig. 8).* 
The thickness of the layer is proportional to H,,- Taking u and H, to be 


quantities of order unity, and making the usual assumptions of boundary 
layer theory, we find from one of the equations of motion that across 
the layer 
H 
| es eS = const 


The other equation of motion becomes 


au Ou { oH. Hy 0H. 


Us, + = ae (42s, wy 


In addition, the following equations must be satisfied: 


aH, 
— + uH,—vH,= Hyuo (3.3) 

The first two equations of (3.3) make it possible to introduce the 
functions ~ and y by means of the relations 


u=O/dy, v=—<dh/dz, H,=—dy/dy, Hy= — dy/dx (3.4) 


Differentiating the last equation of (3.3) and making use of the other 
two equations of (3.3) we obtain 


0H 
+ Hy > i te" (3.5) 


In Equations (3.2) and (3.5) it is convenient to change to the vari- 
ables ~ and y. We have 








* Here we do not assume the disturbance to be small. 





The system (3.6) evidently has two families of characteristics 
w ¥ 42p +x = const. Along these characteristics the relations 


V 4xpu’+ H,' = 0 (3.8) 


are satisfied. The characteristics corresponding to the upper sign we 
shall call characteristics of the first family, and those with the lower 
sign the second family. 


Equation (3.7) makes possible a function ®(y, wW) such that 
v= dD/dyx, H, — dD /dy 


Therefore, the last of equations (3.3) may be put in the form 


a@ am 
l 


ay tH Ge = — Hytto (3.9) 


The variables ~ and y are connected with the variables x and y by the 
relations 


= 


dz 
H m 


1 


As an example, let us investigate the flow over a flat plate with a 
current distributed according tothe relation H,, = kx = f(x). 


In the yx, W plane the problem is formulated as follows: 


H,,=kz,v=0 fory=0 
At infinity, along characteristics of the first family, 


Ug for 4 x 


Along characteristics of the first family we have 


V 4xpu 4+ H.= ug V 4np (3.11) 


It follows that on the body u(y, 0) = uy - #,,/y 4p. Then, from 
(3.10), we have 


z é 


d) o——— dx, Au — —— 
x kr — ug V 4np k \ Hy,4oV 4nxp 


H —_ ie . 
Auto V Ane uoV Amp iy axy | hk 
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It is easy to see that uw and #_ are constant along characteristics of 
the second family A = ¥ 4ap ~ + x = const for A < 0, and that w= a, and 
A. = 0 forA> 0. 


Thus, for A < 0, 
u = uge*, H.= uoV 4xp (1 - eAr) (3.12) 


Putting these expressions in Expression (3.9) and integrating, we ob- 
tain 


(3.13) 


H e444 A V 4xp ) 
yo We 4 —A Sup ge” 





Putting (3.14) into (3.10) with A = 0 we find a line which is the edge 
of the boundary layer in the physical plane: 


Bs, (1-— Ser) 
y—— EnV 


Por kx + U» Vv 4mp we have y + o, This point corresponds to a separation 
of the flow, [ a/u, V 4mp /k, 0) = 0}. 


We note that the force acting on the current flowing in the body, in 
the presence of the flow of an infinitely conducting fluid or gas, is 
different from the force which acts on the same current in the absence 
of flow. The resistance created by a transverse magnetic field is similar, 
in the well-known sense, to a resistance which is dependent on viscosity. 


4. Flows in the elliptic-hyperbolic regime. According to the 
classification given in Section 1, we call those flows elliptic-hyper- 
bolic in which only two characteristics appear. We shall investigate this 
flow in detail for a = 1/2 w. From Fig. 3 and Equation (2.2) it follows 
that at every point of the flow there are two families of characteristics 
corresponding to o > 0 and o < 0. Along the characteristics relations 
(2.1) are satisfied. 


We assume that (just as in the usual flows of elliptic type) all per- 
turbations die out at infinity. Then two relations (2.1), satisfied along 
the characteristics, allow p to be expressed in terms of u and H, in 
terms of v. Solving this system for given boundary conditions on the 
velocity, we at the same time determine completely the distribution of 
magnetic field, in particular, at the boundary of the body. It is clear 
that values so obtained for the field at the boundary of the body can be 
continuously joined with the magnetic field inside the body only for a 
special choice of the boundary conditions on the velocities and the 
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currents inside the body. In the general case, the condition for con- 
tinuity of the field at the body boundary and the condition for the dying 
out of the perturbations at infinity are not compatible. From this it 
follows that, within the framework 

of the linear theory being consider- 
ed by us, the perturbations at in- 
finity do not die out. In a nonlinear 
approximation, naturally, all pertur- 
bations die out at infinity. There- 
fore, the fact that perturbations do 
not die out along characteristics in 
the linear theory indicates that in 
the real flow the characteristics 
must terminate somewhere in the flow. 


In the case under consideration 
they can run into shock waves. Indeed, 
since the characteristics are shock 
waves of vanishing strength, the 
existence of characteristics points 
to the existence of shock waves in 
the flow regime being investigated. 





From Fig. 3 it was seen that shock waves exist for all values of M 
from zero to m= ¥ 1+ N*. 


Let us investigate which of two possible shock waves (directed up- 
stream or downstream) can extend from the body. Here, just as in ordinary 
gas dynamics, it is necessary to distinguish a wave leaving the body 
from one coming into it. Let us assume that from some point on the upper 
surface of the body (Fig. 9) a shock or an expansion wave goes upstream 
at an inclination angle o. From Fig. 9 it may be seen that the waves 
being considered correspond to values of the parameter M falling in the 
intervals 


N/IV1+N*<M,<N tor N<iu NIV1+N°<M,<1 for N>1. 


For these values of the parameter, as shown in[3] for a flow with 
a = 0, obtained from that examined above by the superposition of an 
appropriate velocity downstream of the wave, two regimes are possible as 
shown in Fig. 9. For that case, if the wave is a shock wave, the end of 
the velocity vector behind the shock will lie in Quadrant 1, if the wave 
is an expansion wave, it will lie im Quadrant 2. In the flow with a <a/2 
the end of the velocity vector after the wave appears, correspondingly, 
in Quadrants 1’. and 2’. From the flow schemes shown in Fig. 9 it is seen 
that on the upper surface a wave directed upstream will be an incoming 
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wave. On the other hand, on the lower surface, where the wave with the 
inclination under consideration is directed downstream, the wave is an 
outgoing one. Thus, in the flow being investigated only waves outgoing 
downstream are possible. It follows that only characteristics which go 
out from the body downstream can run into shock waves; along these 
characteristics perturbations do not die out in the linear approximation; 
along characteristics which go upstream the perturbations tend toward 
zero. 


In accordance with the analysis given, the following relations are 
valid at an arbitrary point of the flow, according to Equation (2.1): 


L, (x; y) = F(A), Lz (z, y) =0 (A = zzy/| yr’ |) (4.1) 
where 
H(z; y) 


L, (x; y) = N?*(MYy,’*— 1)" + | yy" | N24 — My”) = — > 
Ve Ho 


~- rig aga? izy) —s- P(zY) 
Fly | M Vo XPo 1 


and F(A) is a certain, so far unknown, function of A. The upper sign 
corresponds to positive y,”. and the lower sign to negative (the body is 
assumed to be near the axis y = 0). It is evident that F(A) = 0 along 
characteristics which do not go through the body, since one end of such 
characteristics goes out to upstream infinity. With the help of (4.1) and 
the last two equations of (1.2) it is possible to eliminate from Equa- 
tions (1.2) either H,, H., p and p, or u, v, p and p. The result gives 
two systems of equations for u and v, and H. and A, respectively: 


yi? 

_ M*y," Ov SVQ *(A) 

M* (4 — M%y,"*) dz 2jy,’N? (i— M*y,*) 
dH dH 


= -_- 
Oz F Oy =@ 


_ Neh — Mi’) av _ VaF*( 
lz 


5 tn 








N*— [M*— N*(1—M)} yi OH, 4, OH y _ Ho’ (d) (4.3) 
yi" Or oy 2yi" 

It is easily verified that the operators on the left-hand sides of 
these equations are of elliptic type for M< ¥ 1+ N* and of hyperbolic 
type for M> ¥ 1+ N*. The solution of the systems (4.2) and (4.3) may 
> +r in the form of a sum, the first terms of which (u,, Vv» 

) are functions of A and satisfy a non-homogeneous system of 
thine! differential equations, while the second terms (uy, Vs, A,., A, 2? 
are functions of x and y and satisfy homogeneous systems of partial 
differential equations, each one of which reduces to Laplace’s equation. 
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Integrating the system of ordinary differential equations we find 


u= KF, 4=K,F ete. (4.4) 


The constants of integration are equal to zero, since on the charac- 
teristics which do not pass through the body the functions Uy, Vy, etc. 
must be equal to zero. 


The functions (4.4) represent the hyperbolic part of the solution, 
which does not die out at infinity. The functions u,, v,, etc. are the 
elliptic part of the solution, which dies out at infinity. The possibil- 
ity of separating the solution into a hyperbolic and an elliptic part 
justifies the naming of these flows elliptic-hyperbolic. 


On the boundary of a body (a thin one, for simplicity) one has twelve 


unknown functions, F,, Uo,> Yas, H. . A. and p,. These functions are 


2 
connected by the four relations (4,1), the two relations U2_/Vo=-H,, /H,, 
+ 


obtained from the second last equation of (1.2), and the four conditions 
HH. = AL, Ay, = H,_ and v, = f, (x) and v_= f(x). With the help of these 
relations it is possible to find two functions G, ,(H, , Hy. Us, v,)=9, 
which make it possible to formlate the boundary value problem for the 


eX 


FIG. 10, 


two Laplace equations obtained from (4.2) and (4.3). For flows with sym- 
metry with respect to the axis y = 0 these functions are separable (i.e. 
G,(u,, v,) = 0 and G, (a, A, = 0), and the problem for each Laplace 


equation is solved separately. 


A sketch of the shock waves which appear at the body, and in which the 
hyperbolic part of the solution has a discontinuity, is shown in Fig. 10. 
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This paper points out cases of integrability of the equations describing 
one-dimensional motion of an electrically conducting gas with cylindrical 
and plane symmetry, the case of cylindrical symmetry being considered in 
greater detail. For steady motions with infinite conductivity a general 
solution of the equations is found, and a short description is given of 
the corresponding flows. 


Unsteady self-similar and non-self-similar motions associated with 
shock waves are considered. A method is given for joining the solutions 
[1-3 ] to gas at rest by means of a shock wave. Concrete cases are solved 
which may have application to the theory of impulsive gaseous discharge. 


1. We will consider the motion to be one-dimensional with cylindrical 
or plane symmetry. All functions characterizing the motion will depend 
on the one geometric coordinate r and time t. 


For the case of a perfect gas of finite conductivity with viscosity 
and heat conductivity neglected, we have for the unknown quantities the 
system 
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Here H. and Hy are the components of the magnetic field intensity 
vector, v, is the magnetic viscosity, v = 2 for the case of cylindrical 
symmetry and vy = | for motion with plane waves; the remaining symbols 
are conventional or are obvious from the equations. The magnetic field 
intensity vector H is always perpendicular to the velocity vector. For 
v = 1 the azimuthal component of the field should vanish (h, = 0). In 
place of one of the equations of the system (1.1)-(1.2), for example, 
the first of Equations (1.1), one can take the equation expressing the 
law of conservation of energy [ 4 } 

— L fA) + ri- v- ip 4 + IP + 2h) — 


) h, Q ' 13 
~ Vm (2 (¥ — 1) , or (rh, *)+ j ’ ( 0) 


In the case of infinite conductivity the system of equations (1. 1)- 
(1.2) simplifies because v, = 0, 


For homothermal flows, that is, flows with zero temperature gradient 
[1], Equation (1.2) is replaced by the equation 


OT /ér =0 or p=8(t)p (1.4) 


For unsteady motions of an ideal medium including shock waves, the 
conditions of conservation of mass, momentum, continuity of the electric- 
al field, and energy must be satisfied. For propagation of a shock wave 
into a quiescent medium they have the form 


, (¥_ — u) ou, Vee (Vqg— U) + Py = Pp,” 1 = dr,/dt) (1.5) 


hip," hip", hsp," hip." (1.6) 


(v, — u) 2. 4 )+ . —~ (1.7) 


where the subscript | denotes quantities in the undisturbed medium and 
the subscript 2 quantities behind the shock wave front, u is the speed 
of the wave, and r,(t) its radius. 


2. In the steady case the system (1.1)-(1.3) with », - 
be integrated completely, having the five integrals * 


2 
C40," 


* The possibility of integrating the system(1.1)-(1.2) in the station- 
ary case when there is only one of the components h. or hg was pointed 
out by K.P. Staniukovich [5 ]. 
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where c,, ---, Cg are arbitrary constants. 


A characteristic singularity of the flows under consideration is the 
presence in the stream of two limit lines on which 


‘ ~p + I} ’ 
a (u ty 
P 


that is, the speed of the gas is equal to the total speed of sound*. If 
re and r (ro <r,) are the radii of the limit circles, then in the 
general case flow is possible only in the region enclosed between the 


cylinders with radii r, and r,, where either v < a* or v > a*, 


0 5° 


The dependence of the radii ry, r, and of the value of the density at 


the limt lines on the constants c,, ..-, ¢, is given by the relations 


‘ 1 
r Y—2 2p Dn pt 32 ~ 2 , . » »S\ ... 7 
C10 24 27 - £Cor") pr 2» ; ) ; 1 Sp (C4 T C3? ) Cs 


Investigation of the solution (2.1) shows that in the subsonic (super- 
sonic) regime as r increases from r, tor, the speed may at first de- 
crease (increase)to a certain minimum (maximum), and then increase (de- 
crease) to the value a‘. 


In the more general case of finite conductivity the integration in 
closed form cannot be carried out. 


We note that in the case under consideration two finite algebraic in- 
tegrals can be found for the system (1.1)-(1.2) 


porta My eta + 1) Marth + Mahe = My 


where M,, — M, are arbitrary constants. In the case of isothermal 
steady flows with infinite conductivity for v = 2 the problem of inte- 
grating the system of equations (1.1) and (1.4) leads to the solution of 
one first-order ordinary differential equation, which is easily integrat- 


ed when hy = 0, 


In the case y = 2, v, = 0 the solution of the system of equations 
(1.1) and (1.2) also simplifies, since it has the integral 


p= ”, (E) A, 


where ®,(€) is an arbitrary function of the Lagrangean coordinate é. It 
is easy to show that if hg = 0 then any solution of the equations of 
ordinary gas dynamics permits one to construct a solution of the system 
(1.1) and (1.2), having, in addition, one arbitrary function. For this 





* This fact was also noted in [5 ]. 





One-dimensional magnetohydrodynamics equations and shock waves 147 


it suffices to take 
)= Vo, P = Po» p = Po, p= pP en hz, h, ® () p? 


where V9, Po» Py are the solution of the equations of ordinary gasdynamics, 
and ®(€) is an arbitrary function. The conditions (1.5) and (1.7) at the 
shock wave also transform into the gasdynamic ones if p* is introduced 
throughout. 


Thus, there results a special separation of the problem into a purely 
hydrodynamic one together with the problem of determining the magnetic 
pressure. 


(Exaaple. Let us consider the problem of a strong explosion along a 
plane in an ideal conducting gas in its usual formulation [6]. Por a 
strong explosion p,* >> p,*. Neglecting p,* in (1.5) and (1.7) we have 
the conditions on the shock wave [7 ] 

° » 2) 
P2*= 7 Qu", (2.2 

We take p, = const, = const. The solution for ulre t), p(r, ¢), 
p*(r, t) is known [6, 8 7 In addition, we have *, /p? = ®€). Imposing 
the conditions at the shock we find M(&) = ae? Thus 


The law of propagation of the shock wave is the same as in the ordinary 
gasdynamic case. ) 


3. In [9] it was shown that the solution of self-similar problems 
for adiabatic motion with v, = 0 leads to the integration of two (in some 
cases one) ordinary equation. 


A new example of a self-similar solution is given below. We consider 
the motion of a piston in a quiescent gas when the speed of motion of 
the piston is given by the law 


U = A,t" 


The initial radius of the piston is equal to zero, and the initial values 
of p, P, h.. hg, are 


o, = Ayr, = A,r-* hy, = xA,r~*, h, sr? 


vi . 


(x+1)8 
PA 
2— 5 


“ 


Here A,, A,, A, are dimensional constants, and n, w, §, x are pure 
numbers. 


From dimensional considerations [6] it follows that this problem with 
v= 0 is self-similar if the constants n, w, 8 are connected by the 
relation 
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8 = w—2-+2/(n + 1) 


Using a numerical method for integrating the system of self-similar 
equations [9] it is possible to solve the problem of the motion of a 
cylindrical piston for various values of n and w. The results of calcu- 
lations for the case of a cylindrical piston with n = 0, w= 0, h, = 0, 
h_, = 0.025 p,u*, y = 2 and y = 5/3 are given in the figure in the form 
of the dependence of the dimensionless quantities 


v/v, p/P», P/P», h /h,, on A= r/T» 


Here the values of v/v, on the piston for y = 2 and y = 5/3 are equal 
to 1.451 and 1.337 respectively. 


Now let v, # 0; we take 
Vm = A,p™*p** (Ag, G1, 22 = const) 


The problem under consideration of a piston moving with constant speed 
is self-similar if the dimensions of A, depend on the dimensions of A, 
and A 

_e 


This is realized if the following relationship holds: 


aon + 3a,— 1 


4 y—< 2 
1 + (a, + a,)(@ — 3) + 0 


3a, + 


A class of self-similar solutions exists also for the system of equa- 
tions describing unsteady homothermal flows of a conducting gas. Here 


13 



































C 
4 JI 


6(t) is a power of t. As for adiabatic flow, in the case under consider- 
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ation with v, = 0 there exists a "frozen" integral [9]. Therefore, the 
solution of all self-similar problems reduces to the integration of two 
ordinary equations. 


4. Another class of solutions of the equations of one-dimensional 
magnetohydrodynamics, which we shall consider in detail, is the case of 
solutions for which the velocity v depends linearly on the radius. 


In the case of adiabatic motion of a gas without shock waves solutions 
of such a type were obtained and investigated by Kulikovski1. 


For arbitrary y this solution contains one arbitrary function, and for 


the most interesting case v = 2 can be written in the form 
g 


0 P’ (&) (ru) - "(z eP (é 
[b,P (2) + balu-™, he = [bg PR) 
b, (5? P (&) — 2P, (2))} 


The function u(t) satisfies the equation 


(u’)* f(u)=- + att 2h. Inu 4+ 
Here b,, ..-, b, are arbitrary constants, € is the Lagrangean co- 
ordinate, and P(é) an arbitrary function such that P’(é) > 0. For v = 2 


we have an analogous solution containing two arbitrary functions [3 ] 


2B, \nu h 


where B,, ..., B, are arbitrary constants, and P(é) and Il(é) > O are 


arbitrary functions. The solution (4.2) was also found by Kulikovskii’*. 


Solutions analogous to (4.1) and (4.2) of the equations describing 
motion including the force of gravity were considered in [3]. 


Solutions of the form (4.1) and (4.2), which contain arbitrary func- 
tions, may be joined with a shock wave to the trivial solution — gas at 
rest — and describe the flow of gas accompanied by shock waves. In the 
still medium ahead of the shock wave v, = 0 and, as follows from the 





* On some new exact solutions of the equations of magnetohydrodynamics. 


Dissertation submitted for the degree of candidate in physico-mathe- 
matical science, Moscow, 1959. 
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system (1.1)-(1.2), the density p, may be any function of r,and the 
magnetic and hydrostatic pressures are related by the equilibrium equa- 
tion 


. a» 9 
From (4.3) it follows that es, ‘ “ const, then p, + 


h 1 = const. 
Zz 


In the case of a gas with y = 2 (hy = 0) the problem of joining the 
solution to still gas by means of a shock wave (which we will henceforth 


call the joining problem) leads to the gasdynamic one. 


Now the joining problem for the gasdynamic solution of the form (4.1) 
with arbitrary y was solved in [10-12]. In Shikin’s paper [12] the de- 
tonation wave was also considered. As already noted, after solution of 
the gasdynamic problem the conditions for the discontinuity in the field 
(1.6) can be satisfied by the choice of the two arbitrary functions 
appearing in the solution. With this choice one of the functions p, or 
h,, Temains arbitrary. Using the results of [12], in a similar manner 
(for y = 2) we obtain the solution of the problem of joining the solution 
(4.2) with still gas by means of a detonation wave. In view of what has 
been said above, we will not write out the solution of the joining 
problem with y = 2 for a shock wave of arbitrary intensity. The joining 
problem for (4.1) can be easily solved in the limiting case of shock 


waves that are strong in the gasdynamic sense. 


We assume that pu > yp, — 2h,. Then the conditions at the shock 


wave take the form [7 ] 


In the problem under consideration it is possible to use the arbitrary 
function P(€) appearing in the solution (4.1) and also the arbitrarily 
assigned p,\r ), h,r), hy, \r) and the speed of the shock wave u(r,). 
With the choice of these five functions one can satisfy all the condi- 
tions at the shock wave (4.4). 


Satisfying the conditions at the shock, we find that the arbitrary 
function P(é) should have the form 


bo ¢ 
P (8) = | by + * \ exp (- 


where 
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The law of motion of the shock wave is given by the relation 
gz 


Thus 


where P(x) is given by the relation (1.5). 


In order that the equilibrium equation may be satisfied, the initial 
pressure p, must depend on r in the following way: 


Py (7) = yo — hin (7) — hey (7) — 2\—, : const) 
The set of constants appearing here can be used to satisfy the other 
conditions exactly or approximately in concrete cases. 


The joining problem can be solved also for arbitrary y and shock 
waves of arbitrary intensity with variable h_,, p,, ep, andhy= 0. Its 
solution can be found, for example, by the method of joining of [12]. 


(Exaaple. Let us consider the example of the application of the solu- 
tion (4.2) to the problem of the motion of gas being compressed by a 
piston moving with speed 


pr & , Vita) (R(t) is the radius 
of the piston) 


The minus sign corresponds to motion toward the center (axis of symmetry), 
and the plus sign to motion away from the center (axis). For simplicity 
we will take the shock wave to be strong. Let the initial values of Py. 


Py)» h be 


const) 


Using (4.2) and (2.2), we find that the flow of gas behind the shock 
wave is determined by the formulas 
Byr 
By 
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Be ' pu ‘4, 2 9B, (L, B.°L 25") p-*, ps B; + 2B,’ f (4.6) 


Here B, is an arbitrary constant. Among the constants Ao, B,, By, Ly 
there is the relationship 


BL, + Ap, B,-* = 0 


For the azimuthal field creating the magnetic field hy we have 


9A,B, Be 


o— cr’u7'2 (e¢ is the speed of light) 
y Sh, 


This follows from the formula 


The law of motion of the piston is given by the relation 


Ri '/s 
» f, 
a. é ji. t 


where Ry is the radius of the piston at the initial instant ¢ = 0, 


For the converging piston we have the initial value of the velocity 


Such a family of motions can be created, for example, by the applica- 
tion to a gas of an external magnetic field. If there is a vacuum out- 
side the piston, then the total pressure on the piston should be compen- 
sated by the application of an external magnetic field h. such that the 
relation p*(R, t) = H.?/8n = h. is satisfied. Naturally the solution 


(4.6) describes the flow for those values of r where P, > 0, hy >» 0.) 


5. In the case of homothermal flows the system of equations (1.1), 


(1.4) with v_= 0 also has exact solutions, where v(r, t) has the same 


form as in (4,1). These solutions contain either arbitrary functions of 
€ or arbitrary functions of the time [1]. 


For homothermal flows with vit 0 one may take v_ = v_(t). Then by 
using the choice of the arbitrary function P(é) appearing in the solution 
of the equations for an ideal medium[1] it is possible to find a 
particular solution of the full system (1.1), (1.4) when h, or hy is 
absent. This solution will contain a certain number of arbitrary constants. 


For homothermal flows with linear dependence of velocity on radius 
(for vi = 0) one can also consider the problem of joining the exact 
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solution with still gas through a shock wave. The case when the solution 
contains an arbitrary function of time was considered previously [1]. 


We write the particular solution of the system (1.1), (1.4) in the 
form [1 ] 


1 A 


J 
where 5), «.., 5. are arbitrary constants. We will take 5, = 0. Using 
the relation 

uli 


from the solution (5.1) and relations (1.5), (1.6) we have 


The relation (5.3) gives the law of motion of the shock wave. 


Satisfying conditions (1.6) we find for the discontinuity in magnetic 


field 


where u(r.) is a known function from (5.3). 


The dependence P(r,) is found from (5.2) if p,(r) is considered a 
given function. For the full solution of the problem, however, it is 


necessary to know P(é). 


Using (5.3) and the form of the function P(r,), we can find the de- 
pendence P(é). It is given by the relations 


P(&) = Pi[r.(§)| 


\ 01 (72) Pedr, = Ay 


Pi*le 
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We consider further one special case. Let p,* = 0 (a strong wave) and 
p, = const. In this case for the function P(é) and the law of motion of 
the shock wave we have the relations 


2|P (&) — B] = p.* = P (&) 


V7) 


From (5.1) we find the dependence p(t): 
a(t) } 6, (lf — t,)* = (ly const) (0.6) 


The solution (5.1)-(5.6) can be used for the investigation of concrete 
problems and, in particular, can have application to the problem of com- 
pression of gas by a converging or diverging piston, where the law of 
motion of the piston is given by the dependence 


4 re 3 
R=A VY 4;(t—t)’ : const ) 


Considering the remarks made in Section 4, one can say that the 
problem of compression of gas by a converging piston is equivalent to 
the problem of an impulsive gaseous discharge with passage of current 
through a gaseous cylinder in the axial direction. The magnetic field of 
the current flowing on the surface of the cylinder will play the role of 
a piston compressing the gas. 


6. (Example. Let us consider the exact solution of the problem of 
an impulsive gaseous discharge. Let there be at the initial moment t = 0 
a cylindrical column of gas heated to a temperature at which the con- 
ductivity of the gas may be considered infinite. In the gas there is a 
*frozen in* magnetic field with vector intensity H parallel to the axis 
of the cylinder. The initial density of the gas is constant and equa] to 
p,. and the total pressure in the gas p,* = const. 


The initial intensity of the magnetic field is constant with radius, 
its dependence on the coordinate r being given by the formula 
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*par*e (r) j 
Ba*( 1 - st | Bove (r)| (1 Jietr* 6.4) 


where d(r) is determined from the equation 


, 1 
Pi’ @ — 28s? (Bs — 3 mir*) @ + Bs? = 0 (Ba, , Bs = const, By > 0, By > 0) 


The choice of the dependence of hai on r in the form (6.1) is based on 
the subsequent use of the solution (5.1)-(5.6) with 5, = 0. Pormula (6.1) 
is essentially a consequence of the relation (5.4) with the arbitrary 
constants re-designated. 


Let the initial radius of the gas cylinder be Ry. At the moment ¢ = 0 
a current begins to pass along the column in the axial direction, varying 
with time so that the total current is given by the formula 


V 2m Bibs 
Bo— Bat“ 

Por t > 0 as a consequence of the pinch-effect there begins a contrac- 
tion of the plasma sheath outside of which p = 0. A shock wave will pro- 
pagate toward the center of the gas. It is required to determine the 
motion of the gas between the shock wave and the outer radius of the gas 
column, 


I (Bo, 81 = const > 0) 


In a formulation different from that stated above (in the sense of the 
given initial conditions) the problem of the compression of a gaseous 
cylinder by a current was considered in a series of works (see, for 
example, [13-14] ). 


We will consider the problem in the approximation of magnetohydro- 
dynamics and suppose that the gradient of temperature in the region be- 
hind the shock wave is equal to zero, The quantities p, p, h, and wv be- 
hind the wave front are related by the equations of magnetohydrodynamics 
(1.1), (1.4); on the shock wave front itself the laws (1.5), (1.6), which 
are the boundary conditions for the unknown functions, sust be satisfied, 


On the outer surface of the cylinder there must also be satisfied the 
kinematic condition v(R, t) = @gA/dt, where R(t) gives the dependence of 
the radius of the cylinder on time. The solution satisfying the systes 
(1.1), (1.4) and the initial and boundary conditions enumerated above has 
the forms 

F 54? 


oa — he (E te tar) . p =O ep, 8 (t) (Be — Baty 


£ (8) 2 2 FE . ‘ 
“Too — Baty? * ts = (Ba® — Ba? (8) (Bo — Bat) 


F (8) Bs (p,E* + pi° Bs-*) — pr’ [2Bsy — (B2Bs~*)*] 
(S) © 285 (8, — pi’ Bs ® — pitty) (E+ Pi’ Bs?) 
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where y(€) is found from the equation 
y* (p:€* + Bs-*px” ) — 2Bsy + (B2Bs~")? = 0 


Por the radius R of the cylinder and the radius r? of the shock wave 
we have 


R (t) = B, (Bo — Bst), Ro = Bibe 
ra (t) = 2Bspy-? — Ba~*pi* (Ba? + Pr® (Bo — Bst)*] (80— Bst)-* 


From (6.2) it is clear that the temperature in the region of sotion 
of the gas grows proportional to (By ~ B,t)~?. If we suppose that 
P2* >> p,*, then the quantity P,° in (1.5) may be neglected. The formulas 
giving the solution are, thus simplified. 


The solution (6.2) was obtained with the choice, described in Section 
5, of (5.1) with 5, = 0. From (6.2) it follows that the total pressure 
on the outer boundary of the cylinder P,° is equal to the magnetic pres- 
sure outside the cylinder 
73 


h,= 2nc*R* 


arising from the passage of the current I over the surface of the cylinder. 


Since in the region of flow we took dT/Or = 0, the differential equa- 
tion (1.3) expressing the law of conservation of energy of a particle is 
not satisfied. However, it is possible to demand that the integral law 
of conservation of energy he satisfied. If the initial energy of the un- 
disturbed gas is neglected, which corresponds to the case of a strong 
shock wave, then the balance of energy for the motion of the gas is given 
by the relation 

R 


t 
\ dR 
+ h,) rdr + Q(t) an | p’(R, t)R “it dt (6.3) 
0 


Ts 


In (6.3) Q(t) signifies that part of the energy which is added to the 
gas, for example as a result of chemical or nuclear transformations, and 
removed from the outer surface as a result of radiation. On the right- 
hand side of (6.3) is the work of the total pressure force on the boundary 
of the cylinder at time t. Let y = 2 for simplicity. Then using (6.2) and 
(6.3) we find for the quantity Q(t) 


aha ~ (BY + gle — acs — St oe (ot 
2nBy* —s \ Bo ) 2p1yo® 621Bs*yo® B,? piBat P1 
Bs? 1 Bs 2° 
= —_— 4 ame 3 ——ee EE 
t Bs*Ba®pi (< a)? r Bs*B p,* a 
We note that the solution of the equations of sagnetohydrodynasics 
with y = 2 with application to other problems was considered also by 


other authors (see, for example, [15 }).) 
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The investigation of non-self-similar gas motions which result from the 
propagation of spherical, cylindrical and plane shock waves through the 
gas requires complicated and cumbersome calculations. In a few cases 
these have actually been carried out, e.g. on the problem of point ex- 
plosion [1 }. 


In [2-4] an approximate method of calculation of such motions is 
given, valid for a high gas density jump across the shock wave, i.e. for 
the propagation of shock waves of large intensity in a gas. This method 
is based on the representation of gasdynamical quantities in the forms of 
series in a special form for the powers of parameter «, which character- 
izes the ratio of the gas density in front of the wave to the gas 
density behind the wave. The successive terms of the series are found 
from the equations by means of quadratures. When only the two first 
terms of the series are taken into account, the gas parameters in a dis- 
turbed region behind the shock wave are expressed in terms of the func- 
tion R*(t) in [4], which treats of the law of propagation of a shock 
wave. For the determination of this function in the problems of sotion 
resulting from the explosion in a gas and from the expansion of a sovable 
boundary (piston) in a gas, a law of conservation of energy in integral 
form may be used, pertaining to the whole of the region of disturbed gas 
motion [3 }. 


The total energy of a moving gas (the sum of its internal and kinetic 
energies) at each instant must equal the sum of the energy £ which was 
generated by the explosion, the initial energy of the gas affected by the 
motion and the work done by the piston. Taking the expression (y — 1)~'p/p 
to be the internal energy per unit mass of a gas (where p is the pressure, 
p the density, y the ratio of specific heats), we obtain 
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t 
Pt dv 4 | prav® (t) (1) 


where v* — / is the volume occupied by the moving gas, / is the volume 
displaced by the piston, p, is the initial gas pressure, p® is the 
pressure on the piston, OR/dt is the velocity of gas particles and t is 
the time. 


To use this integral relationship along with the representation of 
the desired quantities R, p and p in the form of a series in powers of «, 
we shall also represent the function R*(t) which gives the law of pro- 
pagation of a shock wave in the form of a series (in analogy to what has 
been done in [5]) for the function which determines the form of a bow 
shock wave for the steady flow past a body. We shall also follow the 
method of Liubimov used for the case of non-stationary one-dimensional 
motions* 


R(t) = Ro(t)+eRy (+ .. 


Substituting series for R, p and p in Eq. (1) and equating the terms 
on the right with the terms on the left for the same powers of «, after 
appropriate transformations, we obtain a sequence of ordinary differen - 
tial equations for the determination of functions R,, R,, etc. 


As will be shown below, by proper choice of the main terms in the ex- 
pansions of the quantities 0R/dt and p in powers of ¢, we can obtain a 
satisfactorily accurate first approximation for the determination of the 
law of propagation of a shock wave (and evidently all parameters of the 
stream immediately behind it) and the pressure acting on the piston. 


In accordance with the results of [4] let 


$= (t$)+00 


RoRy 


v 





2 P 
P=—At 741 P1 (Ry*— a”) +- p; 


where p, is the initial gas density, = is the Lagrange coordinate which 
is introduced by the relation da = p,r’~ ‘dr, where r is the initial 





* Liubimsov, G.L. Method of solution of problems in gas dynamics and 
magneto-hydrodynamics of the flows with strong shock waves. 
Dissertation. MGU, 1958. 
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coordinate of a particle, vy = 1, 2, 3 correspond respectively to the 
flows with plane, cylindrical and spherical waves. The main terms are 
chosen such that in the case where R,(t) is the law of propagation of a 
shock wave, they will yield exact values of the corresponding quantities 
immediately behind the shock wave, i.e. for = p,R,"/v. 


After substitution of the expressions for 0R/dt and p into the inte- 
gral relationship (1) for the determination of functions R,(t) we obtain 
the following equation (index 0 is subsequently omitted): 


t 


9 2 a;? * oR” Pp ° R* 4 c I 
{(R-)| mn 4 —P + > + \ per Reds 


For simplicity it is assumed that at the start the gas occupies all 
space. 


We shall evaluate the accuracy of determination of functions R(t) and 
p° from Equation (2) by comparing the solutions of this equation with 
the known exact solutions of problems on self-similar gas motions. 


1. Impulsive motion of piston. Let 
R® = et"? 


(n ¢ -1). For n # 0 the motion is self-similar only under the condition 
that a, = 0,i.e. only as long as the shock wave may be considered to be 
strong. Assuming FE = 0 and taking R(0) = 0 from Equation (2) we find 


1 9 
y * (y, 9) R° y . do @ 9 = 
R=y °(,9)R, Batt (®=_ =) 
where x is the ratio of the volume displaced by the piston to the volume 
bounded by the shock wave and p* is the gas pressure immediately after 
the shock wave: 


> = @ 2 
Pp * > +H pf 


It is interesting that in the approximation under consideration the 
values x and 7° /p* do not depend upon each of the parameters n and v 
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separately, but only upon their combination %. Graphs of these functions 
for y = 1.4, i.e. fore = (y — 1)/(y + 1) are represented in Fig. 1. 














In this figure are represented the values y and p°/p*, obtained as the 
results of numerical integration of corresponding exact solutions for 

v = 2 (hollow squares, 3[6]) and for vy = 3 (hollow circles, 1[7]); 
for v = 1 and n= 0 the approximate values, predicated upon the choice 
of the main terms in the ¢-expansions, coincide with the exact values 
(hollow triangles, 6); for vy = 1 andn# 0 the results of exact calcula- 
tions are not available. Half-shaded symbols 2, 5, 7 for # -1 corres- 
pond to the exact solution of the problem of a strong explosion [8 ]. 
Finally, the black squares 4 correspond to the values obtained for the 
exact solution of the problem with a cylindrical piston (vy = 2), expand- 
ing according to the indicated law.* This case may be considered as the 
limiting case of impulsive piston expansion for n+ «, 


Fig. 1 shows that in all the cases enumerated approximate solutions 
for « = 1/6, have a quite satisfactory accuracy. 


2. Expansion of piston with constant velocity. If R° = UT, 
then the motion will be progressive also for a, # 0. Substitution of this 
expression for R® into Equation (2) for EF = 0 leads to the relations 


where 


* These values were obtained by V.N. Gusev [9 - 
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For v = 1 these relations are exact; their curves for y = 1.4 are re- 
presented in Fig. 2 by solid lines. For vy = 2 and vy = 3 these relations 
are only of approximate validity; relations obtained for v = 3 and y = 
1.405 by numerical integration of exact equations [8,10], are represent- 
ed in this figure by the dashed line. For v = 3 approximate expressions 
retain satisfactory accuracy up to the values a,/D~0.4-+- 0.5, which 
corresponds to ¢~0.3-+-0.35 and up to pressure ratios in the shock 
wave of the order 5-7. 
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3. Strong explosion. Assuming in Equation (2) R° = 0, p, = 0 
E % 0 and presuming R(0) = 0, we find 


4iz(v—1)+%,) 6,—7*—1 p 
(2 + v)*v (y¥— 1) (7 + 1)?” p’ / 


Figure 3 shows the curves of the approximate functions obtained for 
the quantities p°/p* and 
ss Rev Pi 2 
. t?) EE ouv(v + 2 
and y functions, and the exact values of these quantities [8] for 


foe LB & 
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From Fig. 3 it follows that in the case of the solution of the problem 
of the strong explosion, the approximate expressions for R and p° satis- 
factorily agree with the exact expressions up to the values 7 ~ 1.6 
1.8, i.e. up to the values ¢«~0.25~ 0.30. (Note that the relative 
error in the determination of R is v + 2 times smaller that the differ- 
ence corresponding to the quantity z between the exact and the approxi- 
mate values z in Fig. 3.) 


Thus, the examples presented of comparison of the approximate and 
exact solutions support the conclusion that the functions R(t) and p(t), 
determined by Equation 2, retain a satisfactory accuracy up to the values 
e ~ 0.20 + 0.30.. 


Equation (2) allows the computation of any non-self-similar motions 
resulting from an explosion and from the expansion of a piston (the equa- 
tion is easily modified for the cases when the initial volume of a piston 
is different from zero), provided the intensity of the resulting shock 
waves is sufficiently large, so that « does not exceed 0.2- 0.3. 


In particular, using the law of plane cross-sections, in solving this 
equation one may determine the form of a shock wave, which is created 
by the flow past a profile (v = 1) or a body of revolution (vy = 2) of a 
gas with large supersonic velocity. The pressure distribution on the 
surfaces of these bodies may likewise be determined, even in the cases 
when the front part is somewhat blunt [9]. 
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A further development of the work [1] is presented here. In comparison 
with the paper mentioned, this article contains a study of an elastic- 
plastic medium (depending on the effect of compaction) rather than a 
rigid-plastic medium, while the flow of the material in the incompress- 
ible state achieves a property similar to internal friction. The presence 
of an initial elastic component in the (co, @) diagram allows us to study 
the entire process of the propagation of the shock wave including the 
emission (radiation) of an elastic wave. This problem is investigated 
below as having spherical symmetry. 


l. The properties of the medium should be given by means of a law of 
volume change and a law of deformation due to change of shape. The law of 
volume change (o — 6 diagram) is given in the form 
6 c of a broken line (Fig. 1). It is assumed that the 
medium can exist only in two states: the elastic 
A initial (segment OA) and the compacted incom- 
pressible (B,BC) state; the transition to the 
second state takes place instantaneously at o = 
o, (this assumption requires, in general, a 
proof). o denotes the mean stress and @ denotes 
the dilatation. Line OABC corresponds to the 
active state (loading state). The unloading in the 
elastic state represents a reversible process, 
while in the inelastic state the unloading takes 
place with a change of volume (straight line CBB,). In the elastic 
state (line OA) the change of shape is subject to Hooke’s law. During 
flow in the incompressible state plastic work is expended. It is neces- 
sary to make some assumptions about what kind of work this is. In the 
plastic flow of metals the influence of the mean stress upon the plastic 
work is insignificant. Such an assumption appears not to be applicable 
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for soft soil. In this latter case it is more plausible to assume that 
the plastic work increases with an increase of the mean stress. So far, 
there have been few experiments along these lines. I propose to assume 

as a hypothesis (which should be verified by means of an experiment) 

that for spherical symmetry the change of the elemental plastic work in 
the transition from one state to a neighboring one be proportional to the 
change of the largest shear. The proportionality coefficient is assumed 
to be a function of the mean stress. This function should be determined 
by experiment. The mathematical formulation of this hypothesis is 


8A \\\™ (s) | 8y| dV (1.4) 


Here A is the plastic work, 5A is its change during the transition to 
the neighboring state, dy is the greatest shear during this transition. 
As long as there is no experimental information on the function alo), 
one has to make simple expedient assumptions. In the present article I 
shall assume that a(o) is a linear function. * 


This assumption leads to a plastic medium proposed at first by 
Ishlinskii [2]. A similar assumption on the soil property was made by 
Kompaneets in [3]. The following is a study of the propagation of a 
spherical wave in the described continuous medium caused by the detonation 
of a charge which filled a spherical cavity (cavern). It is assumed that 
at t = 0 the explosives occupy the initial volume of the cavity. The ex- 
pansion is accomplished adiabatically. We do not analyze the wave process 
inside the cavity. 


2. We relate the motion to a spherical system of coordinates whose 
center is located at the center of the spherical cavity. We denote the 
running radius by r, let u(r, t) be the radial displacement, v(r, t) the 
radial velocity, 9. 9, og, the stress components. Under the conditions 
of spherical symmetry 0B = % and we obtain for the mean stress 


9) 
T <Sq) 


In the elastic as well as in the plastic state the equation of motion 
has the form 


(2.1) 


0 
Pol Ot : or 


For an elastic medium p, , = p,. It is necessary to supplement Equa- 
tion (2.1) by Hooke’s law 


* A soil model of very general form was proposed by S.S. Grigorian | 4 - 
The scheme studied in this paper is a special case of it. 
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u 
9 
Sa 6 + <3, 


+ 2p 


ar’ 


In the elastic state, as usual, we do not differentiate between the 
Eulerian and the Lagrangean description of the process, i.e. du/dt = 
dv/dt. 


In the plastic state, because of incompressibility, we have 
C (t) 
~ ps 
where C(t) is an arbitrary function. Assuming that then 
3C (t) 
— 
and analyzing the plastic flow of an elemental spherical layer, it 
follows on the basis of the energy balance that 
3m (c) dv 
a r P2 dt 
Substituting from (2.1) we find 


3 
3, Se = m (3) 


which represents some *plasticity condition". As long as the necessary 
experimental results are not available we shall propose that 


> m (sc) = mys + m, 
From this follows 


(1 — mo’) o, — m, 


mo 
. nn, = — 


6. = - 


~ 4 + 2m’ 
In this paper we choose for a,” the value 1/4. This leads to the 
plausible result 


1 2 ‘ 
el ie (2.4) 

The constant m, has the dimensions of stress; it is expedient to 
assume that a, > 0. 


Let us assume an adiabatic expansion of the explosion products. Thus 
we find the stress o, at the walls of the cavity to be 


So (7) oy (a) ( =~ y" 


where a is the initial radius of the cavity and y the adiabatic exponent. 
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It is assumed that the initial stress o, = o,(a) is sufficiently 
large and capable of causing in the vicinity of the cavity a compaction 
of the soil which then continues to propagate. With the hypotheses stated 
above the propagation process of the shock wave can be described in terms 
of the following consecutive stages: 


1) the compaction shock wave propagates through the undisturbed 
medium; 


2) an elastic wave propagates through the undisturbed medium; behind 
it there follows a compaction zone whose boundary is the shock front, 
and the compaction of the soil continues; 


3) an elastic wave propagates through the undisturbed medium; behind 
it there follows a compacted zone whose boundary is a contact discon- 
tinuity. The plastic flow continues, but there is no new compaction of 


the medium; 


4) a compacted zone is established; the back front of the elastic wave 
has broken away from it and goes to infinity. 


3. Let us set up the equations and boundary conditions for the de- 
scription of each of the enumerated stages (the question of uniqueness 
of the solution of the problem has not yet been studied). 


Let us analyze the first stage (Fig. 2). The radius of the shock wave 
is denoted by r,- The mechanical conditions at the shock wave reduce to 
the following two: 


V,(r,, t) = ar, ', 34 (75, t) apr, *, x 1 <3 (3.1) 
Pa 


The index 2 refers to the compacted state of 
the soil, the index 1 to the elastic state. The 
prime indicates differentiation with respect to 
time. 


In the description we have adopted the soil 
represents a medium with a separating energy. 
Thus the mechanical conditions at the shock wave 
are not related to the energy conditions, which 
should serve as a check for the energy balance 
at the shock wave. 


The equation of motion (2.1) together with 
the incompressibility condition and the plasti- 
city condition (2.3) yields the following ex- 
pression for the radial stress component: 
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. Inr 2p, Cr(t 
¢; = pC (t) "? T 3 ,4 


Here C(t) and C,(t) are arbitrary functions of time. Functions C(t) 
and C,(t), just as two other functions r,(t) and r,(t), should be found 
from the boundary conditions. Two conditions (3.1) at the shock wave are 
already written out; the two other conditions are stated at the moving 
boundary of the cavity 


v (7, tih= Tr. (t), a (ry, t) = a, (7,) (3.3) 


One of the four unknown functions can be taken as the basic unknown 
for which, by eliminating the remaining ones, we obtain one equation. We 
choose * as the unknown and denote this quantity by the letter z. We 
obtain an ordinary second order differential equation for z, which is 
nonlinear and which does not contain time explicitly. If one interchanges 
the roles of the unknowns by taking z as the independent variable at 
z” = dz/dt at the unknown function then we obtain for z’? a first order 
linear equation 


(3.4) 
Here 


‘ ar! ‘ 
18 m’z’*— (az + 8) "(o, + m’) 


P (3) = Q (2) 


Zpe z 
az+6 


Equation (3.4) is to be integrated over the semi-infinite segment 
(a>, + «). The initial condition (at z = a*) is obtained if in the other 
equations (3.1) and (3.3) one goes over to the limit, letting r, + a and 


r.2 Ge 
s 


Thus, we obtain 


(3.5) 


The function o,, which enters Q(z), depends on z and, according to 

(2.5), is expressed by the formula 
» a? ¥y 
3, (7,) = Om ( azi+5) (3.6) 

Equation (3.4) is integrated by quadratures; an evaluation of the in- 
definite integrals in terms of elementary functions is not performed. 
The integrals can be evaluated approximately by different methods. How- 
ever, before one goes into approximate numerical calculations, it is 
necessary to determine the qualitative properties of Equation (3.4). 
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When studying the field of directions determined by this equation, one 
can show that the solution of Equation (3.4), which corresponds to the 
initial condition (3.5), decreases monitonically with increasing z (at 
least, starting from some value of z). Furthermore, evaluating | Q(z) | 
one can show that lim z*? = 0 as z + «. This means that the velocity of 
motion of the shock wave front decreases and approaches zero. Such a 
derivation leads to the conclusion that the first phase of motion cannot 
continue for all time. After the velocity of the shock wave becomes equal, 
and later also less than the speed of sound in the undisturbed medium, 
there should appear an elastic (sound) wave in front of the shock wave, 
i.e. there appears a second phase of motion. 


4. The new phase of motion will differ by the conditions at the shock 
wave, which now propagates along the zone of elastic disturbance. 


Instead of conditions (3.1) we obtain 


So (Fe, t) = o (75, f) 


Pi 


Ve (Te, {) = v1 (Fs, t) Os 


In the plastic zone the stress o, is expressed as before by formula 
(3.2). 
The conditions (3.3) at the boundary of the cavity are also preserved. 


In the elastic zone the radial stresses and the velocity are expressed, 
respectively, by the formulas 


A 2 , ‘ - 4 
a see Fle 2%) 4 P(e p PR 


- _ — A 
a,*r ao aor* ‘ r a 


5 ge r - 
pa wt is 2)—i2 4 
aor do r \ ao 


where a, is the speed of sound in the elastic medium. 


The forward front of the elastic zone does not generate any additional 
conditions. The only requirement is its propagation ‘along the character- 
istic," i.e. with sound velocity. 


Summing up what we have said so far about the problem of the second 
phase of motion, we come to the conclusion that it is necessary here to 
determine five unknown functions C(t), C,(t), r,(t), r_(t) and F(t), 
while there are only four equations (4.2), (4.1) and (4.3) available. The 
additional condition can be obtained from considerations of the stabil- 
ity of the shock wave. It is known that independently from the thermo- 
dynamic properties of the medium[5] the shock wave propagates with 
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supersonic velocity along the region which lies ahead of its front and 
with subsonic velocity along the region extending behind the front. Be- 
hind the front the medium is incompressible, the speed of the propaga- 
tion of sound is infinite and therefore the corresponding requirement is 
always fulfilled. From the point of view of the second phase of motion, 

in this phase the velocity of the shock wave with respect to the particles 
lying ahead of the front is always smaller than the velocity of sound in 
the region ahead of the front. This means that for 0 <0, < o, the motion 
will be definitely unstable. If a motion nevertheless takes place in the 
second phase then this will be possible only on one assumption, namely, 


that 
(4.5) 


This assumption we shall treat, in fact, as the missing condition (a 
direct proof of the stability of motion in this case should also be per- 
formed)*. 


Let us also make the following simplification: the second phase occurs 
when the radius of the front of the shock wave already considerably ex- 
ceeds (several times) the initial radius of the cavity. Then it is 
natural to replace formulas (4.3) and (4.4) by the following approxima- 
tion: ** 


vm — = Fe (t—2) (4.6) 


it follows that the boundary values a, and v at the front of the shock 
wave at the side of the elastic region will be 
— A+2e : ; 
%(7,,t) = X + 7/p Fs, 1,4) = = (4.7) 

Since now the boundary conditions ahead of the shock wave front are 
known, the four equations (4.2), (4.1) and (3.3) are sufficient to de- 
termine the four functions C(t), C,(t), ro(t) and r,(t). The unknown 
function F“(t) is then found from the functional equation 





‘-” rs (t) - Ao*Ce 
' (*— ao i K+ Fim? 





* See also [6 ie 


** This simplification is the more correct the smaller the extent of the 
second phase of motion. It would be desirable to replace this assump- 
tion by more accurate ones in future. 
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Conditions (3.3) and (4.2) are explicitly 
C (t) = r,*r,', C (t) = ar,?r,’ + Oa 
2 


From that 


— (a) air 4. 

4 (r0') -— t Pa 77) d(r.’) (4.9) 

At the beginning of the second phase v,/r,” is a very small quantity, 
and at the end it approaches unity. As a first approximation we take 


d (r,°) = ad (r,°) (4. 10) 


This is justified by the consideration that in the expansion of the 
cavity the main part should be played by the compaction of the soil, 
while the contribution to this expansion of the elastic yielding of the 
external region cannot be considerable. (This assumption refers to a 
disguised explosion. With the participation of a free surface the 
mechanism of the expansion of the cavity may be some other one). 


The integration of Equation (4.10), taking into account the initial 
condition, which requires continuity of ro asa function of on leads to 
the result 

r,> = ar,’ +- B 


Now one can introduce, as in the previous section, z = r.’ as the in- 


dependent variable and z’? as the unknown function. We obtain the fol low- 
ing equation for this function 


de yt 4 Da (y 2a) _ 18 (4 2p 
zo}  - @pa \A + 8 /gp: 


‘dz a tT 3p- Zz 
4p, 2” Sg — On (2.\| _ 1861 ,, 2,4, , 2Pr fg | 
— Bez [Im Za — 20 (F)|— arte [at (1— FE) 41) 


, ’ 18 , ' 
o, + m’ )z/- ap [oy (7) + mM) 2°— 


Here z, = az + B and function o, is expressed by means of formula 
(3.6). This first order equation is nonlinear in z**. The initial condi- 
tion is the continuity condition on z° at the transition from the first 
phase of motion to the second one. The continuity of z° follows from the 
fact that although the right-hand sides of the differential equations 
(3.4) and (4.11) are different, the changes, however, do not have an 
*impulsive* character during the change of the phases of motion. One can 
construct isoclinics for Equation (4.11) such that one can clarify the 
qualitative character of the motion in the second phase. The study shows 
that in this phase z” (and consequently also the velocity of the front 
r,”) will decrease monotonically and approach zero. 
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5. It is easily shown that the described phase of motion cannot extend 
to the state of test. Actually, before r, goes to zero, the equality 
r, =v, will occur, and because of the law of conservation of mass 


(7. — %) p= (r,’ — 2) Pe 


where r.“ = v, should hold. Thus at the given moment the shock wave, 
having completely exhausted itself, ceases to exist. However, the motion 
still persists. It is natural to describe the following, third, stage of 
motion as a motion with a contact discontinuity, where at the boundary, 
which separates the compacted region from the elastic one, the velocities 
as well as the stresses are equal. 


The boundary conditions at the contact discontinuity will then be ex- 
pressed as follows: 
6, (r,, t) = 2, (rz, ¢), ve(r,, th = 2, (rs, 2b) (5. 1) 
One should supplement them by the condition due to which the surface 


of the contact discontinuity would consist of identically the same 
particles 


= Vv; (Ts, t) (5.2) 


The conditions (3.3) at the boundary of the cavity remain the same as 
before. Thus we have here five relations for determining the values 


C(t), C; (t), ro (), rs (t), BT (Ts, t), | (rs, t) 


The last two functions v, and o, are independent. Actually, within the 
accepted accuracy 


01 (Fey t) = — (K+ 2p) BE 9 


The number of equations corresponds to the number of unknowns which 
can thus be found from here. If we introduce as before z = ae we obtain 
a differential equation for this unknown function 

48oz"? 18 a3y 


——=; = — 7g —————- 
3z (2 — Bo) Pa” (z — Bo) *'* 


6(A +2 { 18m’. , 1 
(A+ 2p) 2’ — Is - (z — B,)**) (5.3) 


Here 8, is the volume of the medium compacted during the whole dura- 
tion of the process multiplied by 3/47. The initial condition on z”? 
comes from the continuity of this function at the transition from the 
second phase of motion to the third one. 


A study of Equation (5.3) shows that z’? goes to zero at some finite 
value z. This corresponds to the stopping of the motion of the plastic 
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layer. There the third stage of motion ends. 


After z’? has been found as a function of z one can determine the law 
of motion of the surface of discontinuity (impulsive or contact). In 
fact, if 


z 


2’? = f(z), then \ 


t 


. 
Vs) 


under the condition that the time is counted from the instant of the ex- 
plosion. It should be noted that, although in principle this third phase 
of motion is wumavoidable, its duration and the practical meaning are 
obviously negligible. 





Plastic zone 





Cavity 





Il ‘111 Iv 





FIG. 3. 


6. The last stage of motion, which arises after the stopping of the 
plastic zone, remains to be studied. In this stage the motion takes 
place only along the outside region where the elastic wave propagates. 
Its propagation is determined by that *initial* velocity distribution 
which occurs at the instant of the stopping of the plastic zone. There 
is then a rear front being formed next to it, which separates it from 
the boundary of the compressed zone, and the elastic wave goes to in- 
finity. This part of the problem is solved by well-known means. 


From our analysis in relation to the accepted values of the parameters, 
we can determine the instances of transition of one phase of motion into 
the other, the radius and volume of the compacted zone, the radius of the 
cavity, the energy of the radiated elastic wave and the energy irre- 
versibly lost in plastic deformation. However, the solution of all these 
problems requires the completion of numerical calculations. The kine- 
matical picture of the propagation of the boundary of the cavity and the 
boundary of the compressed medium can be portrayed qualitatively in Fig. 
3, where time is plotted along the abscissa, and the boundaries of the 
respective regions during all studied phases of motion are plotted along 
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the ordinate. 


I should like to express my gratitude to A.A. Grib and S.S. Grigorian 
for discussing this paper with me. 
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This paper represents an extension of [1]; the idea of the work is con- 
nected, on the one hand, with the studies of the Chinese scientist, 
Chien, [2] in which the deflections of circular plates are determined 
by means of expansions of the stresses in powers of the deflection of 
the center of the plate, and, on the other hand, with the work of Mush- 
tari [3] on the semi-nonlinear treatment of the problem of the deter- 
mination of deflections of shells. In [3] the nonlinear equations are 
linearized with respect to the higher harmonics of the deflection in 
stress functions, and the non-linearity with respect to the fundamental 
harmonic of the deflection having the largest amplitude is taken into 
account. This permits the inclusion of the principal part of the non- 
linearity connected with the large deflections and considerably simpli- 
fies the calculations. 


At each step of the consecutive approximations presented in this work 
the equations are likewise found to be comparatively satisfactory with 
respect to the fundamental harmonics of the larger amplitudes; the de- 
termination of the higher harmonics of the deflections and the stress 
function is reduced to the solution of linear equations. Since the 
higher harmonics are usually small and their frequencies high, in deter- 
mining them the curvature of the shell and the nonlinearities of the 
problems have been disregarded. 


l. The equations of the theory of shallow shells may be written in 
abbreviated form [4]: 


A*®D = Eh{+[w, w] + [w, w*}} (4.4) 
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DA*w + [w°, D] + [w, D] = pP 


using the notation 


[w, D] = 2wyDxry — Wy Ox — WxxDyy, [w, W] = 2 (Wxy* — WexWyy) 


2,,, ) on) 
Wrz = O*w/dz", A*w = Werex + 2Wexyy + Wyyyy 


Here E is the modulus of elasticity, Ah the thickness of the shell, v 
Poisson’s ratio, wv the height of the shell above the foundation before 
deformation, w the deflection, p the amplitude of the loading of the 
shell, P the loading function, ® the stress function in terms of which 
are readily expressed as well as the 


the membrane stresses T. Ty T 
for example, 


zy 


strains of the middle surface Cao Say 


xy’ 
i 


T. = Oy,, ex = (D,, — v®,.) = uj 4 ~w:' \. ww, (1.3) 


where u,, uy are the displacement components in the tangent planes to 
the shell. 


It is easy to obtain the required similarity theorem [4,5]. Intro- 
duce the notation 


v° = w°/h, v= W, h, uy uy, h? @’ = @, Eh, u,* = Ug, h? 


where v° is the reduced height of the shell above the base, v the re- 
duced deflection. Dividing (1.1) and (1.3) by Bh*, (1.2) by Eh* and (1.4) 


by h?, one obtains 


Ag --[v, v] + [v, v®] 
i 2 oO . . 

; = > { ? 
iTi—w* A*v +-|v°, DO] 4+-1v, O} 


lr,” =7T,/Eh* = Dy, DO, ~ vO..." Ux + 


Using these relations, it may be deduced that two shells having the 
same relative height v° above the bases, differing only by the modulus 
of elasticity and thickness and having the same relative geometric 
dimensions will experience the identical reduced deflections v = w/h, 
provided the reduced transverse loads p/Eh* and the reduced tangential 
displacements of the edges of the shell u, /h? and u,/h? are identical 
and the longitudinal edge loads are related to each other as Eh’. 


2. Taking into consideration the above similarity theorem, one may 
make the deduction that in order to obtain the relationship between the 
reduced loads p/Eh* and the relative deflections w/h it is sufficient to 
study a shell of any arbitrary thickness and any modulus of elasticity. 





A process of successive approximations in shell analysis 


Using this fact to improve the rate of convergence of the successive 
approximations, at each step of the approximations one will not only 
change the deflections but also the loading, the thickness and the mod- 
ulus of elasticity of the shells and their dimensions in the same manner 
in order to obtain more exact satisfaction of the equations. 


Ail the geometrical dimensions, except for the thickness of the shell, 
will be left unaltered. 


3. Description of the method. Consider a shallow shell, freely 
supported or clamped along the edges and under transverse loading. Using 
the relation # = hv®, Equations (1.1) and (1.2) will be reduced to the 
form 


A*® = Eh - [w,w] + A[v®, wl} 
A*w = D™* {—h[v°®, OD] —[w, O] + pP 


Substituting h = ¥ 12(1 - v*)D/Eh, one obtains 


A*®D = Eh\; [w, w)+Vi24—v)D/Eh {[pr°, w)) (3.2) 
Atw = D1 {—|w, ©) + pP—V 12 (1 —v*) D/Eh [v®, DO (3.3) 
Substitute now the arbitrary values Eh = (Eh), and some approximate 


expression for the deflection w = w, of the shell in the original 
approximation and determine from the equation 


A*®, = (Eh), {}[w,, w,] +V120 —) D/ (Eh), [v®, w,] | (3.4) 


the function ®,, satisfying the support conditions of the shell. Sub- 
stituting the found value into (3.3), solve for » with n= 1 the equa- 
tion 
(3.5) 

A*u n Dp (— [w», = Je O,, il T Pap Y 12 - v*) D (£ h)n—, (v ’ ®,,. i }) 

Its solution will be presented in the form wv, = wv.” + Pw,» where 
w,” is that part of the deflection which depends on the external load- 
ing p,. 


This quantity will be determined from the condition of equality in 
the nth and (n + 1)th approximations of a certain generalized displace- 
ment (w, ¢); the symbol (w, d) denotes the scalar product of the de- 
flection function into some approximately selected function ¢, consider- 
ed as vectors of a functional space. In the capacity of such a general- 
ized displacement it is convenient to choose the generalized displace- 
ment for which the rigidity of the shell is smallest. Since the smallest 
rigidity is obviously attached only to one of the orthogonal, between 
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themselves, generalized displacements, it follows that if the general- 
ized displacements of small rigidities are equal, the total displacements 
will differ but little from each other. 


However, as will be shown later, the convergence will be sufficiently 
good even in the case when the function ¢ does not correspond to minimum 
rigidity of the shell. For example, in order to simplify the calculations, 
one may take in the capacity of the function ¢ the Dirac function and 
determine the quantity p, from the condition of equality of the deflec- 
tion of the center of the shell a in two consecutive approximations 


(3.6) 


Wy (2) = Wy’ (2) + PnWn” (2) = Wa, (4), Pn = (Wn—; (@) — Wp’ (@)} / Wn” (a) 


The following approximations for ® are obtained by means of the solu- 
tion for n= 1 of the equations 





A*D, = (Eh)n{z[wn. Wal + VI2(1—V)D/(Ehn (2°, wa) f (3.7) 


The solution will depend on the rigidity in extension (Eh). This 
last quantity will be determined so as to fulfil the condition 


(®,, ?) (®,, 1» ) (3.8) 


for some function w. Using the relations (3.9) 





hn = Wi2(i1—v)D/(Eh)n, En =(Eh)n/hn  (D = E,h,?/12[(1 —v*}) 


the corresponding values of the thickness h, and modulus of elasticity 
E of the shell in the nth approximation will be determined, where for 
this purpose the cylindrical rigidity Eh? (1 ~ v?) will be the same for 
all approximations. 


Since the solution of the equation (3.7) is determined exactly only 
within a linear function of the coordinates which does not influence the 
magnitude of the membrane forces (membrane forces are determined by 
second derivatives, these derivatives of linear functions are equal to 
zero), the function W will be chosen orthogonal to the linear functions 


(i, 9) _ 0, (z, >) — 0, (y, >) _ 0 (3.10) 


As a result of the above process of successive approximations one may 
obtain sufficiently exact corresponding values of the deflections, 
stresses and stress functions for shells of a certain thickness (the 
thickness of the shell and its modulus of elasticity are determined in 
the process of calculation). Changing the original approximation Wo, one 
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may establish a continuous set of values, corresponding to each other, 
of reduced deflections and loads. Analogously, one obtains the subsequent 
approximations. 


In order to clarify the above study, consider the solution of the 
equation 


Awa = fn (3.14) 


by the method of Fourier; f, denotes here the right-hand side of Equa- 
tion (3.5). Expand the function f, in eigen functions of the operator 
A*, i.e. in functions ¢, satisfying the boundary conditions of the 
support of the shell and the equations 


AY, = hig, (i = 1.2,...), In = Dy fni $i (3.12) 
| 
The solution of (3.11) will be sought in the form 
co 
Vn = >} wnt Pi (3 13) 
1 


Substituting (3.13) and f, from (3.12) in (3.11), one finds, taking 


the first relation (3.12) into consideration, 


D) wns NP = Dh Ant Pi (3.14) 
1 i 


(Compar ing coefficients of ¢; on both sides of this equation one ob- 
tains 


1/ eae 
Wri hy = Ins ’ Wri = —a Ww, = >; nf Pi (3.15) 
A 


1 “t 
Obviously, the eigen values of the operator A’? form a rapidly increa- 
ing sequence; hence the magnitude A, of the first eigen value will be 
considerably smaller in absolute value than the remaining eigen values 


Ag, A 


ae 3° 


Therefore, the first term of the sum (3.15) will often be larger in 
magnitude than the sum of the remaining terms of the series. In order to 
achieve a greater rate of convergence it is desirable to change the load 
at each approximation step such that the coefficients f,, remain un- 
changed, the other coefficients being small so that they will change but 
little. Under these conditions the consecutive approximations will be 


close to each other, and this will mean rapid convergence of the approxi- 
mations. 


Since the exact values of the eigen functions ¢, are unknown, one may 
regulate the loads for the execution of the calculations, in order to 
keep constant the quantities 
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Jn = (Wad) = 1 (a4) (3.16) 


Since the first eigen value is often a quantity which is much smaller 
than the remaining values, one has the approximate equality 
ws Sn In 
2 a (i @) = (Pu) (3.17) 


(Wn, 9) 
i=! 
On the strength of this approximate equation the equality of the 
quantity f, . = f;,_1)_; may be approximately replaced by the equality 
of the scalar A 2 lw, d) = (w._, @). 


This justifies the proposed procedure of the correction of the load- 
ing. It should be noted that the equality (3.17) will be the more exact 
the closer the function ¢ is to the first eigen function. In the capa- 
city of this function one may recommend the use of the function w) which 
has as fundamental component the first eigen function ¢,; however, if 
this is too difficult for practical calculations, then this recommenda- 
tion may not be maintained. 


(Note. In an analogous manner one may correct at each step of approxi- 
mation the thickness of the shell A in such a manner that there will be 
the possibility of keeping unchanged the component of the expansion of 
the stress function in eigen functions corresponding to the least non- 
zero eigen value (a linear function of coordinates is an eigen function 
of the zero eigen value of the operator A?). 


It may be expected that the above method of successive approximation 
will give faster converging consecutive approximations and its region 
of convergence will be wider than those of the earlier known methods. 
This may be expected, since for the above method at each approximation 
step the displacement components and stress function components of small 
rigidity remain unchanged,and only the components of the deflection and 
the stress functions for the higher eigen functions of larger rigidity 
change, which generally speaking are small in value; therefore, it may 
be expected that their changes at each approximation step will likewise 
be small, i.e. the process will be fast converging. 


Obviously, the advantage of the described method over the previous 
methods of successive approximation is only evident in those cases where 
the first non-zero eigen value of the operator A? is considerably less 
than those of the remaining eigen values. ) 


4. Application of the method of successive approximations may be some- 
what simplified by a modification which gives it the form of a method of 
expansion in series of powers of a small parameters. 
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Let Equations (3.2) and (3.3) be presented in the form 


A*®D = nEh {> Iw, w)+Vi2"i—v)D/Eh [v°, w) \ (4.1) 


Atw = pD* {—|w, ®} —V12(1—v*) D/Eh|v°, D}} + DpP (4.2) 


The quantities w, ®, Eh will now be sought in the form of the power 
series 


P=Pot+tPr + v'P2 +..-, ) = Wy + ew, + Aw, 
D = pO, +p’, +..., J -{ + u*B, 


where B, is an arbitrary positive number. 


Substituting these expressions in (4:1) and (4.2) and comparing co- 
efficients of the Maclaurin expansions in powers of » on the left- and 
right-hand sides of the equations, one may obtain a series of recurrence 
relations for the successive determination of the coefficients in the 
series (4,3). 


In addition to these relations, one must also use the equations 


(Wy + ty +..." ! Wa G) = (Wy + w+... + B™? We_) + Wn, @) 
(uD, +... +2"? Op_, , o) = (uO, +...4 w™-? D,_, + "Dy, 9) 


i.e. the equations 


(wn, po) = 0 for 1>0 (on, ?) = 0 for »>1 


which are employed for the determination of the coefficients p, and B,. 
An example of the application of the method of expansion in a small para- 
meter follows in the next section. 


5. Example 1. In order to compare different versione of the method of 
successive approximations let us consider one of the few problems which 
have an exact solution, namely, the problem of Bubnov on the cylindrical 
bending of a plate of infinite length in one direction with its long 
edges supported in such a way that these edges may not move, but can 
freely rotate. The origin of coordinates will be placed at the middle of 
the plate and the x-axis parallel to the short side of the plate. 


The membrane force Th arising in the plate, is determined by its re- 


lative extension [4 ] ; 


2 

Eh (¢ Wx 

T. =i \ T® 79", (9.1) 
— 
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This force is the same at all points of the plate. The stress function 
has the form 


® = T= y+ wT. a (5.2) 


The equilibrium equations and boundary conditions are known to have 
the form 


DW ern = P + T Wy, w (i) = w(—/) = w,, (I) = w,, (—) =0 (5.3) 


As an initial approximation for the deflection the deflection func- 
tion will be chosen which is obtained from the elementary theory of in- 
finitesimal deflections of plates, not taking into account membrane 
stresses: 


Wy (x) = Wy (7s (5)" +5| (5.4) 


Giving Ey and ho arbitrary values, approximate values of the membrane 
forces To will be calculated with the aid of (5.1): 


l 
(Eh), 4 15,54 (Eh),w,? ; 
T= G—vyi ) 2 *= awa ((Eh)y = Byho) (9-5) 
= f 
These values are then substituted on the right-hand side of the first 
equation (5.3), which is then solved for the boundary conditions (5.3) 


for w». One obtains 


Dw p+ 7 20 Menn* D = E,h,3/(1 — v*) (5.6) 


1xxxx 


i fe\e 1/2\4 S/z\2? 61 i z\* . (z\2 
w (2) = PDT -9¥ | 35 (3) 5(5) +5(3) — 5 | +342" |(7) - 6 (5) +5 | 
(5.7) 
The magnitude of the load p, is now determined from the condition of 


equality of the deflections of the middle surface of the plate in the 
initial and first approximations w, (0) = w, (0): 
64 ates ‘ aT 5.8 
. 99 DT 4+ 24 D-'i*p, = Sw,, Pi = 24D (w,/l*) + 9.767 xo (Molle) ) 


Substituting this expression in (5.7), one finds the correction 5 (2) 
to the initial approximation w(*) 


w, (x) = wy (x) + 31 (z), by (z) = D“T lw, [3 (3)"~75(3)'+ ss ()'] (5.9) 


Further, putting in (5.1) Eh = (Eh),, and evaluating with the aid of 
(5.5) and (5.10) the new approximation for the membrane forces, one 
finds 
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l 
{ id 
\ 5 Wax'dz + \ Wx (2) 8,42 + 
ant =f 
(Bh), 7 -j 5 2 
= {0.000345 (/?D-'T',,.)* + 0.04464D-'T’_. + 15.54) wy 


x (14 —v*) (5.11) 


If in correspondence with the ideas of the method of expansion in 
powers of a small parameter one neglects in (5.10) the integral of the 
square of the small correction 6? in comparison with other terms as a 
quantity of higher order of smallness, one obtains the formula 

Eh), 


= a (0.04464/°D-!T’_, + 15.54) we? (5.12) 


x1 


In accordance with the formula (5.2) the values of the stress func- 
tions in the initial and first approximations are equal, respectively to 
the quantities 


1 1 1 1 
®, = T x0 (5 y?+ v2"), ®, Ts (5 y* 4 v2" | 
In the present case Equation (3.8) reduces to 


1 a 1 1 . , 
an 7¥+5%* |.) = T,, ( p¥'+zy |. ¥) wm TLL = Ty (5.13) 


Substituting in it the last relation (5.12) and (5.15), ome finds the 
equation for the determination of (Eh),: 
(Eh); » 4 Ad qj ¢ (Eh), 
a—v) A (0.44647 D~- 7 at 15.54) w.?= a—vr 15.54w,* 


Solving this equation for (Eh), and replacing To by its expression 
(5.5), one has 


0.4874 (v2)? 1 
he 


Further, from (3.9), one finds the thickness and the sodulus of elas- 
ticity of the plate in the second approximation 


(Eh), = (Bh), E i 


(5.14) 


hy = V12 (1 — ¥*) D/(Eh),, BE, = (Bh), /hy (5.15) 


Using (5.5), (5.7) and (5.15), ome may by use of a series of increas- 
ing values of * evaluate the corresponding approximations of the deflec- 
tions, loads, membrane forces, thickness of the plate and their moduli of 
elasticity. Thus, the solution of the problem is not only obtained for 
one specified plate, but for different loadings for different plates; 
however, this is completely sufficient for the purpose of construction 
of graphs of the dependence between the reduced load p,/E,h*, the reduced 
deflection », and the reduced sembrane stresses T, /E yh . 
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Using the preceding relations one may deduce the following approxi- 
mate relations between the deflection of the middle of the plate and its 
load: 


w, (0) : w ()9/hy? 
*— + 1.3335 79792143 (w, (OAL) (5.16) 


1 
h 





However, the use of these formulas is not at all necessary, as one 
may with equal success construct the graphs of the relations between the 
reduced deflection and the reduced loading as this has been indicated 
above. 


In the following table are given the results of computations of the 
values of the reduced loads p° = pl*/en, causing different relative de- 
flections of the middle of the plate; in the first column are stated the 
relative deflections of the middle of the plate, in the second the 
corresponding exact values of the reduced stresses, in the third and 
fourth the approximate values of the loading evaluated by the method of 
Chien [2 ] by means of expansion of the loading in powers of the deflec- 
tions in the second and third approximations, in the fifth column are 
found the values of the loading, evaluated in the second approximation 
by the described method with the aid of Formula (5.16). 


Next to the approximate values are given the percentages of their 
relative errors. 


TABLE 





pli) 2nd pli) 3rd f° (5.16) 2nd 
approximation approximation approximation 


p exact 








0.225(9) | 0.225(7), 
0.843 0.835, 
2.24 2.49, 
4.8(0) 4.6(4), 


0.1% 0.226, 0.05%]  0.225(8), 0.05% 
{ | 0.845(6), 0.4 0.841(4), 0.25 
ln =’ ee * * 0.5 
3.: $.9(5). 3.4 4.8(3), 0.6 
8.9(3) 8.4(0), 6 | 9.30), 4.5 8.9(6),  0.(4) 
6 
6 
6 


15.(0) 14.2, 
23.(4) 22(0), 
48 .(8) 46(0), 








16.4, 9 15.6, 4 
26(9) 17 25(3) , 8 
632), 30) 58(9),  2(0) 





wonwn. = - © 


6. Exauple 2. Let us now consider the problem of the determination of 
the deflection of a circular plate of radius «a which is subjected to a 
uniformly distributed pressure p. The edge of the plate is assumed to be 
rigidly clamped; this means that the rotations and displacements of the 
edge of the plate are assumed to vanish. Let r denote the distance from 
the center of the plate, » the deflection, NW the magnitude of the radial 
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membrane stress, £ the sodulus of elasticity, wv Poisson's ratio and hb 
the thickness of the plate. 


As has been shown in [2], introducing the new coordinate 
(r?/a*) (6.41) 


allows us to give the compatibility equation and the corresponding bound- 
ary condition the fors 


(i—2), Nl,. = —; Bhw,? 2N, —(i—vgN=0 for x =0 (6.2) 


The magnitude of the radial sembrane force W is related to the stress 
function ® by 


N=09,/r 2®,/a* (6.3) 


The equilibrium equation and boundary conditions for the deflection 
have the form (cf. [1 }) 


-|(i—z)w v*) Nw, 


x ex - 
(6.4) 
As initial approxisation for the form of the deflection, the deflec- 


tion shape of the plate for infinitesimal loading will be taken: it is 
determined by (6.4), if one sets there W = 0; 


Wy (Z) = wor” (6.5) 


Substituting this value ¥_(*) for » on the right-hand side of (6.2), 
replacing £ and A by arbitrary positive numbers E, and ho and solving the 
corresponding equation for NW, one finds 


; 


Ng Eww? + [3 = =4 z+2'*+ =| 6.6) 


The corresponding values of the stress function are determined by 
means of the solution of the equation [cf. (6.3)] 20, /e = N,- 


The solution of this equation has the forms 


®, (2) = —1 at \ Nedz + ®, (0) 


oe me 
®, (z) Eohea® 3; _% > 


Substituting (6.5) and (6.6) for » and W on the right-hand side of 
(6.4) the resultant equation will be solved for w,; the magnitude of the 
load p= p, in the first approximation will be chosen such that the de- 
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flections of the center of the plate in the first and initial approxi- 
mations coincide; as a result of the computations one finds for the de- 


flection 
W, (x) = Wy (z) + Bw (z) (6.8) 


w,? 83 — 43v ; 
b\w (z) = >a" (14 — v*) z? (1 — z) 7. +- 232 +- 82? + 22° (6.9) 


for the load 
Egh,? 1+ ’ 
16 _ Behe! _ {We + “aan (173 — 73v) ha 


Aa=-s a* (i — vi) (6.10) 


Further, according to (3.4), the quantity ®, will be determined by 


means of solution of the equation 
2N,, —({—v"\,=C for s=0 (6.11) 


1 
{(1 — z) Mile, = — > Evy’, 


and the successive determination of ® from the equations [ cf. (6.3)] 
x 
20, a 
—— N,, D, (x) - 7 \ Mids + MD, (0) (6.12) 
0 


If one substitutes in (6.11) the expressions (6.8) and (6.9) and in 
correspondence with the method of a small parameter neglects the square 
one may obtain from (6.12) 


of a small correction and its products, 
(6.13) 


- 1 ~ 1 1 1 
y PE {+ (7=se+ - z? + > 2+ ry zt) 3 + 


(4 —v¥) 1600—104v 80—52v/, , 
[ aH (attest a) 


D, — < 


} Se 
. i—v a 





(1 — v)? 
501 — 249v | 123 39 9 
a = 7 2'—F |} +0,.0) 


l= howe 8 


+ F756 Wo" 


The quantity EB yh, will be determined from the condition of equality 
of the mean vabues of the face W in the initial and first approximations 


a 


a 
1 
| Nye = ~ | wide 
0 0 


In accordance with (6.7) and (6.12) this equation reduces to the con- 


dition 
| 1 
~ Fae {Do (a) — , (0)} = 5g {M1 (2) — ®, (0)} (6.14) 


which corresponds to (3.8) for 
| 
¥@)=—s5 {3 (x — a) —3 (z)} 


where 5(x) is the Dirac-Dirichlet function. 
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If one substitutes in (6.14) the earlier expression for the stress 
function, one finds for v = 0.3 
w,* 
h,* / 
Since it has been agreed to change the quantities E,h in such a manner 
that for this the cylindrical rigidity does not change 


Ej? = Eyh;*®, ... (6.16) 


0.657E hoew,*? = Eyhy (0.657~,* + 0.0257 (6.15) 


Thus, dividing the corresponding terms of (6.15) by the terms of 
(6.16) one obtains 


.657w,* 
h,* 


i w,* —— : 
=r (0.657w,* + 0.0257 7)? he? = hy* — 0.0392w," (6.17) 


Replacing in accordance with (6.16) in (6.10) Egho° by E,h,? and ex- 
pressing in the same formula the quantity h,? by h,? from (6.17), one 
may obtain for v = 0.3 


E y [1 -- 0.0392 | eI] } (6.18) 
7. For cases of supports of shells for which the equations of the 


linear theory of shells are easily solved, one may apply a faster con- 
verging method of successive approximation. 


For this purpose let ®* = ® / Eh and reduce the system of equations 
(3.2) and (3.3) by means of transfer of all linear terms to the left-hand 
side to the form 

Ao — VY 12(i— v4) Dl», w) =+V Eh[w, w] (7.1) 
Ddtw + V 12(f1—v4) D[v, ©} = P—V Eh[w, D} (7.2) 
The system of equations will now be solved successively 
A’®,_, —V 12(1— v4) Dlv, ways) = + V(Eh)n—i (Wn, Wal (7.3) 
DA*w,, + Vi24—V) Dv, Orgs] = PnarP —V Eling; (Wa, Da} (7.4) 
For this purpose the quantities (Zh),, , and p,, , at each step of 


approximation are adjusted so that the quantities 


(Dn41, y) = (®,, $), (Wa+t ?) = (Wn, ?) 


remain unchanged. 


The above method may be applied without change to the determination 
of the deflections of shells under longitudinal edge loadings. Applica- 
tion of the method of perturbation and of the method of successive 
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approximations to longitudinal bending without utilization of the 
similarity theorem for the improvement of the convergence has been given 
in the papers [6,7]. 
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Ishlinskii [1] proposed a version of the theory of plasticity assuming 
that the yield surface moves as a rigid body. Later on Prager [2] in- 
dependently discussed the same idea in application to the kinematic models 
interpreting the behavior of plastic systems. In [3,4] the possibility 
of analytic formulation of a law of anisotropic hardening has been 

studied as proposed by Ishlinskii and Prager. The present note studies 

the law of anisotropic hardening in the formulation of the paper [4]. 


It is shown that the version of the anisotropic hardening body propos- 
ed in [4] leads to equations of the hyperbolic type, extending the 
quantitative feature of the ideally plastic material to the case of hard- 
ening bodies. In this note relations, corresponding to the plane state 
of strain and likewise to three-dimensional problems, are considered. In 
the last case, it is assumed that the state of stress corresponds to an 
edge of the yield prism generalizing in accordance with [4] the Tresca 
plasticity condition. 


The case of plane strain will be considered first. The basic relations 
may be given the form [ 4 ] 


— c&,) — (9, — ce)? + 4(t,, — c,,)* = 4k*,. k, ¢ = const 


de. 4 de., 


(6, — ce,) — (9, — ,, (o,— — —c 2 (Ty — CS xy 





) 


The conditions (1)-(3) must be augmented by the conditions of com- 
patibility of deformation 


Ow ; J dw v 


dz ~ dy * — Oy * or 





i /du- do 1 / du Ov 
tw = F(a +e): o=3(%-%) 
For the following the notation« _=-~« = €, Cay" ¥ will be intro- 
duced. The condition (2) will be satisfied by writing 


6. = p+kcos 20 + ce, o,=p—kcos20—ce, tT, =—ksin 20 +c (5) 
x v v af 


= 


Substituting (5) into (1), one finds 


Gr — 2k sin 205 +2 cos 2 by + ° 3s c = 


SP + 200820 Fo + 2ksin 20-5 —c 2 4 SL 0 6) 
These relations must be supplemented by (3) and (4) which assume the 
forms 


de sin 20 — dy cos 20 = 0 (7) 


dw Oe or 0 oe oy 
dz ~ dy + Gz =% by ~ oz ~ dy =° 

It is readily verified that the five equations (6), (7) and (8) for 
the five unknowns p, 6, «, y, w are of the hyperbolic type with the 


characteristics given by 


dy — tg (04-+«)dz = 0 (9) 
Let 


dé, = dy cos(@ + + x) —dr sin (0 +) dy = dy cos (0 - +n) — dzsin(o—+r) 


Along the characteristics one has relations, generalizing the well- 
known Hencky relations 
(10) 
-. ae. dp ., 0 —_—— - 
7 2k (3 cos 20 + 7,820) = 03, + 2k a, —¢($ cos 20+- Fy sin 20) = 0 


It will be noted that de cos 20+ dy sin 20= dy *, where dy ®* is 


the shear strain along the characteristic. 


It follows from Equation (7) that the relations of Geiringer apply, 
asserting the absence of extension along the characteristics. 


Next, the three-dimensional problem will be considered. By [4] and 
[5] the condition of plasticity will be written 


[(o,, — ce,) — (0 — ce) + 2/3k] [o,, — ce,) — (o — ce) + 2/3 k] =(t,, —ce,,)* (xyz) (11) 
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where o = 1/3(o, +o. + o,), e = V3le. + Sh «,). The symbol (xyz) de- 
notes that the remaining relations are obtained by means of cyclic per- 
mutation of the subscripts. 


Further, one has to use the transformation of variables 


oc. = p+ 2k cos* 0, 


2k cos.8_ cos 8 
x «x Vv 


“xy 


Substituting (12) in the equilibrium equations 


(xyz 


and supplementing them by the condition cos*6. = cos*6 | + cos*@ | = 1, the 
relations of the law of plastic flow [6 ] ; 


oe 
yz 
r =0, 


{) Zz) 
dy (zy2) 


one obtains a system of thirteen equations for the thirteen unknowns p, 

6, © op Baas w, (xyz). It is readily verified that this system belongs to 
the hyperbolic type and that its characteristic determinant may be written 
in the form 


(grad Yn) [(2 grad Ym)? — (grad ¥)*?] = 0 (16) 


where ¥ is the equation of the characteristic surface, m = cos 0 i + 


cos OA + cos 6k. 


Thus, it has been shown that the generalization of the relations of 
the theory of ideal plasticity, proposed in[4], permits extension of 
the quantitative feature of the solutions of the theory of the ideally 
plastic body to the case of anisotropically hardening materials. In a 
certain manner this circumstance corresponds to experimental evidence: 
formation of Luder lines and slip surfaces. 
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It is known that the relations of the laws of the deformation theories 
of isotropic hardening reduce to equations of the elliptic type, compli- 
cated from the point of view of practical application; by the character 
of their assumptions the theories of isotropic hardening are of little 
use for the description of the actual behavior of plastic bodies, which 
is invariably accompanied by anisotropic hardening. The laws of the de- 
formation theories of isotropic hardening essentially correspond in 
nature to isotropic nonlinearly elastic bodies. 


The above results show that the simultaneous study of the effects of 
anisotropy and hardening may lead to a simplification of mathematical 
problems. 
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l. We shall consider a body made of a material subject to creep; let it 
occupy the volume V, bounded by the surface S. On part S, of S let there 
be given the stresses 


o, COS AT + T,, COS My + T,, COS NZ Js 


on part S, the components of the velocity vector 
- - . - y's 
Inside the body one has the equilibrium equations 
Oe ot OT x2 
x ae xz +F,=0 sited (4.3) 


oz + oy Oz 


Here and in what follows the symbol (xyz) denotes that the unwritten 
formulas or expressions of components are to be determined by cyclic 
permutation of the letters x, y, z. 


The surface loading and body forces may, generally speaking, depend on 
time t. We will assume that the components of the strain-rates 
ov, Ov, 


y — += :) (1.4 
ixy ay ws ax ’ (xyz ) 


are determined by the equations of the theory of creep of Kachanov [ 1 ] 


{ 06, dc, =) ] ; { OT, : 
§ "ae cad 7 r 7 T E ; - . - 5 
= E ot v{ ot at / | a "xy G at "Nay (xyz) (1.5) 


where the components of creep ¢.“, Nay? ++ are known functions of the 
stresses and time t: 


ES F(T, t) (s, — 9), Se = 2F(T,t Tay (1.6) 


(T is the intensity of the shear stresses). 
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The initial elastic state of stress of the body (for t = 0) is 
assumed to be known: 


G, = 6,°(z, y, 2),.--. Tae Tay (x, y, 2) (xyz) (1.7) 


2. The considered interval of time will be subdivided by the points 


t= 0, t=), «+, t= t;, «++ into small segments At (which, generally 
speaking, may not be equal to each other). 


Differentiating with respect to time the static boundary conditions 
(1.1) and the equilibrium equations (1.3), we obtain 


ao, OT x, (Oe, of. 
“=~ Cos nz + cosn ———— COS Az 
Ot ; yr ot 


ma) 06, a ot 
52 \"oe ) + ay \ oe 


at 


In the equations (1.4), (1.5), (2.1) and (2.2) we set t = t, and re- 


place the time derivatives by finite differences 


0c, 


at \t=t; 


We then obtain the following system of equations for the stress and 
strain increments: 


(2.3) 


i 
Ae. : [4o,—v(Ac, + Ac,)) + 5,, 


mee oF 
-(=2),. 


The boundary conditions (2.1), (1.2) give 


Ac, cos nz + 4t,, cos ny + At,,cosnz = Af, or S; 
a . . 
Au, — Au, or Ss 


where Au, = 2, |;_7 At, Au,*=,"|;,,4t etc. are the increments of 
the displacement components in the body and on the surface in time At. 
Obviously 


0Au 
Ae = 


_ ~ px 


poees Mig OE += (xyz) (2.8) 


Thus, the determination of the increments of stresses and deformations 
in the time At are reduced to a peculiar linear problem which in many 
respects is analogous to a problem of thermoelasticity. The difference 
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from the last consists only of the fact that the given additional de- 
formations 5. sO6e Bey calculated in accordance with (1.6), (2.5) from 


b, =[F(T, t)(o,—9)) At, 8, =2(F (T, #)+,,) At 
for t=t (xyz) (2.9) 


are present in (2.4) in the expressions for the extensions as well as 
for the shears, and, generally speaking, 5. 4 5,4 5.. Using (2.9) we 
note that the supplementary deformations satisfy the condition of in- 
compressibility 

t. + by + b, =Q (2.10) 


It is not difficult to demonstrate (for example, by constructing with 
the aid of (2.3), (2.4), (2.6), (2.8) and (2.10) the equilibrium equa- 
tions in terms of displacements) that the determination of the displace- 
ments Au.,Au, and Au, in the problem under consideration reduces to a 
traditional isothermal problem of the theory of elasticity with the 
additional loadings 


i , 
t/ [t, cos nr + ; (3, COS ny b., cos nz)| (xyz 


«t+ 


on the surface S, and 


throughout the body. 


The analysis of unsteady creep of a body thus reduces to the evalua- 
tion of increments in the stresses and deformations for consecutive small 
time intervals At. The additional loads at each stage must be calculat- 
ed from the formlas (2.9), (2.11) and (2.12) using the results of the 
evaluation of the preceding integral. The initial values for this pro- 
cess are given by the solution (1.7). 


In the case of a uniform state of stress (for example, in the problem 
of stress relaxation of a rod) the stated numerical process reduces to 
the numerical integration of the original equations by the method of 
Euler [2]. 


We note that the description of the numerical procedure does not de- 
pend essentially on the actual form of the formulas (1.6) and therefore 
one may apply it also to other theories of creep, for example, the theory 
of hardening. 


3. The solution of the *pseudo-thermal* problem of the theory of 
elasticity to which the integration of the equations of creep were re- 
duced may be constructed for example on the basis of (2.11) and (2.12) 
if the Green function of the corresponding elastic problem is known. In 
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a number of cases it is not difficult to obtain the required general so- 
lution based directly on the original equations. 


We shall consider, as an example, the unsteady creep of a twisted 
circular rod of radius a. 


By (2.4) one has 


- Ate, + B(r) (3-4) 
where 5(r) = 8 , Must be assumed to be an arbitrary function of the 
radius r. Setting, as usually, Ay 4, =r A@ and taking into consideration 
that the external torque is constant, we find from the condition of 
static equilibrium 


4r ° 
At., = o|\ 50) r?dr -(r)] (3.2) 
0 


4. We note that the studied numerical process may be generalized to 
the case of presence of plastic deformations. We will start from the 
equations of the theory of plastic flow 


de? = M(T)(s, s) dT, ty 2® (T) t,,aT (xyz) for T=T 


m’ 


and 
de,? = de? =. Y fort <T,, or T=T,,,butdT <0. (4.2) 


Here I, is the maximum value of the intensity 7, attained during the 
entire loading history. 


Supplementing (2.4) by finite increments of plastic deformation, cal- 
culated from (4.1), we obtain for the loading stage 
As, = c,, As, + c,, 40, +... .+ CAT i+ b. (xyz) (4.3) 


where the coefficients c,, determine the state of stress at the beginning 
of the time interval At under consideration. 


The instantaneous position of the boundary of the region of unloading 
is determined by the condition At = 0. In the region of unloading Equa- 
tion (2.4) will apply. The relation (4.3) represents the law of deform- 
ation of a certain anisotropic body. 
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This paper presents the formulation and solution of the problem of un- 
steady flow of visco-plastic material in a circular tube for a variable 
pressure gradient. A method of solution of the axisymmetric “problems with 
unknown boundary" is developed for the equations of heat conduction. The 
law of change of the "kernel" of the flow with time is determined. 


l. Formulation of the problem. We consider the flow of visco- 
plastic material in a circular tube of radius R under the action of a 
given pressure drop. We will assume the tube to be sufficiently long (in 
order to neglect the influence of the ends), the material of the tube to 
be infinitely rigid, and the visco-plastic material to be incompressible. 
We direct the Oz axis along the tube in the direction of motion and the 
axis Or along one of the radii. The equation of motion in cylindrical 
coordinates on the basis of the assumption of axial symmetry has the 
form 


(1.4) 


Ov _ (S4 1 =) 


Pa aR > &, 

Here v is the axial velocity component, p the density, r the coeffi- 
cient of viscosity, P(t) the pressure drop on a unit length of tube, ry, 
the limiting shear stress. 


The given pressure drop will be assumed to be sufficiently large so 
that the corresponding shear stresses exceed the limiting shear stress. 
The entire region of flow consists of two parts: the region of actual 
visco-plastic flow (r,(t) < r < R) in which the distribution of velocity 
is described by (1.1), and the region of the elastic "kernel* (0 < r < 
ro(t)), moving as a rigid body. Let rg(t) denote the radius of the kernel 
which is an unknown function of time, subject to determination. 


The critical condition will be taken in the form 
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v(r,0)=—Fi(r) for m(W0<r<R 


Here r(0) is the initial radius of the kernel. 


At the wall of the tube, as in the case of a viscous liquid, one will 
have the condition of attachment 


v(r,t)=0 for r=R (1.3) 


Since at the boundary of the *kernel* the stress is equal to the 
limiting shear stress 


Ov 


<~=0 #£for r=re(t) (1.4) 
or 


The second condition on the boundary of the kernel we obtain by con- 
sidering it as a body of variable mass, which changes with the variations 
of the area of its cross-section. Applying the law of conservation of 
momentum to the mass of unit length and taking into consideration that 
mass is added (taken away) without shock, we find 


dvo(t) _ _ 5 
Pp -_" -_ P (t) - (1.5) 
Here v,(t) is the velocity of the kernel. Integrating (1.5) with 


respect to t, we will have 


Vo (t) = vq (0) + (1.6) 


t 
: \ P(s)do —- 
0 


ro () 
i) 


1 
Pp 


We introduce now non-dimensional time, radius x and velocity u by the 
formulas 


~ r 
R ’ 


We will reduce the equation (1.1) and the boundary conditions to the 
non-dimensional form 


> oil , 
ou _0wW. 1 W.S p 
z 


.. oe 8 ty) for y>0, B(y)<2<1 1.7 
Oy Ox? x Ox y) o> ad ors 


For the construction of the solution it is sufficient to assume the 
boundary condition fulfilled for the limit 


lim JU (z, y) = = ® (z) for 5,<z< i (1.8) 


_ F (Rr) 
v>t+o0 V 


lim U (z,y) =0, lim 


-0 (y>0) (1.9) 
x—+1—0 x+By)+0 Ox 
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7 
lim U (x,y) = ® (%>) 4 \ [ P. ce) — 2% -|as (y > 0) (4.40) 
x-+8(y)+0 g t 5 (c) 


Here P.(y) is the non-dimensional pressure jump per unit length of 
the tube, S is the St. Venant parameter, 5(y) the non-dimensional radius 
of the kernel 


P. (y) = a Pa,  €a ee | &®@-= rol (1.11) 
2. Construction of the solution. For the solution of the form- 
ulated problem with unknown movable boundary we will use a method which 
has been proposed by Kolodner for linear problems [1]. We will seek the 
solution of the problem (1.7)-(1.10) in the form 
uy 
U (x,y) = — Sz +\ P, (c) do + K (x, y) + A(z, y) (2.1) 
0 
The function K(x, y) we will choose such that it satisfies the equa- 
tion 


OK 07K 
_ dy dx? 
and the condition 


lim K(z,y)=Sr+@M(r) for tp <r<1 
y+>+0 


In the capacity of such a function we may take, for example, 


1 
, 1 ec Ee E o “ 
K (x,y) = ww \ E[SE + D(E)] Jo (=) exp = 


+&) ae (2.4) 
ay 


It is readily verified that for y > 0 and any x the function K(x, y) 
satisfies Equation (2.2). We will show that (2.3) is likewise satisfied. 
Since we are interested in the values of K(x, y) for small y, the Bessel 
function under the integral sign may be replaced by its asymptotic re- 
presentation 


Then, introducing the new integration 


z—€ 
2Vy 


Zée= 


we will have for 5, <e@¢ 3 
6, 


\ Vz+2aVy[S (z+ 2a Vy) + 
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+ O(z + 2a Vy)] eda = Sz + ® (2) 


The justification of the limit process under the integral sign follows 
from the continuity of ®(x). 


At the ends of the interval the limit depends on the method of approach 
to the points M,(1, 0) and M,(5,, 0). For passage along straight lines 
x= 1, x= 5, it is equal to 1/2 S and 1/2[S 5, + 0(6,)], respectively. 
For the function A(x, y) we will have the following boundary problem: 


Oh _ 8h 1 oar 
= + 7 > 0, i) ( <z< 
S ss y) 
lim A (z, y) = 0 for bo <2z< | 
y>+0 


S—\ P, (s)do— 


—_ = [SE + ® (E)]) (= \exp 
2y, 


¥ 
d 
lim A (z,y) = (bo) + SB (y) -25 \ — 
x+B(y)-+40 ‘ 5 (cs) 


- c2 4. 42 * 
- i [§ y)I d= == 9 (y) 


: 
y 


1 
: Ves + ®(E)] To (25@ )exp 
, 2y , 4y 


1 


lim & =s— 7 Jerse + oi fen (&) 
2y , 


«+8(y)+0 Or 4y’, 
4 


FR . [&3 3? e , 
— 8 (y) Ie(5 7) exp LEM ge = y(y) 
2y /) 4y 


We will seek the solution of the problem (2.6)-(2.10) in the form of 
the sum of a regular solution @(x, y) of (2.6) which satisfies the con- 


ditions 


9(z, 0) =0, 8(i,y)=/(y)—N(1,y), GO WI<e (2.11) 


and a singular solution N(x, y) which, except for the zero initial condi- 
tion, satisfies also two discontinuity conditions on the arbitrary curve 


x= 8(y) 
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lim N(z,y)—lim N(z,y) =¢@(y) lim ON stim ON 


x+8(y)+0 x+8(y)—0 x--8(y)40 OF = x-+B(y)~o Oz 


and the conditions 


|NO,y|<A, N (co, y) = 0 


The regular solution should exist in the region Ti 0< y < yy, 0< 
x < 1}. As regards the singular solution, we assume its existence in the 
following. We will denote by D, the region {0 < y < yo, Sly) < x < w}, 
by D_ the region {0 < y < y,, 0< x < S(y)}, complementary to D,. Also 
let D be the closure D_ + D, in the manifold E{ 0< y < yg, OC x <m, 
|x— 5,| + |y| > 0} and D the interior of D. Obviously neither D nor D 
depend on the choice of 5(y). Below we will show that there exists a 
unique bounded solution of the boundary value problem (2.12)-(2.13) in 
the region D. 


Construction of the regular solution. From a physical point of view 
the regular solution may be understood as a distribution of temperature 
in the infinite rod with a conductivity equal to unity, having initially 
zero temperature and its surface being maintained at the temperature 

a(y)=f(y)— N(1,y) 


It is known that such a solution may be written in the form 


Jo (a,7) 


0 (z, y) = a(y)— 2a (0) >) @,Ji(a,) “XP (— SY) — 
k=1 


uv 


Jo (a,2) 
22) @,J;(a,) “XP — a,v) | &* (0) exp (a4) de (2.14) 
- 0 


where a, is the root of the equation J,(a) = 0, and J,(a) and J, (a) are 
Bessel functions of zero and first order. 


Construction of the singular solution. The construction of the singu- 
lar solution will be based on properties of plane thermal potentials of 
the simple and double layers of sources distributed uniformly over the 
circle. We will show that the singular solution may be represented in 
the form of a combination of thermal potentials so that all boundary con- 
ditions will be fulfilled. Let 


N (xz, y) = K, (7, y) + Ka (z, y) 
where 


v 
, i b B ( 
Kd) AD be 
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. 
—{s*+*(n)] gy 1 | 2c bow 


4(y— 1%) 2 : y—7 


x Ie {22 —[* +) gy. (2.46 
(xq) sy—®) , 


x exp x 

















24()8(m)_ 7, (_28(%) —[* +8) ay 217 
*(sG——) os 


It is readily verified that K,(x, y) satisfies Equation (2.6) for 
x # &(y), the zero initial condition and the conditions for x = 0 and 
x + oc. For this purpose it will be assumed that the function 5(y) is 
continuously differentiable, that it vanishes nowhere and that its de- 
rivative 5°{y) < c/ Vy. The function ®(x) is continuous, differentiable 
and @ (x) satisfies a Lipschitz condition in the interval 5, < x< 1. We 
will show that K,(x, y) has on the curve x = 5(y) discontinuities equal 
to @(y) and that its derivative OK (x, y)/dx has discontinuities 
- 1/2 ply) Aly). 


We will divide the integration interval into two parts: from 0 to 
y — « and from y — « to y; then, replacing in the interval (y —- « <n<y) 
the Bessel function by its asymptotic expansion 


i 
St aaa 
. V 2nz 


we will have 


vy 


K == \ sme ©) fy ‘28 (")_ \_og 1, (2? _"l x 
— ay (y — )* h(gg—w)” ov *\2@—) } x 
v-—e 
x exp le +8) gy 1 \ 2 (n)* (1) 8°) 7, (_2()_) 

4(y—7) 2 y— \2(y—) 
u 


2/ —_ 
sm FeO an + \ e~mVvim » 


x exp oe da 
4 (y — 7) 
eh dn (2.18) 
y— %) 


The first two terms have no singularities and are continuously differ- 
entiable functions, the third term, apart from a factor, represents the 
sum of linear thermal potentials of a simple and a double layer for which 
it has been shown [1,2] that it has discontinuities ¢(/y). Differentiat- 
ing (2.18) with respect to x and using a property of linear thermal 
potentials, it may be shown that 0K, /dx has on the curve x = 5(y) the 
discontinuities 
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ae | 


lim 21 _ jim 
x-+8(y)+0 IF x-+B(y)—0 Oz 2 8(y) 


Performing the same transformation as above we will express K,(x, y) 
by a linear thermal potential of a simple layer. Hence, the function 
K,(x, y) will be continuous and its derivative will have on the curve 
x = 5(y) the discontinuities 

lim Oks 


x-+B(y)4+0 OF x-+B(y)—0 Oz 


“2 By) 


Thus, the singular solution satisfies all the imposed conditions. The 
uniqueness proof may be carried out in the same manner as in [1,2]. 


The sum of the regular and of the singular solutions will, in addition 
to the conditions (2.12), satisfy the condition (2.8), being the solution 
of (2.6) in the region {0 < y<y¥_,0< x< 1}. But this solution still 
contains a derivative of 5(y). We will demand that 


lim A(z,y)=0, lim 2% 9 (2.19) 
x~+3(y)—0 x+B(y)—0 Oz 


Then A(x, y) in the region{|0< y < y,, 5(y) < x < 1} will represent 
the unknown solution of the problem (2.69-(2. 10). The conditions (2. 19) 
may be considered as equations for the determination of the function 
5(y). It may be shown that any solution of the first equation (2.19) 
satisfies simultaneously the second and vice-versa. Thus, if one of the 
equations (2.19) had a unique solution, then this solution gives also the 
law of change of the boundary of the *kernel* with time, and (2.1) the 
distribution of velocities of the visco-plastic flow. 


In conclusion, we will note that an analogous problem has been studied 
by Krasil’nikov [3]. In our opinion, his solution may not be considered 
to be exact, since the author’s formlation of the problem raises some 
objections. The author assumes from the start that the visco-plastic zone 
of flow occupies the entire cross-section of the tube and seeks the solu- 
tion of the equation of motion, satisfying the initial condition and the 
condition of attachment at the wall; then, based on the well-known fact 
that the plastic deformation may not spread to the axis of the tube, he 
assumes the existence of the kernel of the flow, the boundary of which 
he finds from the condition that no slip can occur on the boundary. From 
the physical point of view such a formulation of the problem means a 
denial of the influence of the boundary of the kernel on the development 
of the flow, which naturally affects the constructed solution (the last 
does not enter into it). For the correct formulation of the problem the 
region of existence of the solution is necessarily assumed to be the 
region between the wall of the tube and the unknown moving kernel, at the 
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boundary of which two conditions must be given. 


The author wishes to thank S.V. Fal’kovich for his advice leading to 
the completion of the presented work. 
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N.1I. AKATNOV 
(Leningrad) 


(Received 6 January 1958) 


1. The general problem. Let us imagine we have a semi-infinite 
plate at the leading edge of which there is an infinitely thin slot 
source, from which there issues a stream of fluid, identical to that 
which fills the space surrounding the plate; the fluid then flows along 
one of the sides of the plate. We assume that the fluid in the surround- 
ing space travels at constant velocity u, = const in the same direction 
as the stream and so forms a neighbouring flow. 


We locate the origin O of our system of rectangular coordinates at 
the source of the stream, Ox being directed along the plate in the 
direction of the stream. We will assume that the region where the motion 
takes place is a boundary layer, the pressure gradient of which is zero. 
To solve the problem we make use of the boundary layer equation in the 
form proposed by von Mises [1]. 


Ou 0 Ou * 
SE=" op (u ay) (e=z,..., ¥=\ udy ) (1.41) 
0 


where Y is the stream function and u is the velocity component on the x 
axis. 


The solution to (1.1) should satisfy boundary conditions of the 
following form: 
u=0 for ¥=0, u=u,g for ¥= Vas (1.2) 
where the volume-flow through any stream section Y= © when uy ¢ 0. 
If u, = 0, i.e. we are solving the problem of the propagation of the 
stream without the neighbouring flow [2,3], Y. has a finite value. In 


addition to having the boundary conditions (1.2) it is then essential to 
have the additional condition of the quantitative value of the stream 
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strength. We can easily obtain this by rewriting Equation (1.1) in the 
following form: 


0 (ue — u) 7] [ oe (4.3) 


ee = oe|"— oF 


and then after multiplying Equation (1.3) by ¥d¥ we can integrate with 
respect to ¥ and €, taking care to satisfy boundary conditions (1.2). 
This results in an integral expression of the following form: 


Poo 
\ (ue —u) ¥d¥ = FE = const 


tY) 


When solving the stream problem with the neighbouring flow it is 
necessary to see that the solution to Equation (1.1) satisfies boundary 
conditions (1.2) and the integral condition (1.4) for a given condition 


E = B,. 


2. Propagation of the stream without the neighbo wing flow. 
The solution to the u, = 0 problem must satisfy Equation (2.1), boundary 
conditions (1,2) and the integral condition (1.4), which, for u, = 0 
takes this form: 


Poo 
\ u¥d¥ = Ey (2.1) 


0 


Bearing in mind that ¥ is the stream function it is easy to see that 
condition (2.1) corresponds to the integral conditions already derived 
in [2,3]. 


Let us try and find a solution to Equation (1.1) in this form: 


wa y2 9? (1), ™ = ¥ (Eqvt)~" 
vs 


In order to find function ¢ we obtain a differential equation 
2(9*)" + m9’ + 29 =0 
This should be solved with the following boundary conditions: 


@=0 at m=0, gp=0 at m=, 


and integral condition (2.1) should be satisfied. 


A particular solution to Equation (2.3) which automatically satisfies 
the first boundary condition (2.4) can be found in implicit form, and 
after satisfying the second boundary condition in (2.4) it appears as 
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9 = = No" (VE— 0) (t = | / %,,) (2.5) 


On satisfying integral condition (2.1) we find that 7 = 2.515 and 
the solution to Equation (2.3) finally takes the form 


@ = 1.054 (Vt — 2) 


Remembering that ¥ is the stream function, and therefore 


u 


* ay 
y= \ — (2.7) 
0 


we can transform from von Mises’ variables to variables (x, y). If we 
insert expression (2.6) into formula (2.7) and express ¥ in terms of 7, 
we can find the relation between parameter t and variables (x, y) in the 
form 

1+Vit+e 12 V3 ‘/ Ey 


——— ase te Vi — = ¥ 
re 


=. - - 2.8 
Theo me Vt)? V 3n,, 2 v3z3 (¢.8) 


If we eliminate parameter t from (2.6) and (2.8) we can find the 
dimensionless longitudinal velocity profile (Fig. 1) in the physical 
plane where 


9(t) = F(t) Gay 


/ Ss) 


v3r5 


We thus have a formula for the fluid 
velocity in the stream 








(2.9) 























The frictional stress at the wall is 


4 
=. = 0.224 Ef (2.10 


3. Asymptotic solution of the problem of stream propagation 
with a neighbouring flow. It is only possible to arrive at a solu- 
tion for u, # 0 for high values of € because of the expansion in series. 
For convenience, instead of inserting quantity E, into expression (1.4) 
we introduce another quantity which has the dimension of length 
Eo 


Le Vug? (3.1) 


Then the integral expression (1.4) takes this form: 
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Poo =00 


(up —u) ¥d¥ = vuct (mE — Ie) 


0 


We will look for a series solution to Equation (1.1), thus 


u f1 (%2) , Se (72) ¥ ) ; 
— * ) + —_—, “T = 7 e066 H SE 3 3 
Uo fe % (E/ Le) (E I,)* | : y VUo (E + Lo) | ; , 

If we insert expansion (3.3) into Equation (1.1) we arrive at a system 
of differential equations for determining the coefficients in expansion 


(3.3) in the form 
(fo*)” + Yale’ = 0 
(fofr”)- = riefy’ thi=V¥ 


(fofe + fy") = ale + 22th =! 


1 
The corresponding boundary conditions which are obtained by putting 
expansion (3.3) into the boundary conditions (2.2) appear as follows: 
fo=hfi = fg= ooo Q pH Qs = 0, ho = # hi == fa . U DpH ‘jg = oo (3 5) 
The solutions to the differential equations (3.4) should also satisfy 
the system of integral conditions 


a0 oo 
” 


\ (1 — fo) %e@% = 


0 


1 3 : 3 
3° j 1i%ad%, a \ /2%22%s : 


}.6) 
0 0 


We should note that a long way downstream from the source, because of 
the decreased intensity of the stream its flow close to the plate will, 
in fact, be that of a boundary layer on a plate in a longitudinal con- 
stant velocity stream. It follows that the solution of (3.3) for & + « 


U 















































FIG. 2. 


should tend.to the Blasius solution [4]. It is easy to see that solution 


(3.3) really does satisfy this condition, because the differential equa- 
tion and the boundary conditions from which f, the first term in the 
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expansion (3.3) is determined correspond exactly to the equation and the 
boundary conditions of the Blasius problem re-calculated in von Mises’ 
variables. The solution to the Blasius equations is tabulated and it is 
only necessary to re-calculate it in von Mises’ variables. Numerical 
checking reveals that this solution automatically satisfies the first 
integral condition of system (3.6). 


Functions f,(m,) and f,(y,), which represent the additional velocity 
due to the effect of the stream, were found by numerical integration of 
the corresponding differential equations in system (3.4), satisfying, at 
the same time, boundary conditions (3.5) and integral conditions (3.6). 
Graphs of functions f,, f,, f, are shown in Fig. 2. 


Returning now to the physical (x, y) plane, using the expression 


2 = Yy <S7ES" Er E) fy + (Le? /E*) fat... 
0 


it is possible to find the velocity distribution u/u,. In Fig. 3 we show 
a velocity distribution curve for the physical plane for ¢/L, = 1.40 and, 
for comparison, we also show a curve of velocity distribution for 

E/L, =o, i.e. the Blasius distribution. 
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We deal with a form of cavitation flow which is the general case of flow 
through a Borda orifice [1 & and which can be used for a theoretical 
study of slot cavitation {2 # 


1. The general problem. Assume that a plane stream of ideal, 
weightless, incompressible fluid flows into an infinitely long slot, in- 
side which there develops a cavitation void, i.e. a region of constant 
pressure bounded by a stream line which separates from the edge of the 
slot and goes off into a second sheet of a Riemann surface. Figure | is 
a diagram of this kind of cavitation flow. The letters V,, V,, and H de- 
note, respectively, velocity of the approaching stream at infinity, velo- 
city in the slot at infinity and the slot depth. The required flow has 
two critical points (location unknown at the outset), represented in 
Fig. 1 by the letters D and F. For the dimensions of the cavity we have: 
1 the distance between two parallel tangents through points N and N, on 
the cavity and h the ordinate of the point M which has a tangent parallel 
to the upper wall. 


The constant velocity at the edge or boundary of the cavity will be 
denoted by Vo and the total flow of fluid through the slot is Q. 


The flow we are dealing with is a general case, as mentioned above, of 
the well-known flow studied by Kirchoff [1]. It differs from the latter 
in that, instead of the classical Kirchoff-Holmholtz pattern [1], we 
choose that suggested in [3,4], and also, in our case, the velocity at 
infinity V, ¢ 0. 


Let us introduce two dimensionless geometrical parameters 


l h 


i 7 i exi—7F (1.1) 
and we will call A the relative length of the cavity and e the coefficient 
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of contraction of the flow. 








FIG. 1. 


If we are given any two dimensionless physical quantities x, and x, 
which characterize the flow, then, in the physical sense of the problem, 
all remaining hydrodynamic flow parameters (in particular A and e) should 
be determined by x, and x,. 


For Ky and Ky we can take the cavitation numbers 


> an eee = (4.2) 
“1 1 2pV ,? ’ s— FF 2pV 2? 
where Py is the pressure in the cavity, Py and p, pressures, respectively, 
at infinity upstream of the slot and within the slot. 


Our problem involves the following: to find the complex potential of 
the required flow W = W(z) = 6+ iw, where ¢ is the velocity potential 
and w the stream function, and then to determine the relation between the 
quantities A and e and the two dimensionless quantities x, and K,. 


2. Determination of complex potential. We will find the rela- 
tion W = W(z) in parametric form: 

W =W (t), ' (2.1) 
where € = € + in is a complex variable which covers the first quadrant 
of the upper half-plane £7. Put W = 0 at point A in the flow. The region 
in which W varies will be the half-plane with two cuts (Fig. 2). On trans- 


forming region W into region ¢ so that the appropriate points in Figs. 
2 and 3 correspond, we obtain 


ra | 
aoe i a - 
W (®) nm (d* + f* — *) |” ' 
To determine z(¢) we introduce an auxiliary function 


f 1 dW vy. 
x(&) = In Ve as -In = ids 


and note that 
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—@)(O—f) 20 or 
c(t? — e?) . , 


. 


It is easy to see that y(¢) is an analytic function all over the 
region where ¢ varies, with the exception of points ¢ = f and ¢ = d, at 
which it has logarithmic singularities. At the boundaries of the regions 
where ¢ varies, the function y(¢) satisfies the following boundary condi- 


tions 


Im x = 0 npH - 


Im x= pH 


C- 
C= 
Imy=—x opa (= 
(= 
C= 


Re x = 0 npn (2.5) 
Thus, to determine the function y(¢) it is necessary to solve the 
mixed boundary-value problem (2.5) which is easy to reduce to a mixed 


boundary-value problem in the upper hal f-plane. 

















FIG. 2. 


If we make use of formulas which yield a solution to the general 
boundary-value problem for a half-plane (5.6), and apply them to our case 
we obtain 


is one —f)( a a — <a,8<1) (2.6) 

(VO?— 0? +B YO? —1) “We i+a ve — <3) 
It is easy to see that the function y(¢) which we have found satisfies 

all the conditions indicated above. The parameters a and § which enter 

expression (2.6), are connected with f and d by the relations 

3 p? 


d= 75 


Instead of inserting y(¢) into (2.4) we use (2.6) and find 
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S irs c C? — e? b {—e?/t? 
[z« -—1)- ya 7—g +e *®-T-e~ CT 








a = = 
+ (8+ a) (1408) VOL Le — en £7e=s 
Vi-—e 
VF=84+0VF=T 
cVi-«# j 


a 





» 
+2 —In 
® 


a= (1+ a8) (a(i +7) +6(3—s8*)), b= (1+ aB)%e* + (8 + ae)? 

c= (1+ a8)* + 2(a + B) (B + ae*) —(a + B)%e*, vr = (1 + a8) (B + ae*) 
=1:(a+c), #=(1+ aB)* + (a + B)* (2.9) 

3. Determination of parameters. With arbitrary values for the 

parameters a, 8 and« which entered the formulas (2.2), (2.8) and (2.9), 

the solution obtained emerges as more general than was required at the 

outset. Indeed, it is easy to see that the formulas which give a solution 

to the problem would not change if line AFB on the one hand, and EDC 

on the other, represented solid parallel walls not touching each other 

(Fig. 4). It is therefore essential to require fulfilment of condition 

Im z(¢) = 0 on EDC, or, as follows from (2.8), the condition 


R (a, e) 82+ eT (a, s)B —as?=0 
where 
Ria, s) = (1+ 6c)? + (2+ c)ea 
T (a,c) =2+(i1—a)s 


Solve this quadratic equation for 8 and we then have 





= VT? (a, e) + 4aR(a, e) —T (a, #) 


3 oT (a, €) 








FIG. 4. 


Thus, the solution we have found contains the two arbitrary parameters 
a and«. To determine these parameters one must be given the two afore- 
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mentioned physical quantities x, and x,. If by using the complex poten- 
tial W = W(z) found in parametric form (2.1) it is possible to express 


x, and x, in terms of a and« then we will have two equations for deter- 
mining a and ¢: 


% = * (a, #; B (a, 8)), Ma = %_(a,€; 8 (a, ©) 
where Ala, «) is the R.H.S. of Equation (3.1). 


Let x, and x, be cavitation numbers determined by formulas (1.2); we 
then have 


(1. * (1 + B (a, a. (1 + ae)? (ec + 8 (a, e))* 


“ Acorns i) 3.2 
ace SS Te TOL = : 


% = (1 — ae)* (ce — 8 (a, @))? 


We are convinced of the validity of these equations if we recognise, 
in virtue of the Bernoulli integral 


Pi~ Po= 
and that, in accordance with (2.3) 
Vi / Vo = exp X (co), Vs /Vo = exp % (0) 


4. Shape and dimensions of the cavity contraction coeffi- 


cient. The shape of the cavity is represented by the free stream 
ANMM,E which bounds it (Fig. 1). 


In order to rind the shape of the free stream line X = X(€), Y= Y(€) 
let us put ¢ = €, « < & < 1 in Equation (2.8) and separate the real and 
imaginary parts; we then get 


. H oo b 
X (&) = =| 6(@—1)- ens '? 


' 2H ———- 
¥ (&) ==" | (8 +a) (1+ 08) VA) 


5 i— & 
—aarctg + 2 — arcigs  _ 


It is evident that the free stream has two tangents parallel to the 
y axis at points N(X(n), Y(n)), N,(X(n,), Y(n,)) and one tangent parallel 
to the x axis at M(X(m), Y(m)), so that 
c +e%s + V (c + 08s)? — 4sb , 8+ as* - 
eS: se mae. ~~ erp = 
In Equation (1.1), if we assume | = X(n,)- X(n), h= — Y(m), then 
using formulas (4.1) and (4.2) we find the relative length of the cavity 


n®, n,? 
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o —— ———_ 
“<q [ 9 on V 

— a arc _ —~—2 arc t 

@ = { | > arctge 


— (8 +0) (1 +08) Vm Pe | 


The relative depth of the cavity h/H is found from (1.1). 


5. Particular cases. (a) If we put a = 1 in formulas (2.7)-(4.4) 
we obtain a solution of the problem of flow of fluid, at rest at infinity, 
through an infinitely long slot with the formation of a finite cavity. 


In this case we will obtain 


z (¢) 


+o y(t? 1) (t? 


t=(ite VY 2):(1+(V2—1) 


d? = 2e(1 + (W2— 1)e): (V2 +1) (1 + (V2—1)%) 


%ae8 1. 4 - ‘(2ae2 +. 1)? — 16 — te 
aa i + V (2oct + 1)* — 1641 — t) (5.6) 


4a 


It can easily be seen that in this flow the velocity at infinity be- 
fore the slot V_ vanishes and the critical point F is removed to infinity 
(f = «); because only one parameter « enters into the solution and, in 
order to find it, we have to be given one dimensionless physical quantity 

= x (e ). 


If x is the cavitation number «x = (p, — p, )/0.5p v," we have 


2(V2+1)(1+V 2e) Vx—i —(V¥2+1) 
t=a=-— = - = a 


 (i—e)}? i+ Vx—1 
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(b) We can obtain another particular case if, in formulas (2.2)-(2.9), 
(3.2)-(4.4) we put 8 = 0, « = 0. Then we will have 
(5.7) 


H 


C+Ve—1 
{(4 — a*) (C?— 1) —2 In €] (5.8) 


: [1 +a) (#1) —2Int+20(CVe—T + tn —— | 
a 


e=1:(1+ a) (5.9) 


m= 0, n? — a: (1 ao a), n= 0 (5.10) 


In this flow the velocity in front of the slot at infinity is not 
zero and there is a critical point F on the wall. Thus, formulas (5.7)- 
(5.10) yield the solution to the problem of a fluid moving at infinity 
into an infinitely long slot (Fig. 5). Into the solution there enters 
one parameter a and, therefore, to determine this parameter we must be 








FIG. 5. 


given one dimensionless physical quantity « = x(a). If «x is the cavita- 
tion number, x = (p, — p,)/0.5p ¥* so that 
x 


a _ —EEE - 
2+x+2V1i+*x 


(c) Assuming « = 0 in formulas (5.1)-(5.6), or a= 1 in formulas (5.7)- 
(5.10), we obtain 


2(t) =~ ( —1— Int +t VOT + In- 


i.e. the solution to the well-known problem of the flow of fluid, at rest 
at infinity, into an infinitely long slot [1]. 
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In the dynamics of viscous incompressible fluids one is familiar with the 
Karean problem of an infinite disc rotating at constant angular velocity 
and generating laminar motion in the fluid medium which is immediately 
adjacent to it. The solution to this problem is one of the examples of 
exact solutions to the Navier-Stokes equation [1]. The heat transfer 
problem of the fluid under constant temperature conditions of the disc 
surface was solved (also exactly) by Millsaps and Pohlhausen [2 ]. 


In this article we show how, by solving the appropriate gasdynasic 
problem, with certain conditions and simplifications, we can find a solu- 
tion of both these probleags. 


l. Formulation of the problem. We imagine an infinite plane 
disc rotating uniformly about an axis perpendicular to its plane in a 
space filled with viscous gas. Let the rotational axis be z, and the disc 
plane coincide with that of z = 0. Using cylindrical coordinates (r, @,z ) 
we can write down the basic equations which define motion and heat trans- 
fer in a viscous flow of gas (see, for instance, [3] ). We will assume 
that the following conditions apply: the gas is a perfect one; the flow 
is steady; the flow parameters are independent of the angular coordinate 
0; there are no body forces; there is no mass heat flux from outside; the 
so-called *second viscosity eoefficient" differs from the basic one only 
in respect of a constant multiplier, nz, = agz,|a| = 0(1). The boundary 
conditions for temperature and velocity vector components in the disc 
problem will be as follows: 


T(r, 0, O) =T,, u,(r, 0, 0) =0, u(r, 0, 0) = re, 


T (r, 8, oo) =T.,, u, (r, 8, oo) == 0, u, (7, 9, oo) = (0, w, (, ®, 0) as (1.1) 


2. Transformation to dimensionless variables and simplifi- 
cation of the equation. We introduce two additional assumptions, 
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namely, we assume the Prandt] number o = cy /A to be constant and we 
also assume the following law relating viscosity with temperature: 


#/ Bo = (T/T .,)" 


Furthermore, we select the scales of our required variables to be 
quantities whose order of magnitude corresponds to the maximum values of 
the variables themselves; the scale for axial velocity is chosen by 
analogy with the solution for the incompressible fluid. Independent vari- 
ables are also rendered non-dimensional while the scale in the axial 
direction is of the order or thickness of the hydrodynamic viscous layer 
in an incompressible fluid. As regards the radial length scale the choice 
is based on the condition of maintaining a minimum number of dimension- 


less parameters in the equations. 


The dimensionless variables are introduced using these formulas 
u, =eorF, u, = orG, u,=Vv_oN (2.1) 
B=BoQ™ T=T—Q, P=PoD P= Peotpl co? 


Here F, G, N. Q, D, P, are, in general, functions of r and z. Our 
equations in dimensionless form will be as follows (bars above r and z 


have been dropped): 


Equation of continuity 


= 0 





1i4@ (r*?DF) . €(DN) 
r Or + Oz 


Equations of motion in components in three directions 


p [p20 4 w% _@] - 


Pp OY (rF) 1 O(r*F) aN 
SP [2 ds |}+ 
aN oe a(rF) 

+3) | +3 Biv —F 


i 
: or 
| a n[2(rG) a 
Or 


6 (rG) 


or, +N + FG (ee) 3 


K Oz — 


Oz 
" a(rF) 4 aN 
._ oe = 
a aid ae ost R oe 


4 - £. 3 ,9N __,A(r*F) 


Energy equation 
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“ee —(rF = )=4e af o (ren 32) + + £(a"Z)+ 
ole (7 ar) rns) coy o(ete a bat) 
(r 
@é 


{ ) s a 0(rF) ony 
tea} + ae oP ++ Fe] 


Oz 
Equation of state 


x— 1 — 
P = (4.4) 
” 


In Equations (2.3)-(2.6) there is a dimensionless parameter K, defined 
by the equation 


K = p oat. “oe (2.8) 


This quantity is the basic parameter of similarity for the given 
problem and can be regarded as a combination based on the circumferential 
velocity of the disc, the Mach number and Reynolds number 


i 
K = a R,, (r) M,,** (r) 


A very wide class of flows exists which corresponds to the condition 
K>> 1. 


Equations obtained from Equations (2.2)-(2.7) in the limiting case 
with K + «, will be called boundary layer equations on a rotating disc. 
In particular, from Equation ‘2.5) and from the condition of constant 
pressure at infinity, it follows that over the whole flow 


—i 
P = const = — (2.9) 


The boundary conditions (1.1) in dimensionless form are as follows: 


Qir, D=Q,, Fir, O=—0, Gir, O)—14, 


N r = 
Q(r, cc) = 1, F(r,0c)=0, G(r, 00) =0, (r, 2) =0 (2.10) 


3. Construction of an exact solution for the boundary layer. 
To construct a solution to the system of Equations (2.2)-(2.7) for K + « 
we will carry out a transformation similar to Dorodnitsyn’s for a two- 
dimensional boundary layer in a gas [4]. In fact, instead of r and z we 
introduce new independent variables 


z 
"=r, t= {Das (3.4) 
0 


We also introduce a new unknown quantity H, to replace the function N 


H = < (3.2) 
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while the index n in the viscosity temperature relation will be assumed 
to be unity; Equations (2.2)-(2.4) and (2.6) are brought to the form 


1 O(*F) | OH _ O(nF) OF gs OF O(nG) 77 9G = 
a ee ta! PM tA zoom OG TH zt ow 


aQ 8Q 1 #Q oF \3 0G \* 
Ve tH ee =~ 30 t+*(( 3c) + (Ze) | (3.3) 
Boundary conditions (2.10) are now replaced by the following condi- 
tions: 
Qin, 90=Q,, F(n, O=0, Gy, 0)=—1, 


Q (n, 00) = 4, F (ny, 0c) =0, G(n,cc)=0, 41% %=0 (3.4) 


Function D does not enter the system of equations (3.3) and can be 
found from Equations (2.7) and (2.9) 


D=1/@Q (3.5) 


Close perusal of system (3.3) reveals, firstly, that functions F(y, 
), G&@, ¢) and Ht, ¢) can be found independently of the form of the 
function Q(y, ¢) from the first three equations of the system and that 
the fourth equation allows us to find Q(, ¢); secondly, that if we 
assume functions F, G, and H to be independent of 7, the above mentioned 
first three differential equations of the system become ordinary ones 
and assume exactly the same form as the corresponding ones in the Karman 
incompressible fluid problem 


2F + H’ =0, F* — HF’ — F? = — G, G* —HG’ —2FG=6 (3.6) 
with boundary conditions 
F(0)=0, F(cc)=0, GO)=1, G(o)=0, H(0)=0 (3.7) 


Results of numerical solution of this system are given in many 
treatises and textbooks (for instance, in [5 ] ). 


The last equation of system (3.3) can be solved with the help of a 
rule suggested by Millsaps and Pohlhausen [2]. This is not a rule which 
is universally applicable, but it can be used for our case of constant 
disc temperature, and also for several varieties of temperature boundary 
conditions. Following Millsaps and Pohlhausen we represent function Q 
by three terms 


Q (m, ©) = (Qyy — 1) Qi (C) + nS (C) + 1 (3.8) 


After this the given equation resolves itself into two ordinary 
differential equations with corresponding boundary conditions 


Q,” — sHQ,’ = 0, Q: (0) = 1, Qi (cc) = 0 (3.9) 
S* — oHS’ + oH’S =—o(F2+6%), S(0)=0,  S(o)=0 (3.10) 
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Solutions of both equations are known from the cited references [2 ]. 
We have thus arrived at an exact solution for the boundary layer equa- 
tion of a rotating disc with boundary conditions (2.10) for n= 1 and 
for a finite value of Prandtl number co. 


4. Some numerical results. We can make use of the solution we 
have built up to afford a concrete evaluation of the effect of friction 
and heat transfer on the flow in the boundary layer of the disc. Let us 
do this for gas with Prandtl number o = 0.72. 


The frictional shear stress on the disc surface in dimensional form 
is 
0 —s 
t.. = ( =) = Poo y Yq, ©*rG’ (0) (4.1) 
wo 


The coefficient of frictional torque on one side of a disc of radius 


r. 


2 
( 2nr*t,,dr =— 


Parearar 


os GO _ 066 ay 
VR (ro) = V Roo (ro) 
In a similar manner the heat flux due to conductivity, in the direc- 
tion of the disc, per unit time and unit disc surface, can be expressed 
thus: 


oT \ _ eo , __ wr 
a= (A + )= Keo (Ty — TV =| (0) + eT —— 


T) S’ (0) | (4.3) 


We then have a dimensionless coefficient of heat transfer for one 
side of a disc 


rs 
C-= 7 ro 2nrq.dr 
bE mre. | Fes _ om i q; 
a, 3 T 


Jelorw wr, m 
= sign (T,, — P.)ro V Veo Qi ( ) 7. 7,-—? - @ 





/ 


. 
= sign (T, —T,.) eV = (0.820 —0.108 cate 7 y-) 


Yoo p” 2 w ) 


Formulas (4.1) and (4.2) representing the effect of friction are 
analogous in structure to the corresponding formulas for the case of in- 
compressible fluid; whilst, with regard to the influence of heat trans- 
fer, determined by formulas (4.3) and (4.4), it is expressed here in a 
slightly different way than with an incompressible fluid. The first 
difference consists in that the normal Prandtl number o serves as the 
parameter on which functions Q, and S depend, and not the modified one as 
in Millsap’s and Pohlhausen’s problem. The second difference is the ab- 
sence in (4.3) and (4.4) of terms containing derivatives of function Q 
introduced by these authors. 
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ON THE THEORY OF MOTIONS OF THE 
PRANDTL-MEYER TYPE 
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K.B. PAVLOV 
(Moscow) 


(Received 28 July 1959) 


Planar motion of the Prandtl-Meyer type is self-similar: by introducing 
a cylindrical system of coordinates (in which the z-axis coincides with 
the edge of the sharp angle at the surface of the body over which the 
gas flows) all quantities become functions of ¢ only. Flows in which the 
initial distribution of parameters in the stream moving toward the edge 
is non-uniform may be of interest; in particular, such flows may occur 
in the presence of a bow shock wave in front of a body whose intensity 
decreases with distance from the body. 


If the initial distribution of parameters is considered to be known 
and to have almost constant values, the corresponding problem can be 
solved by the method of perturbations 


P) +, (FT, 9), 


taking the solution of a self-similar problem[{1] for the zeroth 
approximation 
: ? 


*. sin 29, 
n 


Here y is the ratio of specific heats, the asterisk denotes the 
critical value of the starred quantity, and the rest of the designations 


are well-known. For small values of v_’, vy» p” one can obtain the 
system of linear equations 


, Op ; I . . _d In p . 
rar ~ de al 
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Solving Equation (3) for derivatives with respect to R, the system 
obtained can be written in the form of the vector equation [2 ] 


Ox ax , , , 
aR=49, + (21 = p’, Za = 0,", 29 = 0") 


where A = || a; ;() || is the matrix 


la; = 








We will introduce the vector y in place of x by means of the relations 
x = By, y= Bx 
where B = || 6; ;(¢)|| is @ matrix such that Det |B| 4 0, and B~* is the 


inverse matrix; we have 


dy oy dy ssp 
Bor = 485, + T op = B*ABQS +? (6) 


After finding the eigenvalues A, of the characteristic equation 
Det |A-A|=0 


the elements b,, can be determined from the system 


0 " -{) (i¢/) (t=, 2, 3) 
, tj i (i=/) lei 23 


3 
y (4; ; — IF A,) 6 


3=1 


jk 


such that the matrix B~'AB will have the diagonal form 














The system (6) can be reduced to the following form: 


Oy . f 2n? 
aR = —"—(1—") mw —(1— aa cagiag) 
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ays nh OY, +( ” " 27 —s . 
dR * tgne oo ~ " aos + (n® — 1) cos*ne ) Ye (10) 


Oy 2nigne dys (1 — n*) [1 — (n*® + 1) cos* ng] — 
OR ~* tging —n* 09 ~~ i + (n* — 1) cos* ap wt T— a4 1) cos* np 


Ys 


For the solution of concrete problems, y,, y, and y, are successively 
determined from the second, third and first of these equations. 
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ON THE THEORY OF UNSTEADY SUPERSONIC GAS 
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KONECHNOGO RAZHAKHA) 


PMM Vol.26, No.1, 1960, pp. 166-168 


A.D. LISUNOV 
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(Received 8 April 1959) 


1. As is well-known, the unsteady three-dimensional potential motion of 
an inviscid compressible fluid is described in vector form by the follow- 
ing equation: 


2 ; ag e 
—a* dive + cgrad (2 i t+ 5)=0 (1.1) 


where a is the velocity of sound and c is the velocity vector of the air 
flow. 


Assuming that the air flows about the wing with constant velocity c in 
the positive direction along the x-axis and that the disturbances intro- 
duced by the wing are small, the perturbation velocity potential ¢, will 
satisfy the wave equation in a rectangular coordinate system 


» OPI 09 O*q; ——____ 
5? i Oyt "Oz? T J ; + (B = VM — 1) (1.2) 


Here M is the Mach number of the undisturbed flow. 


As a consequence of its linearity the solution of this equation is the 
expression 


i { 
91 (z, y, 2,t) = — ma\ >a (&. m t— ti) +908, 1 t— ta) cody = (1.3) 
s 


where q(x, y, t) is the source distribution on the surface of the wing, 





r=V (z—t)— Bly — a) + 2], ™) 1 age —OF ae (1.4) 
> ' . af ap? 


The region of integration S lies within the forward characteristic 
Mach cone whose apex is at the given point. 
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The value of the function for a displacement of its argument by an 
amount r can be determined with the help of the following exponential 
differential operator: 


ts) 
/(t&+) = exp(+45r) 10 


Using this operator on the source distribution and keeping in mind 
the notation of (1.4), the expression for the velocity potential ¢, can 


be represented as 
(1.5) 


{ 1 f) a i\ 
71 = -s\) > exp (uM (2—&) H)e (ur x) 9 y, t) d&dy (. = apt) 


After writing the hyperbolic cosine and the exponential function as 
the series expansions 


co 


oc 
a) (ur)? om ( Me — 8) -——) = [uM (x—&))™ a” 
ch (ur *) = a ‘Qm)l pam exp | pM (z — §) 5) Py — — 


formula (1.5) can be represented as 


£¢ 5 ln (= — BI" = 








Q(z, y,2z,ij=—— = 


5S m=? m=0 


We will represent the double series under the integral sign in the 
form of a series with respect to the orders of the derivatives. Then we 
finally obtain 


$1 (Zz, y, 2, t) = (1.7) 


e™ 


co k=m amr a Z 
} —M,,2(m—k)—1 
+2 a" 2 Cw Herm" , q(&. 1, t) d&dy 


where n = 1/2 « if m is an even number, and n = 1/2(m +1) if m is an 


odd number. 


The pressure difference on the top and bottom of the wing at any point 
is equal to 


oe *) (1.8) 


A p(z, y, t) = — 29 (sr +052 


The value a = 0 corresponds to the steady theory and the velocity 
potential in this case (remembering that 0! = 1) is 


i i 
fi(z, y, 4 t)=— —\\ ce, m, t) d&dy, (1.9) 
Ss 


Retention of the first two terms of the series corresponds to the 
quasi-steady theory. In the case of periodic motion the operator 0/dt = iw 
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(where @ is the circular frequency of the oscillation). This case is 
examined in detail in[1]. 


2. The result obtained can be applied to the solution of problems 
associated with the determination of the aerodynamic forces on an elastic 
wing of finite span resulting from the action of an arbitrary aperiodic 
disturbance. In particular, we will apply the given method to the calcu- 
lation of the air loads which act on an elastic aircraft as it encounters 
a vertical air gust of arbitrary spatial form. For this the wing is re- 
presented as a free, elastic plate symmetric with respect to the x-axis 
and having the origin of the coordinate system located in its leading 
edge. Elastic deformations in a coordinate system fixed in the aircraft 
are assumed in the form 


s= w; (z, y) P; (t) (2.4) 


j=1 


where w.(x, y) is the form of the oxcillations of the jth mode and p.(t) 
J . , J 
are unknown functions of the time. 


Then the source distribution in a new fixed-in-space system of coordi- 


nates is expressed in the following form: 
(2.2) 


dz, 


a0 ay d aw ; 
q(z,y, = Gr—(r—%) G+ 0+25-+ Dd) ( w; Fi —ep, 28) +0 (z, y, #) 


j=1 
where z, is the vertical deformation of the center of gravity of the 
plate, x, is the coordinate of the center of gravity, 6(t) is the angle 
of pitch, ¢(t) is the angle of roll, and W(x, y, t) is the velocity of 
the vertical gust. 


For practical problems it is sufficient in the majority of cases to 
restrict oneself to three or four forms of the elastic oscillations 
(j = 1, 2, 3, 4). Further, the pressure difference on the wing is deter- 
mined from formula (1.8) and the system of differential equations for 
the motion of the aircraft is formed. Limiting oneself to a certain 
number of terms of the series (1.7) depending on the capabilities of the 
electronic computer, the unknown functions p;(t), O(t), zo(t) and p(t) 
can be determined. 
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An investigation of strong and weak discontinuities in magneto-hydro- 
dynamics is contained in a series of papers and books (see, for instance, 
{1-4]). In the following, the equations of planar flow in a magnetic 
field parallel to the velocity field are transformed under certain 
initial restraints to a linear equation of the Chaplygin type [5]. We 
will apply the result to a problem in which there are no strong discon- 
tinuities. 


The equations of the steady motion of a gas with infinite conductivity 
in a magnetic field have the following form: 


divH=0, rot(WXH)=0, divpW=0, (W-¥) w="? ag Hx rot H (1) 
where H is the magnetic field strength, p, p and W are respectively the 
pressure, density and vector velocity of the flow. If the flow is planar 
and the vector H lies in the plane of the flow, it follows from the 
second of Equations (1) that Wx H= const. If W || H at one point, then 
W || H throughout the flow field. One can write 


H =k (z, y) pW (2) 
where k(x, y) is the coefficient of proportionality. 


From the first and third equations of the system (1) we conclude that 
k(x, y) = const along a streamline. The vector H x rot H is perpendicular 
to the streamline. Therefore, the Bernoulli formla 


d 
wdw +-— =0 


is correct along streamlines. 


Let us assume p = p(p) and let formula (3) be correct in any direction 
in the region of flow. We will also consider subsequently that k = const 
throughout the flow, which obtains in particular for the undisturbed 
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parallel flow at infinity. On the basis of (3) we have 
Pp =— \p(w) wdu 


from which there follows 


1 w* 
— grad p = — grad = 
Pr — 


On the other hand, (W-V) W = rot W x W + grad !/, W?. Therefore, 
last equation of the system (1) reduces to the form 
i 
rot WxwW = — “ioe H x rotH 


Projecting Equation (6) on to the coordinate axes x, y and taking 
formula (2) into account, we obtain 


dv Ou k? (> Opu \ 
: 
= 


Ja oY O12 Ou 


> > 
cos 0, w sin 0, 


and @ is the angle of the velocity vector with the abscissa. 


The existence of a stream function w(x, y) 


© © (* oy *-* . 
c we") : o ft me 
vp dy ut w) ‘p(w ) 


follows from the continuity equation. 


Equation (7) permits a fictitious potential ¢ to be introduced in 
accordance with the formula 


09d 09> 
-——— : (10) 
Oz oY 


As is well-known from the equations of total differential expressions 


sin® — cos® 
=~ do - : (11) 
u f 


one can derive the following system of equations for the unknown function 


@ and w: 


ov 


The system (12) has the canonical form 


09> 


(1.3) 
av 


where the functions of the velocity K and s are related to w* and p®* in 
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accordance with (6) by the formlas 


dQ _ 
a = —V KP, Q 


/_P* (w") Q’ (w") 


)Q Q(w') Q'(w') | 
\ P(w") Q (w’) 


ds = | . . 
P(w) P’ (w ) 


VK=| (15) 


Substituting expressions for the functions P(w*) and Q(w*) into (15) 
and taking into consideration formulas (8) and (9) and the formula for 
determining the velocity of sound 


we obtain 


rs 1 — M*) (1 — \"/ 1 — M?) [1 — moe (1 — M?)] \'hd 
1 K = (6 — init tt. og ds= t (C-= I — ? as 1 —(m =k? 4n) 


1 — mp (1 — M?*) 1 — mp 


where M is the Mach number. The negative sign in (17) is taken for the 
interval of variation of w in which dw*/ds < 0. For imaginary values of 
s and ¥ K we have the hyperbolic system of equations 


09 — a 09 ~~_,-— dy . ; 
po =~Viv Fe V x 3 (c :—is,V x —iV K ) (18) 


In the case p = const p“, where « is the ratio of specific heat 
coefficients, formulas (17) and (21) take the form 


yr .(—_—_0—8-56—-"erF \ 
NN (4 aan [t — by (1 — Atyht)Y (1 — M2) 

P | (1 — A®) (1 — ky (1 —A%/h2)* (1 — M2] \% ad 

s= as - - —_ -_ 7 - . 


(4 — A®/h®) [1 — ky (1 — A%/h2)*] h 


f k? /x +1 Y¢ x+1 1 


x—i’l x— 1 


where A is the magnitude of the relative velocity and a, is the critical 
velocity of sound. If k, < 1, the system (13) is correct for A < 1 and 
the system (18) is correct for A > 1. The case k, > 1 is of greater 
interest. Then the quantities 


1 — ky (1 — M?®) (1 — A2/h?)”, 1 — ky (1 — A*/h*)* 


which are negative in the neighborhood of A = 0 vanish respectively for 
A, < 1 and A, = h(1 - a*"" 4, where A, > A;- In the interval of velo- 
city variation 0<A <A, we have for every A, the elliptic system of 
equations (13). If A, < 1, we have for the subsonic interval A, <A <A, 
the hyperbolic system of equations (18), and subsequently for the interval 
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A, <A < 1 the elliptic system of equations (13), and finally for A > 1 
again the system (18). If A, > 1, the system (18) is correct for the 
intervals A, <A < 1 andA, <A< hy, and the elliptic system of equations 
(13) for the supersonic interval 1 < A <A,. If 


h \r 
Ag=i1, mum ks = (;—7) 


the system (13) is correct for the whole interval A, <A < h. 


Extracting the principal parts of the formulas (19) in the neighbor- 
hood of the singular points A, andA, # 1, we find that in the first case 
¥ K = const s~ ‘/* and in the second case ¥ K= const s, where s is to be- 
computed respectively for A, and A,. 


For k = 0 we have the usual equations of Chaplygin. For separate form 
ulas p = p(p) and values k, a system of equations in Legendre functions 
can be found which are more convenient for solution than the system (13). 


We will pass from the functions ¢, w~ to the functions ®, ¥ by means 
of the Legendre transformation 


In the independent variables s, @ the system (21) has the following 
form (see, for instance, [7 ] ) 


— =e eS. & 3 «(VR =VE([G]) 


Approximate and exact methods of solution of the Chaplygin equations 
can be used for the solution of problems of a given flow of gas in a 
magnetic field. For the approximations one must use a closure condition. 
For instance, if in the order of the approximation some other function 
f(s) is taken instead of the rigorous dependence on ¥ K(s), after sub- 
stituting the function f(s) in place of ¥ K in Equation (14) we obtain 
an equation for determining the functions P(s) and Q(s). We obtain the 
dependence of p on w in the parametric form p = p(s), w = w(s) by means 
of the formulas w* = P~!, p* = P/Q and the formlas (8) and (9). 
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A SURVEY OF THE SCIENTIFIC WORKS OF 
N. G. CHETAEV 


PUM Vol.24, No.1, 1960, pp. 171-197 


Nikolai Gur’ evich Chetaev was concerned with essential and difficult 
problems of analytical dynamics, theory of stability of motion, mathe- 
matical physics and the theory of differential equations. 


In his scientific activity Chetaev was guided by the opinion that 
"only those investigations have value which arise from applications... 
and only those theories are actually useful which result from the con- 
sideration of particular cases" (1).* 


The investigations of Chetaev are distinguished by the rigor of the 
formulation of the problem and the irreproachability of its solution. 
Chetaev, following Liapunov, shared the opinion that *it is not permis- 
sible to make use of doubtful reasoning as soon as we are concerned with 
the solution of a definite problem, whether it be a problem of mechanics 
or physics, provided only that the problem is accurately stated from the 
point of view of the analysis. The moment it is stated the problem be- 
comes a problem of pure analysis which is to be treated as such" (2). 


Chetaev wrote his papers in the most concise style, here and there 
even laconically. The reading of his papers, therefore, calls for serious 
preparation and attention on the part of the reader. The difficulties in 
reading his papers are the result, also, of the essential difficulties 
of the problems considered. 


In Chetaev’s investigations, analytical dynamics, stability of motion 
and the theory of differential equations are closely interwoven. There- 
fore, the subdivision of this survey into (A) analytical dynamics, (B) 
theory of the stability of motion, (C) works on the qualitative methods 





Numbers in square brackets refer to the list of papers of N.G.Chetaev; 
that follows this article; those in parentheses to the references. 
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Analytical Dynanics 


in the analysis and (D) works on the applied problems is of a conven- 
tional nature only. 


A. Analytical Dynasics 


The works of Chetaev on analytical dynamics can be subdivided into 
four sections: Gaussian principle and its sodifications, equations of 
dynamics in terms of group variables, stable trajectories in dynamics 
and the optical-mechanical analogy. 


1. Gaussian principle and its modifications. In 1829 Gauss published 
a theorem which is known to-day as the principle of Gauss. This theores 
was formulated by him as follows: *The motion of a system of particles 
constrained in any gsanner and subject to arbitrary influences remains at 
any instant most consistent with that motion which the particles would 
have acquired if they became free, i.e. the motion takes place under the 
least possible constraint if by the measure of the constraint at an 
instant we understand the sum of the products obtained by sultiplying 
the mass of each particle by the square of its deviation from that posi- 
tion which it would occupy if it were a free particle’. 


The principle of Gauss attracted the attention of a series of 
scholars. In particular, Appell and Delassus applied this principle to 
the investigation of mechanical systems with nonlinear nonholonomic con- 
straints. However, due to their definition of virtual displacements for 
such systems, the principle of Gauss turned out to be inconsistent with 
the principle of d’Alembert and Lagrange. 


At Kazan’ £.A. Bolotov was interested in Gauss’ principle. In 1918 he 
gave the most elegant treatment of this principle for linear nonholonomic 
systems. Naturally, also, Chetaev’s attention was attracted by this 
principle. 


In his paper [4], written while a student, Chetaev applied the Gauss 
principle to the solution of the most difficult problem concerned with 
the determination of that branch of the possible branches of equilibrius 
along which the mass of a rotating liquid in the neighborhood of a point 
of bifurcation will proceed. * 


The principle of: d’Alembert and Lagrange results from the axiom which 
defines smooth constraints, and the contradiction between this principle 
and that of Gauss arose in analytical mechanics in the process of the 
growth of new ideas about constraints (passage from linear holonomic to 





* This paper of Chetaev will be considered later. 
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nonlinear) which required new ideas about virtual displacements. Chetaev 
generalized this fundamental concept of analytical mechanics [14], and 

this generalization permitted him to retain Gauss’ principle within the 

framework of the d’Alembert and Lagrange principle. 


Another merit of Chetaev, connected with Gauss’ principle, refers to 
the development of a new approach to the problem of the release of 
material systems from constraints. As is well-known, Gauss’ principle is 
connected with a particular transformation of material systems, namely, 
that one which releases material systems from all their constraints. In 
mechanics many attempts have been made to generalize the Gaussian concept 
of release, and at the same time also Gauss’ principle. Before Chetaev 
two kinds of releases were considered: complete and partial releases. In 
the first case, the system is set free from all of its constraints, while 
in the second the system is released only partially of its constraints. 
Chetaev proposed to consider as a release of a mechanical system any of 
its transformations subjected to a definite mathematical algorithm (para- 
metric release of material systems). 


In paper [14] a mechanical system with & degrees of freedom is con- 
sidered, subject to nonholonomic nonlinear constraints depending explic- 
itly on time. The position of the system at the given instant is deter- 
mined by the orthogonal Cartesian coordinates (z;, Viv z;) or by the 
generalized independent coordinates q,, ..., q,- The velocities of the 
particles in the actual motion of the system are 


x,’ = (t, 95° q,')» y= b; (t, Gs q,) 2," _ c(t, 95° 9%, ) 
i ose & Oawd, cra & 
where a prime denotes the derivative with respect to time. 
Chetaev defines the virtual displacements axiomatically by the ex- 
pressions 
0a 0b Oc; 
tr, = ! %¢,, ; i 8¢., Se, = {3 
, 0q," q, > dq,’ q. zi > aq r) q; 


where the 5q, are arbitrary infinitely small quantities. 


Now, it is not difficult to show that for such a definition of the 
virtual displacements Gauss’ principle follows from that of d'Alembert, 
when introduced as a consequence of the axiom defining smooth constraints. 


In fact, denote by dz,”, dy;", dz;° the changes in the velocities of 
the particles of the system during an interval dt in the actual sotion, 
and by bx,", By,*s 53," the changes of the velocities in a conceivable 
motion, calculated for the same coordinates and velocities at the instant 





Analytical dynanics 


t as in the actual motion, and finally by Ox,", Oz;", dz," the changes of 
the velocities in the released motion. 


Then the principle of d’Alembert and Lagrange gives the equation 


A ag + Aga — Ags = © 


where Ag = I m, [(dz,'—bz,'? + (dy,'—by,')? + (dz,’—bz,')*] is the measure 
for the deviation of the motion (d) from that of (6) during the time dt. 
The quantities Aaa and A3g are defined analogously. 


Prom here immediately follows the well-known theorems of Mach for non- 
holonomic nonlinear constraints 


A 4g < Asa 


This theorem contains Gauss’ principle as a particular case provided that 
one takes for the motion (0) the motion of the system which is completely 
released from the constraints. 


In addition, another theorem is obtained which was first noticed by 
Chetaev, namely 


A ag < Aga 


In this way Chetaev, introducing a new definition for the virtual dis- 
placements, this definition being the most general of all the known de- 
finitions up to the present date, solved one of the important problems of 
analytical mechanics. 


At the present time Chetaev’s definition of the virtual displacements 
has received general recognition. 


The paper by N.E. Kochin *On the release of mechanical systems", in 
which Chetaev’s definition of the virtual displacements is used, has a 
bearing on Chetaev’s work in connection with Gauss’ principle. 


Next, Chetaev proposed an original modification of the Gaussian 
principle. 


He considers a mechanical system restricted by linear smooth con- 
straints [25 ] and calculates for this system the work T along the ele- 
mentary cycle, consisting of the direct conceivable motion (according to 
Gauss) in the field of forces acting on the system and of the inverse 
motion in the field of forces, the presence of which would be sufficient 
for the realization of the actual motion provided that the mechanical 
system were completely free. 


By the application of Gauss’ principle it is proved that the work T 
along an analogous cycle constructed for the actual motion is an extrenus 


:<. 
= 
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Thus, this theorem is equivalent to Gauss’ principle. By means of 
Carnot’s principle in thermodynamics this theorem permits us to widen the 
nature of the usually-considered mechanical systems. This theorem is also 
interesting as an immediate modification of an idea of Herman and Euler 
and developed by Lagrange in his exposition of d’Alembert’s principle. 


Paper [27] is immediately related to these investigations of Chetaev. 
It is concerned with the motion of a mechanical system depending upon 
certain forced variable parameters 6. the variations of which are con- 
nected with the coordinates Bie Vio By of the system and are such that 
they do not admit the hypothesis of very small or adiabatic variation. 
The system is subjected to ideal constraints, restricting the possible 


displacements 56... bx,, 5y;. 52; by means of linear relations. 


In the paper, a basic principle of dynamics for such systems is es- 
tablished, the principle of d’Alembert and Lagrange is generalized, and 
this principle is then modified. It turns out that the work A, calculated 
along the elementary cycle consisting of the direct actual motion in the 
field of acting constraints and forces and of the inverse motion in the 
field of forces sufficient for the realization of the actual motion if 
the mechanical system were completely free, is a minimum of A_, where A 
is the work calculated along the elementary cycle in a conceivable motion 
(in the sense of Gauss). 


In the case where the actual displacements of a mechanical system are 
among its possible displacements the theorem of vis viva is obtained. 
This theorem leads to a series of important consequences, in particular, 
those relating to the stability of the equilibrium position. 


Chetaev’s paper "On certain constraints with friction" [67], 
published in this issue, is of great interest. 


Usually, considering systems with friction, the latter, by introduc- 
tion of friction forces, are reduced to systems with smooth constraints. 
Such systems are then investigated by the usual methods of mechanics. 
Chetaev showed that, with sufficiently broad assumptions concerning the 
friction forces, a general theory of material systems with constraints 
of the friction type can be developed. Addition of friction forces to the 
forces acting on the system is not required. 


2. Equations of motion in teras of group variables. Geometrically, a 
motion can be interpreted as a transformation of variables. 


Transformations can be carried out in various ways. The set of trans- 
formations representing the motion possesses particular properties which 
S. Lie and F. Klein reduced to the concept of a transformation group. 


The development of these representations of the motion lead to the 
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establishment of the equations of mechanics in terms of a certain Lie 
group of infinitesimal transformations. These equations were introduced 
into mechanics in 1901 by H. Poincaré, Considering a mechanical systes 
with n degrees of freedom, restricted by smooth holonomic stationary 
constraints and under the action of forces which admit a force function, 
Poincaré introduces n operators of the transitive group and obtains the 
differential equations of motion in terms of the new group variables. 


In Papers [5,6], Chetaev considers the same problem as Poincaré, but 
assumes that the constraints are nonstationary, and determines the posi- 
tion of the system by means of the dependent coordinates Eye eee ® 
Then, infinitesimal operators of a certain intransitive group 


r° 


of 


(i= 1, ..., &) 
Oz; 


of. es - a Sei 
Xo(N= ath g t-.-+h 5 T= De 


can be found by means of which the transformation 


>) 4X; (f) dt + Xo (f) dt 
1 


carries the system from the given position into an infinitely near 
position in the actual displacement while the transformation 


n 
4X 
1 


does the same in a possible displacement. 


Further, assuming that the operator X,(f) commutes with all the Af) 
and making use of the Hamiltonian principle, the author obtains the equa- 
tions of motion in the form of Poincaré 


d aT aT a 
dt By, = Di “otk Gy, + X(T —F) (¢ == 4, 


s,k 


and also in a new canonical fors 


dy; aH . dz, 0H aT 
—_— = ———A,(H 9 aus oe er So r 1H . » au 
Hi Dee WG — A DAS Gy +z M= Fe 


H=)\y4%4—T+U 


where the Coik *Fe the structural constants of the group. These equations 
are now called the Chetaev equations in terms of group variables. 


Next, is proved the existence of a relative integral invariant of the 
first order for the system of the equations of motion. 


Further, Chetaev establishes a Jacobi-Hamilton type differential equa- 
tion in partial derivatives 
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Xo(V) + HA [t, 71, .... 2, Xi(V), .... X, (V)] =0 


which is satisfied by the function of action V(t, Eye sees Bye 
a.) and shows that if a complete integral of this equation is found, then 
the solution of the dynamical problem is reduced to the equations 


@i» re | 


(a;, 6; = const) 


Paper [6 ] ends with a proof of Poisson’s theorem which permits us to 
construct a new integral of the equations of motion provided that two in- 
tegrals of these equations are known. 


In Paper [26], which was published considerably later, a further 
treatment of this field of analytical dynamics is given. In particular, 
obtaining for the action function the expression 


Ve = 3% X,(V) + >, X,° (V) = 4% — > ¥,°@,° 


where x is the operator I, applied at the initial instant to. Chetaev 
proves the existence of the linear forsu 


Q= > %% 


which determines a relative integral invariant of the first order, and 
the quadratic invariant fors 


, y a 
2’ = > [ty,,] — >) apsYs [a] 


To new problems of analytical dynamics belongs the important probles 
concerning the construction of a group of possible and actual displace- 
ments, when the constraints are given by a differential fora. 


In this same paper [ 26 ] Chetaev introduces the concept of cyclic dis- 
placements. The author calls a displacement i, cyclic if 


» X,) =0 (a=me-+i,... 


holds, where (X,, q,) is a Poisson bracket and L = T+ U is the Lagrangian 
function in terms of the group variables. Under these conditions r— ¢ 
integrals of the Poincaré-Chetaev equations 


can easily be found. For the remaining noncyclic displacements the equa- 
tions reduce to the fors 
a (in, ) - > Cajk"a dy, * Di “ajy"aPy + X; (A) 
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, OL 
R(t, Say 2-8 Spo My «++ Nes Boia sone 5.) = L Lian, Ne 
If, in addition, ., = 0, then these equations are the equations of 
motion of a certain ait cote system, the role of the Lagrangian function 
being played by the Routh function RA, 


At the end of Paper [26 ] Chetaev makes two important observations 
about the solution of equations of motion in terms of group variables: 
first, when the group is intransitive, and, second, about the possibility 
of solving equations of the type of Hamilton-Jacobi in terms of sore 
general functions than the function of action. 


This paper [26 ] of Chetaev determined in many ways the direction of 
subsequent investigations into the dynamics of mechanical systems in 
terms of group variables. 


In Paper [50] an example is given of the application of the above- 
mentioned equations to the problem of sotion of a similarly changed body. 
A concrete group of Lie is constructed for such a body, and for the first 
time the equations of motion are obtained analytically. 


In this paper Chetaev acknowledged his debt to his former teacher, the 
Kazan’ geometrician and mechanician, D.N. Zeiliger. 


3. Stable trajectories in dynamics. In Paper [12] Chetaev, apparently 
for the first time, briefly pointed out the essential importance of 
theoretically stable sotions and their relation to the actual motions in 
mechanics. 


Let q), «+++ @, Smd p), «--» Pp, be, respectively, the generalized co- 
ordinates and their conjugate somenta of a holonomic system subject to 
stationary constraints and forces admitting a force function U,(4q)- 


q,)° 
The coefficients 8ij in the quadratic form of the kinetic energy 


| 


>) 8isPiP; 


yA a 


will depend only on the coordinates. 
The complete integral of the Hamilton-Jacobi equation has the forse 


— ht + Vo (qi, .- ++ Un» Btr-- +» @ 


n) 


The energy constant A depends on non-additive constants Gye veer Gy and 
the general solution of the mechanical problem is given by the well-known 
formulas 
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Bi ; 
Oa; Oai 


where the B; are new constants of integration. 
If the Hamilton function H(q;, «+++ Gy» Pir «+++ Py) has the meaning 


of the total energy T - Uy. then the Hamilton canonical differential 
equations of motion 


qq, dH dp, _ _—oaH 


dt Op, ; dt oq, 


have the variational equations of Poincaré in the form 


d 


gi > PH ,. +> 0H ‘ 
dt 9p,9q; ? 7 


pop; 
1 @H 


2 7 


Fixing the constants a,, ..., a, B,, ---» B,, any motion can be 
assumed for the unperturbed motion. The problem of stability of this 
motion then can be formulated with respect to the coordinates q,, «++» 4, 
under the condition that the constants Gir sees @ do not undergo vari- 
ations. By virtue of this condition it then follows,from (3.1) that, to 
within small quantities of the second order, 


y) IV, e 


— 39.0 a 
+ 99,99; 


This permits us to write the first group of Equations (3.3) by taking 
into account the relation 


in the form 


Noticing further that by virtue of the structure of Equations (3.2) 
the stability of the considered motion in the first approximation is 
possible only for the zero values of the Liapunov characteristic numbers 
of the solutions of these equations, Chetaev concludes that a necessary 
condition for the stability is 

{ ) fa] av 
a. - : . > | ac 
x {exp \ Lar = 0 | L > ae, | 9q; | (3.9) 
tj 
where y is the characteristic number of the function in parantheses. The 
system is assumed to be regular (2) *aag is natural to assume if we are 
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dealing with Nature...* {12}. 


The set of unperturbed motions with fixed constants Gis seen Gy, 
Chetaev calls a packet. Further, pointing out the difficulties of judging 
the stability by the first approximation in problems of mechanics, he in- 
troduces potential perturbation forces and states the requirements for 
stability as follows: 


"In Nature it is natural to assume that the perturbation forces admit 
a force function ¥ depending on the variables q;- The perturbation forces 
tend to increase the value of the function #7; their influence on the 
packet at an arbitrary point q, of the phase space is proportional to 
the density of the trajectories at this point 


"Prom this it follows that the perturbing forces disturb that packet 
relatively less, for which 


|W ye ae — maximum (3.6) 


where dr denotes a volume element of the phase space. This means that 
considering the set of all motions, the perturbing forces assign absolute 
stability to that packet which satisfies the condition (3.6). The trajec- 
tories of this packet will be called permissible orbits. To make cos- 
parisons possible assume for the measurement of the density the natural 
assumption 


"In order to determine the differential equation of the variational 
problem (3.6), consider that motion of the material system which would 
have taken place under the same initial data but, in addition, under the 
action of the perturbation forces. Here the energy integral always exists 


T=W+U,+h 


*This allows us to write the integral (3.6) in a different form 


\ (T —U,—h) qa 
where in T, instead of the variables p,, the derivatives dv/dq, must be 
substituted, corresponding to the unperturbed motion. If the expression 
of the density function 


Ae*’ 


is taken into account, then we can conclude that 


y) ay oy* XN! GAGA 


oT YYy* = D Bix = } 
1° 3q,8q, —°“ 49,59, 
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"Consequently, the integral (3.6) can be written as follows: 


dy OY 1 Sp 94 9A . 91, + ny aye | de 
ik Og, Og, a 89; 945 opieen 


"From here, after obvious transformations, we obtain the following 
relation 


(ty [A9+2(Ue+my—S4 9] ae 0 


for the determination of the differential equation of the variational 
problem (3.6). Whence the basic equation for the permissible orbits is 
‘ —a AA - 
+ 2(U,+h)y—- - y=0 (3.7) 
"If A A= 0, then our basic equation (3.7) assumes the form of the 
differential equation on which Schrodinger in his *Abhandlungen zur 
Wellenmechanik* has based his wave mechanics.* 


Remarking casually that the regularity of the solution of Equation 
(3.7) leads to the eigenvalues of the constants Gis seen G, (i.e. also 
of h), and consequently, to a discrete disposition of stable trajectories, 
Chetaev concludes this paper [ 12 ] in the following way: 


"We think about a material system moving under the action of certain 
forces in a weak field of perturbations. This latter destroys any sotion, 
provided only that it is not stable and permissible. In this way stable 
and permissible motions are preserved. But it can never be assumed that 
in Nature the motion takes place along a stable trajectory. There always 
exist small deviations due to which the actual motions of a material 
system take place in a sufficiently small domain enveloping a stable 
trajectory 


l&l<e 


"Adjacent trajectories, differing as little as desired from a stable 
trajectory, must ‘oscillate’ around the latter (K, = 0)*; this phenomenon 
gives us an idea of a ‘wave’". 


Passing to Paper [19] by Chetaev *On stable trajectories of dynamics", 
let us quote in full, first of all, that part at the beginning of the 
paper which is basic to the author’s conclusions connected with his 
principal approach to the problems of the stability of motion: 


“How are the laws of nature found? 





* Here K, denotes the characteristic number of the solution of system 
(3.4). 
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"To explain any mechanical phenomenon of Nature we first make definite 
hypotheses about the essential moving forces. This permits us to write 
down certain differential equations of motion in terms of the variables 
x, of the material system under consideration. In the case, where the 
solutions of these differential equations give for the functions studied 
>, values which are near the experimental data (to within the limits of 
the errors of the experiment), the hypothesis is assumed as a law of 
Nature, at least until experiments reveal new facts which contradict it. 
When such facts are discovered, new hypotheses are made without any re- 
striction by the customary fundamental concepts which hold at that time. 
This is only done provided that in the framework of the latter it is ina- 
possible to obtain good agreement with the experiment. 


“When can the deviations of the theory from the experiment be in- 
significant? 


"Every time that we make an attempt to explain these or any other 
phenomena of nature, we must not forget that in reality no phenomena 
present themselves in a pure form, No matter how precisely the forces 
acting on the system are determined, there will always exist weak per- 
turbations which have not been taken into account. These latter, no 
matter how small they may be, influence the motion of the material system 
and give to the functions, the values of which are determined experiment- 
ally, not the theoretical values oy but certain other values F,. 


"Assume that for the perturbation forces of a certain type and for 
small perturbations of the initial data, not exceeding numerically a 
certain small quantity «, the inequality 


Dd (Fe — OP <L 


holds for all t exceeding the initial instant to: Further assume that for 
an arbitrary number L there always exists a small number « different 

from zero, Then the unperturbed (theoretical) motion of the mechanical 
system subject to the given perturbation forces is said to be stable with 
respect to the functions >, and unstable in the opposite case. 


"In reality, according to this definition of stable and unstable 
motions, the general character will be preserved, at least with respect 
to the functions ?;. only by those theoretically unperturbed sotions 
which are stable with respect to 9: The last circumstance does not sean 
that all motions, determined by the accepted laws, will turn out to be 
stable for any small perturbation forces and for arbitrarily small per- 
turbations of the initial data. It means that these laws, due to the 
basic requirement of small deviations from the experimental data, cannot 
rely on anything other than the motions which are stable in one or the 
other measure with respect to the observable functions >: 
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"This proposition, which is a simple consequence of the definition of 
stable unperturbed motions and of the requirement of small deviations 
between theory and experiment, and which refers more to the structure of 
our scientific knowledge, we shall call the postulate of stability and 
will accept it without reservation. It will not matter whether later on 
this postulate is confirmed or refuted; for the present it is interesting 
to see that consequences can be deduced from it.* 


Further, repeating the statement of the problem of stability of a 
mechanical system, which was mentioned in the review of Paper [ 12 os and 
writing out the same equations including the system (3.4), Chetaev gives 
a rigorous proof to the effect that in the case of stability in the first 
approximation of the unperturbed motions under consideration, the Poin- 
caré variational equations have only zero characteristic numbers. The 
proof makes use of the invariant of equations (3.3) given by Poincaré 


where €1, coos Cae Mae coos My OMd £,°, coos Ons Myo ooee MR OFe two 
arbitrary solutions of these equations, as well as of the basic lemmas 
of Liapunov (2) on characteristic numbers. 


The assumption that the system (3.4) is regular leads to the condition 
(3.5). In addition, assume that this system satisfies the requirements 
of reducibility and that the corresponding linear transformation 


7 e 
== Dit § 
2 


possesses the determinant which is constant and different from zero. 
Then, due to the invariance of the characteristic numbers of the solu- 
tions of the system (3.4) under such a transformation and the well-known 
theorem of Ostrogradskii-Liouville, we shall obtain from (3.5) the 
necessary condition of stability in the form 


no / OV» \ 
L= x we\ =0 
Bis (3.8) 
rr 09; ( 1) 09; 
This condition expresses the fact that the sum of the characteristic 
numbers of the system (3.4) is equal to zero. 


In the actual motion, let the material system be under the action of 
forces with the force function Uy. theoretically taken into account 
above, and subject to unknown perturbation forces which, however, are 
assumed to be potential forces admitting a force function W. The actual 
field of forces is then determined by the function Uy + WF, 


If the statement of the problem of stability for the actual unper- 
turbed motions, under the perturbations of the initial data only, is 





Analytical dynanics 


preserved in the same form as above in the theoretical field of force 
with the force function Us. then the necessary requirement for the 
stability in the first approximation, as, for example, in the form (3.8), 
will not be effective in the general case, since the function V, playing 
in the actual motion the role of Vo. is not known (as also is WW). How- 
ever, conditions of stability can be found which do not depend explicit- 
ly on the unknown function of the perturbation forces F, but will contain 
only the constant of integration h which has the independent physical 
meaning of the total energy. 


Let us begin from the requirement of stability in the form (3.8), 
assuming that the conditions for its existence (reducibility and so on) 
are satisfied for the actual motions. 


Introduce instead of V a new function 
y -_ Ae*¥ 
where k is a constant, A a real function to be determined and i = ~-1. 


After simple calculations, using equations of the type (3.1) and the 
energy integral for the actual motions, the condition (3.8) assumes the 


fors 
iy @ oy\ i1gn@ GA\ _ 
v ag, (8 3a;) A Lag, (8 da, 
2 @A/1 a 10A\,, 
— 4 Fw. 2k? (U, + W + A) 3.9 
4 D885 ti 4s 4¥q,)*? ( o 


This equation will not contain WF if A is determined by the equation 
1 1 @ i] 1 » one 
am cud - 1 2k?W 0 
A = O45 ( 4 34;) ao fis 3g 


which after its separation into real and imaginary parts decomposes into 
two equations 


, | 1 @ GA 1 aA 
W =~ 2iae | Sis a) 83; 3.10 
oA Lae \ ij aa, 2 4 aq, P ( ) 


Equalities (3.10) determine the structure of the perturbation forces 
for which one of the stability conditions does not depend on these 
forces explicitly, but depends only by means of the energy constant A. 
If conditions (3.10) are satisfied, condition (3.9) assumes the fors 


5 9% Si 5 


Dae ( i) * 2k*(U, +h) y =0 (3.44) 


Single-valued and continuous solutions of Equations (3.11) for the 
function Ww are admissible only for the eigenvalues of h. Consequently, 
also, the stability of the actual motions will take place only for these 
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values of the energy constant Ah. For the function Uy of the theoretical 
forces these values of h can be determined in principle from Equations 
(3.11). Let us quote in full this important part of the paper [19 ]: 


"Because of this kind of effectiveness the method of solving our 
problem changes sharply to the opposite. Let us imagine our previous 
material system and assume that it is subject to perturbation forces 
with the force function ¥, determined by formulas (3.10). Knowing in 
advance the force function of the essential or theoretical forces Uy. ve 
can find the eigenvalues of the constant A in the differential equation 
(3.11). Let Ww be a certain eigenfunction of this equation corresponding 
to the constant A. If now, in Equation (3.11), the function Ww is replaced 
by a new function S, determined by the forsula 


then, separating the real and imaginary parts, this formula, in accord- 
ance with the assumption about the structure of the perturbation forces, 
decomposes into two equations. The first one 


shows that S will be a particular solution of the Hamilton-Jacobi equa- 
tion corresponding to the actual motions of the considered material 
system. The second, existing if this particular solution S appears in 
the complete Jacobi integral V for the actual motion, 


10 
Bag, (#u 3y,) =° 


tj 


shows that the necessary condition of stability > K, = © is always 
satisfied. 


"If the actual motions are not additionally constrained, then the 
possibility of obtaining stable motions outside of the solutions just 
found is not excluded. It is easy to observe that all stable actual 
motions which are not obtained by this method will have one general pro- 
perty, namely, for them the necessary condition of stability > kK = 0 is 
not equivalent to condition (3.8). 


"If, however, under these circumstances the actual motions are such 
that the variational equations (3.4) are reducible by means of a sub- 
stitution with a constant determinaat, then according to the previous 
analysis the possibly stable motions of such a system will be contained 
in the set of the obtained solutions. Of course, the latter may contain 
spurious or superfluous solutions which can be discarded if one considers 
the whole set of necessary conditioas for the stability in the first 
approximation, and does not restrict himself by the single condition 
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= 0.* 
s 


In Paper [19] is given the simplest example of a free material 
particle moving in the field of potential forces with the function U,- 
The conditions (3.10) for the structure of the perturbation forces assume 
the forms 


i 


and the condition (3.11) the form 


Ad + 2k9m (Up +h) =0 (3.12) 


i.e. it coincides with the well-known Schrodinger equation of quantum 
mechanics. The latter, in the given case, represents the relation, re- 
stricting the choice of the constants in the complete Jacobi integral. 


In the case of more complicated necessary conditions of stability 
0 (and not only =«. = 0) and preserving the reducibility of Equa- 

tion (3.4), the problem of selecting stable actual motions reduces anew 
to theorems on the existence of regular solutions w.‘*") of certain 
systems of differential equations in partial derivatives having, however, 
in this case, a considerably more complicated form. In the general case, 
when to the characteristic roots BH, of the reduced system of different- 
ial equations obtained from system (3.4), there correspond arbitrary 
elementary divisors, the form of these equations is 


ay 7) al a/(. wW i . 
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where k is the number of groups of solutions, a, the number of solutions 
in a group, corresponding to the root Baim, + Mg + eee + mp = A), 


yee) = 0, and V is the function contained in the complete Hasmilton- 
Jacobi integral and satisfying the equation 


1 av av ’ » 
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The function ¥ presupposes a certain structural definiteness. 


In the case of simple elementary divisors Equations (3.13) simplify 
considerably. 


The paper concludes with an example and a discussion of the types of 
the solutions of equations of the form (3.11) for the motion of free 
particles. 


Paper [20] "Stability and the classical laws", published by Chetaev 
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in 1936, is also similar in aim ‘o the paper "On stable trajectories of 
dynamics". By means of concrete laws of physics Chetaev illustrates the 
validity of the stability postulate, i.e. the necessity of recognizing 
the stability of one or the other type (in the sense of selecting func- 
tions which take part in experimental measurements, and the form of the 
perturbation forces) by virtue of the requirement of small deviations of 
the theory from the experiment. 


1. Consider the equilibrium of an isotropic continuous sedius, assus- 
ing that the inner forces, developed as a result of its deformation, are 
conservative, and that that part of them which cannot be taken into 
account (perturbation forces) is not of lower order than two with respect 
to the small deformations. Of what kind must these inner forces be if 
one starts with the postulate of stability? 


By virtue of Lagrange’s theorem on the stability of the equilibrium 
and its converse by Liapunov and Chetaev [ 23 ], there is at every point 
of the medium a force function of the form 


U = k3 (x;* + z* + 23") + Ww (3.14) 


where ¥)+ Sq %3 are the deviations of this point from the equilibrius 
position, and W is a function which with respect to these deviations is 
of the order greater than two. 


Thus, the force of elasticity will be defined in accordance with 
Hooke’s Law which has a good experimental foundation. 


"It is interesting to note that Hooke’s Law does not posséss dynamical 
stability for arbitrarily small perturbation forces (the order of small- 
ness being larger than one). Therefore, from the point of view of the 
stability postulate, it becomes clear why serious objections have been 
raised to Hooke’s Law on the grounds of its insufficiency in certain 
dynamical problems* [ 20 }. 


2. The behavior of the entropy S of a set of bodies, changing in a 
certain physical and chemical process according to the second law of 
thermodynamics, is characterized by its nondecrease. If S» is its 
maximum, then 


au 2°? 


where V= S — So plays in this law the role of the Liapunov function in 
his basic theorem on the stability of motion, although here it is ia- 
possible to give for the process a clear mechanical analogy. 


3. Consider the last problem, which refers to the law of gravitation 
of Newton and is connected, due to its origin, with the laws of Kepler, 
which in turn are based on the astronomical observations of Tycho de 
Brahe. 
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Prom the point of view of the Chetaev principle all three laws of 
Kepler sust contain directly such elements of the planetary sotion which 
by necessity are stable in the theoretical law of gravitation of Newton. 


Let us quote in full the concluding words, referring to this idea. 


"Let us verify! The elements of the first law of Kepler (plane and 
the law of areas) are obviously stable not only in the law of Newton but 
also for arbitrary central forces. In the problem of two bodies, if the 
particle under consideration describes, according to the Newtonian law, 
an elliptic trajectory, the motion will be stable with respect to the 
quantity 

P 


r‘—->-— 


i+ecos¢ 


where p and e« denote, respectively, the parameter and the eccentricity 
of the ellipse, described by the particle in the unperturbed sotion. 
Here r and ¢@ are the radius vector of the particle in the perturbed 
motion and the angle between this radius vector and its smallest value 
in the unperburbed sotion. This proposition of Liapunoyv (*General 
problem", p. 13) shows that in the second law Kepler also used stable 
elements. The fact that in the third law Kepler talks about stable ele- 
ments was established by Laplace, Lagrange and Poisson in the well-known 
theorem on the stability of the major semi-axes of elliptic orbits". 


4. The optical-mechanical analogy. A large and very important part of 
Chetaev’s work is connected with the investigation of the general proper- 
ties of the perturbed motions of mechanical systems in the neighborhood 
of a stable unperturbed sotion. 


Paper [ 34 ] occupies an important place in this field: it deals with 
the properties of the perturbed motions described by the variational 
equations (3.3). 


Here, a fundamental theorem is established to the effect that in the 
case of a stable unperturbed sotion the variational equations (3.3) not 
only have all their characteristic numbers equal to zero but are also re- 
ducible in the sense of Liapunov (2) and possess a definite quadratic 
integral. 


These results permitted Chetaev to pave the way for the development 
of the optical-mechanical analogy which he completed in his papers [ 55, 
59, 61, 65 }. 


The importance of the optical-mechanical analogy in the development 
of classical mechanics is well-known. The analogy between the principles 
of Permat and Maupertuis, in particular the analogy between the wave 
theory of light by Huygens and the motion of a conservative sechanical 





A survey of the scientific works of N.G. Chetaev 


system, played an important role in analytical dynamics. According to 
Chetaev *... the roots of the beautiful results obtained in analytical 
dynamics after Lagrange are to be found in the analogy between mechanics 
and optics. For contemporary problems this analogy does not, in my 
opinion, play any lesser part*.* 


Chetaev has underlined that the analogy to the oscillatory process in 
physics must be sought in the small perturbed motions about a stable 
motion of a holonomic conservative dynamical system. Thus, in Paper [61], 
it is said: "Hamilton discovered the analogy between the wave optics of 
Huygens and the motion of a mechanical system, restricted by holonomic 
constraints and subject to the action of forces, admitting a force func- 
tion. This important discovery determined for a century the progress of 
analytical dynamics". 


These remarks illuminate Chetaev’s interests and the general trend of 
his investigations along the lines of the optical-mechanical analogy. 
Let us examine briefly the paper *On the continuation of the optical- 
mechanical analogy* [ 61 }. 


Let us return to Equation (3.8) 
1 @ OV ’ 
: i 
Diag, { Si 9; } 


This equation is of the elliptic type since the 6;; *re the coeffi- 


cients of a positive quadratic form which determines the vis viva T. 
By virtue of the Hamilton-Jacobi equation the function V satisfies 
the equation 
Be 55,5 727 + wi 
Consider now the twice differentiable function 
® (— ht -+- V) 


Under the assumption that the above introduced necessary conditions 
of stability are satisfied, the function ® will satisfy the equation 


2(U + h) eo 1¢0 a® \ £9 
: .. — - (4.2 
he On Diag, { 84: aq; — 





* This quotation is taken from N.G. Chetaev’s paper "Dialectical 
principle and exact natural science" published in 1930 in the Vestnik 
Kazanskogo Fiziko-matem. Student. krushka (lithographed). 
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"This wave equation establishes the analogy between the mathematical 
theory of light by Cauchy and the stable sotions of holonomic conserv- 
ative systems". 


The optical-mechanical analogy is fully investigated by Chetaev in 
the light of the theory of Lie groups. The basic idea is the coincidence 
of the transformation group of one phenomenon (oscillatory process of 
the propagation of light) with the transformation group of the other 
(perturbed motions near a stable motion of a mechanical system). 


B. Theory of Stability of Motion 


For convenience of exposition, Chetaev’s work on stability can be 
subdivided into the following sections: the problem of existence of 
stable equilibrium figures of rotating liquids; the general theorem on 
instability and the converse of the theorem of Lagrange; investigation 
of stability in the first approximation for a non-stationary motion; 
elaboration of effective methods for the construction of the Liapunov 
functions. 


5. Stable equilibrium figures of rotating liquids. The works of Liapu- 
nov on the equilibrium figures of a rotating liquid and their stability 
contain a rigorous proof of the existence of new equilibrium figures uni- 
formly rotating about a certain axis, the liquid being assumed to gravi- 
tate according to the Newtonian law, and also the statement together with 
a solution of the stability problem of these figures. Liapunov proved 
the instability of pear-shaped figures. This refuted Darwin’s cosmogonical 
hypothesis on the development of an estinguished star through pear-shaped 
figures of equilibrium. After the works of Liapunov the problem of the 
development of an ideal extinguished star remained open. 


In Papers [3,4], Chetaev set himself the task of investigating a con- 
tinuous sequence of stable equilibrium figures of a homogeneous rotating 
liquid mass, subject to the action of the Newtonian gravitation forces, 
forces of radial compression toward the center of gravity with constant 
velocity 7, and constant pressure on the surface. 


First, he showed that the problem of finding the equilibrium figures 
of such a rotating liquid mass reduces to the solution of the functional 
equation 


v2 
+ y?) — > (z* + y* + 2*) = const a (S,) (5.4) 


where r is the volume of the liquid, Ss, the free surface, A the distance 
between any two points (xz, y, z) and (x°, y’, 2”) of the liquid, f the 
constant of gravitation, @ the afgular velocity of rotation of the liquid 
and p the density. 
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Further, Chetaev proved that the ellipsoids of revolution and the 
three-axial ellipsoids satisfy Equation (5.1) under certain restrictions. 
Here, the axis of rotation must be shortest of the axes of the ellipsoid. 


Applying the Gaussian principle of least constraint, Chetaev proved 
that under the action of the forces of attraction and radial compression 
the angular velocity of rotation of the liquid mass in the actual change 
of the equilibrium figure is forced to vary in the least way among all 
conceivable motions. From this it unquestionably follows that in the 
course of time the mass of the liquid changes its boundary figure of 
equilibrium in such a way that of all the positions consistent with the 
constraints the absolute value of the actual variation of the moment of 
inertia of the liquid with respect to its axis of rotation is the least. 


Consequently, the actual figure of equilibrium in the region of a 
certain bifurcation point will be that for which the inertia moment of 
the mass 


\ (2 + y*) dm 


assumes a maxisus. 


In order to single out a stable sequence of equilibrium figures 
Chetaev makes use of the Lagrange theorem on stability when a force 
function exists and adapts the proof suitably for the case under con- 
sideration. 


Applying this theorem to the linear approximation, Chetaev establishes 
the distribution of stability and instability in the sequence of ellip- 
soidal figures of equilibrium of a rotating homogeneous liquid. 


Further, stable figures are sought which are derivatives of stable 
ellipsoids of revolution. 


As was mentioned above in connection with the problem of the equi- 
librium figures of a rotating liquid, at the beginning of the present 
century serious differences of opinion arose between Liapunov, Poincaré 
and Darwin as to the question of stability of the pear-shaped figures. 
The dispute was solved in favor of Liapunov. 


However, as Chetaev pointed out in Paper [9 ], Liapunov’s in- 

genious method overlooks one delicate point still to be considered. As 
is well-known, Liapunov proposed to consider a certain linear sequence 
of figures (f), differing as little as desired from the critical ellip- 
soid Ey of Jacobi. Separate figures f of this sequence are completely 
determined by the values of a certain parameter a, and those of thes for 
which certain functions L(a) vanish turn out to be equilibrium figures 
being the derivatives of the ellipsoid E,- Since the various f-figures 
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do not represent all geometrically possible figures which are near E,. 
then the question whether all the equilibrium figures which are deri- 
vatives of E, are among the f-figures of Liapunov is of the highest ina- 
portance. 


Paper [9 ] by Chetaev, which consists of five chapters is devoted to 
the solution of this difficult problen. 


In the first chapter are derived the basic nonlinear integral equa- 
tions for a variable which determines a figure of equilibrium which is 
near to the ellipsoid and has the same angular velocity of rotation as 
the ellipsoid. Chetaev uses here some results of Liapunov, but obtains 
the basic equation in a form which is slightly different from that of 
Liapunov and such simpler. 


The second chapter is devoted to the investigation of the problem of 
the distribution of the critical equilibrium figures in the sequence of 
the Jacobi ellipsoids. 


In the third chapter, the author proves that not every figure of 
equilibrium, being a derivative of the ellipsoidal figures, is among the 
f-figures of Liapunov. Because of the difficulties in applying the 
general method for the investigation of the ramification of the solutions 
of nonlinear integral equations to the problem on the spreading of the 
equilibrium figures which are the derivatives of the ellipsoids, the 
author proposed a generalization of the Liapunov method, by means of 
which he then proved the above-sentioned assertion. 


In connection with this there arose the problem of the determination 
of the sequence of stable equilibrium figures. Chetaev is concerned with 
this problem in the fourth chapter of his memoir. First, he outlines 
Liapunov’s theorem on the stability of the equilibrium figures, accord- 
ing to which, if for a certain form C of the liquid the function 


eta 
Tr 


— w! \(2s + y*)dt (5.2) 


assumes a maximum for the given value L of the moment of momentum, then 
this figure C is stable. 


For the case L 40 Liapunov showed that it makes no sense to speak 
about the absolute maximum of the function II, if the liquid mass is 
subject to no additional restrictions. Chetaev introduces such an addi- 
tional condition and proves that, if there exists a lower bound, which 
is not infinitely small, for the masses of the separate bodies into 
which a certain homogeneous mass of an incompressible liquid can be de- 
composed under the influence of the Newtonian forces of attraction and 
the centrifugal forces, then for this mass there exists at least one 





260 A survey of the scientific works of N.G. Chetaev 


body for which [I assumes its largest value, and, consequently, at least 
one stable equilibrium figure. 


The fifth chapter is devoted to the consideration of stability of the 
equilibrium figures derived from ellipsoids. Chetaev proves here two ia- 
portant general theorems on the number of real branches of the equilibrius 
curve of ea mechanical system, passing through a bifurcation point, and 
on the change of stability. Particular cases of these theorems were 
noticed in 1885 by Poincaré, 


In order to clarify the problem of the distribution of the stable 
branches of the equilibrium figures near a critical ellipsoid, the author 
applies these theorems and proves the existence of a stable sequence of 
equilibrium figures, being the derivative of the critical MacLaurin 
ellipsoid and expanding in the direction of large values for the angular 
velocity of rotation, The chapter concludes with a statement of the 
principal problem of stability of the Jacobi ellipsoids in the sense of 
Liapunov. 


6. General theorem on instability and the converse of Lagrange’s 
theorem. The other problem which attracted the attention of Chetaev at 
the beginning of his scientific activity was the celebrated problem of 
the converse of the Lagrange theorem on the stability of the equilibrius 
when the force function has a maximum [ 11, 16,17, 23,48 }. 


As is well-known, this theorem is as follows [37]: *If at the equi- 
librium position the force function has an isolated maximum, then such 
an equilibrium position is stable". By the converse of the Lagrange 
theorem is understood the affirmative answer to the following question: 
Will the equilibrium position be unstable if the force function is not 
a maximum at this position? 


In such a formulation the problem turns out to be very difficult, and 
before Chetaev’s investigations it was solved only in special simple 
cases. In particular, Liapunov first investigated (2,§ 25) the case 
where the expansion of the force function U in the neighborhood of the 
equilibrium position q,7 0 has the forms U = U,+ Us 1 + «+e (U, being 
a form of degree a > 2) and the sign of the force function UJ for a= 2 
is determined by the terms of the second order. 


Liapunov also showed by his direct method (2, § 16, Example 2) that 
in each case where at the equilibrium position the force function assumes 
a minimum and this can be determined from the consideration of the 
totality of terms of the lowest order in the expansion of the increment 
of this function in terms of the powers of the increments of the co- 
ordinates, instability of the equilibrium takes place. This problem was 
also investigated by other authors (Hadamard, Painlevé). 
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In order to solve the problem of the converse of the Lagrange theores, 
Chetaev first had to develop the direct method of Liapunov. He gave a 
general theorem of instability based on the ideas of the method of 
Liapunov functions. This theorem turned out to be very useful for the 
solution of the concrete mechanical problem described. However, the ina- 
portance of the general theorem on instability as given by Chetaev turn- 
ed out to be considerably wider. This theorem can be considered as the 
most general and universal criterion of instability. 


The original formulation of the theorem [11] was given in 1930. A 
more general formulation and a modification of the theorem were given in 
Paper [ 16 ). An expanded proof for the general criteria of instability 
is given in Paper [23 }. 


The theorem on instability is as follows [16,17 ]: 


If the differential equations of perturbed motion are such that (i) 
for a certain function V, which admits an infinitely small upper bound, 
there exists a region in which V¥’.> 0, (ii) if in this region (VV¥’.> 0) 
for certain values of the quantities =, numerically small as desired, 
it is possible to single out a region into which a certain function 
¥> 0 which vanishes on the boundary, i.e. ¥ = 0, assumes for its total 
derivative with respect to the time #°. values which are all of the same 
sign, then the unperturbed motion is unstable. 


If the region VV¥’.> 0 considered in the theorem is bounded by the sur- 
face V = 0 and besides ¥’-> 0 holds, then the function V can be taken 
for ¥F. 


As the function ¥ also V’. can be taken. Then we obtain the original 
formulation of the theorem on instability as given in the Paper [11 }. 


These interesting criteria of instability gave rise to a certain 
amount of debate. At first, it was thought, incorrectly, that the 
theorem did not hold in the large. It should be pointed out that the 
original formulations were given by Chetaev in the shortest possible 
form and were designed for the investigation of those cases of the equa- 
tions of perturbed motion for which misunderstandings in the interpreta- 
tion of such concepts as the regions V¥’.> 0, ¥> 0, F > 0 and so on 
were almost excluded. 


Later, in his book [37] and in Paper [48 ], Chetaev explained how, in 
the general case, the terms used in the formulation of his criterion 
should be understood. 


In particular, in Paper [48], he pointed out that the regions V> 0, 
¥’.> 0 and so on in the neighborhood of the point s,* 0 should be con- 
sidered on the closed tise interval [t,, wo). 
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The formulation of Chetaev’s instability theorem which has been sost 
widely adopted is that given in the book [37,48 ]. If one does not in- 
troduce conditions for the existence of the region V°.> 0 on the closed 
interval [ t, oo l, it can be formulated in the following way [37,48 ]: 


The function W(x), toes Bye t) will be called positive-definite in 
the region V > 0 if it can vanish in this region only on the boundary 
V= 0, and if for an arbitrary positive number «, no matter how small, 
there exists such a positive number 1 4 0 that for all x, satisfying the 
condition V>« and all t > ty the inequality #¥ > I holds. 


Theorem. If the differential equations of the perturbed motion are 
such that a function V can be found, bounded in the region V> 0 and 
existing for all t > t, and for arbitrarily small absolute values of the 
variables =, whose derivative V’, by virtue of these equations, is 
positive-definite in the region V > 0, then the unperturbed motion is un- 
stable. 


The converse of this theorem has been proved and, thus, its uni- 
versality established. 


In Paper [11 ] Chetaev proposed a solution for the converse of the 
Lagrange theorem using the Kronecker characteristics. The complexity of 
this solution induced him to look for a more elementary solution. The 
results obtained by Chetaev in Paper [17] can be reduced to the follow- 
ing: 


Let the system be described by differential equations in the Lagrange 
forms 


U, i; |re holomorphic functions of x, vanishing at the equilibrius 
position s,= 0, and the expansion of U begins with terms of the order 
not lower thar two. If the force function U is a form U, and can assume 
positive values, then the equilibrium is unstable. 


The proof is based on the investigation of the behavior of the func- 
tion 


H = F —2U 


in a neighborhood of the point :,* 0. Under the conditions of the 
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theorem this function satisfies the conditions of the instability theores. 
If the force function J = U, + ... has a sinimsum and this can be deter- 
sined by the lowest order terms, then the equilibrius s,= 0 is unstable. 


In Paper [23 ] Chetaev gave a new proof for the converse of the Lag- 
range theorem in the general case when the force function J is analytic 
and does not possess a wsaximum at the isolated equilibrium position. An 
elementary proof was given in this paper only for the case where the 
function JU is a homogeneous function of degree a or U = U. + U4 i+ 
and the positive sign of the functions U = U, + UL. , + +++ and al, + 
(a + 1)U,, 1 + «++ is determined by the terms of the lowest order U, 
without any necessity to consider terms of higher orders. It should be 


noted that the first of the cases considered appears now in text books. 


Elementary proofs (in the sense of Chetaev’s definition) for other 
more complicated and subtle cases of the converse of the Lagrange theores 
were given in Paper [as]. 


Here, the following particular cases are considered: 


(a) The function UJ = U, + Oy te wee + Oy + Oe Opi + one, 
where the forms U., ..., U,_, are constantly negative, the formas U,, ,, 
U,, 2° are constantly positive while the fors U, is of variable sign. 
Por sufficiently small numerical values of the q, the function U, + 
Ul, 1 + - + U,_, + U, cam be made positive. In this case the instabil- 
ity of the point s,* 0 is proved by means of the function 


V=—Htp, (6.1) 
which satisfies the conditions of Chetaev’s instability theores. 
(b) The equilibrium position q,* 0 is unstable if 
U = — abg,* + (@ + ©) g193* — 9a* (6>a>0) 


probles is solved by seans of the consideration of the function 


v= — H (gps + + oars + GaPa +... + MP) 


The equilibrium position q,* 0 is unstable if 

U = — abg,* + (@ + 5) g19¢3" — os° (b>a>0) 
probles is solved by seans of the function (6.1). 
The following conditions are satisfied: 


for arbitrarily small numerical values of the , such that aan + 
e + _ < I there exists a certain region C in which U> 0; 





A survey of the scientific works of N.C. Chetaev 


(11) there exist certain functions f.(q,, «+++ q,). which together 
with their first partial derivatives are continuous in C which vanish for 
the zero values of the arguments and which are such that all the princip- 
al diagonal minors of the functional determinant 


of, . Ff, 
oq, o% 


(s.r = 1,+++,”) 


are bounded from below by positive numbers of the region C, and the func- 
tion 


is positive-definite in the region C. In such a case the equilibrium 
position q,= 0 is unstable. The problem is solved by means of consider- 
ation of function (6.1). 


7. Investigation of stability in the first approximation for a non- 
stationary motion. A large part of Chetaev’s works is devoted to invest- 
igations in this field [30,35,37,43,58,63 ]. These works contain, in 
particular, important estimates for the solutions of the system of linear 
approximation which have found an extensive practical application. 


Among the papers of this section Papers [30,63 ] should be singled out, 
in which the theorems of stability and instability are proved in the 
first approximation for nonstationary systems. As is well-known, Liapunov 
established the fundamental theorem of stability by the first approxima- 
tion for regular systems (2, § 12,13). 


In Paper [30] Chetaev proves analogous theorems of instability by 
the first approximation. *If the system of differential equations in the 
first approximation is regular and if only one among its characteristic 
numbers is negative, then the unperturbed sotion is unstable. If the 
system in the first approximation is not regular, then, introducing ¢ = 


A, © cos 9 AW where the A, are the characteristic numbers of the normal 
system of its solutions, we have s+ p==o0 (p is the characteristic 
number of the function 1/ A, o > 0). Further, if only one of the charac- 
teristic numbers A; is negative and less than (— o), then the unperturb- 
ed motion is unstable". 


The proofs of these theorems are based on the properties of the Liapu- 
nov characteristic numbers. 


Later, in Paper [63 ], Chetaev gave new proofs for his own and 
Liapunov’s theorems on stability by the first approximation, using the 
direct method of Liapunov. 


In Paper [35] is proved a theorem which appears in many text-books on 
the theory of stability, namely, on the smallest characteristic number 
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of a nonstationary system, the coefficients Py; {t) of the linear approxi- 
mation of which approach certain limits Cj; MS t+ + ow. 


If, as ¢t increases indefinitely, the coefficients P,;(t) tend to de- 
finite lisits Cig then the lowest characteristic number of the systes 
coincides with the lowest characteristic number of the limit systes. 


As a consequence of the theorem the following criterion of stability 
by the first approximation is obtained: 


If the elements of the matrix lhe sll are such that the real parts of 
the roots of the characteristic equation lle; ; - 5, All = 0 are negative, 
then the unperturbed sotion zs, = 0 is eayuptotical ly stable. 


In the same paper a more general case of a system with variable co- 
efficients is also considered, and a method for the construction of 
Liapunov functions in the form of a quadratic form with variable coeffi- 
cients is demonstrated. 


This paper can be considered as a source of works on the estimation 
of the velocity of damping of the transition process in terms of the 
estimates of Liapunov’s quadratic functions V(t, Eps «+++ Ey)- The cri- 
terion given in Paper [35 ] consists of the following: 


For t > te let the equation 
A (A) =] p,, —3,,A1=0 


have roots Ay sees A. for which none of the expressions #,A, + ... + 
aA, vanishes for Bt eee + Oe 2. Then, by a well-known theorems of 
Liapunov there exists a form V =< > a, -( thas which satisfies the equa- 
tion in the partial derivatives 


r’ 


n 
> OV (Pay f+ + Pen®n) = 71° ooo Ft z,* 
Oz, 


s=1 


Assume that for all ¢ > ¢ the diagonal sinors D,. aéee dD, of the dis- 
criminant D = ||de, /dt + | are not smaller than a certain positive 
number. Then, according to the Sylvester criterion, the derivative dV/dt 
by virtue of the initial system will be a positive-definmite function. 
Here the boundedness of the derivatives da, ,/dt » assumed. On these 
assumptions, if V is negative-definite, stability takes place. Moreover, 
if V assumes an infinitely small upper bound, asymptotic stability takes 
place. If, however, V admits an infinitely small upper bound and can 
assume negative values, then instability takes place. 


In Paper [43 ] the problem of stability of the solutions of a linear 
nonstationary systems of equations is also considered. The basis of the 
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method, described in this paper for the construction of the Liapunov 
function V(x, t), is the following concept: if we denote the initial 
conditions by Xho’ generating for t = ty the set of the linearly inde- 
pendent solutions zp (tr(t > ty), then the quadratic form V(x, t), satis- 
fying the conditions V[ x(t), t]= 2,,) for «= 1, ..., m; t > t, will 
obviously satisfy the condition dV/dt = 0. If this form turns out to be 
positive-definite, then by virtue of the Liapunov theorem the solution 
‘4 0 will be stable. In Paper [43 ] Chetaev justifies the possibility 
of calculating the coefficients a.,(t) of the form V(x, t) by the method 
of successive approximations, gives the corresponding formulas and dis- 
cusses the effectiveness of the proposed method of investigation. 


8. Effective methods for the construction of the Liapunow functions. 
In a series of papers on the application of the method of Liapunov func- 
tions to the problems of stability Chetaev proved the effectiveness of 
this method and also justified the possibility of estimating the pro- 
perties of the transition process in the system. Here, Chetaev emphasized 
the fact that for a correct selection of the parameters of the system 
securing the optimal properties for this system, methods based on the 
calculation of the integral estimates for the separate trajectories 
corresponding to the chosen initial conditions, prove to be insufficient 
and may even lead to considerable errors. Paper [47] aimed to show the 
inconsistency of the integral estimates for the separate perturbed tra- 
jectories for the complete characterization of the optimal properties of 
linear systems, and to show how true estimates can be arrived at by 
Liapunov method. The paper considered a linear asymptotically stable 
system described by the equations 


(8.4) 


On the basis of estimates for the largest and smallest values of the 
Liapunov function V as a quadratic form and its total derivative dV/dt 
by virtue of system (8.1), an estimate is made on the basis of the 
sphere of radius one from the above, for the transition time of an arbi- 
trary perturbed trajectory of system (8.1), beginning on a sphere of 
given radius A> 0 and crossing into a previously determined a small 
sphere, of radius « > 0. Since these estimates are determined by the 
eigenvalues of the matrices of the form V and its derivative dV/dt, and 
the relations between these eigenvalues are determined by the coefficients 
ai; of system (8.1), then by the same token a certain guiding rule for 
the selection of the parameters of system (8.1) is obtained, which 
guarantee its greatest effectiveness. 


It should be noticed that the significance of this paper falls out- 
side the framework of the concrete problem considered in the given paper. 
In fact, the general considerations on which the method of estimates is 
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based are obviously applicable to more general cases, namely, when a 
Liapunov function can be constructed and a connection can be effectively 
observed between the estimates of the properties (positive-definiteness, 
upper boundedness) of this function and its total derivative (estimation 
of negative definiteness) and the parameters of the system under con- 
sideration. In addition, there are some very fruitful observations on the 
study of the properties of the system by the simultaneous study of the 
changes in its properties and in the properties of the corresponding 
Liapunov function as the parameters vary. 


The method of estimating the properties of linear systems by means of 
quadratic Liapunov functions has been widely adopted, and a series of in- 
vestigations have resulted in useful and effective estimates for the 
velocity of damping of the transition process in nonstationary linear and 
nonlinear systems. 


9. Nonlinear systems for which the problem of stability can be solved 
correctly by sufficiently simple approximate methods are called ‘rough’ 
by Chetaev. A system of this kind is considered in the note [64], the 
results of which are immediately related to Paper [35 }. 


Let the system of differential equations have the form 
dr 


a 

a= (Cy, + Ofg,) 21 +. ~~ + (Opn + ff gn) Zp 

where the C,, are constants, | Po bounded real functions of Ey. 
for ~*~ > coe + my ¢ 4, ¢> to- 


If the auxiliary system of equations 


dz 


i = °n7 +...+ 6.8, (9.2) 


satisfies the condition that the roots A, of the equation || «,,- 5, A||=0 
are such that for arbitrary non-negative integers a, we have aA + 

+ BAn # O when Ba, twee + Oe 2, then the virtue of the Liapunov theorem 
the equation in partial derivatives 


n 


DS eat t .- + Gente) = — (er .. +2,,") =U (7,. oo MJ 
=) 8 


determines uniquely the quadratic form 


1 
V= > > 6,,5,2, 
s.r 


Por numerically small « > 0 and a small » > O the derivative d¥/dt, 
by virtue of Equation (9.1), will satisfy the condition 
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dV 
— a —¥ (x,7+...+2,%) = YD) hart s*> > 0 for 2y?+...+7,,? >0 
8,r 
Thus, the asymptotic stability or instability of the unperturbed 
motion is determined by the constants Core The quantities A ande, for 
which such a correspondence between the systems (9.1) and (9.2) exists, 
are determined by the inequalities of Sylvester with respect to the form 


»y h,,7,7, 
s.r 


Chetaev points out the possibility of varying the estimates for the 
numbers ¢€ and A which can be changed on account of the variation of the 
form U(z,, ..., =,) om the right-hand side of (9.3), and, by the same 
token, of obtaining for the optimal selection of U the widest estimates. 


In the second part of the paper, Chetaev gives concrete estimates for 
the largest and smallest deviations of the perturbed variables. These 
estimates have been widely used in practical calculations. In particular, 
the estimate 


x 
z;*(t)+...+ s,% (t) << e+e (9.4) 


is given for the square of the radius of the sphere, into which at the 
instant t the point in the perturbed motion x(t) will enter under the 
initial condition San” + coe + ~~." e for t> t, = 0. This estimate 
generalizes to the case of quasi-linear rough systems the estimate for 
the velocity of damping of the transition process in linear systems ob- 
tained earlier by Chetaev in Paper [ 47 ]. In the inequality (9.4) the 
quantities Ky and x, denote the largest and the smallest eigenvalues of 
the quadratic form determining the function V, «” is a sufficiently small 
positive constant and A“ is the largest root of the equation 


n 
iw (Tx 0b., ) — = (2 _ 
73 Se, 0 T Ge oe) — er a 


Here dV/dt denotes the derivative of the Liapunov function calculated 
by virtue of system (9.1). 


10. Concluding this survey of the investigations of Chetaev into 
stability, it is necessary to emphasize the importance of his monograph 
"Stability of motion* [37,52 ]. 


This small book contains an investigation into the stability of motion 
of mechanical systems with a finite number of degrees of freedom. These 
investigations, which were initiated by the classical works of Liapunov, 
and continued by the scholars of our country, consist of the systematic 
application of Liapunov’s second method. Chetaev achieved important 
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results in this field. 


In this monograph, Chetaev does not attempt a complete exposition of 
all the achievements in the field, but confines himself to those invest- 
igations which have the greatest value in application. 


Without enlarging the book, Chetaev managed to include in the second 
edition [52 ] new theoretical results as well as a series of new problems 
illustrating the theoretical results. 


Chetaev emphasizes the vital fact that in the definition of stability 
Liapunov used the concept of number and not the concept of an infinitely 
small quantity. 


This fact permits the successful application of Liapunov’s methods to 
the solution of applied problems on stability which arise with the devel- 
opment of technology and physics. 


The author draws attention to the method useful in practical applica- 
tion, proposed by Liapunov in the proof of his theorem for finding the 
dimensions of the region of the initial perturbations provided an arbi- 
trary positive number 5 is given, which determines the region of the 
phase space, inside which the trajectories of the perturbed motion of the 
system must lie. 


In this book a condition for asymptotic stability is proposed which 
is somewhat more general than the condition corresponding to the Liapu- 
nov theorea. 


The influence of perturbation forces on the equilibrium is examined. 
Theorems of Kelvin about the influence of dissipative and gyroscopic 
forces on stability are strongly proved. The important concepts of secular 
and temporal stability introduced by Kelvin are explained. 


The established possibility of estimating the characteristic numbers 
by means of averaging the coefficients has great significance for 
practical calculations. 


Chetaev attached great significance to the correct statement of the 
problem of stability. As a model of the statement he considered the 
formulation of the stability problem given by Liapunov. Also, Chetaev 
always paid great attention to the selection of those variables with 
respect to which the stability is to be investigated. Here it is neces- 
sary to point out that ignorance of this fact sometimes leads to the con- 
clusion that stability problems which can be covered by the concepts of 
Liapunov’s stability theory are considered by some investigators as fall- 
ing completely outside the framework of this theory. For example, the 
majority of cases which are of interest in applications of the so-called 
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orbital stability can be covered by Liapunov’s definition of stability 
(a classical example is the motion of a particle in the field of central 
Newtonian forces (2)) provided that the variables are properly selected. 


C. Borks on Qualitative Methods in Analysis 


One of Chetaev’s first works on the qualitative theory of differential 
equations was his proof of the general criterion of stability of motion 
in the sense of Poisson. 


One criterion of stability in the sense of Poisson was indicated by 
Poincaré. This criterion required the invariance of the volume of a 
certain set Win the motion along the trajectories of the system. In his 
Papers [7,8], Chetaev frees himself from the requirement of the invari- 
ance of the volume and proves criteria for periodic functions x, with 
respect to time. 


11. In Chetaev’s works analytical methods are developed for the in- 
vestigation of the behavior of the qualitative picture of the trajec- 
tories of dynamical systems and, in particular, methods which originate 
in the problems of the change of this qualitative picture as the para- 
meters of the system vary continuously. 


Here must be mentioned problems on the theory of bifurcation of equi- 
librium which are closely connected with the problems of stability and 
instability of equilibrium. A series of papers connected with these 
problems is devoted to the theory of the Kronecker characteristics [ 13, 
15, 18,22,24 ]. 


By the term "Kronecker characteristic" in Chetaev’s papers is under- 
stood a numerical characteristic of a set of n+ 1 functions Fy (2), ae 


Ende sees F (xs, coos By) Let the functions Fy. neces Fn be single-valued, 
bounded, continuous together with their first order partial derivatives 


F iy ~ OF ;/dx,, and not vanishing simultaneously at any point (x,, 

of the space. Any system of equations ro = 0 obtained from any a func- 
tions i of such a system has only a finite number of roots, which in 
the space Eis sees S, Ore represented by certain isolated simple points. 


Then the Kronecker characteristic ,(F,, F,, ..., F,) can be defined 
by the equality 


(11.4) 


where Ay is the minor corresponding to the element F, in the first column 
of the determinant 
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and the summation on the right-hand side of the equality (11.1) is 
carried out over the roots lying in the region Fy < 0 of the system of 
equations F. = O(s - k). 


In Paper [13 ] Chetaev gave a theorem justifying a method proposed by 
him for the calculation of the characteristics by means of variation of 
the functions. 


This method consists of a continuous variation of the functions of 
the given system Fy. oecs F to a system of new functions for which the 
characteristic can be more easily calculated, and in the counting of the 
losses and gains of units of the characteristic in such a transformation. 


Varying continuously the functions Foe seée Fae the characteristic 


then, and only then, undergoes a change when all the functions vanish at 
any one of the “transition points* gt 


Assume that we have a single parameter «x In the space x 


0° 0° i. eee 


r, the systems of equations Fy = @ seve Fa = 0 determines the transition 


points ce 


If to the initial system of functions corresponds the value of the 
parameter Xo a and to the final system Xo B, and if the parameter Xo 
varies monotonically, then the difference between the corresponding 
characteristics is equal to the sum of the characters of the transition 
points 


This formula permits us to determine the difference between the 
characteristics of two arbitrary systems of functions. The proof, for 
example, given by Chetaev of Poincaré’s theorem on the parity of charac- 
teristics serves as an application of this theorem. 


Paper [22] is a systematic survey of numerous modifications and 
basic applications of this theory. 


In the first chapter are given the definitions of the characteristics 
and the general theorems of Kronecker. The contents of the second chapter 
consist of Chetaev’s theorems on the calculation of the characteristics 
[13 - The third chapter is devoted to the sources of the characteristic 
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theory, i.e. to the theorems on the separation of roots. In the fourth 
chapter, the theory of characteristics is applied to problems connected 
with Poincaré’s work "On curves, defined by differential equations". In 
the fifth and last chapter Chetaev is concerned with integral expressions 
of the characteristics. 


Chetaev indicated the application of the theory of characteristics to 
the proofs of various theorems of mathematics (part of which are given 
in the form of problems in each chapter). In this way can be proved, for 
example, Gauss’ theorem on the number of complex roots of a polynomial, 
Brouwer’s theorem on the fixed points of a continuous mapping of a 
sphere, the algebraic theorems of Sturm and Hurwitz, and the topological 
theorems of Euler, Poincaré, Hopf and others. 


In Papers [ 15,18,24 ] the problem of how far the method of Kronecker’s 
characteristics permits us to extend the solution of the problems in the 
theory of stability is investigated. In Paper [15 ] the equations of the 
perturbed motion are considered 


(11.2) 


It is shown how the definition of stability according to Liapunov can 
be expressed in terms of the theory of the Kronecker cahracteristics. 
The unperturbed motion s, = 0 is stable in the sense of Liapunov if for 
any number L > O there exists a number ¢ > O such that the characteristic 
Xt of the system of functions 


Fo (z1,--- =-5 . , z 4 — 2; (t) 


where the x, (t) are the motions described by the system (11.2) satisfy 
the equality yx, = 1 for t > ty provided that the perturbations 2," for 
t= ty satisfy the condition 


° 
23 Zl pecs 


In the opposite case the motion is unstable. 


Making use of the formula in Paper [13 ] mentioned above, it is shown 
how the variation of x, can be expressed in terms of the Kronecker 
characteristic of a certain new system of functions aii how the basic 
theorems of the direct method of Liapunov can be proved by means of the 
Kronecker characteristics. Thus, in the case of Liapunov’s first theorem 
of stability, the variation of the characteristic y, of the system of 
functions 
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Fo (z) = V (2,..., 8.) — Ce ; . z,— 2, (t) 


(V is the Liapunov function) as ¢ changes is given according to the above 
formula by 
Xt, — % >} sing V’ (11.3) 
k 
where the summation is carried out over the points , for which F; = @ 
(j = 0, 1, ..., m=), and ¢ varies fros t, to the instant under consider- 
ation. If 2°} € [Fy <0), then Neg “ 1 and because of V° < 0 we have 
Xto -X%,* O, eC X, = 1. This proves Liapunov’s theorem. Analogously, 
in terms of the Kronecker characteristics, Chetaev’s general theorem of 
instability can be proved. It must be mentioned that in this paper 
Chetaev also considers the converse problem of his instability theorem 
and indicates a process of constructing a sequence of functions y, in 
the region vv,’ > 0 for which there exist points in sufficiently small 
neighborhoods |x, | <¢€, of the unperturbed motion as«, + 0. 


In Paper [18] Chetaev clarifies the algebraic nature of the Liapunov 
method in the theory of stability of motion, and shows how the conditions 
of stability of motion, expressed in terms of the Kronecker characteris- 
tics can be connected with the problems of separating the real roots of 
algebraic equations. 


Let the equations of the perturbed motion have the form (11.2), where 
I, are holomorphic functions of =, the coefficients being continuous 
functions of time ¢t, and X,(0, ..., 0, t) = 0. 


Assume that there exists a positive-definite function 


V (zy, .--+ Fy» t) > W (2,..., z,) >! 
The region of stability is assumed to be defined by the inequality 
W (zr) <c (c = const, ¢ > 0) (11.4) 


Assume that for ¢t = ty the initial values =o ®re selected in the 
region (11.4) and that for t > te the function ¥[ ti (2y09- t), ¢] is de- 
noted by f(t). If, further, @(y, t) denotes a function which, by seans 
of the inequality @(y, t) < 0, defines a region bounded by the contour 


t= to, =«T, y=-e-€, =-—¢€, then, under the condition 


+x (®, ys’, {)=0 


the motion under consideration % (450. t) will remain in the region 
(11.4) for t€(t, T), i.e. it will be stable in the large (#< ¢). on 
the finite interval of the time t, < ¢< 7. if, however, x(@, yf’. f)>9, 
then in the motion during the time interval from ty to T the function V 
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assumes the value c at least once. Also, a sequence of successive de- 
rivatives rf”) of the function can be considered, which are obtained by 
virtue of the equations of the perturbed motion (11.2), and the Kronecker 
characteristics y@, yfit-), f°"). the basic contents of the paper con- 
sist of the following: Chetaev shows that, if for a certain function V 
by virtue of the differential equations (11.2) the sequence f, f*, ..., 
fs») can be constructed, which in analogy with the well-known algebraic 
methods he calls a sequence of Budan, and if 


x (®, yf*—), f™) —0 


then, on the basis of investigating this sequence, we can make conclu- 
sions about the stability of the unperturbed motion. The argument is 
based on the connection between the walue of the Kronecker characteristic 
x and the number of the losses in the change of the sign in the Budan 
sequence when passing from ty to T. In the problem under consideration 
this permits us to estimate the number of roots of V— ¢ = 0 in the in- 
terval [t,, T] and, consequently, in the case of the absence of the 
roots, to draw conclusions about the stability of the unperturbed motion. 
The unperturbed motion is stable if the number of changes of the sign in 
the Budan sequence when passing from ty to t,(t, < T)is for each such 
value t) either a negative number or zero or an even positive number. 


At the end of Paper [18 ] Chetaev points out the possibility of form- 


ulating theorems analogous to the Liapunov theorem and corresponding to 
(k) 
on ¥ ° 


more general cases of the Budan sequence f, f’, 


In Paper [24] Chetaev indicates the possibility of generalization of 
a problem, connected with the problem of the center and considered 
earlier by Poincaré, Liapunov and Birkhoff. 


12. In Paper [58 ] Chetaev shows that the estimation problems of 
approximate integration have much in common with the problems of stabil- 
ity of motion, On the basis of this he develops the method of Liapunov 
functions for its application to the problem of deducing the above esti- 
mates. He considers the system of differential equations (11.2), where 
the xX, are holomorphic functions of the real variables Eye tees Ey in a 
certain region D for all values of time t. Assume that by a certain method 
of approximate integration an approximate solution. 


sey M) (12.1) 


of Equations (11.2) is obtained which is to be compared with the true 
solution x, = u,(t) + €,. To estimate the differences ¢, Chetaev makes 
use of the A, A- estimate introduced by him in the theory of stability. 
Given the positive constants A, A, the approximate solution (12.1) has 
the A, A-estimate if, for the initial deviations Cre ocee one satisfying 
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the inequality €..* Sina. 6 é." <A for every t larger than t, by virtue 
of Equations (11.2), the condition 


Et +e-s +E < A 
is satisfied. 


In order to deduce the A, A-estimate Chetaev, as in the case of 
stability problems, considers the system of equations for the perturbed 
motion 

dE, 

t= Pay (t) Ea ++ + Pan (Ent Se 
corresponding to the deviations ("*perturbations* ) a of the approximate 
solution u(t) from the actual solution x(t), and the system of equa- 
tions for the first approximation 


g, > 
“—_ = P,, (t) 1 +++++P,, (t) &, 
which he uses for the construction of a quadratic Liapunov function 

V(t, ei. TT ,)- Assume that the coefficients p,, are such that there 
exists a Liapunov function which admits an infinitely small upper bound, 
is negative-definite and the inequalities 


av 


~ av 
>} ’ —— Fou. 
a + (Py,51 + os + PenEn) 0, 2 E,? . 


s=] 


av 
lz, |>° 


6 1 


hold for all t > ty im the region é* + cas ay < A. Denote by I the 

greatest lower bound of | V| on the sphere €,* S sae 2 €* = A, If inside 
the sphere @,* Tk. €.° < A the inequality | V| < | holds and in the 

regionA< é." © cos Bg < A the inequalities lf, | < A hold, then the 
approximation u(t) has the A, A-estimate. The proof of this proposition 
is deduced from the results of [37], referring to the estimates of the 
region of admissible initial deviations, by means of Liapunov functions, 


the latter being quadratic forms. 


Two examples are also considered. As is always the case with Chetaev’s 
works, besides the fact that these examples illustrate in concrete fors 
the general methods of the author, they also have an independent interest. 
In the first example is discussed the possibility of replacing the differ- 
ential equation of the nth order 


"ey d"—lz 


ae +8 Qe TT =” 


ao 


by the approximate equation of the (nan — 1)th order 
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d"—lz 
oy Gare tet aye =O 


obtained from (12.2) by dropping the “inertia"* term ayd"x/dt", where a 
is small in comparison with the remaining coefficients. Chetaev indicates 
the possibility of obtaining the A, A-estimate provided that 


ayp"~*++--+ an =0 
possesses roots with negative real parts. By the same token, in the case 
of the given example, Chetaev actually demonstrated a device for invest- 
igating, by the method of Liapunov, problems of the behavior of solutions 
of a linear equation with a small parameter in the term containing the 
highest order derivative. 


In the second example Chetaev demonstrated the estimation method for 
the approximate solution of the equation dzx/dt = X(xz, t), obtained by a 
selection of the solution x(t) in the form of a linear expansion 
Gghy(x) + a,f,(x) + ... im terms of the functions ¢)(t), $,(t), ... of a 
certain family given in advance, and made important observations about 
this method. 


In Paper [ 39 ] the extension of the d’Alembert method of integrating 
linear differential equations with constant coefficients to systems of 
linear equations is described. 


D. Applied Problems 
Applied problems always occupied a central position in Chetaev’s work. 


In Paper [10] Chetaev applied the Liapunov theory of stability to 
the solution of the problem of lateral stability of an airplane. He ob- 
tained sufficient conditions for stability. In the monograph [37] he 
considered the problem of stability of a rectilinear flight of a neutral 
airplane with respect to longitudinal motions. 


A number of investigations have been concerned with the problem of 
stability of the rotating motion of projectiles. Maievskii was the first 
who applied approximate analysis and obtained in 1865 the well-known, and 
in some sense, necessary condition for the stability of the rotating 
motion of a projectile in flat trajectories. 


In Papers [ 28,38,57 ] Chetaev succeeded in solving the problem of the 
sufficient conditions for the stability of the rotating motion of a pro- 
jectile. 


Chetaev [28 ] considered first the rectilinear flight of a projectile, 
assuming that the velocity of the motion of its center of gravity and 
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the angular velocity of rotation are both constant. With these assump- 
tions the problem reduces, as was shown by Maievskii, to the case of 
Lagrange and Poisson of the motion of a heavy rigid body about a fixed 
point. The solution depends on the location of the roots of the poly- 
nomial 


f (u) = (4 — au) (1 — u*) — (B — brou)* (u = cos 6) 


where @ is the angle of nutation. Chetaev showed that the angle of nuta- 
tion @ will have small deviations from its unperturbed value provided 
that all the roots of the polynomial f(u) are larger than 1 — 5, where 5 
is a small positive number. All the roots of the polynomial f(u) will be 
larger than 1— 5, if all the roots of the polynomial F(x) = — f(1-—8- x) 
are negative. For this it is necessary and sufficient that the Hurwitz 
conditions be satisfied. Thus, the latter lead to the sufficient condi- 
tions of the stability of the angle of nutation of the projectile. 


- 


Chetaev shows that for an ideal gun (0, = 6, = 0) these inequalities 
are satisfied simultaneously and independently of 5 if the Maievskii in- 
equality b?r,? —- 2a> 0 is satisfied. 


Por an actual gun the indicated inequalities determine the value of 
the corresponding deviation. 


Further, Chetaev studies the following cases of the rectilinear 
flight of a projectile: (i) variable angular velocity of rotation and con- 
stant velocity of motion of the center of gravity; (ii) variable velocity 
of motion of the center of gravity and variable angular velocity of rota- 
tion of the projectile. 


In both cases Chetaev finds sufficient conditions of stability for 
the nutation angle of the projectile. 


Next, he passes to the planar case of curvilinear motion of the center 
of gravity of the projectile, subject to the action of overturning and 
drag couples of forces of the air pressure. In this case the stability 
problem reduces to the finding of sufficient conditions in order that the 
region of possible changes of the variable u, determined by a certain 
equation, be inside the interval (1— 8, 1). Because of the lack of 
sufficient experimental data it is difficult to select the most accept- 
able majorant. Therefore, Chetaev proposed an approximate method for the 
analysis of the stability conditions. The essence of this method consists 
in the consideration of small sections of the trajectory as arcs of the 
corresponding circles of curvature. In this way he succeeded in obtain- 
ing the necessary conditions of stability. 


In Paper [ 38 ] Chetaev investigates by Liapunov’s method the stabil- 
ity of the flight of a projectile in a very flat trajectory The differ- 
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ential equations of motion are taken in the form proposed by A.N. Krylov. 
Chetaev constructs the Liapunov function in the form of a positive- 
definite bundle of integrals of the equations of motion, and derives 

from the conditions, when the construction of such a function V is 
possible, the conditions for the stability of the unperturbed motion. 
This method of constructing the Liapunov function in the form of a linear 
bundle of integrals of the perturbed motion, which allowed him to solve 
rigorously and completely an important concrete problem, was further de- 
veloped by Chetaev, and permitted him to solve a series of important 
problems on the stability of mechanical systems. 


In this paper Chetaev explains the reasons for the lack of stability 
in the flight of projectiles observed in practice. This lack of stability 
is explained by the action, on the projectile, of dissipative forces with 
complete dissipation which cannot be taken into account. By means of the 
construction of a Liapunov function, Chetaev proves rigorously that in 
the case under consideration the stability of the flight, being dependent 
on the gyroscopic stabilization of a rotating projectile, is destroyed 
by dissipative forces. 


Paper [57] is a continuation of Chetaev’s investigations into the 
stability of the flight of a projectile. In this paper he considered the 
case of a projectile, having a cavity, filled continuously with an ideal 
incompressible fluid. Chetaev considered the solution of this problem to 
be very important, since in a number of cases, starting from this solu- 
tion, it is possible to make a sufficient provision for stability against 
unforeseen negative influences of viscosity. 


Chetaev gave a rigorous solution of the problem, in a nonlinear fora- 
ulation, of the stability of the rotating motions of a projectile with a 
cavity filled continuously with an ideal fluid and being in the state of 
irrotational motion without. 


In Paper [57] the problem of the stability of the flight of a pro- 
jectile is considered in the following cases: 


(a) The cavity has the form of a circular cylinder, the axis of which 
coincides with the axis of rotation of the inertia ellipsoid of the pro- 
jectile (without fluid). Using the results of Zhukovskii (with the well- 
known extension) Chetaev shows that the problem of the stability of the 
rotational motions of such a projectile coincides with the classical 
problem of the stability of the usual projectile, provided that the 
inertia moments are correspondingly selected. Making use of the results 
of his previous paper [38], he gives an inequality, the fulfilment of 
which guarantees the stability of the rotational motions of a projectile, 
having a cavity filled with a fluid, along flat trajectories. 
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(b) The cavity has the form of a cylinder with a planar diaphrags. In 
this case the ellipsoid of inertia of the projectile and the augmented 
mass, representing the liquid filling of the cavity of the projectile, is 
three-axial. This circumstance makes it difficult to apply to the problem 
the results known for continuous rigid projectiles, where naturally, it 
is assumed that the ellipsoid of inertia is an ellipsoid of revolution. 
In the paper the equations of Lagrange describing the motion are stated, 
and the stability of the unperturbed motion in the first approximation 
is investigated. For the reduced moments of inertia A, B, C inequalities 
are given, the fulfilment of which guarantees that in the first approxi- 
mation the roots of the characteristic equation are purely imaginary and 
the unperturbed motion is stable in the first approximation. 


(c) A circular cylindrical cavity where the diaphragms form a cross 
consisting of two mutually orthogonal diametral planes. In this case, 
also, the problem is reduced by Chetaev to the classical cases studied 
by him earlier. On the basis of these calculations, sufficient conditions. 
are given for the stability of the flight of a projectile of the type 
considered. 


This paper of Chetaev proved a starting-point for investigations into 
the stability of the rotational motions of rigid bodies with cavities, 
completely filled with a liquid or having a free surface, in general, in 
a state of vortex motion. 


The subject of Paper [38] is close to Paper [49], in which Chetaev 
solves the problem of stability of rotation about the vertical of a rigid 
body with a fixed point in the case of Lagrange. The stability is con- 
sidered with respect to the projections p, q, r of the instantaneous 
angular velocity of the body on the moving axes and the direction cosines 
Yur Yor ¥3 of the vertical. In this paper Chetaev demonstrated the 
effectiveness of the method proposed by him for the construction of the 
Liapunov functions in the form of linear bundles of first integrals: 
namely, by using the known first integrals vi = e,(i= 1, 2, 3, 4) of 
this problem, he constructs Liapunov’s function in the form of the 
quadratic form 

> (C — A) 
V = Vy + 2AV_.— (mgz + Crod) V3 + — A 
— 2C (ro + A) Va = A (E* + 7) + 2AA (Ea +4 


» 
— (mgs + Cred) (a* + 6 + 8) + 2A CK + FF 


where A is an arbitrary constant. @® the basis of the Sylvester condi- 
tions it is seen that if the inequality 


C*ro? — 4Amgz > 0 


is satisfied the constant A can be chosen in such a way that the function 
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V is positive-definite. Consequently, this inequality is a sufficient 
condition for the stability of rotation about the vertical. 


This paper [ 49 ] by Chetaev, although only one-and-a-half pages long, 
proved of great significance in mechanics. It stimulated the production 
of a series of papers in which various problems of stability were solved. 


Paper [60] is devoted to the investigation of the motion of a heavy 
gyroscope in a Cardan suspension, the axis of the inner ring being 
vertical. Formulating the equations of motion of the gyroscope in the 
form of the Lagrange equations, and indicating their first integrals, 
Chetaev reduces the problem to the inversion of hyperelliptic integral. 
It follows from this solution that in the case of a heavy gyroscope in 
the Cardan suspension the nutational motions play the leading role. 


Purther, conditions are indicated for the realization of pseudo- 
regular and regular precessions of the gyroscope, and conditions are de- 
rived for stability with respect to the angle of nutation of the rotation 
of the gyroscope about the vertical. 


The scientific works of Chetaev reflect to a considerable degree the 
development of analytical mechanics during the last thirty-five years. 


Chetaev often said that Galileo, Newton, Lagrange and Liapunov deter- 
mined the basic stages in the history of mechanics. 


The name of Liapunov is associated with the creation of the theory of 
stability of motion. Up to the beginning of the twentieth century the 
importance of this problem was not realized. The difficulties connected 
with its statement made it accessible only to a few distinguished 
scientists. With this problem Lagrange, Liapunov, Thomson, Tait, Routh, 
Zhukovskii and Poincaré were concerned. 


At the present time this theory has great importance in its applica- 
tions. The methods of Liapunov and Chetaev are applied to the solution 
of technical problems in the theory of control, guidance of flight 
vehicles, construction of instruments and underwater navigation. 
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THE NINETIETH ANNIVERSARY OF THE BIRTH OF 
Vv. I. LENIN 


(K 90-LETIIU SO DNIA ROZHDENIIA LENINA) 


Vladimir Ilich Lenin, the creator of the Communist Party of the Soviet 
Union and the founder of the Soviet nation, was born ninety years ago 
this April 22. Lenin devoted his life to freeing the workers and the 
peasants from the yoke of Capitalism and to constructing the Socialist 
State. He carried forward the ideas of Marx into a new epoch and elevat- 
ed them to a higher plane. The philosophy of Lenin was born in the era 
of the victory of Socialism in the U.S.S.R. and the growth of Socialism 
in the Peoples’ Democracies. It represents the highest fulfilment of 
Russian and world civilisation. 


Lenin himself was an exceptionally brilliant man. Being a person of 
many interests and great knowledge, he was active in diverse areas of 
public and political activity. Hardly a branch of political, philosophi- 
cal, scientific or cultural life can be found in which Lenin did not 
exercise his decisive and beneficial influence. A deep-thinking political 
scientist, he studied problems of philosophy, political economy, strategy 
and technology during the Revolution as well as during the post-Revolu- 
tionary period. 


Lenin gave much thought to bourgeois economic theories and in 1916 he 
wrote the classic work Imperialism as the Highest Stage of Capitalism 
which represents an outstanding contribution to the treasure-chest of 
creative Marxism. This book was the result of much research into 
economic, political, technological end diplomatic problems, into the 
workers’ movement and other questions of government in various imperial- 
ist countries, and his thesis was developed from factual material. In 
this book, his abilities as a true scientist and indefatigable researcher 
are most brilliantly reflected. 


Lenin created a scientific foundation for the planning of the proper 
construction of Socialism and Communism. The most important parts of 
this program constituted the socialistic industrialisation of the country 
and the creation of cooperatives in agriculture. The economic foundation 
of Socialism — the basis of the power of the Soviet nation and the 


source of the people’s well-being —Lenin consi:lered to be the indcus- 
£ 


trialisation and electrification of the country. This ideology is the 
corner-stone of Communism in the U.S.S.R. 


At the Tenth All-Russian Conference of the Bolshevik Russian Communist 
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Party, Lenin said: 


"There is one, and only one, basic strength on which to create a 
Socialist society, and that is complete industrialisation. Without effi- 
cient industry there can be no Socialism in any country and even less in 
an agricultural country. We, in Russia, realise this now more than we 


have ever done, and instead of an undetermined, incoherent industry, we 


plan an integrated program of electrification." (Works, Vol. 32, p.385). 


Lenin’s belief that heavy industry and electrification were the 
essential basis of Socialism represented the fundamental direction in 
the effort to create a plan for electrification of Russia. The plan 
GOELRO (State Commission for the Electrification of Russia) which re- 
presented the realisation of these ideas, was created in 1920 during the 
years of destruction caused by the Civil War and the military interven- 
tion directed against the young Soviet nation. 


Lenin indicated the means for the socialistic reorganisation of the 
villages and the introduction of the farmers to cooperative construction. 
Based on his plan, the Communist Party worked out a program for the 
collectivisation of arriculture- one of the most important steps in the 
transformation of an economically backward Russia into a leading, 
powerful Socialist nation. The Soviet people under the direction of the 
Communist Party have successfully realised Socialism, and today we ob- 
serve the construction of Socialism in the Peoples’ Democracies. 


Lenin pointed out that to equal and surpass the production of goods 
per capita of population of the most developed Capitalist countries 


Communism must have a material-technical basis. 


Thanks to the creative work of the Twenty-First Congress of the 
Communist Party of the Soviet Union, the country entered a period of in- 
reased construction based on the lucid and coherent program developed 

by Marx and Lenin. Our people, proceeding along the path indicated by 
Lenin, direct their efforts towards the creation of a material-technical 
basis of Communism. In his address to the Twenty-First Congress of the 
Communist Party of the Soviet Union, N.S. Krushchev pointed out: 


"Today, the task consists in achieving a victory of the Socialist 
system over the Capitalist system in world production, to surpass the 
most-developed capitalist countries in the productivity of heavy basic 
industries per capita of the population, and to ensure the highest 
standard of living in the world." 


The philosophical heritage of Lenin cannot be underestimated. 


With all the passion of a revolutionary and a true scientist Lenin 
fought against idealism for materialism. He defended and developed 
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dialectical materialism, which is immeasurably richer in content and is 
incomparably more logical than all the preceding forms of this philos- 
ophy. 


Lenin’s book Materialism and Emperio-Criticism was of outstanding 
significance. The reactionary philosophy of emperio-criticism is critic- 
ally surveyed and the theoretical foundation of Marxism, namely, dialec- 
tic and historical materialism, was defended. 


His critique was a brilliant expose of the fallacies inherent in 
bourgeois philosophy and philosophic revisionism. In Materialism and 


Emperio-Criticism — a masterly review of creative Marxism — Lenin pre- 


sented and developed the basic problems of Marxist philosophy: the 
materialism of the world, its objectivity and the objective character of 
the laws of nature and society. Of prime importance to him was the theory 
of knowledge, the possibility of scientific investigation of the roles 

of nature and society, its historic character and the decisive role of 
practice. 


In the new experimental facts and modern physical theories appearing 
in the early twentieth century, Lenin saw perspectives of fruitful de- 
velopment of new physics. He uncovered the basic content of the develop- 
ment in physics in our time and gave an interpretation of this revolu- 
tion from the point of view of materialistic philosophy. 


With characteristic lucidity and precision, Lenin discussed the 
correct approach to facts, the correct method of scientific research: 
*... In order to know a subject it is necessary to consider all its 
aspects and interrelations. We shall never be able to achieve this com- 
pletely, but the requirement of diversity will prevent us from commit- 
ting errors and becoming sterile. This is first. Secondly, the dialectic 
logic requires that a subject be considered in its development, in its 
self-generation..., its changes... Thirdly, all human activity must enter 
into the complete "determination" of the subject, both as a criterion of 
truth, and also as a practical measure of the connection between the 
subject with that which is necessary to the human being. Fourthly, dia- 
lectic logic teaches that there is no abstract truth, the truth is always 
concrete ..." (Works, Vol. 32, p. 72). 


Today, dialectic and historic materialism conducts a broad ideological 
attack on obscurantism and imperialistic ideology, being the sharpest 
weapon in the battle for social progress against contemporary reaction, 
bourgeois philsophy and philosophic revisionism. 


From the beginning of the post-October period, Lenin emphasized that 
all achievements on the frontiers of science and technology should be 
directed to the service of a great cause, namely, the transformation of 
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society. This may be seen from his Outline of a Plan for Scientific and 
Technical Research (Works, Vol. 27, p. 282) written in 1918, in which he 
welcomes the study of natural productive resources initiated by the 
Academy of Sciences and suggests a plan to reorganize the industry and 
economy of Russia on the basis of advanced technology, and of the 
electrification of the Russian economy. 


The great October Socialist revolution stamped out everything which 
inhibited the development of science and technology in Russia. Following 
Lenin’s advice, the Communist Party of the Soviet Union believed and 
still believes in the importance of science in Communist construction. 
In the 42 years of the Soviet regime a new socialistic culture has been 
created. The colossal development of Soviet science and technology has 
culminated in amazing achievements, the most important of these today 
being the use of atomic energy for peaceful purposes and the conquest of 
cosmic space. A broad network of scientific research institutions whose 
activity is devoted to varied problems of civilization and economy has 
been developed. Conditions for most fruitful work of scientists have been 
created. 


The program evolved at the Twenty-First Congress of the Communist 
Party of the Soviet Union and at the June meeting of the Central Conmmit- 
tee of the Communist Party of the Soviet Union foresees a huge develop- 
ment of the economy, the culture and the material wellbeing of the 
people; this plan represents the development and perfection of economic 
production, and the adoption of the most modern scientific and technol- 
ogical achievements. Continuing technological progress is a necessity 
for this development. In this connection, the development of technology 
acquires great significance. Great problems are to be found in mechanics, 
which is the basis of most technical science. The progress in automation 
and mechanization of production requires a perfection of methods of 
automatic control. Studies in general mechanics are very significant in 
this area of technology and other branches of mechanics, such as aero- 
dynamics and hydrodynamics,are necessary for the solution of a large 
category of problems, from cosmic flights to the exploitation of under- 
ground petroleum and gas. A successful development of machine construc- 
tion presupposes a perfection of the methods of analysis of engineering 
structures, whose foundation is the theory of elasticity and plasticity. 


Finally, the conquest of space, one of the most important problems of 
today, requires a deep and broad development of all branches of mechanics, 


There is no doubt that Soviet scientists, armed with the great ideas 
of Lenin, will successfully resolve these problems. Under the banner of 
Leninism, under the direction of the Communist Party, the peoples of our 
country march resolutely toward the glowing heights of Communism. 
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The name of Lenin is the banner of the world’s workers in their battle 
for a bright future for all people. 





THREE-DIMENSIONAL HYPERSONIC GAS FLOW PAST 
SLENDER BODIES AT HIGH ANGLES OF ATTACK 


(PROSTRANSTVENNYE GIPERZVUKOVYE TECHENIIA GAZA OKOLO 
TONKIKH TEL PRI BOL’ SHIKH UGLAKH ATAKI) 


PMM Vel.24, No.2, 1960, pp. 205-212 


Vv. V. SYCHEV 
(Moscow) 


(Received 14 November 1959) 


We consider three-dimensional hypersonic flow past bodies whose trans- 
verse dimensions are substantially smaller than their length. Making use 
of the smallness of a parameter characterizing the relative thickness of 
the body, it is possible to put the problem of flow past such a body 
approximately in a form that generalizes the similitude of hypersonic 


small-disturbance flow to the case of arbitrary angle of attack. 


Approximate formulas are obtained for the calculation of the aero- 
dynamic characteristics of slender bodies at high angles of attack, con- 
taining as unknowns only certain constants depending on the cross- 
sectional form of the body. 


One approximate method of calculating hypersonic flows consists, as 
is well known, in considering flows past slender bodies whose surface is 
everywhere inclined at a small angle to the undisturbed stream, The velo- 
city field about a slender body may be regarded as a small-disturbance 
field close to its surface. Here the angle of attack of the body must 
obviously also be small. Although the differential equations of hyper- 
sonic small-disturbance theory remain nonlinear, so that they cannot be 
solved in general form, it is possible within the framework of this 
theory to find certain general properties of hypersonic flows. The most 
useful ones are the analogy with unsteady gas motion (the equivalence 


principle, or "law of plane sections") [1,2,3 ] and the similarity rule 


for flow past affinely related bodies [4 l, an exposition of which may be 
found in the book [5 - 


With increasing angle of attack the perturbations produced in the 
stream even by a very slender body cease to be small, and the small- 
disturbance theory becomes inapplicable. However, as is shown below, in 
this case again the assumption of small relative thickness of the body 
permits a number of general conclusions to be drawn regarding the 
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properties of three-dimensional hypersonic flows past such bodies at 
high angle of attack. These results may be regarded as a generalization 
of the equivalence principle and the similarity rule of small-disturbance 
theory to the case of arbitrary angle of attack. Here it is necessary to 
impose still one further limitation on the shape of the body: one con- 
siders bodies all of whose transverse dimensions are much smaller than 
their length. For example, in order to be able to apply the results of 
the present work to the calculation of the aerodynamic characteristics 
of wings at hypersonic speeds we must assume that, in addition to small 
thickness, they have extremely small span. 


In considering hypersonic flows with finite perturbations of the 
velocity field and very intense shock waves it becomes important to con- 
sider real gas effects. The generalization of the present results to the 
case of flows of a real gas in thermodynamic equilibrium is given at the 
end of the paper. 


1. Statement of the problem. We consider flow past a slender or 
elongated body placed in a uniform supersonic stream at angle of attack 
a. Let the greatest transverse dimension of the body be d, and its length 
be |. As a preliminary assumption we suppose that 


t= <1 (1.4) 


We will assume that the Mach number M_ of the undisturbed stream is 
significantly greater than unity, so that the following condition is 
satisfied: 


Moi > 1 (1.2) 


If the angle of attack is small (a <4) then the entire flow field 
between the shock wave and the surface of the body will comprise a 
region whose transverse dimension is of the order of the transverse di- 
mension of the body (Fig. la). At high angles of attack (a >> 8) the 
disturbance field will, generally speaking, extend a finite distance 
from the body surface (Fig. lb). However, it is easy to see that this 
refers only to parts that are behind the body (on the leeward side). The 
pressure field in this region is weak, and its influence on the remain- 
ing parts of the flow disappears by virtue of the hypersonic character 
of the cross-flow (M_ sin a >> 1). At the same time, the compressed part 
of the stream (whose pressure greatly exceeds the static pressure in the 
undisturbed stream) lies near the surface of the body, and its trans- 
verse dimensions are, as before, of the order of the transverse dimen- 
sions of the body. 


Thus, even in the case of high angle of attack the problem of flow 
past a slender body reduces approximately to investigation of the flow 
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near its surface. This circumstance leads to the possibility of its 
approximate analytical investigation. 











2. Equations and boundary conditions. We introduce a system 
of coordinates *, r°, ¢ with the x axis along the body, so that the 
angle of inclination of the surface with this axis is small. We will 
assume that the velocity vector U_ of the undisturbed stream lies in the 
plane d= 0, w (Fig. 1). 


We denote the components of the velocity vector V in this system of 
coordinates by u’, v°, w®° respectively, and the pressure and density by 


p’ and p°. We introduce dimensionless independent variables 


r=—, 9=¢ (2.4) 


--s- ~ 2 (2.2) 


Poo’ oo? Sin? a 


The index « refers throughout to conditions in the undisturbed stream. 


In these variables the system of partial differential equations of 
gas dynamics takes the form 


w Oletau) 
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where S° is the specific entropy of the gas, which we will regard as a 
function of pressure and density. For a perfect gas with constant 
specific heats 


s) ’ f i So . . > 
S° = S..In(— M,,” sin*a —* ) 2. 
> \ = sin* a wy (2.4) 


where S_ is the specific entropy in the undisturbed stream, and y is the 
ratio of specific heats of the gas. We now consider the boundary condi- 
tions for the problem. 


Let r = r,(x, $) be the equation of the surface of the body, and 
r = R(x, ¢) the equation of the shock wave surface. We denote by m, and 
m, unit vectors normal to these surfaces. In conformity with (2.1) we 
have 
$ Or, | Or; | 


=e 6 _ = . ‘ 
=a Ma 1 Ox’ i, ry OD) 


The condition of tangent flow at the body surface has the form 


Va,=0, or v—wt% ~ dcotau 2 (2.6) 


For the unit vector n, normal to the shock wave surface we have 


1 
. OR 1 OR 1 /aR\? 2(/OR\2|} 3 wa 
-6 A? bs ~ oR de |’ ‘ L Ft \%e) +- 6 \az) | (2./) 

Two mutually orthogonal tangent vectors on this surface may be deter- 
mined as 


| i - IR 6 On OR) 
to, 5 0, A>. ? fs ‘ ' - = . ». - ome 
2 | R 09 R dz 09} 


(2.8) 


The equations of conservation of mass, momentum, and energy relating 
quantities on the two sides of the shock surface have the form 


o V-n, = Oco Uso - Mg, V-ty, = U "s) ts, V to» Utes (2.9) 


{ 


P? + 9° (V-mmy)® = Poo + Poo (Uso Ms)’, SV -m,)?--h° =  (Uso-my)*+ hoo 


Here 4° is the specific enthalpy of the gas, regarded as a function 
of pressure and density. For a perfect gas with constant specific heats 


h° = hoy Me’ sin® a r (2.10) 





V.V¥. Sychev 


where h_ is the specific enthalpy of the undisturbed stream. 


Substituting into (2.9) the relation (2.10), the dimensionless de- 
pendent variables (2.2), the expression for the velocity vector in the 
undisturbed stream 


U.~ = U~(cosa, sinacose, — sinasing) (2.11) 
and the expressions for the vectors (2.7) and (2.8) we can, after some 


manipulation, write the system of boundary conditions on the shock wave 
surface in the form 


° OR : / ° OR 
—ocotau + 2) Ww - —ocota 
Ix y¥+1 O21 


| OR? ; 
R? \ Ge 
OR 
tcota = 1 cos 
Oz 
1 @R\2 
? + sin? > - ) 
1 OR? 
a2 | 


\ Cr 


O° 


- 


1 /d@R\2 /aR\? 
-) +2) } 


1+ ‘RR 09 Ox 


) 
Fi M,*sin® a / OR 1 OR \" “. 


{ . . - om 
— 0CO + COSoOo- sin 
\ cota ? ? R 


\ Ox OD 


3. Introduction of approximate relations. The differential 
equations and boundary conditions obtained in the preceding section re- 
present an exact formulation of the flow problem. To simplify these re- 
lations one can take advantage of the smallness of the parameter charac- 
terizing the relative thickness of the body. In conformity with the in- 
troduction of dimensionless independent variables in the formulation of 
the problem, the dependent variables and their derivatives may clearly 
be regarded as quantities of order unity. Consideration of the first 
equation of the system (2.3) together with the boundary conditions (2. 12) 
on the shock-wave surface permits one to conclude that in the entire 


flow field 


cot au = cot a +-0(8) (3.1) 


Then discarding quantities of second order of smallness in the differ- 
ential equations (2.3) and taking (2.4) into account we can write an 
approximate system of equations for the independent variables v, w, p, p 
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in the form* 


° ou 
ocota— 
< 


The boundary condition (2.6) on the surface of the body r 
takes the form 


w Ory ° Ory 
Jau5u os ocota 
Ox 


The boundary conditions on the shock wave surface r = R(x 


after simplification 


sing 


Rin dcota 


, sin* a ? aR 
scota cos 2 
ot 


singe @aR\? 


sino aR 
Rk 0? 


Integration of (3.2) with boundary conditions (3.3) and (3.4) gives 
an approximate solution of the problem posed above of the flow past a 


slender body at arbitrary angle of attack. We note that, since in all 
these relations the ratio of the neglected terms to those retained is of 


order 57, the approximation under consideration should provide highly 


* The velocity component u, if required, can be determined by use of 


Bernoulli’s equation. 
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accurate results (similar to what occurs in hypersonic smal l-disturbance 
theory). 


4. Flow similitude. If the independent variable x is replaced by 

the time variable 
al 

the approximate relations of the preceding section transferm into the 
differential equations and boundary conditions determining unsteady gas 
flow in the plane x = const. It is easily seen that this unsteady motion 
depends on the action of a translating and expanding cylindrical piston. 
Here, the shape of the piston is determined by the cross-sectional shape 
of the body, its rate of expansion by the longitudinal distribution of 
cross-sectional body area, and the velocity of the motion perpendicular 
to the axis by the angle of attack. This analogy represents a general- 
ization of the equivalence rule (*law of plane sections"), according te 
which the disturbances produced by a slender body moving with hypersonic 
speed at arbitrary angle of attack are essentially reduced to the dis- 
placement of gas particles in planes perpendicular to the axis of the 


body. 


We now observe that relations (3.2)-(3.4) involve only the two para- 
meters 


k, = Scota, k, = M,, sina (4.2) 


This demonstrates the validity of the similarity rule according to 
which flows past bodies with similar distributions of area and cross- 
sectional shape (affinely related bodies) are similar, that is, all the 
dimensionless functions (v, w, p, p) are equal at corresponding points 
of the field (x, r, ¢) if the similarity parameters k, and k, have the 
same values for two cases. 


Using the resulting similarity rule we can, collecting the results, 
write a formula for the pressure coefficient on the surface of the body 
in the form 


Com 2sin*a {p [z, r1(z, @), @, kr, ks |— =r} (4.3) 


By integrating over the surface of the body it is easy to find ex- 
pressions: for the normal force coefficient 
N 


.= 1/9p,0U ,.2ld 


= sin*a C,," (ky, ke) (4.4) 


for the axial force coefficient 





Three-dimensional hypersonic gas flow 


—. Se 
3 p.U Wd 


C, = = §sin*al,* (k,, ke) 


for the longitudinal moment coefficient 


a] M . , « , 
Ca = iVap,,0 led — sin*aC,, (k, ke) (4.6) 

Here, the quantities Cc.°, c,*, Cc,*, regarded as functions of the 
similarity parameters, are equal for affinely similar bodies. 


It is easy to see that the equations and boundary conditions of the 
previous section, as well as the results just formulated, agree, for 
small angles of attack (a~&), with the well-known relations and results 
of hypersonic small-disturbance theory for three-dimensional flows [6]. 
In this sense they can be regarded as a generalization of that theory to 
arbitrary angle of attack. 


5. Aerodynamic characteristics of slender bodies at high 
angles of attack. At high angles of attack (@>> 5) one should 
neglect in the boundary conditions (3.4) not only terms of order 5? but 
also those containing factors of 1/M,? sin*a which, in view of the 
initial assumption (1.2), have the same or even a higher order of small- 
ness. In this case the solution does not, in general, depend on the Mach 
number M_. This shows that the aerodynamic characteristics of slender 
bodies at high angles of attack attain far sooner than for small a their 
hypersonic limits, corresponding to M+ «. 


The single remaining similarity parameter k, becomes small for a >> 6. 
This circumstance may be exploited for approximate integration of the 
system (3.4). 


We take advantage of this possibility in order to determine the aero- 
dynamic characteristics of slender bodies whose cross-sectional shape is 
constant along their length. 


The equation of the surface of any such body can clearly be written 
in the form 


r=1,(x, 9) = /(=)8 (9) (9.1) 
Then the boundary condition (3.3) takes the form 
kif’ (x) 8 (9) (9.2) 


and the boundary conditions (3.4) on the shock-wave surface r = R(x, ¢) 
can be written in the form 
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COS @ -|- SIN 


1 (/aR\? 
it \ OP? 


Using the smallness of the parameter k, we can, with the degree of 
approximation adopted, represent the solution of the system (3.2) in the 
form 


+ kyr, 1 = Wy + kyw,, P= Pothipr, 0 = po + kypy (9.9) 
We also represent the equation of the shock-wave surface in the form 
R(x, ¢) z, 9) + k,R,(z, 9) (5.6) 


If we now substitute (5.5) and (5.6) into the differential equations 
(3.2) and the boundary conditions (5.2), (5.3) and (5.4), it is easy to 
obtain for the leading terms of (5.5) a system of relations equivalent 
to the exact formulation of the problem of transverse flow past a 


cylinder with the Mach number M_ + o. 


Thus 
(9.7) 
) (5.8) 


r 


Po = Pol¥, 9) (Yy T(z) 


The linear system of differential equations obtained for the second- 
ary terms in (5.5), together with the corresponding boundary conditions 
can, as is easily verified, be satisfied by a solution of the form 


Ri (x, 9) =f (2) s' (2) 21 (9) (5.9) 
I’ (z)e.(y, 9%), a= (x) rly, ¥) 


e ; (5.10) 
J (z)w,(y, ¢%), i =F (2) pr (y, ¢) 


Collecting results, we obtain the approximate expression 


Cp = 2sin?a {pole (~), p] + Scot af’ (x) p, [g (¢), >) (5.41) 


Then, for the coefficients of aerodynamic forces and longitudinal 
moment defined above, we find 
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1 
C; 2sin?a| A \ /(x)dz + Bd cot a/*(1) 


0 


1 
C, = 26 sin’ a [er (1) -+- Dé cota \ {(x)/°* (z) de 


1 1 
Ce = Zin" 2 | A\ f(z) adz -+-2B6 cota \/ (x) / (z) dz] 


U 


in which the constants A, B, C and D depend only on the cross-sectional 
shape of the body. Thus, for example, in order to calculate the aero- 
dynamic characteristics of slender bodies of revolution of arbitrary 
shape it is sufficient to determine these four constants once for all. 
This can be done either by exact (numerical) integration of the equations 
obtained above, or by using the results of experimental investigations 

of a single slender body of revolution (of arbitrary shape) at high 
supersonic speeds and large angles of attack. The region of applicability 
of the formulas (5.12) is bounded by the range of angles of attack 
5<<a< l/2mn. 


6. Consideration of real gas properties. Hypersonic flow past 
a body, particularly at high angle of attack, is associated with the 
formation of strong shock waves. In the transition across such shock-wave 
fronts, excitation of additional degrees of freedom of the molecules may 
take place, in the processes of dissociation and ionization of the gas. 
Consideration of these effects under the assumption of local thermo- 
dynamic equilibrium in the whole flow field presents no difficulties in 
principle. We will consider the specific entropy S° and specific enthalpy 
h® of the gas to be functions of the pressure and density, and also the 
thermodynamic state and chemical composition of the gas in the undisturb- 
ed stream to be characterized by the values p_, p_, and the concentra- 
tions C... of the components [7 }. 


Then, together with relations (2.4) and (2.10), we have the relaticns 


S° = SoS (p°, p° Poor Poor Cico) = Sod (Pfecdoo* Mon" sin® &, (£00; PoorPoor Cico) (6.1) 
h® = hh (p’, p°; Poo, Pco:Cico) = Recht (PPccAeo*M * sin® a, 


which we can clearly put into the simpler forms 


(6.4) 


From this follows the possibility of generalizing the results obtained 
above for the similitude of hypersonic flows of a perfect gas with 
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constant specific heats to the general case of flows in thermodynamic 
equilibrium. For similitude of flows past a family of affinely-related 
bodies in this case, aside from the constancy of the similarity para- 
meters k, and k,, the conditions must also be fulfilled of the same 
chemical composition and thermodynamic state in the undisturbed stream. 
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The solution of the problem of the expansion of a piston at constant 
speed in an ideal gas was given by Sedov [1,2] and Taylor [3]. If the 
speed of the piston is constant, the motion of the gas is self-similar, 
including the counter-pressure (Pp) # 0); if the piston radius varies 
with time according to a power law, the motion will be self-similar only 
if the counter-pressure is not included. Self-similar motions of a gas, 
produced by a piston soving according to a power law, were considered in 
[4-8 ]. The solution of a non-self-sisilar (P, # 0) linearized problems 
of the expansion of a piston with speed 


At ** 


n 2 (2m — 1) \ pre J 


° am | 44 _(m—1) (1, )* 


was given in [9]. 


In the present paper, we consider the non-self-sisilar problems (Pp) 4 
0) of the motion of a gas due to a piston moving with the speed = et” 
These motions may be considered as being created from a point explosion 
with a diverging shock wave, or from a peripheral explosion, with con- 
verging shock wave, taking the gas to be pushed by the products of the 
explosion. It is assumed that the motion of the explosion products is 


similar to the motion of a piston following a power law. 


1. We shall consider the nonstationary motion of a gas produced by a 
plane cylindrical or spherical piston, having an arbitrary motion. At 
the initial instant the gas is at rest; its density p, and pressure p, 
are uniform. For the independent variables and the unknown functions we 
shall take the dimensionless quantities 

a,® , . P 
q==a, 10 RO,g=+, Pa g== 
2 Ps Ps 
where a, is the speed of sound in the undisturbed gas, r, is the radius 


of the shock wave, Vo, Po» Py are, respectively, the speed, density and 
pressure behind the shock front. In these variables the equations of 
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motion of the disturbed gas have the form 


r2(1—q)f Of , [24 —(y—‘Dally—1+ 24] 1 OP 
r+i = | (1- 9) 5. Tv 27 (y + 1) R Ob 


‘ i 


+ 


ds ' 
, oly -1)(1—q) f 


) | 10R 1 OR \3 
|} ROA ' LR dq 2q 


| .710P _f2ui—q), 
] . >] P OA ot i x i 4 ] 


1 oP 7% OR - 
; P dq R dq 


Here y is the adiabatic index, 


Ss Inkr. (hk const, [/ | 


The values v = 1, 2, 3 correspond to plane, cylindrical and spherical 


waves. 


Let the dimensionless piston coordinate and the dimensionless piston 
velocity depend on q as follows: 


hn == §(q), In {dns W] = 4(9) (1.5) 


The condition that the velocity of particles next to the piston is 
equal to the piston velocity is written as follows: 


(1.6) 


If one of the three functions &(q), 7(q) or s(q) is known, then to 
find the other two it is necessary to make use of Equations (1.5) and 
(1.6). If the law for the piston expansion, r, = ¢(t), is given as a 
function of time, Equation (1.6) takes the form 


(1.7) 
Using Equations (1.5) and (1.7), and the expression for the velocity 


of the shock wave and the velocity of the fluid particles behind it, we 
obtain 


;(q) (rs (to) 
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If one of the four functions q(t), 9(q), &(q), d(t) is given, the others 
may be found from Equations (1.5) and (1.8). It should be noted that the 
formulation of the problem imposes certain restrictions on these 
functions. 


The solution of the problem of a piston moving in an ideal gas accord- 
ing to the law (1.5) reduces to the integration of the nonlinear system 
of partial differential equations (1.1)-(1.3) in some region of the A, q 
plane (with 0<q <1), with the following conditions: at the shock wave 


/(A, 9) , P (1, q) for } (1.9) 


the condition (1.6) on the surface of the piston, with A = &(q), and 
certain initial conditions at q = 0. 


2. Let the piston move according to a power law 
Vn = cl™ (2.4) 


We shall consider motions which are nearly self-similar, and represent 
the functions s and r, in the form 


1 


In (Agqg) + “4 + O(q*), Te 


A, is the dimensionless piston coordinate, determined in the solution of 
the corresponding self-similar problem. A is a constant, unknown so far, 
which is determined from the solution. 


Using Equations (1.4) and (2.2), we find the relation 


In view of (2.1)-(2.4), the expressions for the functions (1.5) take the 
following form: 


ha 5 (q) 


In 7,(9) 


The initial conditions for q = 0 may be written in the form 





N.N. Kochina and N.S. Melnikova 


JQ, 0) = foQ), RA, 0) = RO), P (h, 0) = Po fh) (2.6) 


where f, (A), Ry(A), Py (A) are functions corresponding to the self-similar 
mot ion (4-8 ]. In place of the variables A and q we introduce x and q, 
with 

A—A,— aq 


l= 7 =k a 


We shall look for the functions f(x, q), R(x, q) and P(x, q) in the form 
f(z, 9) = fo(@) + fi (2) +--- (2.8) 
R (xz, gq) = Ry (xz) + qRi(z)+.--, Plz, 9) = Po(x) + Pi(z) +... 
Neglecting terms of order q’ and higher, we obtain for f, (x), Ry), 


P, (x) and the constant A a linear system of differential equations (the 
primes denote differentiation with respect to x). 


a,Rofy’ oe P,’ + asf; + a3R; + by, + Ady =0 
y) 
1+1 
a, (RoPy’ — Poly’) 4- aef1 — Varo Pi + aR, + bg, -+ Adygo 


Rofi' 4+ a,R,' + ayf, + agR, + be, + Abs. = 0 


vy, (1 —A,) 
Zz 
y) [ieee 
- 4} Ay x (1 —A,) 


he) z, 


9 ,. &’—1t)—aA) —- 
ads vy, (4 ~ he) rs n i| %e L h. " z(i ) ) fo| 


(~ J fy (PoP ro - Poy), 


2 ' Ee 4° — (y 
74 j (oP o — 7 PoRo’) fo + (1 — de) ! 


vy (1—A,) 
2 - foley + 


(m + 1)A, 2(v — 1) Rofo 
Soma 1" + 1) (@— 1) Bo’ — (7+ 1) [e+ 2(1—r)) | 


(m + 1)A, 


2 (2m — 1) 


(m + 1). (" 


2 (2m 1)\2 or (4 


(4 = he) Poy + {v,Polty 4 (v, + 1)(z- 1) (RoPo' —7PoR,’)) 


The coefficients of this system are known functions of x, expressed 
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in terms of f,(x), Ry(x), P,(x) and x; the functions f,(x), Ry(x) and 
Py (x) are known from the solution of the self-similar problem. The con- 
ditions at the shock wave have the form 


f,(1) = A, (1) = P, (1) = 0 2.11) 


(since for the self-similar functions we have f,(1) = R,(1) = P,(1) = 1). 


Relations (2.5)-(2.8), together with the conditions on the piston for 
the solution of the self-similar problem f, = 1/2(y + L)A,, give the 
boundary condition at points on the piston surface 


(2.12) 


+4)A, 
f,(0) = = [ 


Thus, the problem reduces to the integration of the system of differen- 
tial equations (2.9) on the interval 0 < x < 1, with the boundary condi- 
tions (2.11) and (2.12). From the form of the equations and the boundary 
conditions, it is clear that the solution of this problem may be sought 
in the form[1 ] 


fi=futAfe, Ai=Rut+ARy, Py = Py + AP (2.13) 


Putting (2.13) in (2.9), we obtain two systems of differential equations, 


which must be satisfied by the functions f,,, R,,; and P,;(i = 1, 2): 


, , — { , 
a,Rofii i . +i Pui’ + defn + agRy + Oy = 0 
2R ; ’ ‘ 
1 <4 ju + a,R ri + Ogf/un + asRy + by = 0 (2.14) 


a; (RyP i’ _ 1P hi’) + As/ii — 7a,R,' Py a a,Ry + bi =0 


The coefficients of Equations (2.14) are determined by Equations (2.10). 


In view of (2.13), (2.11), (2.12), the boundary conditions for f; ;, 
Ruy Pi take the form 


fui (1) = Ru (1) = Pu (1) = 0 


111 (0) -+ Afae (0) 2 —~ Fim —1) 


(y+ 1)A. ost 
[1 (m— 1 


Condition (2.16) is used to find the constant A after the functions f; ,, 
Ry, Pi are found. 


3. We note that Equations (2.9) have an adiabatic integral, analogous 
to that found in [9 ] 
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) 
é v1 hy 





{vy 


r+ Ya +) fr, + z(1—>,) — Fh] 


F (x) = F, (x) + AF; (2) 


Fy (x) = [he +2(1—)] 5% —( vy —1) 


a se 


F(z) = — : 


| 


vibes (m + el _ att) @— 1) 


(v-+¥)R,  2(2m—1) 


4. Near the piston, where x = 0, the solution of the self-similar 
problem f,, R, and P, has singularities; therefore, for the integration 
of Equations (2.9), it is necessary to make use of asymptotic formulas. 


—- + , " — + 


Ria 9) 
+600- + 


We shall take m = — v/(2+v); in this case, in the zV plane, where 
z = a*t*/r?, V= vt/r, the field of the integral curves of Equation (1.4) 
of [8], coincides with the field of the integral curves for a strong 
explosion [ 1 ]. 


Depending on the parameters y and v appearing in Equation (1.4), three 
cases are possible [8 ] : 


1) for y < 2 the solution of the self-similar problem of the piston 
coincides with the corresponding solution for the problem of a peripheral 
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explosion [5 ]; 


2) for y > 2, v = 1 or v = 2, and also for 2< y < 7, v = 3, a solu- 
tion of the self-similar piston problem does not exist; 


3) for y > 7, vw = 3 the solution of the self-similar piston problem 
coincides with the corresponding solution of the problem of a strong ex- 
plosion. 


It follows that the solutions of the self-similar piston problem for 
the case m = — v/(2+ v) (v, = v) is described by Equations (11. 15)- 
(11.16), obtained by Sedov [1], where 4/(2+ vw)ly + 1) V< 2/(2+ v). 
If we introduce a new independent variable 

u V 4.1) 


2+ y 


and make use of the solution of Sedov [1], we find the asymptotic be- 
havior of the functions f, (w), R, (wu), P, (u) in the neighborhood of u = 0: 


ov 2! 
where a,, a,, a, are known functions of v and y [1]. 


Putting the expressions for the functions f,, Ry, P, and their deri- 
vatives in the first two equations (2.14), and using the adiabatic inte- 
gral (3.1), we obtain a system of two linear differential equations for 
determining f, ,(u) and R, ;(u) in the neighborhood of the piston (A = A,). 
Integrating this system, taking into account the integral (3.1), we ob- 
tain asymptotic representations for the functions f, ,(u), R, ,(u) and 


P, ;(u): 


- 


The functions F.(x) are determined from Equations (3.2), C, from 


Equation (4.2), C3, C,; are constants of integration. 
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Making use of Equation (2.16) and the first of Equations (4.3), we 
find the following expression for the constant A: 
C,+2(y—1)C “me 
_ ! a (4.5) 


xam—1) C1— 2(7 — 1) Coe 





Figures 1 and 2 give, for various qg, the variation of the character- 
istics of the motion, namely the velocity, density and pressure in air 
(y = 1.4), between a cylindrical piston and an imploding shock wave. 
Curves marked 1 describe self-similar motion (q = 9), curves 2, 3, 4 
correspond to the values q = 0.025, 0.050, 0.075. 


| Pia q) 


FIG. 


According to the hypothesis of plane cross-sections [11], this will 
be the variation of the characteristics of the motion in the case of flow 
at high but finite velocity over an axisymmetric body in a duct. The 
form of the body is nearly parabolic (the self-similar problem for a 
body of parabolic form r = cx®** is considered in [5 ]). 


We note that the problem of the outward propagating shock wave, where 
the piston expands according to a power law, is considered in [10]. 
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SHOCK WAVE FROM A SLIGHTLY CURVED PISTON 
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The method of solution of the problem already discussed in [1 ] is re- 
commended. This method does not require the construction of "conical 
solutions". It allows one to solve other problems which reduce to a hyper- 
bolic system of equations with boundary conditions on the moving bound- 
aries. 


l. Formulation of the problem. In an undisturbed gaseous medium 
we assume the YZ plane to coincide with the surface of the piston; at 
instant t = 0 the piston has started to move along the X axis at constant 
velocity U; a shock wave travels through the gas at velocity D. In the 
initial state the gas density is p,, the velocity of sound is cy, whilst 
behind the wave-front they are p, c, respectively. We assume the gas to 
be an ideal one with isentropic index y. The velocity of the wave with 
respect to the piston is denoted by V, so that D = U+ V. Introduce para- 
meter 5 = 1/M,” where M, = D/c,. We then have the known expressions 


{+(h—1)8 


Having obtained the undisturbed solution, we deal with the propaga- 
tion of the shock wave from a slightly curved piston as a linear approxi- 
mation. Without losing generality we may consider the piston surface to 
be bent in one direction (only) and to be in the forme (Y). We employ a 
system of coordinates in which the piston is at rest. Within the region 


0 < X < Vt we have the following linearised equations for the pressure 


, 


disturbance p” and the velocity components v,” and vy 


e+e (+ += oF = 0, poe eG (8.4) 
Ot ; oy p Ox p oY 


Changes in density p” are eliminated by using the adiabatic condition 
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. a 
Op « 00 
ce 
ot ot 


The boundary condition at the wall will equate the normal velocity 
component to zero, v_” = 0, (for the linear approximation with X = 0). 
In accordance with the second of the equations (1.1) we also have 
dp’/dX = 0. The condition at the front of the shock wave is derived from 
[2]. Note that, for an ideal gas, the following is valid: 


o| 2 i\) . 
=i [ < 
| ap \ . ) ly fy) | 


Using the conventional notation we have 


i—s ‘ 
i i when X=Vt (1.2) 


“ro 


; r og ; i- 
v, =—U=s, v 
v oY ” <Po 


. 
pP» 


The displacement of the wave-front from the plane X = Vt is denoted 


by €(Y, t). To eliminate &(Y, t) from the boundary conditions we differ- 
entiate the first of the equations (1.2) with respect to time: 


dv,’ Ly dv,’ Vy are 
eo Ox 
Using (1.1) and (1.2) we obtain 
ye ’ 8 Sf »” 
V. v- = | _ >) P when X = Vi 
OX p 2pp / OY 
The initial conditions come from the fact that the wave-front when 
t = 0 coincides with the surface of the piston where v_” = 0 always. In 


accordance with (1.2) p” = 0 when t = 0. The velocity component vy at 
the initial instant is not zero, but is given by v,°(0) = - Ud « / dY. 


Let « (Y) = A exp (ikY), where A and k are both constant, and kA << 1 
(small disturbance or displacement). The dependence of all quantities on 
the coordinate Y is then expressed by the multiplier exp (ikY). Introduce 


the following notations: 


We also make the following transformation: 
kX = 2g, ket = y 
The problem then reduces to solving the system 


Aw ; ) Iw 
dw 42 ae 0, du , Ow 0. 
Oy Ox ° Oy OZ 


with boundary conditions 
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0 


on Bw whenz = By (8 <1) 


~ = 0 when zx = 0; u = Aw, 3 
x 


and initial conditions 
u=w=Q)0, v=V, whenr=y=0 (vo = UkA) 


Note that that function w(x, y) satisfies the equation 
0*w 
a4 

2. Selution of the boundary-value problem. Introduce the new 

variables r and @ using the formulas 


yal 
~~ +w=0 (1.6) 


y = reosn8, L = PF otnh § r Vy— S", tanh = (2.1) 


We multiply the first of Equations (1.3) by cosh @ and add it to the 
second multiplied by sinh 6; we then interchange the positions of cosh @ 
and sinh @. This results, finally, in the system 


Ow 1 gu : - Ou 1 dw 
Sty Rtew=s% 0 = 6EtTA 
Ov sinn® 


Ov 
» 6 ate — 
ch Or 00 hr w=0 


+ peinn § 0) 


Equation (1.6) is transformed into the form 


Ow , 1 dw 1 d*%w 
t+ a — amet e=0 (2.3) 


The line x = 0 corresponds to @ = 0, line x = By corresponds to 
6 = 6, where tanh 0, = B. In the third equation of the system (2.2) we 
will put @ = @, and to it we will add the product of dv/dx = Bw and 
tanh @,, which also holds along @ = @,. The origin of coordinates x = 
y = 0 is given by r = 0. As a result, the boundary conditions and the 
initial conditions take the following form: 


u=0, =O, at 6=0 (2.4) 


Ov 


Or 


u= Aw, - (Bein 6, a cosh §,) w at 6 = 6, (2.5) 


u=w=0, v=, at r=0 (2.6) 
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Now let us make use of the Laplace transformation for the variable r 
according to the formula 


fi (p, 9) = \ e-Prf (r, dr 
We then obtain 


1) — Vo = (Burm, +- coer 8.) w, at 0= 6, 
Besides it follows from the Laplace transformation theory that all 
transformed functions should fulfil! the condition 
hi(p, 9-0 at Re p-» + oo (2.10) 
Make the substitution 
p =s1mq, w, (p, 9) = wy (q, 8)/comrng 
Then, instead of obtaining (2.8) for function w,(qg, 6), we get 
aw, 38 wy 


of w=? 


The general solution of this wave equation is of the form 
w (q, 8) = F (q + 9) + D(q — 9) 


where F and ® are arbitrary functions. It is clear from (2.9) that 
dw,/d0 = 0 when @ = 0, therefore ®q) = F(q) and 


w2(q, 9) = F (q + 8) + F (q—9) (2.11) 


The second of Equations (2.7) can be written thus: 


xr {pu, —(F (q + 9) — F (q — 9)] + + 6v,) = 0 


From this we get 
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pu, —[F (q + 9) — F (q —®)] +emerbo, = 9 (8) 
where d(@) is an arbitrary function. It is known [3] that 


f(r =0) =f (0) =lim pf, (p, 9) for p+ 
It follows, therefore, that 


w (0) = lim pw, (p, 9) = 0, lim tam@qw, (gq, 9) = 2F (co) = 0 
poco qx 
u (0) = lim pu, = 0, ] 


poco 


im pu, = UV (2.13) 


q 


In accordance with (2.10) we also have lim v, = 0 when p + « and 
lim v, = 0 when q + «. In Equation (2.12) we turn our attention to 
Re q + o. Then, the L.H.S. vanishes for any value of 0, i.e. (6) = 0 
and 
pu, —[F (q + 9) — F (q —9)] +m bv, = 0 


Here let us put 6 = 0). Making use of (2.9) we find that F(q) satis- 
fies the finite difference equation 


einn 2 ([F' (gq + 95) — F (q — 9%5)] — (@eosn2q +- b)[F (q + 9%) +- FP (gq —9,)] 
= 2V 9 sinn 9, coshg 
where 
b 2 sinn Oy (B sinn 9, + cosh §,) 


It is known [4] that the general solution of a non-homogeneous linear 
finite difference equation is the sum of the general solution of the 
homogeneous equation plus a particular solution of the equation includ- 
ing its R.H.S. The general solution of the homogeneous equation is pro- 
portionately a periodic function. In Equation (2.14) this period is 2 6). 
The uniqueness of the solution of (2.14) is insured by the circumstance 
that F(q) + 0 when Re gq + » in accordance with (2.13). The homogeneous 
equation corresponding to (2.14), for sufficiently high values of Re q, 
takes the form 


i.e. with increase in Re q function, F(q) grows indefinitely. Therefore, 
condition (2.13) can only be satisfied if we equate the arbitrary 
periodic multiplier to zero. The particular solution, which vanishes when 
Re q+ oo, takes the form of a series. 
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F (q) > A,e~(2n+1) 


n 0 


(2.15) 


Put this expression into (2.14). Equating coefficients of similar 


powers, to evaluate the quantities B. = 2A, cosh (2n+1) 0, 
at the expression 


P sinh 0, 
By £U9 


1 tanh), ” 


{a tanh ( 270 1)6,) B,, 17 2bB,, [a tann( 277 ; 3)8,) B 


In accordance with (2.11) we have 


\) > cosh(Zn + 1) 0 
2 B, - 


shi’; i 1) 0, 


u »(q, 6) 


i=( 


we arrive 


To demonstrate the convergence of the solution obtained, we examine 
those values of n in Equation (2.16) for which 2n@,>> 1. Then instead 


of (2.16) we get 


+ 2bB, + (a + 1) Bas 


(2.18) 


The solution of this difference equation with constant coefficients 


has the form B. = wu". The value of » can be found from the quadratic 


(a 1)? + 2bu +- (a — 1) 


(2.19) 


whose roots are negative and of absolute value less than unity. In 
accordance with Poincare’s theorem[4] when Re q > 0 the following 


series converges: 


and, with it also, the series (2.17) for any values of 6 « 


Now, returning to the variable p, we bear in mind that if p = sinh q 


then cosh q = ¥ p? + 1 and e~%= Vy p? + 1 — p; we have 


pp_comn(2n + 1) (V p? + 1 


*eosn( 2) 1) O yp 


Using the known formula for representing Bessel functions [ 3 | 
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. VF EI— pI" 
J,(r) => 
V pP+i 
we obtain (2n + 1)0 
1 cosh( 2/7 
d Bn an +1) 0, on+1 (7) 


w(r, 9) = 


Now, to return to the original variables X, ct, we use the formulas 


r= ket V 1—?, t= (2.22) 


conn (20 } 1) 6 ; (1 \ cnt ' (1 yt} 4 _ <2) (nth) 


The pressure at the front of the shock wave is given by the expansion 


co 


w(r, %) = >) BaJen+ (5), s = ket V 1— 3? (2.23) 


n=—0 
Let us insert (2.23) into the second of Equations (2.5) and integrate: 


vir, 94) = Vo + (Boron, }-coar 85) >) B» \ J on41 (x) da 


n=0 0 


It is known that for any value of n the integral on the R.H.S. when 
s + « equals unity. Note also the relationship which is obtained from 
(2.14) and (2.20) when q = 0: 


co 


w,(0, 9%) =Q@= >) Ba = — 


n=0 


2vpsinn, v9 99 
; a+b. ‘ BainnO, i cost (), (2.24) 
Bearing in mind that the quantities v(r, 0,) and €(s) are proportional 


to each other we arrive at the following expression for the shock-wave 
front: 


or.) §@ 4 


— a O J ens (x) dx = 


=) 
It can be seen from this that £(s) + 0 when s + o. 


The latter result can be expressed in a form without integrals 


‘ co 
Ee) Jo(s) —@ py DyJ on (8) 
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(2n +- 1) 6,] By — [a — tam (2m — 1) 9.) By_,} (2.27) 


3. Certain limiting cases. 
r >> 1 we use the expression 


J nia (7) ~ ( ry 2 [sin (r- ; ~*) -— ae ae Be 5) 


and the relation 


To obtain asymptotic formulas for 


>) (— 1)"B, = 0 


n—0 


which is obtained from (2.14) putting q = l/2im anda*# b. 
Using (3.1) and (2.21) we obtain 


w(r, »~Y 2sin(r : x) > ( 1)"B, io } 1)8 1 
“ and 


cosh( Zn + 1) 05 


, n cosh (2n + 1)6 A719 2 
== r y Dard ya ( " 1) Ban a 6, | | (Zn ; 1) 1] 
n=0 
At the shock-wave front, in view of (3.2), the first summation 
vanishes, so that there remains 


w(r, )~N Ee") (N=4D (—1)'n(n + 1)Bn) 3.4) 
n=) 


V 2xs3 


With a strong shock-wave (c, = 0 or U+ «) 5 = 0 and a= 5. One of 
the roots of Equation (2.19) becomes (— 1), so that the series (3.4) 
diverges. We conclude from this that the asymptotic behaviour will differ 


substantially, namely, decay will be slower. In this case Equation (2.14) 
takes the form 


oi 9 [F (gq + 85) — F (g —9q)] — aeomg [F (q + 9) + F (gq —%)] = voerm4, (3.5) 


As before, we look for a solution in the form of (2.15), and instead 
of obtaining (2.16) for B, we have the expression 


B, = 2r9e1an8o . {a - tana (271 1) 9) B, aS {a +—tand (Zn 1) 6) B, 7 
a- tanr 8, 


(n = 1,2,3,...) (3.6) 


Convergence of the series (2.20) is obvious with such coefficients. 
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Because B. _ < 0 for all values of n, in contradistinction to (3.2), 
we get 


iw, (+ iz, 9) > (— 1)"B,, _M+0 (3.7) 


With the help of (3.3), with 5 = 0 we arrive at the following formula: 


sin (s —‘4/,n ; 
w(r, %) = M Ti = (3.8) 


Now we will obtain a formula which generalises (3.4) and (3.8) for 
the case of small but finite values of 5. Using integral representations 
of Bessel functions 

tf, in 
J on+1 (7) : im| \ e (241) atan(raieng) dg | 


instead of (2.23) we get 


' — 
it 


w (rT, 6.) : im| \ ws (q, Q)eim (seineg) da | 
Furthermore, from (2.14) it follows that 


We(q, 9%) —— P {2eing F (q +- 95) — vg einG,} (3.10) 


sinh 2q Acosh2q + 


It is evident that for q+ 1/2im@ and 5 + 0 the denominator of (3. 10) 
vanishes and the main contribution to integral (3.9) for s >> 1 is the 
point gq = 1/2im, whilst the expression in the curly brackets in the last 
formula can be replaced by its value for q = 1/2im and 6 = 0. 


2iF ( : it | 6.) Vosinn§, i[F ( in | 6.) F ( : in 0)} Vg sinnff, | 


+ i[F (— in + 0,) + F (- ix —6,)} 1M (3.11) 
The first two bracketed terms vanish because of the relation 
l [F ( : im - 9) e " 0 VosinnG, 


which follows from (3.5) for q = 1/2im. Note that in Formula (3.4) the 
coefficient N will be equal to 


oe? 
‘ . dq? We (7, 99) when q 


After double differentiation we have from Equation (3. 10) 
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iM 


(h + 1) 8? 


(for 3 < 1) (3.12) 


Thus, the series (3.5) diverges as 5~ *. Using (3.9) and (3.10) we 
find that for s >> 1 andd << 1 


* 


P 2M ¢ sin(ssin¢)cos¢@sin 2¢ 
w(r, 4) = \ 


(a cos 2@ + b)*+- (sin 20)" 


~«’ 


Now, let us make the substitution sin d= x. The main contribution in 
the integral comes from the neighbourhood of point x = 1, and, there- 


fore, on changing the lower limit of integration to — « where at all 
possible we put x = | 


- 1 
4 , ¢ sin (sx) V 1 
w(r, 0)~ Me? | sncet 
T 1 )? ( 


On putting a = 1/8(h + 1)s8?, l- x = 1/8(h + 1) 28*, we arrive at 
the required formula 


i] h 
w(r,9,)~ 2) Im {} (2) exp [i (s 


d (a) exp yim) \ 


Note that function dla) can be represented thus: 


4 (x) ~ : ' emit dy 345) 


If, in (3.13), the magnitude of s is fixed, and 5+ 0, then a+ 0 and 
Formula (3.13) transforms into (3.8). If 8 is small, but fixed, whilst 
s + «, thena/ + wand we arrive at (3.4) taking into account (3.12). 


The asymptotic behaviour of the function A~'é(s) is established by 
substituting (3.4) and (3.8) in the second of Formulas (2.5): 


l 5 =) 
~- when 
vo ZS etony al 


M { 


(3. 16) 
to2 Vh(h-o Y 2x 


Note that with a strong shock wave (§ = 0), in view of (3.6), Formula 
(2.27) reduces to the form aD = [a+ tanh (2n + 1) 6, |B. 
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Formula (3.13) for s >> 1 can be written thus 


1 
fa \ cos (sx) Vi—z = 


oe oe 4V2 cos (sx) V La 
w(r, 49) M nx @s (a — 6)? + 8 (1 — z) 
20 


In a similar manner to (3.15) we find 


neliees Re (expli(s — =) 4(2)) 


iv 


MVh+18 @ 
4 Os 


Substituting in (2.5) we arrive at the formula 


- (8) M 


; ‘ te fex i(s- L x)id 
A Yo 8x Vh wofexpl( . Ne (#)) 


If we make use of the Frennel tabulated integrals 


S(z) = \ sint*dt, C (z) = \ cos t*dt 
we will write (3.18) in the form 
E (s) M 1 a.» , . 
~ - cos (s Tt ma cos (s + 
4 “vo 2Vh(ho 1) V2ns ( 4 b ( 


+ 2V a[S (V a) cos(s + a — +z) —C(V a)sin(s + a— —r)}} (3.19) 
Let us deal with the case of weak shock waves (5 + 1). Here tanh 6, = 


B+ 1, so that 0, + «. From coefficients A, in (2.15) there only remains 
A, = - 1/2 vy. Then (2.21) yields 


w (r, 9) = ved, (r) coon 


From this we obtain the following formula for the pressure disturb- 
ance p’, in terms of its undisturbed value p: 


| abies Jy [ket Vi— 2] 
; ? h ~ (My — 1) kA exp (ikY) + vi= = 


ct 


(: = 7) (3.20) 


The behavior of &(s) when 5 + 1 is easily determined if we bear in 
mind that F(q + 0.) + 0 when 0, + @. As a-+ 1, b + 0, we find from (2.14) 


W(q, 9,) =~ F (q — 4) - 2v, sinnO e274 cosng 
therefore 


ws (Pp, 9) = — 2v9e00, (Vp? + 1 — p)? 


and using the tables of the originals and the reflections, we find 





Shock wave from a slightly curved piston 


wir, 6,) = — 4v,, sian, Ja(r) 


r 


If we insert this into (2.5) for 6, >> 1 we find 


Ov 
Or 
Making use of the well-known formulas 
Ja(r)_ = e [| ( 222d : 


r ; dr r x 


v 


we finally arrive at 


v(r,%) Els) « Ji (s) 


when i — 1 
Vo 


and this coincides with the corresponding formula in [1 ]. 
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This article deals with plane steady motion of an ideal compressible 
fluid. In [1] it has been demonstrated that if a function of the velo- 
city v(p, Ww) (p is the pressure and w the stream function) is such that 
the value of (1/v)(0%/dp”) is independent of W, the nonlinear equation 
of vortex motion [2,3 ] reduces to a linear-potential flow equation; 
this is a generalisation of the known results due to Rudnev [3 ]. With 
adiabatic motion this condition can be approximated if the entropy 
function Oi) = pi/kyp (p is the density) has a small variation. Such 
adiabatic flows, in the supersonic case, were dealt with earlier by 
Tarasov [4,5,6 ] with the additional assumption that (1/v) (07 v/dp*) - 
const, and without bringing out their relationship with potential flows. 
We point out, moreover, that the nonlinear problems of the type discussed 
here, and their general reduction to linear cases is studied in [7,8 ). 


Here we give a proof to confirm the work in[1] for an example of 
adiabatic flow. Further on, a generalised approximate method is discussed 
which can be applied to potential motions in supersonic vortex flow. To 
do this we construct an approximate general solution similar to that of 
Khristianovich [9], but containing three and not two arbitrary func- 
tions. A solution is given for the certain boundary-value problems with- 
out shock and also for several flow problems with shock. 


l. Statement of the problem. Let us take the plane vortex gas- 
flow equation, deduced by Sedov [2] in Rudnev’s form [3]: 


(1.4) 


Ory av A , q q 03v av \2 0 
D _< - apes - ~ + - - : - - 
0p Op? 062 t Op*d4d 00 


; t Ov dad 0% Ad . Ov On 
dz i(x- =- Ol fy . j- 6 aie ef cam onl 2 
: (z ty) Poé ' Op 00 ) d | 0p? 06 . Op ap) dp ( f . ) 
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Here @ is the angle the velocity vector makes with the x axis, p, is 
some constant with the dimensions of density; the velocity v is deter- 
mined from the Bernouilli integral 


9(d) =i (1.3) 
where the total heat of stagnation i) = const. 


Introduce the function ¥ = ¥/a, and the dimensionless quantities 


k—-1 
P Od oa ty) & Phe) 4 

a,’ ee P vote?’ ¥($) = (Pots) ani 
where a. is the critical velocity of sound. For simplicity, the dashes 
will be omitted in what follows. Then, when we substitute the quantities 
deduced in this manner into (1.1) and (1.2), the latter retain their 
form except that p, in (1.2) disappears. Formula (1.3) and the adiabatic 
equations will be written thus: 


k—1 I 
k - 


, { k ° P 7 2 ‘ J 9 1 *~ 
rts ce* o@))*, >(~)=27-—4p"/p (1.5) 


It is assumed, as before in [4], that the function 9(w) can be re- 
presented as 


9 (>) = 9 (1 + 9, (d)) (1.6) 


where $, is its main part which is constant, whilst $,(¥) is a small 
variable quantity whose square can be neglected in comparison with unity. 
If we take p, to be the density at the stagnation point on the stream- 
line W = ¥, where $,(y,) = 0, the value of 9, will be determined from 
(1.5) with the condition that at this point p = 1, p= (k+ 1)/2k. For 
air k = 1.4 and $, = 0.2986. 


Let us expand the function v(p, ¥) (1.5) 
into a series in powers of the small para- 
meter #,(W) and limit it to two terms only. 
Then we have 


v (Pp, Y) = ho(p) + 1 (Pp) 91 (9) (1.7) 
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Furthermore, let us assume that the quantity (1/v)(d*v/dp”) is inde- 
pendent of Ww. For this we should have [ 2 ] 


ho” (p) . ; rt 
ars) A! as — (1.9) 
Here the strokes denote the operation of differentiating. From (1.9) 
it follows that 


. d 
hy (p) = Ao (p) [m, +m \ OF | (1.10) 


where m and m, are integration constants, whilst the integral, with k = 
1.4 is 


| 
dp : a i—t : 3 ; _ k—1 2 2 
\ mor ‘ee 3 n=) t=41( —pyz'(P)) 


Making use of our choice of constants m and m, we replace function 
A, (p) (1.8) approximately by function (1.10) so that there are two common 
points, or a common tangent at one point; for 0.7 <A, < 2.2 this gives 
good approximation over large ranges of Ay. For A, = 1.309, if m= -— 6.241 
and m, = — 0.3868, we get by this means a second-order tangency. For this 
case, on Fig. 1, the full line shows the accurate relation Aa ) (1.8) 
and the broken line represents the approximation from Formula (1.10). 


2. Reduction of the equation of vortex motion to a poten- 
tial-flow equation. We introduce a new function ¥ by formula 


ho (p) * } 


Differentiating this equation with respect to p and 6 we get 


ho 302 = 302 a a oy Fy.) 


aye ay a ( 

On subtracting Equation (2.5), multiplied term by term by the limit 

relations (1.9), from (2.4), we arrive at an expression, on the R.H.S. 

of which there will be the operator (1.1). Then the L.H.S. gives us a. 
linear equation for the function 
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ary? ay* 


7. 2 
ho (P) Sa — ho (P) < + 2ho (p) 55 = 0 (2.6) 


which replaces the quasi-linear equation (1.1). Obviously (2.6) coincides 
with a potential-flow equation, for which A,(p) is the velocity and y* 
is the stream function. 


To transform the formulas (1.2) we introduce the function 
¥ ¥ 
' . - . e 
U (9) = \ (ho —de'v) dp = m\ 9, () dh = my (4) 


It follows from (2.2) and (2.7) that 


-.. tran. 
Me ae ig UO = 25, 


Into (1.2) we substitute the derivatives of v with respect to p from 
(2.7) and (1.9) and then using (2.8) and (2.3) we eliminate the products 
v(dw/dp) and vid /d@ ). 


Then (1.2) reduces to the expression 
dz = dz* +- dz, 


where dz* is the formula for potential flow 


We 


Op 


. 4 
dz* = — e9| (rg - 


, au* / aye aye ‘ 
whilst 


ie 1.,.~* (p) my (9) (2.11) 


Thus, the integration of the vortex motion equation is reduced to an 
analogous potential-flow problem. 


In accordance with the properties of implicit functions, the relation 
between the stream-functions ~ and W* (2.1) will be unique. Furthermore, 
along the line p = const these functions either grow or decrease simul- 
taneously, inasmuch as from (2.1) dW*/dwW > 0. It follows from (2.1) and 
(2.9) that the streamlines of the vortex motion at which y(W) = 0 (z,= 0) 
coincide with the corresponding lines for potential flow. In particular, 
the lines w = 0 and y¥* = 0 coincide. 


In this manner, to each vortex motion of a gas there can be *matched" 
a single corresponding potential flow and vice versa. Thus, the solution 
of the boundary-value problem without shock for vortex motion can be re- 
placed by a solution in the same region p, @ of a potential problem whose 
boundary conditions are determined from those given for ~ from (2.1). 
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Having found the potential-flow solution, on reversing the process back 
to (2.1) we obtain the solution of the vortex problem. It is evident 
that the theorems of the existence and the uniqueness of the solution, 
when proved for potential flows, also apply to the given vortex flows. 


3. Approximate integration of the equations of vortex 
supersonic gas flow. Now, dealing only with supersonic motion, we go 
over in Equation (2.6) to the characteristic variables 


I 


. 


P , ) . A,” (Pp) ‘ 
\ # (P) dp, : } Ay (p) (3.1) 
P. 
where the critical pressure p, is, evidently, identical for vortex and 
for potential motion for any value of Ww, because it is determined from 


the condition that (1.9) vanishes [2 ]. 


Equation (2.6) appears in the well-known form [9 |] 


” 


Oy ' 1 din V Ay (a a \ a (} K, ' 2 (3.2) 


OE On, 2 do 


In this expression K is Chaplygin’s function. This formula, together 
with (3.1), ties up y K,, Ao, #, p as functions of o. For adiabatic flow, 
according to (1.8), taking account of the values of #,, we have the 
familiar formulas 


The following approximation was suggested by Khristianovich (3.4) 


V Ay 


A,* 


2 = 18.5, cg = 0.185, N = 2.398, « = 0.3347, 
n= — 0.3161, gives a good approximation in the neighborhood of the 
point o = 0.197 to 0.20. 


which, with the constants ay 


The general solution for this case is as follows: 


oa i Co) Y* @, (&) i @, (¥) 


where ®,(€) and ®,(y) are arbitrary functions. 


Now let us study the vortex motion which corresponds to a given 
potential motion. From (1.10), (3.1) and (3.4) we get 
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do ] a, (co + m » se 
hy Ag (ce) | m, m | ay ayn (3.6) 
} K, j N sinice- \ ag" my, |} 


Taking a, = 0.03868, c, = — 48.74 we approximate the functionA, (1.8) 


by the function (3.6) which is tangent to it at the point o = 0.19%, In 
2] 


Fig. 2 we give a comparison between the exact relations between A, and A, 
and a (full lines) and the approximate 
ones from Formulas (3.4) and (3.6). 





From (2.1) and (3.4)-(3.6) we obtain 
the approximate general solution to the 
equation of vortex motion 








y 1) x (9) 
@,(&) + ®, (4) (3.7) 





where a = a,/a, and yw) is determined 
in (2.7). It is clear from (2.7) that 
for any finite value of ¥, y(wW) is small, 
together with ow). Then, if we replace 
the argument of the small function yw) 
by the nearly equal quantity ¥* (3.5), 
from (3.7) we obtain, if necessary, an 
implicit expression | WAE, n). 











The formula for transformation to the physical plane was obtained by 
us in the form (2.9). Let us put dz* (2.10) in characteristic coordinates 


Aad® 


dz* wer? ( } 
i 


ay® - 
dz 


a 


] 


Ov, 
Inserting into this the approximate expressions », A, and the partial 


derivatives of function ¥* from (3.5), and working out the quadratures 
we obtain 


> ho * (5 + 4) [D, (8) 


\. i(2i+e @,’ (E) dE 


. 


Furthermore 


(3 10) 
(3.11) 


In this way we have obtained an approximate general solution for a 
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vortex supersonic flow in the (€, 7) plane which depends on three 
arbitrary functions ®,(£), ®,(€) and yw), and also a formula for trans- 
ferring to the physical plane. In an exactly similar way, approximate 
general solutions can be found which correspond to other approximations 
of Chaplygin functions, both for cases of subsonic and supersonic flow. 


4. Boundary-value problems for flows without shock. It is 
possible to establish four basic boundary-value problems for such flows: 
Cauchy's problem, Goursat’s problem, flow with a free surface and flow 
past a solid wall. The function y(wW), which represents the vortex dis- 
tribution, should, in this case be given. When the general solution 
(3.7), is simple in form, all these problems can be solved, and, indeed, 
directly, without introducing potential flow as recommended in Section 2. 
The same actual difficulties will arise, because functions ®, (€) and 
®,(y) are the same for both of the flows. 


As an example we will examine the flow past a solid wall given by the 
equations x = X(@) and y = Y(@), if, on the characteristic é = é, = 
const which intersects it, we are given w= W,(n) and x(y). 


As usual, we take the wall to be the line wy = 0. Then, on it y(y¥) = 0 
and 


®, &) + O,(w) = 0 (4.1) 


where n = w(€) is the equation of the solid wall in the é, » plane. From 


(3.7), by the condition on the characteristic é = fy we have 


D, (4) = (F + 4 + Co) 2 (H) + 2 (Eo + 4 + C1) x [h2(q)] — Di (Eo) (4.2) 


The function ®,(€) is determined from (4.1) if w(€) is known. A 
differential equation for finding w(£) is easily obtained from (3.9) be- 
cause y(W) = 0, from the condition of total differentiation (4.1) with 


respect to € by separating the real and imaginary parts. In symmetrical 
form this is 


[X’ (w — —) cos (w — §) + Y’ (w — &) sin (w — §)] [w’ (€ 
—- 2Nag sin (§ + w + &) @,' (w) w’ (&) = 0 (4,3) 


It is just as simple to solve all the other problems. 


5. Conditions at the shock waves. To find the solution to flow 
problems involving shock waves let us examine the conditions which have 
to be fulfilled. These are, first of all, conditions of dynamic compat- 
ibility which for steady conditions are as follows: 


A?intn)= (pl,  [%]=0, — [pval =0, fi] = 0 (5.4) 
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where the symbol [ ] denotes the discontinuity, index 1 relates to para- 
meters before the shock, v, and v, are velocity components tangential 
and normal to the shock wave drawn in the direction of the flow of the 
gas. If 8 is the angle between the shock wave and the x-axis, then v, = 


v cos (8- 0) and v, = v sin (8 - 6). 


Let us express the conditions (5.1) in dimensionless form. For p, we 
take the stagnation density at some streamline ¥ = ¥, behind the wave 
front and we assume i, and a, to remain the same before and after the 
shock. Through these the fourth condition will be fulfilled whilst the 


first three remain as before. 


We will limit our study from now on to a steady oncoming flow along 
the direction of the x-axis, i.e. 6, = 0. Denoting tan 8 by [° from (5.1), 
after some simple transformation we obtain 


pry? TF sin 8 


FsinOicosp = IP] v(f sin9 + cos9), p,v,T = pv (fT cos 6 — sin) (5.2) 


Here we only examine those shock waves for which the flow remains 
supersonic on traversing them, and the function 9(wW) which interests us 
hardly alters. Then, if we represent the velocity v(p, ¥) in the form 
(1.7), from the first and the second condition we arrive at 


(9.3) 


‘5 4) 


pivy” 
In Formulas (5.2)-(5.4) we will regard A,, A,, p as functions of o 
(3.1). Then, in the third condition (5.2), in accordance with the 
Bernouilli integral 1/p = » v (dv/do), and eliminating [" and y “(W) we 
arrive at a quadratic in cos @ which yields 


cos@ = lPl . j¢miply’ . (y_ [pl (tel sr  4))" — We) (5.5) 


> ; 2 / \ 
ath) . 20yhy Pit’ Ay 


where A, is expressed by Formula (1.10). 


Only a plus sign is admissible in front of the square root, as this 
corresponds to supersonic flow behind the shock wave; when [p] = 0, 
cos 6 = 1, @ = @, = 0. The expression (5.5) represents a relationship 
between o and @ on the shock wave. Evidently, then, [= [ (eo) and 
x’ fw) = fle). 


From (3.1) and (5.5) we have 
2 g cos~* H(c), 27, 5 cos” /H 3) (5.6) 


which may be regarded as parametric equations of a shock wave in the 
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characteristic plane, elimination of o from which gives n = g(é) or 
€ = h(y). All the functions on the shock wave can be expressed through 
one of the parameters o, & or n. 


From Formula (1.2) with condition (1.9) after going over to character- 
istic variables, we obtain 


We will consider here € and n to be connected by the expressions 
(5.6). Then (5.7) might be a parametric equation for the shock wave in 
the physical plane. As, on the wave, dy/dx = [', then from (5.7) and (5.2) 
it 1s easy to derive the equation 


To this we add one more obvious equation 


- de 


On the shock wave ¥ = W° (0) = W,° (€) = ¥,°(), x’ W) = flo) = 


When solving boundary-value problems with the help of the general 
solution (3.7) it is natural to take the functions entering (5.3) to 
(5.8) in the approximate form given by (3.4) and (3.6). This gives satis- 
factory results until [p] = p(o) - Pp, is so small that the approximate 
difference expression gives a significant error (about 10%), although 
the error in determining (oc) itself may not be great. If necessary this 
difficulty might be overcome by constructing an approximation at the point 
o corresponding to p = p). 
6. Boundary-value problems for flows with shocks. In such 
problems the function y(W) is not known beforehand in the approximate 
general solution (3.7) and it has to be found together with ®,(¢) and 
®,()) from the boundary conditions and the conditions on the shock wave. 


Let us examine two problems where we determine the motion of gas in 
the region bounded by the shock wave and two intersecting character- 
istics of opposing families. For simplicity we assume that on the stream- 
line passing through O, the intersection of the shock wave with one of 
the characteristics is ¥ = ¥%, = 0. The parameters of the steady stream in 


0 
front of the wave are known. 


Problem 1. Assume that the shape of the shock wave is defined by the 
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equations x = xg(T) and y = yp! I ). 


To solve the problem one must know the values of the dimensionless 
parameters Py and Py. which depend on the stagnation density Po behind 
the shock on the streamline Wo = 0. We find this from the condition 
(i, ]} = 0, ive. Po/Po1 = Po/Po > because for Bo known at point O the 
R.H.S. of the equation can be worked out exactly [3]. In particular, if 
the shock wave is tangent to the characteristic at point O, then Po = Poi: 
We find the values of o, and 6, at point O from (5.3) and (5.5) for 


aS 


0 


In view of the fact that I’ = [(o) the shock wave equation can be 
written x= x°(o) and y= y°(o). Additionally, on it we have evidently 
yy = pv, (y® — Yo) where yp is the coordinate of point 0. If we introduce 
(5.4) and integrate it we obtain 


(3) rae ; \/(s)¢y s)da (6. 1) 


These equations give a parametric representation of the function vw) 
along the shock wave. This is sufficient for finding the solution in the 
region occupied by streamlines which intersect the wave, as, for 
instance, in the problem of finding the shape of a profile. To find the 
solution for the other part of the region we should be given the func- 
tion y(W) there. 


From (5.8) and (5.9) we have 


—(1— P(5, 4) o° (6), 
Thus, w with its partial derivatives and y(W) are found on the shock 
wave and the problem reduces to a Cauchy problem. 


It follows from the general solution of (3.7) that 


If we express the R.H.S. of the first formula by & and of the second 
by 7 and work out the quadratures, we find the functions ®, (€) and ®,(). 
The integration constants are found, as usual, from the conditions at 
point O. 


Problem 2. Suppose that the shape of the shock wave is not known, but 
we are given the flow parameters on one of the characteristics (for 
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instance 7 = No) which does not intersect the streamlines which go 
through a section of the wave, i.e. w= o, (€) and y(W) are given. 


From the general solution (3.7) for 7 =, we find 
@, (&) (E+ No Co) Y; (&) } a (E rN tT C1) 7 (41) - D, (Fo) (6.4) 


Eliminating dW/dn from (5.8) and (5.9) and replacing dW/d€ from 
(6.3) we arrive at the equation 


+ ay, ()— ®,' () (6.5) 


Adding to this (5.4) in this form 

dy wy hy 6 
ze /, (6) de (6.6) 

we obtain a system of ordinary linear equations for finding ¥,°é) and 

x. Its solution is 

* f(E) RCE) P 
AS 7 
\ Qe aot 


>e 


where €, is the value of € at point 0, and 


R (&) = W,' (&) exp ( \ aon * dé) 


is F : a 2 at le 
exp (\ ae * dé) \ @,” (6) exp (\ he dz) dé 
The function xh) is therefore determined parametrically. Then, from 
(3.7) taken on the shock wave we find 


D, (q) = (h(q) + 4 + Co) 2° (y) + @(A(q) + 4 + 1) x (2°) — Di lh(y)] (6.8) 


When ®, (€) and ®, (9) are substituted in the general solution the con- 
stant ®, (79) vanishes. In this manner the solution of both our problems 
reduces to calculating quadratures. 


Knowing the solutions to the vortex problems without shock and the 
problems just discussed involving shock, we are able to study the more 
important supersonic gas flows with entropy functions which only change 
slightly, including flow round profiles etc. 





The problem of plane vortex gas flow 
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The mechanism of free turbulence is utilized for the solution of the 
problem of flows in the region of separating turbulent boundary layer. 


The presence of reversed flows in the retarded zones is found. Cases 
of supersonic flow over a step (two-dimensional) and around a blunt body 
with a sting attached to the nose (axisymmetrical case) are examined. 


The interaction of strong pressure gradients with turbulent boundary 
layer may cause separation, which is observed, for instance, on stings 
attached to the nose of blunt bodies [1] or in a flow over a step [2]. 
From experiments conducted in [2 ] it follows that the ratio of peak 
pressure rise in the stagnation zone ahead of the step to the free stream 
pressure does not change with increase in height of the step if it is 
more than twice the thickness of the boundary layer. Simultaneously with 
increase in height of the step, the point of separation moves upstream 
so that the ratio of step height to the distance from the step to the 
point of separation remains approximately constant for a given free 
stream M, The total pressure distribution in various cross-sections of 
the separated zone indicates presence of reversed flows in the retarded 
zone near the wall [ 2 - while pressure gradients are found to be negli- 
gibly weak. These facts, and the fact of intensive turbulent mixing, ob- 
served in the retarded zone, suggests its investigation within the frame- 
work of free turbulence theory. In the light of this a retarded zone can 
be examined as a turbulent mixing zone adjacent to a semi-infinite free 


stream region. 


Let h be the height of a step in a supersonic flow and 6 the thick- 


ness of the boundary layer. Assume that h/5 >> 1. In this case, separa- 


tion begins near the point of intersection of the attached shock wave 


with the boundary layer. A rectilinear system of coordinates x, y is 


, 


selected so that the origin is at the point of separation and the x-axis 


340 
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is parallel to the velocity vector U, behind the attached shock wave. On 
Fig. 1, a is the attached shock wave, d the zone of reversed flows, 2 
the boundary of the retarded flow. Let us limit ourselves to the examin- 
ation of incompressible flow; compressible flow will be examined later. 
The equations of motion, continuity and energy in the case of two- 
dimensional free flow are 


Here p is the density, T* the temperature in the zone of retardation, 
r the turbulent friction, qg* the function which characterizes turbulent 
heat flow, cy the specific heat, u, v the components of velocity along 
the axes. 


The relationship between r and q* and the mean flow is selected 
according to Taylor’s vorticity transfer hypothesis 


ao ; . ; 
/ 


Here, | is the mixing path in Prandtl’s theory. The constant c¢ char- 
acterizes the structure of the turbulent flow and is determined experi- 
mentally. As in Tollmien’s problem, 

the velocity fields and temperature 
fields are assumed to be similar and 

dependent only upon the coordinate 





The zone of turbulent mixing will 
be limited by the straight rays, 


@ = , the interior boundary and ¢ = 


¢@, the exterior boundary of the jet, 
the direction of which is determined 


by solution of the boundary-condition problem. Conditions on the exterior 
boundary must account for the presence of the reverse flows, and the 
inner boundary itself must be at a certain distance from the wall. Let 

us assume that conditions upon the ray ¢, are the same as on the exterior 
boundary, conditioned in turn by the reversed flow. 


That assumption is equivalent to the statement that the ray ¢ = ¢, 
coincides with the wall and is assumed to be a stream line. 


The boundary condition will be 
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From the limiting conditions of shear stress at the point of separa- 
tion, it follows that the shear stress along the ray ¢= ¢, must be equal 
to zero. From the general solution of Tollmien’s equation 


and satisfying the boundary condition, we find 


o 1.003, 3.23. De 0.207 Uy, vg) = 0.67 aU, 
Experimental values of the constant a, according to the various 


sources, are 
a = 0.058(Pabst), a= 0.0845 (Tollmien), a = 0.074 (Reichart) 


Taking a = 0.074, we obtain the angle of the retarded zone equal to 
1? 40’. The experimental value of the angle, according to[1], is 
approximately the same. 


Knowing the angle of the retarded zone and the direction of flow on 
the interior ray ¢= ¢,, the angle of the attached pressure gradient at 
a given free stream M is found. The energy equation, as is well known, 
leads to a linear distribution of stagnation temperatures 


7T'* T’; 72 
r,* I." v1 2 


Here T,* is the free-stream stag- 
nation temperature 


a: 


Sa 
T,* is the stagnation tempe- A—t Le 


rature at d= gp. ea 
In the case of the sting attached 

to the nose of a blunt-shaped body, 

it 1s necessary to note that the re- 

tarded zone has the shape of a cone 


and the stream lines are also conical. 











FIG. 2. 
Let us examine the case when the 
retarded zone begins at the tip of 
the sting, which is selected as the origin of coordinate axes, x, y. 
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The direction of the x-axis with respect to the axis of the sting is 
determined by solving the problem of the free-stream boundary when the 
ray $= ¢, coincides with the conical boundary of the retarded zone. If 
r(x, y) is the distance between the sting axis and the point which is 
being investigated (Fig. 2), then the equations of motion and continuity 
in the selected system of coordinates are 


Ou Ou | 0 
o\u - (tr) 
. 01 Ov r Oy 


We now introduce the stream function 


4 = ax ,F (¢) 


where U_ is the projection of the stream velocity on the boundary of the 
retarded zone. Then the equation of motion is 


apl F'\' 7 an 

oF =; l=) 
Solving this equation for the boundary conditions which account for the 
presence of turbulent boundary layer on the sting, we find that the hal f- 
angle of the retarded zone is equal t» 15.5. This is close to the ex- 
perimental value (~ 1@) taken from[1]. 
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We consider the two- and three-dimensional problems of motion of a fluid 
resulting from pressure applied to its surface, neglecting the effect of 
gravity. We investigate a number of self-similar solutions. 


When a blast occurs above the surface of a fluid (Fig. 1), then after 
a certain time the shock wave reaches the fluid and interacts with it. 
To determine the motion of the fluid and the gas, it is necessary to 
solve the problem simultaneously in both domains. However, considering 
the ratio of the densities of the two media, we may, as a first approxi- 
mation, assume that displacements of the fluid do not influence the 
motion of the gas, which we suppose known. Such a formulation brings us 
to the problem of determining the motion of a fluid due to a pressure 
applied to its surface which varies according to a known law. The 
analogously-formulated linear problem for a compressible fluid is con- 
sidered in the paper [1] but the author restricts himself to pressure 
fields. We suppose the fluid incompressible. This assumption is justified 
in the case of air and water for pressures resulting from shock waves and 
not exceeding 22 kg/cm. 


1. The two-dimensional problem. We first consider the two- 
dimensional problem. In view of the fact that the motion starts from a 


state of equilibrium there exists a velocity potential ¢ which satisfies 
the equation 


(1.1) 


in the domain of flow and the boundary condition 


Po(z,t) on the x-axis 


on the solid boundaries 
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Solid 
boundary 


Here n is the direction of the normal to the solid boundary. If we 
use the Cauchy integral and ignore second-order terms and gravity, then 
condition (1.2) can be represented in the form 

0g 


*. Po(z, t) on the x-axis (1.4) 
Cc 


We restrict ourselves to the consideration of three cases: a) The 
pressure due to the shock wave is constant; b) The pressure due to the 
shock wave is an arbitrary function of x/t; and c) The case of a cylind- 
rical blast on the surface of the water. 


a) Let a shock wave perpendicular to the wall CO travel along that 
wall with velocity V (Fig. 2). At O the shock wave encounters the free 


surface of a fluid of density p, and moves along that surface so that 
the point A travels in the direction of the positive x-axis with velo- 


city V cse a. Qn the segment AB the pressure may be assumed to be zero. 
On OA the pressure is determined from the solution of the gasdynamical 
problem which is supposed known [2,3]. The problem under consideration 
has self-similar solutions since the flow depends only on the dimension- 
less combinations € = x/Vt, 7 = y/Vt and the angles a and f. 


In dimensionless coordinates the relations (1.1), (1.3) and (1.4) 
take the form 


If we go over to complex variables by putting w = ® + 
then the boundary conditions (1.6) become 
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Re (w — Gdw /d&) = a, (&) for 0< << - (1.8) 


Re (w — Gdw / dt) = 0 for 1<%- 


We introduce a new analytic function W = w- ¢dw/dd¢. For this func- 
tion the boundary conditions (1.6) take the form 


Re W a,() for 0<%&,<1, ReW 0 fori<t,<o (1.%) 


Finally we introduce the variable r = ¢* which varies in the lower- 
right quadrant where k = 7/28. Let W= W,(r). Using the reflection 
principle we continue the function W,(r) into the lower-left quadrant. 

As a result of symmetry relative to the 7,-axis, condition (1.7) is auto- 
matically satisfied. We can now determine 7, from Schwarz’s formula 


1 
. : & k dt 
W,= -\ ale = (1.10) 
rd | - - 
-1 
Since in our case a, = const, W has the 
form 





To find the function dw/dé = «7 '(-u + iv), where u and v are the 
horizontal and vertical velocity components respectively, we must inte- 
grate the equation 


(1.11) 


After integration we get 
du 
da. 
For k = l, this integral becomes 


oo (4.13) 


d~ 


If k is an integer greater than unity we can get the following general 
formula: 


ik lu (1-2) —In(t — 2) (1.14) 


\_- t 
<—— In| 1 — 2 cos 
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where C, are integration constants to be determined from the condition of 
equilibrium at «. For k =2 and k = 3 we get 


du a i-+ ‘ , ' c 
ze = — (mitts —r4ri) tor (1.45) 


du 


dt 
| V3 (are tg —— — tan 7 +t k= 3 (1.16) 


We now compute the velocity at the origin. Equations (1.13), (1.15), 
and (1.16) imply 


(u + iv),—9 = ae\1— itgs) = ae(i —itg3) (1.17) 


Thus, the velocity at the origin is directed along the solid boundary. 
From (1.13), (1.15) and (1.16) we see that the horizontal velocity u is 
equal to ae in the high-pressure region and to zero in the region of 
zero pressure. The graphs of the dependence of the vertical velocity 
v= a~! Im dw/d< on ¢, for k= 1, 2, 3 are shown in Fig. 3. 


FIG. 3. 


The singularities at the origin for k = 1 and at ¢ = | for all values 
of k reflect the shortcomings of the linear theory. 


We compute the displacement S, of the particles of the fluid 
{ 
S; = v\(u iv) di (1.18) 
If we express u and v in terms of ¢ and compute (1.18) we obtain the 
particle-displacement field for the fluid. We carry out the investigation 
only for points on the surface of the fluid. Clearly, the horizontal 
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displacement is equal to aeVt in the region of high pressure and equal 
to zero in the region of zero pressure. 


We consider the vertical displacement S,. Integrating (1.18) and 
introducing the dimensionless distance S = S.w/aeVt we get 
C,? » 1 + G1)\ 
i(In—; 2+-¢, In =e | for k=1 (1.19) 


‘ e 
e1/ 


/ 1 C 1 tf ‘ =-l» ‘ 
i( In _ 4 za 2 tan ~1 7) for k=: (1.20) 

The graphs of the functions S(¢,) corresponding to these formulas are 
shown in Fig. 4. We note that for k > 1 the displacement field has no 
singularities. 


b) When computing the velocity field we assumed that the pressure be- 
hind the shock wave was constant. This assumption is valid for large and 
small incidence angles a (cf. Fig. 2), i.e. for a = 0 anda =~ w/2. 

For intermediate values of a this is only approximately correct (thus, 
it is shown in[4] that when the incidence angle of the shock wave is 
small, the increased pressure is concentrated in a narrow region adjoin- 


ing the shock wave). For a more accurate solution the function a, (¢,) 


FIG. 5. 


which gives the distribution of pressure on the surface of the liquid 
must be determined experimentally, or it can be assumed to be known from 
the solution of the gasdynamical problem of the reflection of a shock 
wave from an arbitrary angle. We assume the function a,(¢,) to be known 
and we represent it as a power series in ¢, 


Substituting (1.21) in (1.10) we get 
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(1.22) 


Substituting (1.22) in (1. 
sign we find 


(1.23) 


The constant of integration is determined from the condition of equi- 
librium at infinity. For arbitrary integer values of k the inner integral 
leads to elementary functions. Thus, computation of the velocity field 
for an arbitrary function a,(¢,) reduces to quadratures. 


By way of example we consider one of the simplest cases of non-uniform 
distribution of pressure a,(¢,) - ad,” a, = const. Here, the greater 
part of the pressure is concentrated in the vicinity of the shock wave. 
Computing the integrals we get 
du le ‘ . ‘ l 
. “(In 2i¢in-— { (1.24) 
at | rd ] I 

du 


dé 


> 


In . for k=: (1.20) 


Figure 5 gives the distributions of vertical (solid lines) and hori- 
zontal (broken lines) velocities computed from (1.24) and, for comparison, 
the corresponding curves in the case of uniform distribution of pressure. 


Substituting (1.24) and (1.25) in (1.18) we get the vertical displace- 
ment of the surface 


2 tan! 6, 


for 


The graphs of these functions appear in Fig. 4. Using Formulas (1.24) 
and (1.25) it is easy to compute the horizontal displacement S’. S’ is 
the same in both cases and has the value 


1) for 0<0&,<1 , fori<t, 


c) We assume that a cylindrical region of pressure is propagated out- 
ward from the point 0. The pressure on the surface of the fluid is 
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supposed to vary in the manner corresponding to a strong cylindrical 
blast with energy (1/2) £. In this case the flow depends on the para- 
meters y, P,, Po, E, x, y, t, where y is the ratio of specific heats for 
the gas, p, is the density of the fluid and p, is the density of the gas. 
According to dimension theory the flow will depend on the dimensionless 
parameters 

De ‘x ; P2 


gle g'/s gags 7 pL 
We shall restrict ourselves to the most important case of a fluid of 
infinite depth. Equation (1.5) holds in the lower half-plane occupied by 
the fluid with the velocity potential ¢ given by 
/ E 
P2 


¢(z, y; t) = DEE, | 


In dimensionless coordinates the boundary condition (1.4) on the sur- 
face takes the form 


r c hie : - j ) 28 
. ID a MD t(c) Pe a, (é) h (E) P (1.28) 


” OF 1 On 1+1 Pp \ Pa / 


> 


where h(é) is a known function [5] which describes the distribution of 
pressure in dimensionless coordinates in case of a strong blast and p, 
is the pressure behind a strong shock wave. If we introduce the complex 
variables w= ©+i¥, z = &+ in, then condition (1.28) becomes 

dw \ dw 


qs —a,(&) for |&\) <1, Re (z Q for |f|> (1.2%) 


Re(z 7. 


Thus, to determine the function zdw/dz it is necessary to solve the 
Dirichlet problem. Using the Schwarz integral we find 


] 
dt 


\ a, (t) (1.30) 


1 


Tmiz 


This formula describes the velocity field. To get an approximate idea 
of this field we take a,(t) = a, a constant, which implies an error only 
in the vicinity of the shock wave. Then (1.30) yields 


(1.31) 





Using the approximate formula (1.31) it is 
easy to compute the displacement field. The 
result is 








TS pe 


Lak *? 
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The graph of the vertical displacements of the particles of the sur- 
face of the fluid based on this formula is given in Fig. 6. For hori- 
zontal displacements we get 

My a: — for |—| < 1, 

We now compute the energy £, acquired by the fluid as a result of the 

blast. Using the approximate formula (1.31) we obtain 
a . fe dq - 0.084 pe 
| on \ P ae 


(1.33) 


(y + 1)* py 


Thus, the magnitude of the energy imparted to the fluid is proportion- 
al to the ratio of the densities of the two media. 


2. The three-dimensional problem. Without changing our assump- 
tions we consider the problem of motion of a fluid which fills the lower 
half-space under pressure due to a point blast in the gas. In the lower 
half-space the velocity potential satisfies the Laplace equation. Assum- 
ing axial symmetry the condition on the surface expressed in polar co- 
ordinates takes the form 


09 


ig = Pull, #) for 7=V (2.1) 


where p,(p, t) is a known function. Let Op, z; t) = 9¢/dt. Obviously, 
this function must also satisfy Laplace’s equation. Consider the zero 


order Hankel transform ® of ® 


° (=, 2; ¢) \ r® (r, z; t)J, (r)dr 
Multiplying both sides of the Laplace equation by rJ,(ér) and inte- 
grating with respect to r from 0 to « we arrive at the well-known con- 
clusion that ®° satisfies the equation 


d*) 


=) 0 
1z* ° 


whose solution suitable in cases when ®+ 0 as z + — « has the form 
@Y A (=, t)e® 
Multiplying (2.1) by rJ,(ér), integrating with respect to r and putting 
z = 0 in the latter relation we find A(é, t) and then using the inversion 
formula for the Hankel transform we get 


° \ oJ 9 (5p) e* \ rJo(3r) Pr (r, t) drd 


0 v0 


Formula (2.2) gives the pressure field in a fluid due to an arbitrary 
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surface pressure p,(p, t). We now consider special cases. 


a) Let the function p,(p, t) have the form 
Pia, for p< Vt, pix=O0 for p>Vt (a;, V = const) 


This corresponds to a circular region of constant pressure which is 
propagated in all directions with constant velocity. In this formulation 
the problem is one with self-similar solutions, all flow parameters de- 
pending on the dimensionless quantities 


ai 


pil?’ 
In dimensionless variables the velocity potential takes the form 


© (p, z; t) = V2t@ (p,, 21) 
The dimensionless form of Equation (2.2) is 


o@® d® i ; 
Z) a j em", (Epi) Ji (E) dE (2.3) 


:?p i 
yl Op, Oz 


We now expand ®(p,, z,) in powers of z, but restrict ourselves to the 
first two terms 


® (py, 21) = Dog (pr) +- 21 Dy (pr) + 


Substituting (2.4) in (2.3), expanding the right side of (2.3) in a 
series of powers of z,, and equating coefficients, we obtain the follow- 
ing expressions for the terms of order zero and one: 


dQ, 
" a\ J, (&p1) J; (E) dé 


@ ‘ 
0 Pl 7, 
ad 


U 


a\ EJo (Eps) Ju (E) a (2.6) 


( 


From (2.5) we find the horizontal velocity of the particles of the 
surface of the fluid 
dD,y 


a for p< , O for py 
dp, 


From (2.6) we find the corresponding vertical velocity 


a? ‘ p? ' -— p? { 
1 ®D,; (p1) — = cos* , p+ r sin 
xa , + p*) pV p 


The arbitrary constant is chosen using the condition of equilibrium 
at infinity. The graph of vertical velocity based on this formula is 
given in Fig. 7 (the dotted curve). We now compute the displacement of 
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the points on the surface of the fluid. We denote by S the dimensionless 
distance S = S,7?/ Vt 2a, where S, is the dimensional quantity. Further, 

we denote by S' and S_ the horizontal and vertical displacements. Using 

(2.8) and (1.18) we get for the horizontal displacement 


nS t for »< 1, RN) for pi 


The graph of vertical displacement based on (2.8) and (1.18) appears 
as the dotted curve in Fig. 8. 


b) We now assume that the distribution of pressure Pop, t) is such 
as would result from a strong blast at the point O on the surface of the 
fluid with £/2 the amount of energy imparted to the gas. In this formula- 
tion the problem is likewise self-similar with the flow depending on the 
dimensionless combinations 


p z 


(E'pyy te" "(Bip egie Dy 


The velocity potential ¢ is expressed in terms of the corresponding 
dimensionless function in the following manner: 
E 


\p M } . @ 
p, Zz: ft) c * 
2 ths (Pa, 2 


The dimensionless form of Equation (2.2) becomes in this case 
1 


ow om a 
a } Jo (Ep) e*** \ rJo (Er) r irdt 


i 
’ 


Ov) Oz, 


Here h(r) is a known function which gives the distribution of pressure 
for a strong blast [5]. Its graph appears in Fig. 9. When h(r) is a 
complicated function, the inner integral is not expressed in terms of 
elementary functions. 


As can be seen from Fig. 9, A(r) can 
be well approximated by putting A(r) = 
b = 0.366. Then (2.9) becomes 


xD xD 


’ 


; 
“1 
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As in the previous example we obtain a differential equation for ®, 
and ®, by substituting (2.4) in (2.10), expanding the integral in a 
series and equating the coefficients of like powers of z,. Solving these 
differential equations we get for the horizontal velocity u = d®, /dp, 
on the surface of the fluid 


ab 
for p; < 1, u for pi>i 


fy 3 2 2 ° 2 M 2 . 
, rp 08 7 n E sin ~ - ae | + 7, (2.11) 
The arbitrary constant C is determined from the condition of finite 
energy imparted to the fluid. We find 
that C = 0. The graph of the vertical 
velocity v, appears as the solid curve 
in Fig. 7. 


We introduce the dimensionless dis- 
tance 


PIG. 8. 


The solid curve in Fig. 8 is the graph of the dimensionless vertical 
displacement obtained by numerical integration using (2.11) and (1.18). 


The graph in Fig. 9 shows that the line h(r) = 6 deviates strongly 
from the curve in the vicinity of the shock wave where on a small inter- 
val the pressure takes on large values. One can take this fact into 


10 
»/p) 








FIG. 9. 


consideration and so make the theory just developed more precise; that 
is, we can assume that the function h,(r) = h(r) - 6b is of the form 
; 
hy (r) = cB (r — 1), c \ er) bj) dr 
0 
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where 5(r — 1) is the Dirac delta function. 


Let ® be the velocity potential of the required motion. In view of 
the linearity of the problem 


®= 90, + O, 
where ®, stands for the solution of the flow problem with uniform pressure 


and ® for the velocity potential of a flow due to a ringlike pressure 
zone. Since ®, was computed earlier, it remains to determine %. 


To this end we substitute h,(r) in (2.9) and obtain 


a® P 
‘ 5 Ez Eo,) J. (E\dt 
®, + 2 Sy ee e221 J, (Ep) J, (EGE 
5 \ Pa on 0 


In an analogous manner we obtain the following expressions for the 
horizontal and vertical velocities: 


us = 


c dp| (2.13) 


mp td (itp p 2(1 + p*) p 
0 


Using Formulas (2.13) and (1.18) we obtain the corresponding vertical 
displacement. Its graph (multiplied by a factor of b/c) appears as the 
dotted curve in Fig. 8. 


In case of a point blast it is possible to compute the energy £, im- 
parted to the fluid. Using (2.11) we obtain, after computing the integral, 
the following formula 

0.0C22 pe 
75 = (y 1 4)? Pi E 


In conclusion I wish to thank N.N. Moiseev for valuable advice and 
interest in this paper. 
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The theory of the stability of a fluid with density stratification is 
worked out to a considerably lesser degree than the problem relating to 
the stability of a homogeneous incompressible fluid. Specific difficul- 
ties which arise in this theory are easily understood after recalling 

the situation which occurs in the study of the stability of plane parallel 
flows of a homogeneous fluid. If, as is usually done, solutions are 

sought in the form of traveling waves 


> (2) * ct) (0.1) 


(here z is the coordinate in the direction transverse to the basic flow 
and x the coordinate in the longitudinal direction), then the Orr- 
Sommerfeld equation 


(V —e) (9 , ? “9” +a*e) 


is valid for the amplitude @(z), where V(z) is the undisturbed flow velo- 
city. If viscosity is neglected, then 


2 


(V —c)(9” — a%e) —V"9 =0 (0.9) 


In spite of the fact that the "inviscid" equation is considerably 
simpler in form than the "viscous" one, even being of second order rather 
than fourth order, its use encounters the same difficulties in principle. 
To begin with, the boundary value problem which arises (a is fixed and c 
is an eigen-value) can either have no solutions at all or have insuffi- 
ciently many of them, in the sense that the eigen-functions which corre- 
spond to the eigen-values do not form a complete system. In such a case, 
even though all of the eigen-functions are known, it is nevertheless im- 
possible to answer the fundamental question of stability theory — how 
will an arbitrary disturbance which arises at a certain moment in the 
fluid develop: will it grow without limit or will it remain finite? 





L.A. Dikii 


However, with the introduction of a nonvanishing viscosity (even if it 
is small) the situation is improved. The eigen-value problem then has a 
complete system of eigen-functions. (From a mathematical point of view, 
this is an eigen-value problem of a certain non-self-adjoint operator 
and the completeness of the eigen- and *adjoint* function can be estab- 
lished, for instance, with the heltp of a theorem of Keldysh [1, Theorem 
1).) 


However, it is possible to say even more, namely, if viscosity is not 
introduced, then even the very mathematical statement of the problem re- 
mains not quite definite. Namely, the *inviscid* equation for ¢ has a 
singular point at V— ¢ = 0. In this connection its solutions are multi- 
values and the correct branch choice can be made only if solutions of the 
"inviscid" equation are considered as limiting solutions of the complete 
"viscous" equation (a discussion of this question is contained in Lin’s 
book [2 ]). 


Unfortunately, we shall not use such an approach in the case of a 
fluid with a density which varies with height. The Orr-Sommerfeld equa- 
tion takes the following form: 


1 dp» 
po dz 
1 dp» 
Po 


a*o) [(v c)* »’ 


dz (?" — 2*9)] (V—c) (0.4) 


It is easily seen that a singular point of the equation remains at 
¥V— ¢ = 0 even in the presence of non-zero viscosity. Thus, the viscous 
equation at this point proves to be no better than the *inviscid" one, 
and the question of the selection of the branch of the solution is left 
open. Therefore, mechanical transference of a rule for the selection of 
the branch of a solution derived for a homogeneous {luid to the case of 
an inhomogeneous fluid, as Schlichting {3 ] does, appears to be ground- 
less. 


Thus, in the study of the stability of an inhomogeneous fluid the 
introduction of viscosity does not give tangible advantages, and if the 
Reynolds number is sufficiently large, it is better to set the viscosity 
at once equal to zero. Further, it is necessary to realize that the ex- 
pansions of the solutions by the wave solutions (0.1) and the investiga- 
tion of the characteristic frequencies are not ends in themselves but 
only tools for investigating the Cauchy problem of a partial differential 
equation. But if such wave solutions are not found, then it is necessary 
to solve the Cauchy problem for the development of arbitrary initial 
disturbances in some other way. 


We will consider the motion to be stable if an arbitrary initial dis- 
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turbance arising in a finite region of space remains bounded as time in- 
creases. Otherwise we will call the motion unstable. In the present paper 
it is successfully shown that such an investigation can be carried 
through, at least in special examples, even in cases for which there are 
no wave solutions. 


The subject of [4] is similar to the present paper; in that paper a 
Similar example has been analyzed; however, the authors have proceeded 
by a different path. Namely, they have not rejected the expansion of the 
solution by the wave form (0.1) in view of the simplicity which results 
from the complete separation of the variables. However, it is not ex- 
pected that such a wave solution will be a solution of (0.4) in the 
strict sense of the word. It must only satisfy the equation everywhere 
except at the singular point where no junction conditions whatsoever are 
specified. 


One can even show too many of such “almost eigen-* functions in the 
Same sense in which there are "too many" eigen-values in the usual bound- 
ary problem if a boundary condition, corresponding in the present case 
to the junction condition at the singular point, is missing. 


Thus, wave solutions are formally understood as certain easily- 
calculated functions by which one can try to expand the solution of the 
Cauchy problem. However, in [4] the basic fact of the completeness of 
the system of “almost eigen-* functions is left without proof. Therefore, 
the approach adopted in [4] still requires serious substantiation. 


l. The following example will be considered: a two-dimensional hori- 
zontal flow in an unbounded half-space, whose velocity V increases 
linearly with height and whose density P, decreases exponential ly: 


V ( kz, 0, = const e* 


Taylor [5] studied this example by the wave method. He established 
that for values of the Richardson number R =gh/k* larger than 1/4 there 
exist neutral waves and that for smaller Richardson numbers waves do not 
in general exist. 


From this many authors [6,7 ] have concluded that the flow is stable 
only for values of R> 1/4. 


It is shown below that the solution is stable for all positive values 
of R (in the sense formulated earlier’). 





* In the indicated paper [4] the same flow is examined, but between 
two solid walls. The conclusion with regard to the stability is the 
same. 
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Let p’, p’, u’, w’ be the perturbations of the density, the pressure 


and the velocity. 
We shall write the linearized equations of motion 


Ou ow’ 


If p’. and p”. are eliminated and the stream function wW introduced, we 


then obtain 


/9 
By the substitution of el/2B2 yx we shall eliminate 


we obtain 


kz 2 (41 g2 _— Bk (2 4+ kz 2 


oz } \ ot Oz 


We shall transform to a coordinate system which moves along with the 


mean flow: : = Z, x, = x — kzt. We will have 


l 


oO \2} , ary ‘ Ory 
kt, ¥ — Bk 28 : 
Or; . . Ot,0r1 . Oz," 


In place of x,, z,, t, we will henceforth write simply x, z, t. 


l 


We seek solutions in the form e'!*¢(z, t), i.e. we shall make a Fourier 


transformation with respect to x. For ¢ we obtain 


oe? 5° 9 0 2)» “f ae , ‘ 
' cit } Sk ~ 
Te = | > ikit) | C— iBkl Se gpl (1.2) 


Many authors, including Taylor [5] and the authors of [4], neglect 
the next to last term in this equation. This term is retained below, 
although its inclusion does not change the results. 


The initial conditions are such that 
C(z, 0) = ¢(z), Cy (z, 0) 


The boundary condition at the surface of the ground is 
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0 or (0, t) 0 


With regard to the conditions at infinity (as z + «), such a degree of 
regularity is required here so as to ensure the existence and uniqueness 
of the solution. As we shall see, it is sufficient for this purpose to 
require that ¢ grow more slowly at infinity than any exponential func- 
tion. It is sufficient to solve separately two boundary-value problems, 
considering Ww = 0 and d= 0. We shall give the solution of the first of 
these problems; the second one is solved in an analogous manner. We will 
assume the initial function dz) to be different from zero only in a 
finite region of space; by virtue of the boundary condition ¢({0) = 0. 


2. At this point we shall derive a formula for the solution of the 
Cauchy problem into which a certain, as yet undetermined, function will 
enter. Following this an integral equation for this function will be de- 
rived. In Appendix 1 the equation will be investigated. 


We will apply the Laplace transformation 
p20 (z, odz 


to Equation (1.2). 


Multiplying (1.2) by e~ ?? and integrating with respect to z from 0 


to o, we obtain 


(p ikit)*\G* iskl 


t a (0, t) 
sl 
) gz ot 

We shall designate the Laplace transform of d(z) by ¢*(z). Taking the 
initial conditions ¢€*((p, 0) = g*(p), Ce (p, 0) = 0 into account, we 
find the solution of Equation (2.1) in the following form: 


uly 


C°(p, t) th 14 , —& (ty) dey 


Here s = p/m, x = kl/m, B, = B/2m, and W is a certain constant. The 


functions r ,* andr,* are expressed by the hypergeometric functions 
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c - @e its 


Here R is the Richardson number. It is obvious that for R < 1/4 the 
parameter r has real values and 0 < r < 1/2 and that for R> 1/4 it has 
purely imaginary values. 


The function ¢*(p, t), defined by Formula (2.2), actually represents 
the Laplace transform of a certain function ¢(z, t); in addition 
€(0, t) = 0. This follows from the asymptotic expression for ¢*(p, t) in 
the half-plane Re p > m (or Re s > 1) where this function is analytic. 
Indeed, as is easily shown, as |p| + in this half-plane ¢*(p, t) = 
0(|p|~?). Thus, for all &(t) the function ¢(z, t) satisfies Equation 
(1.2), the initial conditions and the boundary condition at z = 0. 


3. At present, the question of determining the function £(t) which 
occurs in Formula (2.2) is left open. We have not yet made use of the 
boundary condition at z = «.A direct way of taking account of it would 
be as follows. After applying the inversion formula to (2.2) and finding 
C(z, t), one should investigate the asymptote of this solution as z + 0 
and require that the condition of regularity be fulfilled. But such a 
way entails considerable difficulties. We shall treat the matter differ- 
ently. Regularity of the function in the half-plane Re p > 0 is the 
necessary condition for the function ¢(z, t) to grow more slowly than 
any exponential function. On the other hand, the functions entering into 
the right-hand side of (2.2) have branch points in this half-plane. It 
turns out that by choosing &(t) it is possible to remove the multivalued- 
ness of this right-hand side (moreover this requirement determines £(t) 
in a unique manner). The function ¢*(p, t) becomes regular in the hal f- 
plane Re p > 0 in this way. 


The hypergeometric function has a unique branch point when the value 
of its argument is equal to unity. Thus, r,*(s) is regular in the half- 
plane Re s > 0, andr,* is the product of (1 ~ 3)~** Bi by a function 
which is regular for Re s > 0. Therefore, the multivaluedness of the 
right-hand side of (2.2) appears in the calculation of the terms 





t 
\ 1 (s — ixty) E(t) dty 4 
: W [i— (s,— ixty)}~*** [4 + (s — ixt,)|7~ —P 


t, (s — ixt) 


ints” (8) 9° (ms) 


+ t?" (s = ixt) wire s)~2-*s (1 + s)~ 2th 
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This expression, generally speaking, varies with the path about a 
closed contour in the half-plane Re s > 0 which contains within it points 
of the segment [1, 1+ ixt]. 


m+ikit 
m+thlly 





We shall find the increase of this expression with a path about the 
contour shown in Fig. 1. The circuit begins at some point s = 1+ ix ty 
(0 < t, < t) and ends at the same point. All multivalued functions 
[l- (s- ix t ,)~ A: , where 0 < t, < ty, increase with such a path by 


one and the same amount. We shall equate the increase of the expression 
written above to zero: 


te 
\ F (Pia+r, */g—r; 2— Br; —in (to — ty) / 2) E (ti) dts 
‘ — ix (to — ty) |~*F* [2 + ix (to —ty)]-™ 





ix F’(*/2+1, %/a—r; 2 — Br; —inte /2) @ (m + iklte) _ 9 
é (- ixty)~ 2+ (2 + int))~?-* 


or, making use of the formula 


F (a, b; c; 2) = (1—2)~* °F (e—a,c—b; ¢; 2) 


we will have 


(« ~ 1) "F (4 —B, +r, 4—Bi—r; 2B; —¥ ¢ —t)) F(t) dts = 8) (8-1) 


where bet 
g(t) = COP (2 + int) HR (Fr; F— rs 2—Bas — SP) ge" (m + ikl) 


For determining £(t) we have obtained an integral equation of the 
Volterra type of the second kind with a difference kernel. 


4. In order to obtain a formla for the solution to our problem, it 
remains to carry out the inverse Laplace transformation of Equation (2.2), 
i.e. to pass to the inverse form. It is not necessary to express these 
inverse forms in terms of well-known special functions. For our purpose 





it is sufficient to know that in each individual case such an inverse 


function actually exists. The latter is easily verified by a well-known 
theorem on the representability of functions by a Laplace integral. 


We shall integrate (2.2) by parts; we have 


t ty 
int) \ yo" (s ity) \§ (te) dt ade, _ 


0 0 


(4.1) 


s—ixt,) \ §(t,) dtgdt, + 1° (s — ixt) ye" (s) — te (8 —ixt)y,"(s) 


W (1 W (1—s)~ a 


All functions of s entering in the right-hand side of (4.1), i.e. Ti2’s 
x) es n es are Laplace transforms of certain functions rT) oz), 
Xi. 2(2), My. 92), which follows from their asymptotic behavior for 
large values of |s| where Re s > 0. Namely 


. . ¢ */7+Rer . . , 
tie(s)|< A |s ’ hyo’ (s)|< K|s 
while their derivatives tend to zero by an order more quickly. 


Hence, in particular 


for small 
value of | z 


tie (2)|<K |z[* 8", Xie (|< Kz 


Using the convolution theorem, we will have 


21) X2 (Z) — t2(Z — 21) Za (2) Dz, (0) dz, 4 


\ e220) (2) (Z — 23) Ho (21) — te (2 — 24) Hy (21)) dz, 
0 
t, 


\e in(t—t,)2 \ E (ta) dt, dt, 


0 0 


Now we can see that the stability of the flow, i.e. the behavior of 
¢(z, t) as t + «, depends only on the characteristics of 9 (t) or €(t) 
as the argument increases without limit. In Appendix 1, where the inte- 
gral equation (3.1) is investigated, it is demonstrated that 
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|< KA for r real 


<A, “| K, Ig (Ks t +-2)| for r imaginary (4.3) 


From this it is easy to be satisfied about the boundedness of €(z, t) 


as t + wo; for r real the integral in (4.2) is evaluated as 


i 


—r(z—z,) * dz, 
where K does not depend on t. For r imaginary the estimate is 


K \ 2,~" | Ig (AK, /t + 2,) | dz, 
The latter expression is bounded as t + ~. Thus, the stability theorem 
has been proved. 


5. Appendix 1. We shall make an investigation of the integral equation 


-1) omitting some details of the cumbersome calculations. 


For any &(t) the left-hand side of (3.1) together with its derivative 
vanishes for t = 0. Consequently, it is necessary for the existence of 
the solution that the right-hand side g(t) also have the same character- 
istic. But in our case this condition is satisfied. Soon it will be clear 
that this is also sufficient for the existence of the solution. We will 
solve the equation by the Laplace transform method. To do this we will 
multiply both sides of the equation by e~7%* and integrate with respect 
to ¢t from 0 to «. As will be shown in Appendix 2, the Laplace transform 
of the function ti-PiF (1, +r, Ye—8,—r: 2—8, 1), int is 


io/myy 
where "2, is the Whittaker function for |arg ao! < 1/2 wv. 


Hence, it is not difficult to find the Laplace transform of &(t), 
which we shall designate as &*(o): 


Using the asymptote of the Whittaker function for large values of ia 


and the fact that g*(o) = O(ja|~ 3) (since g(0) = g’ (0) = 0), we find 


that &*(a) = O(\o ati as |o| + o for |arg oa; < 1/2 a. It will be 
further shown that &*(o) is regular in the right-hand half-plane. Con- 
sequently, &*(a) which is defined by Formula (4.3) is actually the 
Laplace transform of a certain function &(t) which satisfies the integral 


equation, 
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We will pass to the evaluation of &(t) as t+ o. It is not really the 
function €(t) itself which is of interest to us, but rather the function 


t ty 
\< ix(t—t,)z \§ ts) dtedt, 
0 0 


og (9) 


2 ms ~io /* wy ),~ in/2, 
+. ixz)e W g,. r (26 ] 


Therefore 


This function has a pole at the point o = — ix z. We shall designate 
its residue by 6(z). It is not difficult to obtain an estimate of the 
value of this residue for small values of z by using the asymptote of the 
Whittaker function in the neighborhood of zero, namely 


b(z)| < Kz2'/etRer 


It is more complicated to ascertain the location of the poles which 
arise from the zeros of the Whittaker function, In the case of r real 
the function 


in the sector tL =< argos 
does not have any zeros with the possible exception of one on the radius 
arg o0 = 1/2 7. 


In the case of r imaginary there is a denumerable set of zeros o (*) 


on the radius arg 0 = 1/2 wm which accumulate at the origin of the 
coordinate system; here 


o(™) id Ke'™/2,- twn/\7 i 
There are no other zeros in the sector — 1/2 7 < arg o < am. We shall 
designate the residues at o = o () by a,(2). It is possible to give an 


estimate 


xz) (K does not depend on z) 
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In the sector —- 7 +e < arg z < — 7/2(¢«> 0) a finite number of zeros 
can no longer be found. Still we note that as lo) + wo the estimate 


R,” (0) O(jof *) in the sector j|args 


is correct. 


According to the inversion formula of the Laplace transform we have 
y+i0o 

R, (t) = = — — 

. ont 6 \ OK (co + ixzje Wo (deg / x) 


Y—too 

We shall now deform the contour as shown in Pig. 2. 
The slope of the straight lines is arbitrary. We 
choose the radius of the circle in dependence on z 
and t so that c,/t< p< e,/t, |p — xz| > esp, where 
Cis Cor Cy Ore fixed constants. If r is an imaginary 
number, we add one further requirement — the circle 
must intersect the imaginary axis exactly midway 
between the roots of the Whittaker function which are 
distributed along this axis. 


sede 





With this choice of p the denominator of the inte- 
grand exceeds Kp 3/2—Rer along the modulus of the circle. One can 
satisfy oneself on this point using the asymptote of the Whittaker func- 
tion. In this case the integrand is less than Kp” \/2+Rer and the 
integral is less than Kp 1/2+ Per 4 6, less than Kte~ '/2-"¢F and, con- 
sequently, it vanishes as t + o. Exactly the same estimate is obtained 
for the integrals along the horizontal segments. The integral along the 
sloping lines vanishes exponentially. With this deformation of the con- 
tour the residues are isolated. We have 


, . (nm) ‘ » 
R, (t) b (2) ¢ ixzt >) a,, (2) et!” t, ott Rer) 


ic(™iso 


Residues from poles in the region — 7 + « < argo < — 1/2 @ enter also 
into the remainder term, if there are such poles, since their residues 
vanish exponentially as t+, For r real, instead of the sum which 
appears in the second position, there should be only one term, The neces- 
sary estimate (4.3) for 9 (t) is now obtained without any difficulty from 


t 
$, (t) \s( ty) A, (t) dt, g (t) Ott 172+ Rer) 
0 


and from the fact that a (") vanishes exponentially as n increases, and 


also from the estimate of the residues a,(z) and 6(2). 





Note. If we were to make the same simplifications as in [5.6 -P which 
were mentioned at the beginning, i.e. if we were to neglect the next to 


+ 


last term in Formula (1.2), the results would n be changed except that 


VW 


r 


would enter everywhere in place of " 


* * 

The density stratification introduces two dimensionless parameters, 
which correspond to the inertial and Archimedian effects of this strati- 
fication, The indicated simplification is the neglect of the inertial 
effect. 


6. Appendix 2. We shall prove that the Laplace transform of the hyper- 


geometric function 


’ 


jemonstration we shall use the Barnes-Mellin integral [ 8,p. 71] 


The integration path is such that the poles of the function 
ri 3 ; 3 r- i.e. the points 8 lig+er n 
n the left of the path, and the poles of I'(—s), i.e. 
the points s 1, 2, ..-, lie to the right of the integration path. 


We shall apply the Laplace transformation to both sides of this equality 


We shall make the variable substitution 


There remains only to recall the Barnes-Mellin formula for the 





Stability of plane parallel flows of an inhomogeneous fluid 369 


Whittaker function [8, p. 148 | 


which proves our assertion. 
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In papers devoted to the impact of a body on a fluid, it is shown that 
in the absence of inertial forces the motion which arises after the in- 
pact is potential. 


The impulsive pressure Ps is related to the velocity potential ¢ by 
the simple relation P,=- po, and the problem is reduced to solving the 
Laplace equation with the boundary condition d= 0 at the free surface 
of the fluid and d¢/dam= V, at the wetted surface of the body, where 
Ve is the normal projection of the velocity of the body. The latter con- 
dition is correct if the fluid does not separate from the surface of the 
body. The assumption that the fluid does not separate immediately after 
the impact may lead to a solution which does not have any physical mean- 
ing, since in this case regions of negative impulsive pressure are ob- 
tained within the fluid [1 ]. 


An analytical solution of the problem of the horizontal impact of a 
half-submerged ellipse is given below, together with some experiments. 


l. For the impulse and the impulsive moment which act on a body during 
the time of impact we have the dependence 


J - | t iJ, i \ p ds tp \eds 


(s = y + iz) 
M = \ (ydZ — zd¥) = —Re {p \ spas} 
where Y, Z are forces in the direction of the y and z axes. 


To determine the impulsive forces and the moment due to the impact of 
the ellipse we shall find the characteristic function w= ¢+ ty. 





Horizontal impact of a floating ellipse 


For its determination we have the following conditions (Fig. 1) 


Og 


¢=0 on PC, V, on ABP 


On 
where v, is the horizontal velocity which the ellipse acquires from the 
external impulse. Continuing the characteristic function into the upper 
half-plane we obtain 


g=O0 on P,C, y Voz on AB,P, (1.3) 


The boundary of the separated region is determined by the condition 
of continuous variation of the fluid velocity in this region and by the 
fact that the normal velocity of the body on the part of the surface of 
the ellipse on which the fluid separation occurs is greater than the 
normal velocity of the fluid. To approach the point of separation P from 
above along an arc of the ellipse one must satisfy the condition 

09 ay 


lim vo or lim 
Oy Oz 


(1.4) 


We shall map the region s = y + iz external to the surface of the 
ellipse onto the upper interior of a single semi-circle in the plane 
u= A+ im so that the presently unknown points of separation P and P, 
transform into the ends of the actual diameter and the point C into the 
center of the semi-circle. 


The function which realizes this conformal transformation has the form 


fau* COs 6; a (u* + 1) — 4ibu (u* +- 1) cos o - 
s=y+iz (1.5) 


, (u? 1)? + 4u? cos? o, 


where a, b are the semi-axes of the ellipse, 7, is the argument of the 
point of separation P”.in the u-plane which is related to the ordinate 
of the point of separation 
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I» cos =| " 
Zp = 1.6 
sp = oe (1.6) 
The boundary condition for the circular contour K of the plane u = 
A + ip transferred to the s-plane will be 


2b cos 3, ¢OS 6 


Y(c) Ve (1.7) 


' > 
COS* Sy + COS*S 


The required characteristic function, holomorphic inside the circle 
K and satisfying the boundary condition (1.7), can be represented in the 
form 


8b u (1 + u*) cosa, (1.8) 


u*)* 4u* cos* a 


To determine the unknown value of the angle we shall make use of the 
equality lim dW/dz = v, as A + 1. Extracting the imaginary part of (1.8) 
and differentiating it, we obtain for the determination of 0, the equa- 
tion 


V | cOs* c, 


which has the unique solution cos 0, = 0.663, With this the ordinate of 


the point of separation P will be equal to z = 0.92 b. 


In order to determine the impulse force and the moment which act on 
the ellipse during the time of the impact, we shall find the potential 


d, after extracting the real part from the characteristic function w: 


u (u* + 1) cos o, 


| In tw sin ¢ | (1.9) 


3 3 
u*)* + 4u* COS 6, 


Using Formula (1.1) and carrying out the integration in the u-plane, 
we obtain 


M 


Hence, as a + 0, for which the ellipse reduces to a flat 
obtain the formula given in [1 ]. 
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For the virtual mass due to the impact on an incompressible fluid in 
the case of a horizontal impact we will have 


»},2 ab 
0.560 — ', 0.5989—. 


2. To verify the onset of separation of the fluid from the surface of 
the ellipse, a special experiment was carried out to measure the virtual 


mass along the free surface of the fluid. 


The experimental body was a cut-off elliptical cylinder hanging on a 


long pipe from a welded frame. 


The linear dimensions of the pipe are large compared to the dimensions 
of the body; therefore, the motion in the first moment after the impact 
of the weight of the pendulum on the elliptical cylinder (Pig. 2) can be 


i 


a. : 
rm surface of water 


considered to be horizontal. This permits the equation for the momentum 
of the system before and after the impact to be written in the following 


form: 


Here a) is the angular velocity of the pendulum weight before impact, 


01 
ow," are the angular velocities of the pendulum weight after impact 


Ww 

1° 
in alr and in water, @,, w, | are the angular velocities of the elliptical 
cylinder after impact in air and in water, and ly, I,. 1, are the moments 
of inertia of the pendulum weight, the elliptical cylinder and the added 


mass of the water due to the impact. 
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The distance R from the axis of suspension to the center of gravity 
of the pendulum weight of mass M and the distance r from the axis of 
suspension to the center of gravity of the elliptical cylinder of mass a 
are considerably larger than the dimensions of the colliding bodies; 
therefore, the proper moments of inertia may be neglected and it may be 
assumed that 


Mu VR, io hoor? (2.2) 


The error associated with this is no more than 1%. We shall transfer 
from angular velocities to linear velocities, measuring the linear velo- 
cities at the point of collision of the bodies. 


A second relation for the impact is written in the form 
Ve 2 01 (2.3) 


Here Vou is the velocity of the pendulum weight before impact, Vi» 
are the velocities of the pendulum weight after impact in air and in 
water, Vo, v." are the velocities of the elliptical cylinder after in- 
pact in air and in water, and K is a constant, called the restoration 
coefficient of impact, which depends only on the material of the collid- 
ing bodies. 


Using the relations (2.1)-(2.3), an expression for the virtual mass 
of water due to the impact can be presented in the form 


9 


i 
2 


(2.4) 


V 
haa = | V 


Thus, knowing the velocity of the cylinder after impact in air and in 
water at the initial moment of the motion when the effect of the resist- 
ance of the water has not yet been felt, one can find the added mass Aso: 


The impact process was photographed with a motion picture camera with 
a photographic frequency of 150 frames per second. By reading the film 
the dependence of the displacement of the cylinder on the time due to 
the impact in water and in air was found. Because the construction was 
not sufficiently rigid, elastic vibrations of the body appeared, and for 
the calculation the mean dependence on time was taken, which, after 
differentiation, gave the velocity of the motion of the cylinder after 
impact in water and in air. 


In the photographs (Fig. 3) are shown four successive stages of the 
impact of the cylinder on water, from which it is seen that separation 
of the fluid is to be observed on the back side of the cylinder (t = 
0.0370 — 0.0637 sec) and that the experimental point of separation (z = 
0.85 6) is close to that obtained theoretically (z = 0.92 6). 
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The velocities V> and * are determined by graphical differentiation 
at t = 0 and the added mass of the water due to the impact of the ellip- 
tical cylinder on the water is obtained according to Formula (2.4): 

Ago = 0.368 ke sec?/M. 


The value of the added mass, theoretically calculated according to 
Pormula (1.11), is equal to 0.327 kg sec?/M, The difference in the ex- 
perimental and theoretical values of the added masses is not serious 
(13%) and to a considerable extent is accounted for by the errors in the 
experimental installation and method. 


The described experiment confirmed the basic theoretical promise about 
the origin of the separation of the fluid from the surface of the ellipse. 


The exact solution to the problem of the horizontal impact of an 
ellipse has shown that the approximate determination of the point of 
separation and of the impulsive forces and the moment on the basis of the 
solution of the problem of the non-separated impact of an ellipse leads 
to large differences. 
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At the present time, the calculation of heat transfer is based, in its 
most essential part, on the artificial introduction of a coefficient of 
heat transfer, a. With its aid, several phenomena occurring at a surface 
of contact between two materials are taken into account in a conventional 
way. The mean value of this coefficient is decisive for approximate 
engineering calculations and examples because it accounts in some way for 
the integral effect of the contact surface. 


In mathematical terms, the complex nature of surfaces in thermal con- 
tact is translated into a boundary condition of the third kind with a 
coefficient of proportionality a. In many cases this boundary condition 
is purely local; it represents, in essence, the ratio of the normal deri- 
vative to the temperature difference at a point on the boundary of the 
contact surface. Generally speaking, it depends on the relevant physical 
parameters of the arrangement. This circumstance is well known and 
suggests the usefulness of providing mathematical solutions to a number 


of specific problems involving the above boundary conditions. 


In addition, in the problems involving contact which have been con- 
sidered by the author [4,11 o. the introduction of boundary conditions 
of the third kind proves to be possible, because in the general expres- 
sion for the resistance to heat transfer, the component a~? turns out to 


be small compared with the resistance of the insulating material. 


The above statement, formulated in relation to thermal waves which 
may exist under the insulation of a cooler, does not constitute a 
particular case if only because this class of problems includes the cal- 
culation of the foundations of a large number of structures as well as 
problems involving diffusion and thermal diffusion. The essential feature 
of the analysis consists in the fact that it introduces new character- 
istic parameters in the form of generalized complex coefficients of heat 
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transfer which express the non-steady nature of the phenomena under con- 
sideration. 


Similar problems are of interest also in the field of acoustics and 
applied electrodynamics involving impedance-type boundaries. The differ- 
ence between the present and latter problems consists in the fact that 
the numerical values of the appropriate dimensionless parameters are 
different, and this makes it possible to apply entirely different methods 
of approximation and to construct an exact solution of the problem with 
the aid of Mathieu’s function. 


1. Statement of problem. The temperature field in the ground 
under the insulation of a cooler consists of two components: (1) a steady 
temperature field determined by the mean values of the temperature of 
the air above the surface, of the water in the ground, and of the 
chambers of the cooler [1]; and (2) a non-steady field which arises in 
connection with fluctuation of the preceding temperatures about the 
respective mean values. 


In order to analyze the non-steady field, we shall consider a cooler 
without a basement but with an insulated floor whose width is 2 | and 
with an insulation of thickness 5. Let the functions 0°(x, y, t) and 
@(x, y, t) determine the non-steady temperature field in the insulation 
and in the ground, respectively. H denotes the depth of the ground water; 
A, and A, denote the thermal conductivities of the insulation and the 
ground, respectively; a. denotes the coefficient of heat transfer of the 
floor of the cooler; a, and a, denote the thermal diffusivities of the 
insulation and the ground, respectively. The temperature field in a 
homogeneous ground is then given by Fourier’s equation 


0% 00 1 00 


Ox? t dy? a, Ot for — H — y < 0 


The boundary conditions are 
(4.2) 
6 = 6 (1.3) 


“u Oy ’ 


6—A0, at y=—H (1.4) 


where A@,(t) and A@,(t) denote the departures of the temperatures of 
the air above the surface of the ground and underground water from their 
mean values @, and @,. 


The function 6°(x, y, t) is determined by the condition 
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2. (°—AG) at yod,js)/<! (1.5) 


where A@ (x, t) denotes the deviation of temperature in the chambers of 
the cooler from the mean value 6 (x). 


In the case of a homogeneous insulation, the function 0°(x, y, t) 
satisfies Fourier’s equation (1.1) for 0< y <5 and|x|< l, it only 
being necessary to replace a, by a,. From an analysis of dimensions {1] 
it can be shown that with an accuracy which is sufficient for practical 
applications, the equation valid within the thickness of the insulation 
can be simplified to 


a8 . 
iyi for 0<y<, <i (1.6) 


because the thickness of the insulation 5 is much smaller than the width 
Bs Se 


In what follows, we shall study the response of the system to a 
harmonic input, i.e. we shall assume 


AG, = Aei*, Aé, = Beit, 
(1.7) 
O(z,y,t)=O(z, ye, (x,y, t) = P (a, ye ¥—) 


Here, and in what follows, it is necessary to consider only the real 
part of complex expressions which contain the exponential time-dependent 
term exp j@t. 


In view of (1.7), Equations (1.1) and (1.6) transform to 


a6 = *8 
Ox? r dy? 
an” 
dy* 


=(1+/))*c,6 tor —H<y<0 (¢, (. 7 (1.8) 


(1+ jou tordo<y<t,jzj<i (co, =(- (4.9) 
Equation (1.9) gives (1.10) 
6° (x, y) = C, (z) conn = y+C, (z)sin— y for OS y<d [z)<l(p,=—(1+/) 9,9) 


where C, and C, denote constants of integration which depend on x. 


Making use of relations (1.3), (1.5), (1.7) and (1.10) we obtain the 
following condition for @(x, y): 
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) = > k's é ), (1.11) 


“ Ou 


where k, and k, denote generalized complex coefficients of heat transfer 


l 
which are determined by the relations 


In the case of non-homogeneous insulation consisting of separate 
layers, the boundary condition (1.11) retains its form but the parameters 
k, and k, must be calculated with the aid of more complicated expressions. 
When |, | is small (sinh p, = p,, cosh yp, = 1), the generalized complex 
coefficients of heat transfer assume the same steady-state value 


\ a2 ; 


However, in the present case, the quantity |yz,| is not small. In 
fact, for an insulation consisting of glass wool a, = 10-3 m*/hr and 


hence, for annual fluctuations p, = (1+ j)5/1.65, where 6 is of the 
order of 1 m. 


Consequently, it is necessary to determine the function @(x, y) from 
Equation (1.8), subject to the boundary condition (1.11) and conditions 
(1.2) and (1.4). In view of (1.7), the latter become 


(1.13) 
The problem can be simplified somewhat, if we put 
0 (x, y) 0, (7, y) 


B coth sinh iL. i | 
id | il 


(1 t) off) 


where the function U(x, y) is determined by Equation (1.8) subject to 
(1.11) and (1.13) and satisfies the conditions 


.land aty (1.16) 


We note here that in the case of a multi-chamber cooler provided with 
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an external layer of insulation in the ground around the outer walls of 
the cooler, the quantity C constitutes a piecewise continuous function 
equal to A at the sections of the external insulation. 


2. Construction of solution. We shall prove that the function 
U(x, y) determined by Equation (1.8) is regular in the strip -H< y <0, 
Furthermore, it is unique if it satisfies conditions (1.15) and (1.16) 
for given v_°. Indeed, let U(x, y) and U,(x, y) denote two functions, 
beth regular, in the strip —- H< y < 0 and satisfying Equation (1.8) as 
well as the conditions (1.15) and (1.16); then, the function U, = U, - U, 
satisfies the conditions 


at y=0, izi< il, ( at y Handy U0, 


and vanishes at x + + «. Applying Green’s formula, we obtain 


where S denotes an area in the strip —- H< y < 0 and U.* is complex- 
conjugate. From (2.1) we obtain 


Im (ky) ¢ 


In order to calculate the signs of the real and imaginary parts of 
the coefficient k,, we shal] make use of simplified forms of the general- 
ized coefficients of heat transfer. We note that for an insulation made 


of glass wool A, = 0.03 kcal/m? hr °C, a, = 107° m*/hr and a, is of 
order 10 kcal /m* hr °C. Hence, in the case of annual fluctuations 

[A uw,/a 5 | = 0.004, Consequently, and with an accuracy which is suffi- 
cient for practical applications, it is possible to neglect this ratio 
in Equations (1.12) and to simplify* 


kz fotnn2z sin 22 
) fost” z 
cosh 2 SIN Z 


cosh? 2 « 


lee | >> 1 we obtain the limiting values k, ) 1+ j) 0, and 
2= 0 which reduce the boundary conditions (1. to those studied 


by Leontovich. 
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where k denotes the approximate value of the steady-state coefficient of 
heat transfer. It follows from (2.3) that Re(k,) > 0 and Im(k,) > 0, and 
according to (2.2) we have U, = 0. We begin by writing down the exact 
solution for the case when underground water is absent (H ==, 6, = 

A exp[ (1+ j) o, y]). In order to do that we transform to an elliptic 
system of coordinates £ and 7 with the aid of the relations 


. — 
1 lL cosnE COS ue y Leinnk Sin 7 


Conditions (1.15) and (1.16) now assume the form 


vy, Sin yu Vv. Sim ¥, 


and Equation (1.8) transforms to 


ad j2u o as ‘ 
— . 12° (coon” § : cos* 4) u 0 


9 


c2 2 
OF on 


We make use of the completeness of the derivatives of the Mathieu 
function Se, (é)se,(y), which constitute particular solutions of Equation 
(2.6), where se, (n) constitute orthogonal systems of periodic functions 
and which are normalized as follows: 


\ {sen (n)I* dy = = 


rT 


The function se, ()) can be represented by the Fourier series [2 ] 


se,, (4) >) Ba, sin ry, (2.7) 
r=] 


where the indices n and r are both even or odd and the coefficients B, 
are entire functions of the parameter q = — 1/4 u?. The function Se (é) 
can also be represented in the form of a series of Bessel functions 


[3,4]. 


We shall represent the function U in the form of the series 





Thermal waves in the ground under insulation of coolers 


x 


’ Se, (5) . 98 
2 On Se, ( Sen (M) (<.5) 


n=1 


This expression satisfies the second condition (2.5). In view of the 
properties of the function Se (é), the series assumes the damping of 
the temperature waves as y + — «. In order to determine the coefficients 
a_, we substitute (2.8) into the first condition (2.5), when we obtain 


n’ 
) \1 : ; 
ay An S€nit) + >) Am SID 7 SCm (H) = V-Sin 7 
m=1 


/d Se,, \ 
(- r<7< 0, Se,’ (0) ( aE ) 
S 5 j 


(2.9) 


We now expand the following functions in terms of the Mathieu func- 
tion se (my) in the interval —- 7 <n < 0. We obtain 


co 
sin 4S€m (7) > dam Sn (7) (dam — \ sin 4se,, (7) se, (1) dy 
n=1 


0 
9 


oO 
v. sin y = > by S€n (4) (b = \ ¥, SiN 4 Se, (n) dx) (¢ 
nT e : 
n=1 


\ n 


Evaluating the coefficients d,. with the aid of (2.7), we obtain 


dam s' By Bri ly 2.12) 
r,t 1 
where the coefficients |. are different from zero only if r and i are 
both even or odd and are of the form 


] 2 1 

2p+1, 2@+1 = |4(p+q- iy? i 4(p 

oi { i 

= |4(p+ q)* 4(p—aqy i 


(2.13) 


lop, 2q 


Consequently, the coefficients d,, are also different from zero when 
n and m are both even or odd. 


Substituting (2.10) and (2.11) into (2.9) and equating the coeffi- 
poly we obtain two independent systems of equations for the 
,"(0) 1 
a r vy >) tests 21-+149l +1 2 i, (2.14) 


+l |—o 


oe 
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(2.15) 


The coefficients a, can now be determined with the aid of infinite 
determinants [5], and it is noted that in view of the uniqueness of the 
solution these determinants are different from zero. In the case which is 
important in practical applications, v(x) is an even function, and hence 
all 6,, = 0 and, consequently, a,, = 9. We remark in particular that for 


< 


1 const we have b» 


c s+ il 


When u? is small, the function Se, (¢ ) exp (—né) and d, l ‘ 
For this reason, when |?! is small, the systems of equations (2.14) and 
(2.15) become identical with those discussed in [1], i.e. with systems 


whose solvability has been demonstrated. 


Having determined the coefficients a, it is possible to obtain the 
non-steady distribution of temperature under the insulation of the cooler 
by employing Formulas (1.7), (1.14) and (2.8). In particular, the tempe- 
rature fluctuations at the center under the insulation can be determined 


by tv (x) is an even function) 


9(0, 0, t) 


(2.16) 


(sey. 4/ 


It is now easy to calculate the quantity of heat Q transferred to the 
cooler per unit time. In order to do this, we use the equation 


d n| eit 


In view of (2.7) and 


The approximate determination of the coefficients a, can be achieved 


in the same way, as in the steady case [1]. 


As a first approximation, it is possible to put a, - , ice. |p?| = 0. 
A | 


Thus, calculations for C = 0 lead to the relation ag = |0(0, 0, ¢) 


versus v = kl/),, represented in Fig. 1 for different values of z = a5. 
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If the width of the insulation is sufficiently large, it is possible 
to obtain a closed solution for the edge effect of penetration of thermal 
waves under the insulation. In order to achieve this we consider a semi- 
infinite layer of insulation in the range (0, ~). For this case the 
function u(x, y) will be represented in the form of an integral of plane 
thermal waves (H = o): 


The neral theory of this type of equation [6-9 | is based on the 
ge } q 
factorization of the expression 


V u* uw 1) 
where the function f,(w) 1s regular and possesses no zeros in the upper 


half-plane (Im w > 0 ), and function f (w) is regular 
zeros in the lower half-plane (Im w < 9). 


and possesses no 


In addition f (w) = f, (w) and 
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. a { T-?;p d ; ” 
f, (ig cost) = V wy (cosB 4 cost) exp/ - \ ) (Z=sin8) (2.22) 


Sin u 
4 


We put v = r exp(—jsx), where s has a negative imaginary part which, 
in the final solution, must be made to tend to zero. Thus, the solutions 


of Equations (2.19) and (2.20) can be exprussed by the formla 


. r | 
I (w) 7 2nj / (s) f, (w) (u s) 

Formulas (2.18) and (2.23) determine the solution for the form of v 
under consideration. Subsequent summation leads to the general solution 
for v(x). 


3. Damping properties of the layer of insulation. Let the 
width of the insulation of the floor of the cooler 2 | be sufficiently 
large, so that along the whole width and for —- H< y < 0 the simplified 
equation can be used, i.e. 

d*6 ‘ 
\ 2,2 3. 
dy? (Py) ee (6-1) 

Solving this equation subject to conditions (1.4) and (1.11), we ob- 

tain 


) (y, t) | Deion, (1 | 7 ) : Beosr the (1 pj@ (3.2) 


keC B 
hy sinh, + Ap, H- cosy, 7 ky coop, + Ap, /1- stony, (3.3) 


D 


In particular, the fluctuations of temperature under the insulation 
(y = 0) are determined by the expression 


ks 


6(0, t) ky re hepell leoth 12 


’ sinh pe ‘ 
Ceiwt +4 (eosr t —— ee) 
° ( - kycosn He+ Az 2 man) ( ) 


We now perform a quantitative analysis of expressions (3.2)-(3.4) for 
H = «. In this case, we have 


ke 


(0, t) = D (jw) Ce", ® (jo) = FG (+7) 6,4, 


6 (y, t) 6 (0, t) et F?°2¥ (3.5) 


The last formula shows that the character of the decay of the thermal 
waves along the depth is the same as in the case of a free, non-insulated 





Thermal waves in the ground under insulation of coolers 


ground, first analyzed by Fourier. However, the initial amplitude at 

y = 0 is not equal to C, but is determined by the forcing function ®(j @ ) 
which characterizes the reaction under the insulation in response to a 
harmonic thermal pulse of unit amplitude. We shall represent this func- 
tion in the form 


®M (jw) Y(w)e J€(@) d (w) | D (Jw) 
2(w) = arg OD"! (jw) (3.6) 


where YAm) denotes the relative amplitude of temperature fluctuations 
under the insulation and ¢«(w) is the phase shift. 


1Or- 





























For approximate computation we can use 
(2.3) from which we obtain 


Y (w) 


Vo tanh 
tance (@) 


'o tanh ~ 


For small values of z, expressions (3.7) reduce to 


Yo 


, 
¢ w® 
vs () (vg? +- 2v9z + 22) /2 
tan e, (w) 

Ve + 2 
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where ¥.(w) and ¢ .(w) can also be obtained by identifying the quantities 


k, and k, with the steady-state value of the coefficient of heat trans- 
fer k. 


The dependence of W and « on z is plotted in Figs. 2 and 3 for v 
0.047, which corresponds to wet soil and glass wool insulation. The 
graphs show how fast the amplitude of the oscillation decays under the 
insulation when z = 0 5 is increased. They show, further, that making 
use of the steady-state value of the coefficient of heat transfer (y, 
and « .) leads to vanishingly small values of amplitude and phase shift. 


0 


If the temperature fluctuations A@_ are random in nature but steady 
[10], and if the correlation function R _(r) is known for them, or alter- 
natively, if the spectral distribution S_(w) is known, then the spectral 
distribution Sg(@) for the temperature fluctuation under the layer of 
insulation can be determined from the simple relation 


So (w) @ (jw) |? 8S. (w) (3.9) 


In the case of a random process, R(r) and S(w) are connected by the 
Fourier transforms [ 10 ] 


S (@) \ R(t) e—#*dz = 2 ( R (z) cos wr d= 
“ i. (3.10) 


\ S (@) e?@* dw FI \ S (w) cos wt dw 


=) x 


i 


an 


R (ct) 


It follows that having determined R_(r) or S_(@) from experimental 
data, it is possible to calculate Sy (oS and Rg(r ) from Equations (3.9) 
and (3.10) and, in particular, the dispersion of the quantity @ equal 
to Ra(0). Having done that, it is not difficult to calculate the remain- 
ing statistical characteristics of the distribution of @. A similar 
method can be used in the general case too, because Section 2 contains 
transfer functions for a series of quantities. 
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A description is given of an approximate method for computing the optimal 
(in regard to speed) trajectory [1] in a linear control system. The 
optimal problem is replaced by an auxiliary "smoothed out" problem which 
is treated by the usual methods of the variational calculus. 


1. Let us consider a control system described by the differential 
equation 


dx 
-== Ar + bu 1. 
rn nM (1.1) 
where x is an n-dimensional vector of the phase coordinate system, A is 
an nx n matrix, 6 is an n-vector which characterizes the structure of 

the system, and u(t) is a scalar function that describes the control 
action. The admissible controls are subjected to the condition 


u(t)|<1 (1. 
The optimal problem [1-3] is formulated in the following way. 


Problem A. Under the given initial conditions x = x), t = ty = 0 it 
is required to determine an admissible function u(t) (optimal control) 
such that the trajectory (t) = x(x,, t, uw) of the system (1) generat- 
ed by the control w(t) will arrive at the point x = 0 in the shortest 
time T°. The existence of the solution of this problem is assured by 
the maximum principle [2], while the optimal trajectory x(t) and the 
auxiliary vector functions W° (t) of the "momenta" W.°(t) are the solu- 
tions of some Hamiltonian system under the initial conditions W.°(0) = 
Cig (t= 1, ..., m), which guarantee that the trajectory x(t) will pass 
through the point x = 0. The difficulty in the concrete computation of 
u’(t) and x(t) arises, in particular, out of the determination of the 
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constants c,9. In the present note there is described an approximate 
method for computing #(t) and x(t). The problem is thus reduced to the 
classical variational problem that is solved by the direct method. 


Along with problem A, we shall also consider auxiliary problems. Let 
U(x, t ] be a function which is continuously differentiable with respect 
to x,, and satisfies the conditions 


(1.3) 

for all ¢, z; U,(0,t] = 0; U.[z,t]=0 if t>*, 

U.(z,t]>q(e) iif |iz||>e>0, 0<t<, (1.4) 
z (x,27 +... + 2,%)") 


lim g (e) = 1, lim 6, = oo, lim t, = oc (1.5) 


Problem A_.For given x = x», t, = 9, it is required to determine an « 
admissible control u,(t) such that 


T, \ U,[x(x,, t, ue), t]dt = min (1.6) 


Problem A,,. For given x = x9, to = 0 it is required to determine a 
control u, ,°(t) such that 


ao 


T x \U. [x (2, t, Uex ), t] + [ex (t))") dt — T min (1.7) 


6 


where k is a positive integer and the function u,,° is restricted by the 
condition (1.2). 


In the sequel it will be assumed that the point x, lies in the region 
G, in which there exists an admissible control at the point x = 0 for a 
finite time T(x,). In particular, if the condition 

n—1 —} 

> Ab ¢- () when > Aes U (1.8) 


l=0 l=0 


is satisfied, then G, will be an open region containing the point x = 0. 
If in this case the characteristic values of the matrix A have negative 
real parts, then the region G, coincides [ 2-5] with the entire space 


tx}. 


2. The following result can serve as a basis for the replacement of 
problem A by the problems A, and A_, for small « > 0 and for large k. 


Theorem 2.1. The following equations hold: 
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lim 7, T é (2.1) 


lim 7’, 0, k—¢ (2.2 


where the function u,° (t) and ue, (t) converge in the mean to u(t), as 
« + 0, k + ow, on the interval [ 0, in ] (in L,). 


Proof. This theorem can be proved on the basis of the results given 
in [3-6]. We give, however, a detailed proof based on the arguments 


presented in [2-7 ]. 


The following inequalities are obviously true 
oeGs 5 Tea <T (2.3) 


Let us consider briefly the question of the existence of the optimal 
control u’(t). Since there exists an admissible control u(t) from Xo at 
the point x = 0 during time T(x,)» the next equation is valid 


T(x) 


\ F-1 (et) b u(t) dt 


0 


where F~ ‘(r) = || F. we pe is a matrix which is the inverse of the 


fundamental matrix of the solution of the system dx/dt = Ax. 
This means that there exists a linear functional [8 ] 


T (%4) 


Ala \ A(t)u(t)dt | héL(0, T (2, )) 


2 
0 


such that 


f [hi] tio, i (t) = Dy Fig (2); 


sup (| u (t) 1 if 0<t<T(z,)) (2.6) 


Suppose that among the furctions h(t), Oo<cres< T( x9) there are exact- 
ly a (m <n) linear independent ones, and let us assume, for the sake of 
definiteness, that these are the first a functions hi, while hi = 
soe 4 A ints (j = + 1, ..., m). Under these assumptions we have, 

(3.9). 59 = Ai1* 10 + + A 5 a* a0 (j = a + l, soon and if the control 
u is to pass through the point xs = 0 when t = T° < T(x9), it is suffi- 
cient that the following conditions be satisfied: 


I [hil — Lig ents J | < 1 
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where the functional f° is determined by the function & 


° 


T 
f° [hj h (zt) u® (x) dt 2.8) 
ry 


One can construct the functional f° (or, what is the same thing, the 
function wir) [8 }) satisfying the conditions (2.7) if, and only if 


[7] 
= 


min be Ah; (x) | dt \2 >1 > (2.9) 


i= 


where, in our case, the function u(r) (for the smallest T° ) is uniquely 
determined by the condition [3,7 ] 


u°(z) = sign [)° (2) | (2.10) 
t=] 


Here, A? is the solution of the problem (2.9). We have thus obtained, 

as a byproduct, the verification that u(r) has the form (2.10) and that 
the point x = 0 can be reached only from the points * 59 = A 1710 > coc? 
A i a* 20 (j = a+ 1, ..., m). We note here that, since the functions h,;(r) 
are constructed from the solutions F lip) of a stationary linear system 
of differential equations, the quantity Ahr) + see @ AP hr) reduces 
to zero only at isolated values of r. Let us now assume the opposite, 
that the condition (2.1) (or (2.2)) is not satisfied. On the basis of 
(1.6), (1.7), (1.3)-(1.5) and (2.3) we can conclude that there exists a 


sequence 
Ue, (= (or uy [sign a %,(¢)}(sup [| Ue, x, (), 1])) 


such that the trajectory x(x t, w,) (or a(zo, ¢, u,*) falls on the 


0’ 
surfaces || x || = €, during the time 17, (or T,*) while 


lime 0, lim 7; r,.<T° (or limT7,’ 


One can select, from this sequence, a subsequence which converges 
weakly in L,(0, T,) to the function u(t) (or to the function u)*(t), 
respectively). In the formula for the solution of the system (1.1) 


a(t)=F(t)z,-4 \ F(t) F~* (ct) bu (2) d= (2.11) 


for this subsequence, it is permissible to interchange the order of 
taking the limit and integrating. The control functions (which are 
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measurable) u,(t) (or uy” (t)) will make the trajectories of the system 
(1.1) pass through the point x = 0 when t = 7, < T° (or t= T° < Fy? >. 
This is, however, impossible because u®(t) is an optimal control. In 
accordance with the considerations given at the beginning of the proof 

of the theorem, the minimum is reached on the function u’(t) of the type 
(2.10) not only relative to the admissible class of piece-wise continuous 
functions but also relative to a broader class of measurable, bounded 
functions. The derived contradiction proves the validity of Equations 


(2.1) and (2.2). 


The correctness of the second conclusion of the theorem under condi- 
tions (2.1) and (2.2) can be established in the same way by starting with 
the weak compactness of the functions u(t) (or of u(t) = { sign 


u.,(t)] sup (|u,,(t)|, 1) ) when O0< t < T°, and on the basis of the 
uniqueness of the optimal control w(t) determined by (2.10). 


3. In this section we derive necessary conditions for the optimality 
of the control u,°(t) and the trajectory x,°(t) of problem A. 


Theorem 3.1. The optimal control u,° (t) for problem A satisfies the 
condition 
u,° (t) (Y° (t)-b) = max (3.4) 


where the vector function W° (t) is a particular solution of the system 


dy 


29 
dt (3.2) 


an A’$ + 7 (t) | i (t) 


ou, (2, (t), t] ) 
x t—=*™sS 


t 


(A° is the transposed matrix of A, n(t) is a vector function). 


Note 3.1. If, in particular, U[ x, 1] = 1 when |jz|| >«, ¢< @, 
then the vector function W° (t), which by (3.1) determines an optimal 
control u(t), will be a particular solution of the system 

dy 


'd lizll>e 3. 
7 A’y (if x | e) (3.3) 


This coincides with the conditions of the maximum principle [2 ] for 
problem A which are connected with conditions (3.1) and (3.2) by theorem 
Boke 


Proof of Theorem 3.1. Problem A, is an ordinary variational problem. 
Since the solution of the system (1.1) is given by Equation (2.11), the 
variation 5T, of the functional (1.6), which corresponds to the variation 
Su, (t), has the form 


« n 


{ 
> f au e (t,t) ef : ' ° 
are V [NLS Fun tetey babu co) Ja a 
i=] . 
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If the variation S5u(r) is zero everywhere outside a neighborhood of 
the point r = r*, then 


sign 67’, f (<") sign du (*) 


n 
sign éu (*°) b & ef L(x")b ! ] i 3.4 
sign 0 c ) LS ae, , (t )O- | |! (3.4) 

The matrix F- tee) is the transposed fundamental matrix of the solu- 
tion of the system (3.3). By differentiating the integral (3.4) with 
respect to the parameter r* we can, therefore, verify that the function 
f(t) can be considered as the scalar product of the vector 6 by some 
particular solution W°(t) of the system (3.2). Because of the minimal 
nature of Se the variation 5T, cannot be negative, which, in view of 
(3.4), proves the theoren, 


Note 3.2. The use of (3.1) and (3.2) is difficult in practical compu- 
tations of trajectories, because no rule is given for the determination 
of the initial conditions of the solution W°(t). However, the considera- 
tion of the smoothed-out problem A, reveals the possibility of treating 
the optimal problem A as an ordinary variational problem, Furthermore, 
from this point of view one can easily see the connection between the 
methods of solving the optimal problems with the classical variational 
methods of mechanics. Hereby, the function UL x, t | plays formally the 
same role as the terms which corresponds to the potential energy in 
Hamilton’s function of mechanical problems. Incidentally, we mention the 
fact that by this analogy the general Liapunov function w(x, t), defined 
in the work [5 ], corresponds to the action S of a mechanical system in 
the theory of the Hamilton-Jacobi equation. Rozonoer [9 ] has considered 
the analogy between the variational principles of mechanics and the solu- 
tion of optimal problenss from a somewhat different aspect to ours. 


4. In this section we describe the direct method of solution of the 
problem A.. 


We choose for our function ULx, t] the function 


exp(—a2*/2e) if 16¢[0, <] 


where r, is a sufficiently large number. In other words, we replace the 
integral (1.7) by an integral of the function U, = 1 - exp(-x7/2« ) over 
the finite interval [ 0, Pele The problem A, , can be solved by the direct 


method. 


u(t) = a, sin (t/t) a, sin (lt / t,) (4.1) 





N.N. Krasovskii 


The substitution of u(t) into Formulas (2.11) and (1.7) reduces the 
problem to the form 


min F (a,,...,@;) = min \ (U. (x(x, t,u),t] 4 u* (t)) de | 


Send (4.2) 


If the number « > 0 is sufficiently small, and the numbers k and | 
are sufficiently large, then the control] u’(t) = a,° sin(t/r,) + ... + 
a (lt/r, ° is a solution of the problem (4.2), will differ 
(in the mean) by an arbitrarily small amount from the optimal control 
w(t), and the trajectory x(x), t, u”) will be arbitrarily close to 
x(t) at every moment t of the transition process. Indeed, the minimum 
of the function F(a,, .++, @) is obviously not less than Te, At the 
same time, the function u(t) (for large enough |) can be approximated 
(in the mean) arbitrarily closely by the polynomial (4.1). Hence, for 
small « > 0 and large k and | the quantity min F(a,, ..., a,) will differ 


), where a, 


from T, ,° by an arbitrarily small amount. 


Thus, in accordance with Theorem 2.1, with « + 0, 1 + «, the solution 
(4.1) of the problem (4.2) has to converge in the mean to w(t), which 
proves our assertion. 


The minimum (4.2) can be found by the method of fastest descent. If 
the coefficients a, are considered as functions of the parameter @, then, 
in order to find the minimizing values a,°, one has to integrate 
(numerically) the system of equations 


14 5 . “ : 
a; (wv) S ( e ( y' k P 
dd — i qs 


. 
‘ 
) 


tps) 
qs 


qs 


with @> 0, and with the initial conditions a9 = a, (0) which lie on the 
sphere of attraction of the singular point a; = a,° of the system (4.3). 
The process of fastest descent along the trajectory (4.3) can be 
accomplished on an optimizer, a system of extremal control [ 10]. Hereby 
the restriction on u(t), which is produced by the term u2* can be re- 


placed by another one, which is more convenient in modelling. 


Note 4.1. The described method for computing the optimal trajectory 
by the method of smoothing out the problem and the application of direct 
methods, can be applied also in the case of a nonlinear, nonstationary 
control system, 
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4.2. It should be mentioned that the described method of solution 
makes it possible to determine only the individual optimal control uw (t) 


for previously-given initial conditions. This method is not very effect- 
ive in applications to a problem of synthesis, i.e. to the problem of 
determining the optimal control u® in the form of a function w(x) of 


phase coordinates «x. 
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An optimal problem [1-6 |] is considered for a linear system of differ- 
ential equations in which the integrals of the pth power (p> 1) of the 
modulus of the control function are bounded. 


1. Let the control system be described by the equation 


dx 


A(t)a + b(t) u(t) (1.1) 


dt 


where x ={x,(t), ..., x,(t)} e representative vector in the phase 
space), the elements a,,(t) Gi wee, nm, R= 1, ..., n) of the matrix 
A(t), and the components b(t) (i = 1, ..., n) of the vector b(t) are 
continuous functions of time t. 


We shall assume that the control function u(t) satisfies the condition 


! 

\ | w(t) |P de (p >1) (1.2) 

ts 

The optimal problem [1-6 ] consists of the following: among all con- 

trol functions satisfying the condition (1.2), it is required to find 
such a u(r, p) that a point moving along the trajectory of Equation 
(1.1) will move from the initial point x(t,) = x, to the origin of the 
coordinate system in the shortest time T(p 


This time T(p) is called the optimal time of the transfer process. 
The corresponding control u(r, p) is called the optimal control function. 


The condition (1.2), with p = 2, corresponds to a limitation on the 
mean power of the controlling reaction u(r). The investigation of the 
given problem under the restriction (1.2) with arbitrary p> }, is of 
importance in going over to the problem with the restriction that 
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u(t)i|< 1 (gents) (1.3) 


Below, in Section 2, it is proved that the optimal control u(r, p) for 
the case of restriction (1.2), which is continuous, converges in measure 
as p + « to the optimal control u(r) of the same problem under condition 
(1.3). It is also shown that the function T(p), with p + «, has for a 
bound the time of the optimal process under the condition (1.3). 


This circumstance guarantees the possibility of obtaining an approxi- 
mate solution of the optimal problem under condition (1.3) by reducing 
it to the same problem under the restriction of condition (1.2). This 
latter problem can be solved by the usual methods of the calculus of 
variations as is well known. 


t) of the functions d(r) summable 


Let us consider the space L (to, 


with the exponent q: 
\ % (7) id= « x 
By the symbol A(t, q; ¢) we denote the norm of the function ¢(r ). 


This norm is defined in the following way: 


A(t, q; ?) ( \ @(t) |¢ d=) * 


As is shown in the work [7], the general form of linear functionals 
f defined on the space L (ty, t) is given by 


/(p) =\@(=) y(t) de 
t, 


Here, the function n(t) satisfies the inequality 
\(4, Pp, a< 


and the norm of the functional A(t, p, f) of the functional f is de- 
fined by the equation 
\(t, p, J) \(t, p, 7) 


The solution of Equation (1.1) has the form[8 ] 


x(t) = F(t) x, + \ F(t) F' (2) b(=) u(x) d= 
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where F(t) is the fundamental matrix of Equation (1.1) with B(t) = 0. 
Therefore, if the point x(t) arrives at the origin of the coordinate 
system at the time t, we have the following equation for the determina- 


tion of u(r): 


\ F-! (2) b (=) u (x) de (1.4) 


In other words, the optimal problem has been reduced to the problem 
considered in the work [9 ]: among linear functionals f, defined on the 
space L (t it is required to find a function which will satisfy 


, t) 
condition 01.2) and will be a solution of Equation (1.4). 


We impose the following condition (A) on the equation (1.1). We assume 
that the function y(r) defined by the relation 
1 it) = (LF* (2) 4 (*)) (1.0) 


‘ 
vanishes only at isolated points r. 


The symbol (1F~!(r)b(r)) denotes the scalar product of the vector 
L(L, = const, 1,7 + ..., + 1)? # 0) by the vector F~ '(r )b(r). 


It is shown in the work [9 ] that Equation (1.4) has a solution if 


/ 


\ (t, p, J) (Ll, q) - 7) min A(t, q, 7) iff (lr) 1) 
We note that if condition (A) is satisfied then the 


min A(t, q, y) with (Jr) 
is always attained [9], i.e. there exists a vector 1°? such that 


min A(t, g. ¥) \(t, 9g, 74) (1.6) 


We shall call a function y‘%)(r) which satisfies the condition (1.6) 
a minimizing element of the space L (ty, t) under the condition (Ix, )= 


- 1, 


Under fixed initial values Xo, the function A(t, q) is continuous and 
strictly monotone in t. This fact was proved in the work [6] when q = 1. 
We shall not give a proof of this property of the function A(t, q) when 
q > 1, for it would be a repetition (with slight changes) of the proof 
of the continuity and monotone nature of the function A(t, q) in t with 


q= 1. 


Hence, if there exists at least one value t for which the inequality 
A(t, q) < 1 is satisfied then the optimal problem has a unique solution. 
(One must take into consideration that the function A(t, q) is a 
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decreasing function of t [6 ]). The optimal control time is found, ob- 
viously, from the relation A(t, q) = l. 


Let us assume that the inequality A(t, q) <1 is valid, and let us 
find the optimal control function u(r, p). Suppose that the function 
y‘@(r) is the minimizing element under the condition (lz,)=- 1. 


As is shown in the work [9], every minimizing element y‘?)(r) under 
condition (l/x,) = — 1 is an extremal element for the functional f whose 
norm is A(t, q). Hence, if yO (r) is a minimizing element under the 
condition (x5) =- 1, andif A(t, p, f) = A(t, q), then we have 


\ y'@ (x) u(t)de = A(t, g)A(t, g, 7 (1.7) 


We write down Holder’s inequality for the functions y‘?’(r) and u(r): 


\) 7 (et) u(t) dt CA(t, g, y¥V)A(L, py u (1.5) 


From (1.7) and (1.8) it follows that the control vector u(r) has the 
following property: 


Sign u(t) sign ¥‘* (t) 


Strictly speaking, this relation holds almost everywhere on the interval 
sr<at. 
The equality sign can hold in (1.8) if, and only if, |ulr)|? = 


Cy‘? (r)| 4%. Hence, we have the following relation for the determination 
of the constant C by means of (1.8): 


The control functions u(r) can, therefore, be found by means of the 
formula 


u(t) = h9(t, g)| 7 P sign y@ (x (1.9) 
The optimal control u(t, p) can be found, as has already been pointed 
out, by setting A(t, g) = 1 in (1.9). Hence, it will have the form 
‘ 


u(t, p) (1'@F-1 (2) b(t))/’sign (OF (2) b (t)) (1.10) 


2. Let us consider the behavior of the function A(t, gq) as q- l. 


This has to be done for the investigation of the optimal control u(t, p) 
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and the optimal time T(p) as p + «. 


Lemma 2.1. If xo, t are fixed and q+ 1, then the function A(t, q) has 
a limit A(t), and 


Wy min A(t, 1, 7) if (/z,) i (2.1) 


Proof. Let q, be an arbitrary decreasing sequence, and let lim 7,7 1 


as $ > oO, 


If 


) 


But if t <r << t we have by the relation (1.5) that ly (r) | < M, 
where M is a constant. Hence 
A(t, qs, °°") Vv, (2.5) 


where My is a constant (for fixed ¢). 


The function y(r) satisfies condition (A). One can show in this case 
that the sequence 164s) is bounded uniformly in s. 


Hence, there exists a subsequence 1'%#") of the sequence 1‘%) such 
that 


lim /\4s™)—. 1 as m+ oo, (lz) 


Furthermore, it is obvious that for fixed a the function | y {9am (r)| Vom 
is continuous inr, and that as a2- o 


Fem) (2) |% -| yD (2) 


uniformly inr. Therefore, the limiting process may be applied to the in- 
equality 


A(t, dsm, ¥°°°™) A, Gem 


we obtain 


On the other hand, we have 


min A (Zt, 1, 
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Hence, the following inequality holds: 

A(t, 1, 7) >A(t, 1, ¥°) 
From (2.6) and (2.8) it follows that 

A(t, 1, y™) =A(z, I, 


This means, however, that the function y Par) is a minimizing element 
under condition (lx9) =-— 1. The above argument is valid for an arbitrary 
sequence A(t, q,) and its subsequences. Hence, we have proved that 


lim A(t, q) = A(t) as q 1. 


Let u(t) be an optimal control and T be an optimal control time for 
the initial values Xo with the restriction (1.3). 


If the optimal problem is considered with the restriction (1.2), then, 
as above, the optimal control and optimal time will be denoted by 
u(r, p) T(p) respectively. 


The following assertion is true: 


Theorem 2.1. For each given « > 0 there exists an WN > 0 such that for 
every p > NW the inequalities 


T (p)—T\<e, mes F ( |\u(z, p) —u(t) 
are valid.* 


Proof. Since for a fixed ft the function A(t) is continuous and mono- 
tone decreasing in ¢, it follows that for each « > 0 there exists a 
8 > 0 such that the following inequalities hold: 


Further, for fixed «x t, the function A(t, gq) is continuous from the 


right in q. 


Hence, for each given 8 > 0 there exists a 5, > 0 such that for 


q- 1< 5, we have 


The symbol mes £(| u(r, p) — u(r)|> oo) means the measure of the set 
on which the inequality lu(r, p) - u(r)|>o holds, where o is an 
arbitrary positive number. 
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From the given inequalities and from the continuity in ¢« (for fixed 
q) of the function A(t, gq) it now follows that if 


then there exists a T(p) for which 


Next, we show that 
mes £ (\u (- 


In the works [| 2-6] it has been proved that the function u(r) has the 
form 


u(t) sign (1 =) b()) f : T) 
Let us consider the set of vectors 1'% from Formula (1.10). 


As was pointed out in the proof of Lemma (2.1), the set of vectors 
1°) is uniformly bounded in g. Furthermore, it is also uniformly bounded 
in T(p) [10 }. 


If 19s) is a convergent sequence and if 
lim / 


then one can show (see proof of Lemma 2.1) that the function p{1) - 1) 
(r)6(7) is a minimizing element under the condition 


(lq) 
It is known [9] that 


sign (/')F~! (<)b(<)) = sign (/°F™ (t) b(=)) 


Therefore, for every €) neighborhood (€, <e¢e) of the zeros of the 
function (1° F~ ‘(r)b(r)) there exists a 5, > 0 such that for q,-1< 3, 
the zeros of the function (i'4s) Fm Airy ecr)) will lie in this €) neighbor- 
hood of the zeros of the function (1° F~ ‘q@)b(r)). 


Outside such an € ,; neighborhood the signs of the functions (1's) po i 
(r)b(r)) and (1°F7 ! (r)b(r )) coincide. 


Since we have q,/P, ‘ 5;, where 5, is a small positive number, it 
follows that 


mes F (!u (z, p) u (<) 
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Thus we obtain, finally 


T (p) —T | <¢, mes E (ju (st, p) — u(t) 


provided p > WN (N can be chosen to be the larger one of the numbers 
5,/(, — 1) and 5,/(6, - 1)). The theorem has thus been proved. 


It is possible to prove that all the arguments of Sections | and 2 
are valid for the case of several control functions of Equation (1). 
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Consider two systems of differential equations 


dz 


ie 
it 


(x) (i=) (1) 


which represent a motion in phase space on the "upper side" (+) and on 
the "lower side"(—), respectively, of a given surface.* 


F (xz) (2) 


Here x denotes an n-dimensional vector with coordinates Xi» 


+» 3,3 
the functions f* (x) are vector-valued, and the function F(x) is scalar- 


valued. 


It is supposed that the *upper* (1*), as well as the *lower* (17 ), 
system of equations satisfies the usual conditions which guarantee 
existence and uniqueness of solutions fulfilling given initial conditions, 
and do not have singular points on the discontinuity surface. Indeed, the 
systems (1*) do not determine the transition conditions across the dis- 
continuity surface or the motion along it, which remains to be determined, 
Thus, on the surface of discontinuity there may appear positions of 
equilibrium, 


In certain cases the question of the stability of these positions of 
equilibrium can be ascertained in a simple manner, starting from the new 
equations which have to be introduced to determine the problem and to 
detect the occurrence of equilibrium. In other, much more difficult, 


* In this paper, for brevity, we employ the terms "surface" and "plane* 


instead of the usual terms "hypersurface" and "hyperplane" in n- 
dimensional space, respectively. 
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cases, in spite of equilibrium being governed by new equations, the 
equation of stability should be solved in principle from Equations (1). 


The present paper is devoted to the discussion of the stability of 
equilibrium positions which occur on the surface of discontinuity. 


This question, for second-order systems, was considered in[1]. But 
the fundamental case, which will interest us here later, when the vector 
fields f * are tangent to the surface of discontinuity at the point 
under consideration, was not investigated in [1 }. In the case of arbi- 
trary order n, similar questions have been considered only for relay 
systems [ 2,3, 4,5 ] 


where A is a constant square matrix and A is a constant vector, i.e. for 
systems which differ from the linear constant-coefficient systems only 
by a single nonlinear function of the relay type. We consider here the 
problem for differential equations of the type (1*) with arbitrary 
right-hand sides. 


1. Determination of the motion in phase space. The systems 
of equations (1*) determine two vector fields on the surface of dis- 
continuity. Consider one of them, for example the *upper" one, corre- 
sponding to the system (1* ). The surface of discontinuity is divided 
into domains, on each of which the vectors of the upper field are direct- 
ed toward a definite side of the surface (*into" the surface of "away 
from" it). These domains are separated by an n-2 dimensional manifold 
['*, Along points of [ * the vector field is tangent* to the surface. 


Analogously, on the other side of the surface of discontinuity there 
are domains which are separated by a manifold I'~. 


Each point of the manifold I" * (and analogously of [~ ) is of one of 
two types, type A or type B (Fig. 1), depending upon the behavior of the 
phase trajectories of the system (1* ) (correspondingly, of the system 
(1~ )) in the neighborhood of the point. 


The manifolds [ * and I°~ are divided into a "domain of gliding* C 
where the vectors of the upper and lower fields are directed opposite to 
each other (*collide*, see Fig. 2a) and a regular part P where the 


* It is supposed that the phase trajectories of the systems (1*) and 
(1~ ) may be tangent to the surface of discontinuity (2) only at 
isolated points, these points of tangency being simple (not multiple). 
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vectors do not cancel each other out (or *collide*)* (Figs. 2b and 2c). 


The motion of a representative point (or "particle") lying on the sur- 
face of discontinuity, proceeds as follows: 


1, The trajectories are always continuous. 


2. A particle which arrives at a point of the regular domain P of the 


surface of discontinuity from a half-space continues its motion into an- 
other half-space, moving along the trajectory which passes through the 
regular point T of the surface (Fig. 2b). 


3. A particle on the domain of gliding C cannot continue its motion 
according to the systems (1*) and must proceed along C on the surface of 
discontinuity. In addition, the differential equations which specify this 
motion must be given. We shall call these the equations § (C). 


It is assumed that the singular points of the system (C) do not lie on 
the boundary of the domain C. 


4. Suppose now that a particle passes through or is initially located 
at a point belonging to either of the manifolds ["* or I°~. These mani- 


folds may be subdivided into n-2 dimensional domains Py and Cy. From 


Inside the domain C there may be points at which the vector field is 
tangent to the surface, but such points are not of interest to us. 


In the case of Fig. 26 the particle, in general, does not proceed 
along the surface of discontinuity. If it is disturbed slightly at 
the initial moment, then the choice of the possible trajectories will 
be determined. 


Equations (C), generally speaking, are not related in any way to equa- 
tions (17). But, in a number of important special cases, the system 
(C) may be naturally defined in terms of (1*). For more details con- 


cerning this, see {3,4,6,7 ]. 
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a 


AAR 


j j 


/ 


each point of PF there issues at least one trajectory of the systems 
(1*), (17), (), while no trajectories issue out of points of Cr. 


When the particle lies in the domain Pr, then it departs along one of 


the trajectories*. If the particle is located on the domain Cy, then it 
proceeds further into the manifold Cp in accordance with the system of 


equations (I"), which mst be specified in addition. 


The particle may be located in the n-3 dimensional manifold G, the 
intersection of the domains Pr and Cr. But this manifold G may likewise 
be subdivided into domains** P, and Cy, and for Cy, one must give, in 
addition, equations (C,) and so on. 


5. If the manifolds ['* and I"~ coincide, then the motion is determined 


as in point 4 above. 


The case when the manifolds ['* and I'~ have a lower dimensional in- 
tersection, is not considered in this paper. Hence the further motion of 
a particle in this situation is left out of account. 


The equilibrium positions on the discontinuity surface may occur only 
at points of the domain C and the manifold [° which are singular for the 
(additional) systems of equations (C), (I°), (G), and so forth. 


If there are several such trajectories, then the choice of a trajec- 
tory must be specified. 


** Out of every point of P there issues at least one trajectory of each 
of the systems (1+), (1—), (C), (T). 
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Let us look at a particular case which will play an important role in 
what follows. In this case (Fig. 3) the manifolds I°* and I°~ coincide, 
the point under consideration (position of equilibrium) belongs to the 
intersection of these manifolds, and both manifolds belong to type B 
(Fig. 1). In particular, on the discontinuity surface, on both sides of 
the coincident manifolds I’, regular domains are situated. 


If, in this case, the equilibrium position is a stable singular point 
of the system of equations (I"), then there arises the question of the 
stability of the position of equilibrium with respect to initial dis- 
turbances, chosen out of an arbitrary n-dimensional neighborhood of the 
positions of equilibrium. In order to answer this question it is neces- 
sary to study the behavior, in such a neighborhood, of the phase trajec- 
tories of the system (1* ). 


In all other (nonsingular) cases the trajectories of the system (1* ) 


guarantee the motion of the particle in a small neighborhood or on the 
discontinuity surface, and the question of stability may be answered in 
an elementary way, provided that the stability or instability of the 
singular points of the systems (C), (["), (G), etc. is known. Hence, we 
shall deal only with the stability in the singular case. 


2. Formulas for point transformations in the singular case:. 
The point under consideration will be supposed to be at the origin of 
coordinates, and we shall assume that the functions f* (x), f~ (x), and 
F(x) are either analytic or, in any case, sufficiently smooth* in a small 
neighborhood of the origin of coordinates. We are interested in the be- 
havior of the integral curves only in the neighborhood of the origin and, 
therefore, when we speak from now on of space, surface, plane, half-plane, 
and so forth, we shall mean by this their intersection with a sufficient- 
ly small neighborhood of the origin. 


Without loss of generality we may assume that the surface of discon- 
tinuity is the plane x, = 0 and that the n-2 dimensional manifold I’, 
consisting of the points at which the upper and the lower vector fields 
are simultaneously tangent to the surface of discontinuity, is defined 





Each of the functions f* (x) and f~ (x) is defined, not on a whole 
neighborhood of the point x = 0, but only on one of the portions into 
which such a neighborhood is split by the surface of discontinuity. 
When we speak of the analyticity and of the sufficient smoothness of 
these functions, we shall have in mind the possibility of extending 
the definition of these functions to a whole neighborhood of the point 
z= 0, 
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by the equations* zx, = 0, x, = 0; the system (1*) acts for x, > 0, and 
(1~) acts for x, < 0. 


The integral trajectories of the system (1*) determine a point 
transformation G, of the half-plane x, > 0, x, = 0 into the half-plane 
x, <0, x, = 0, and the trajectories of the system (1~ ) define a point 
transformation G, of the half-plane x, < 0, x, = 0 into the half-plane 
x, > 0, x, = 0. A particle, proceeding along the integral curves of 
systems (1* ) and (1~ ), traverses arc lengths s, and s, in timesr, and 
r,- The quantities s,, sj, 7, andr, are functions of the initial point 
x on the plane of discontinuity. 


The product of these two point transformations, G = G,G,, transforms 
the half-plane x, > 0, x, = 0 into itself. All points of the manifold I 
are fixed points of the three transformations G,, G,, G. The stability 
of the fixed point x = 0, of the transformation G of the half-plane 
x,> 0, x, = 0 into itself, is equivalent to the stability of an equi- 


n 
librium position situated at the origin of coordinates** [8,9 ]. 


Consider the expansion of the components of the field f* (x) in the 
neighborhood of the origin of coordinates 


n 

04 : re 

fi” (24, - . +» In) = C; >} Cik DL tee () 
h--l 


In view of the fact that at all points of the manifold I the field 
vectors lie in the plane x, = 0, the function f,*(x,, ..., *,) must 


vanish for x, = 0, x, = 9. 





The general case, when the surface of discontinuity is given by the 
equation x = P(x), «.., *,_,) and the manifold I’ by the additional 
equation x, = Q(z», ---, *,_,), may be reduced to the case actually 
considered here by means of the transformation of variables: x," = 


*) — Ux, cote Bel yde Bo Box seen ® x * 2 = - 


a-1™ *,.. n 
Play, sees t,—)° 


In the paper [9] this assertion is proved for the stability of 
periodic motions. This proof will carry over to the case of the stabil- 
ity of equilibrium positions, if it is taken into account that the 

time r = r,+ Ts approaches zero as x approaches the origin O. This 

is a consequence of the fact that the particle traverses the arcs %) 
and So during the times rT) and To: times which approach zero as x 0, 
and that the speed of traversal of these arcs approaches the lengths 

of the vectors f* (0) and f~ (0), which are finite and not zero, since, 
by assumption, the origin of coordinates is not a singular point of 
the system (1*) and (17 ). 
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Hence 


(2.1) 


Then, for the integral curve of the system (1* ) which passes through 
the origin of coordinates (this curve "cuts" the plane x, = 0, since it 
has a contact of type B there) the dependence of the coordinate x, on the 
time has the form 


(0) 7? 


and, as is easily seen from (2.1), one has that f* (0) = c,*c¢,; + From 
the fact that this curve lies only on one side of the plane x, = 0 it 
follows that the expansion begins with an even power of t. In the follow- 
ing we shall consider only the fundamental case* when this expansion be- 
gins with terms of order t?, i.e. when ec,” # 0 and Cas’ # 0. 


In order to obtain formulas for the transformation G,, let us write 
the equations of the integral curves of the system (1*) which issue 


from the point (x), cccs Baa ae 0): 


and let us put, in the last equation, (for j = n), y 


From the resulting equation, employing in an essential way the condi- 


tions c,* # 0, Cas" # 0, we obtain the time t = r, in the form of a 


l 


series 1M X), «++, ;- Putting this series in place of ¢ in the re- 


x 
n— 
maining equations (2.3), we obtain the formulas for the transformation 
G,. 


Since all points of the manifold I” (x, = 0) are fixed points of the 
mapping G,, the formulas defining the transformation G, have the follow- 
ing form: 


Py) Vy%, (2), j bx, 4 . bd i>; (7) 


where the functions ¢,(x), ..., _ ,(x) have power series expansions 
1 n—1 P P 
which begin with linear terms. 


The above process leads to the formulas 


(] 


See footnote, p. 407. In the case of a contact of type B, one has 


that €; ea, < 0, Since in the case under consideration ¢; < 0, it 


follows that wy > 0. 
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Formulas (2.4) were obtained under the assumption that after a time 
r, the integral curves transform a point of the half-plane x, > 0, x, =0 
into a point with x, < 0, x, = 0, On the other hand, these formulas may 
be applied also to points on the half-plane x, < 0, and then for negative 
values of r, the integral curves lead back to the initial points on the 
half-plane x, > 0, x, = 0. In this sense the transformation (2.4) may be 
considered as a transformation of the whole plane into itself (see Sec- 
tion 2) involving only the integral curves of the system (1* ). This 
transformation is an involution, i.e. it coincides with its own inverse 
transformation. Therefore 


Y=Pytmgaly), 2=5y%+y¥j;+m9i(y) UW =2,....2—1) 


Substituting from the first of the equations (2.4) into the right- 
hand side of the first of the equations (2.6), we obtain that p,? = |; 
consequently p, = — l. (The possibility p, = + 1 is excluded, since G, 
transforms the half-plane x, > 0 into the half-plane x, < 0.) 


In particular, p, = — 1 implies that x,¢, (x) =y,¢,(y). Taking into 
account the first equation of (2.4) and eliminating x), we obtain 
, (x) = [¢, (x) - 1 )¢,(y). Putting here z, = 0, so that then x = y, it 
follows that 


29; (2) (>: (x)}* for 7, = 0 


The expansion of ¢)(x) does not have a constant term; hence ¢, (0) = 0 
for x, = 0. But then ¢,(x) = x, W(x) and Formulas (2.4) for G, become 


yy = — 2, + 2,7 (2), y bix; +- Ly; (: (j=2,....8—1) (2.7) 


where the series expansions in x of the functions (x), contrary to what 
happens to the functions $;(x), may begin with a constant term. 


In an entirely analogous manner, the point transformation G, is found 
to be given by the formlas 
(2.8) 
Yi t+ yr ¥ (y), x; Pitytwmer ty) (=2,.....8—1) 
From (2.7) and (2.8) we obtain the following formlas for the trans- 
formation G = G,G,: 
; ..n—1) (2.9) 


(2.10) 


v(x) + [xy (x) — 1)’p (y) (2.11) 
[x,d(z)— 1] e;°(y) & 
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Here, y is given as function of x by Equations (2.7). The expansions 
of the functions g,(x), ..., g,_,(x) begins with linear terms, and g(0) 
may differ from zero. Employing (2.5) and an analogous formula for b,°, 
Equation (2.10) yields 

S 2i- Qj ar 1) 
| l 

It should be noticed that the point transformation of the half-plane 
x, > 0, x, = 0 into itself which has been obtained in (2.9), involves 
the critical case, since all roots of the characteristic equation rela- 
tive to the linear part of the transformation G are equal to unity. 


3. Discussion of the stability in the singular case. Let us 
prove that the position of equilibrium x = 9 is unstable when the vectors 
f* (0) and f~ (0) are non-colinear (i.e. not all S. = 0). If all these 
vectors are colinear (all S; = 0) then we shall give both a stability and 
an instability condition. 


Lemma. If the fixed point x = 0 of the point transformation of the 
half-space x, ? 0 into itself is stable, and if the first of the equa- 
tions which define this transformation has the form 


(3. 1) 
then one has for the iterations 
(2) 


x, z,) + 2, 


Proof.* Let us choose a sufficiently large number M> 0 such that the 
following inequalities hold: 


souk ae as 
g(z)|< M, |2|< ay (3.3) 


whenever |x <A, x, > 0. Then, from (3.1) and (3.3), for these values 
of x we have 


2,5) > 2, — Mz,? = 2,(1— Mz,)>0 (3.4) 
Let us consider the auxiliary scalar transformation 
Xs a, (1— Ma,) (3.5) 
and its sequence of iterations 








In the proof of the lemma we employ a reasoning which was used by 
Levi-Civita [10] in discussing the two-sided stability (as t + + oo) 
of fixed points of transformations of the two-dimensional plane into 
itself. 
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Am +1 Am (1 — MM Gen) , be (3.6) 


Then, setting ay = *,> 0 and comparing (3.5) with (3.4) we obtain 
that a, ** > a, > O, and since 


Mz,)>0 _ for 


it follows that cr) > 2,0 — Mz," > a, 
general, that 


However, the following limit exists and is finite 


m—] 2) 
lim &m lima, || (1 — Ma,) r, |] (1 VW ax) 
mo ox k=0 h—-o 


m 


From (3.6), letting = #«, it follows that l= l(1— Wl), 
As is well known, if 


I] (4 — Max) =0 
= oo, From this fact and from (3.7), we conclude 
. = co, and the proof of the lemma is 
complete. 


Theorem 1. If, in the particular case, at the position of equilibrium 
= 0 the right-hand sides of the equations (1*) and (17 ), i.e. the 
vectors f* (0) and f~ (0), are not colinear, then this position of equi- 

librium is stable. 


Proof. In view of the non-colinearity of the vectors g* (0) and f~ (0), 
in Formulas (2.9) at least one, the S., is not zero. Suppose, for de- 
finiteness, that S, # 0. Without loss of generality we may suppose that 
S, > 0, since the case Sy < 0 may be reduced to this merely by reversing 
the direction of the Xo axis. 


From (2.9) it follows that 


a1 


whenever |x| < A for sufficiently small A> 0. 


Let us suppose that the position of equilibrium under consideration 
is stable. Then the fixed point x = 0 of the transformation G which maps 
the n-1 dimensional half-space x, > 0, z, = 0 into itself is stable. 
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This means that, for some 5 = 5(A) > 0, the inequalities x, > 0, 
|x| <8 it follows that 


A, ry 


Thus, iterating the inequality (3.8), we obtain 


But this implies that rhea «ee < o, contradicting 
the lemma. Hence x = 0 is an unstable fixed point, and the theorem is 
proved. 


Let us now suppose that all 


S 0 yecep B= 4) (3.9) 


i.e. the vectors f* (0) and f~ (0) are colinear. In this case Formlas 
(2.9) may be written in matrix form 


t, (Ar + -0 (3.10) 


and where z is a sum of nonlinear terms, and p = n— 1. Thus, we have 
the following theorems*: 


Theorem 2. The fixed point x = 0 of the mapping (of the half-space 
%, >? 0 into itself) given by (3.10) and the corresponding position of 
equilibrium x = 0 are stable whenever all eigenvalues of the matrix A 
possess negative real parts. The equilibrium position x = 0 is asymptotic- 
ally stable if the singular point x = 0 of the system (I") is asymptotic- 
ally stable. 


Theorem 3. The fixed point x = 0 of the transformation given by (3.10) 
and the corresponding position of equilibrium x = 0 are unstable when- 


Theorem 2 is an extension of certain considerations of Section 3 of 
the paper by Neimark [ 8 l, which were employed, for relay systems, 
in[9 }. 
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ever at least one of the eigenvalues of the matrix A has a positive real 


part. 


Proof of Theorem 2. If all Re A(A) < 0, then there exists a positive- 
definite quadratic form V(x, x), for which, in view of the linear system 
of equations dzx/dt = Az, the derivative dV/dt = 2V(x, Ax) is a negative- 
definite quadratic form. Here we have denoted by V(x, y) the bilinear 
form which corresponds to the quadratic form V(x, x). Then, for any 


vector «x 


Let 0 <e« Se*, Then 


(3.12) 


Choose the number «* > 0 so small that the following inequality holds: 


where 7 > O is a sufficiently small number, smaller than 1/2 r. Further, 


choose the number A> 0 so small that, for V(x, x) < A we have: 
(1) the inequality |x| < «*, 


(2) the expression in the curly brackets in (3.12) is less than or 


equal to 
a= (7 2m) V (x, 2) 
(3) the inequality x, > 0 implies the inequality «x, 
Then, setting q= r— 2n >0O from (3.12) it follows that 
V [a + 2 (Aa 
npa } ¢ 


Replacing « by x, > 0 in (3.13), and noting that «x + 


we obtain 


2qx,) V (2, 


and, more generally 
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m—1 
V (x, 2f™) < V (2, 2) I] (1 2qzr,"?) (3.14) 
k=0 


From this it follows that v(x'®), z‘*)) < Vis, xz) < A, and thus 
«*, s,°o 0 for sufficiently small A> 0. Thus it has been 
shown that xs = 0 is a stable fixed point of the mapping GC. 


According to the lemma proved above, a, *9? + 


for x, > 0. However, 


and, letting a+ «, from (3.14) we deduce that 


lim V (c&™, 2™) = 0, |+0 for m-— ccand+r,>0 
m-—*0o 


The proof of Theorem 2 is complete. 


Proof of Theorem 3. If at least once, we have Re A(A) > 0, then there 
exists a quadratic form V(z, x), which takes on positive values at some 
points, satisfying 


V(z, Ar) >uV (2, 2) zi u > 0, . (3.15) 


We consider two different cases. 


First case. Suppose that V(Ax + z, Ax + z) <0. In this case, one ob- 
tains the inequalities (3.12), but with the sign < replaced by >. Pro- 
ceeding analogously to the proof of Theorem 2, we obtain, for 0< € <e€*, 
|x| <A<e*, where «* and A are sufficiently small: 


s (Ax + (1 + Que) V (x, z)+eq|x\? (3.16) 
where gq is any positive number such that q< 2r. 


Second case. Suppose that V(Ax + z, Ax + z) > 0. The relation (3.16) 
holds, in view of (3.15), since in the present case 


¢(Aa z)]} > V (a, 2) 
Choose x such that V(x, x) > 0 and x, > 0. Then, from (3.16) we obtain 
V ([a+e(Az 


Replacing « by x) in (3.17), we obtain 
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Then M> 0, and (3.18) yields 
rV)) > (I ha,) V (x, x) 7 
Let us suppose that the fixed point x = 0 of the transformation GC, 
mapping the half-space > 0 into itself, is stable. Then there exists 
a sufficiently small number 5 > 0 such that, for |x| < 85 and x, > 0 all 
| gf) < A and all a, ** > 0. Then 


V (x 


But, according to the lemma, o,°* + 


hence 


[] (1 + hay) = o 


From (3.20), since V(x, x) > 0, we have 
lim V (af™, af™) C for 


which contradicts the assumption that the fixed point «x = 0 of the trans- 
formation G is stable. The theorem is proved. 


Theorems 2 and 3 give sufficient conditions for the stability and the 
instability of the position of equilibrium x = 0 in the case when the 
vectors f* (0) and f~ (0) are colinear. The elements of the matrix A 
which appears in these theorems may be inmediately expressed in terms of 
the coefficients of the power-series expansions of the functions f ;* (x) 


f ; (x): 


by means of the formlas 
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where we have used the notations 


[MD (c)} (DP (c’) @ (c") 


The expression for the elements a,, with k > 1 is not given, since 


these elements have no influence on the eigenvalues of the matrix. 


The formulas given are obtained after the computation of the second- 
order terms on the right-hand sides of the equations defining the trans- 
formations G,, Gy, and G, 
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1. It is known that the equations of motion of a heavy solid about a 

fixed point inside, with an arbitrary ellipsoid of inertia about its 

fixed point, and with its center of gravity in the principal plane of 
inertia xy, are 


B) qr Wgyox’, 


C) pr VW oxy” 


A) pq Mg (xox' Yo): a qt 


In order to satisfy the conditions for a pendular motion 


p q a ) 


the quantities r, y, y” must satisfy the equations 


ar Ue , a . 
(Tox — Yor), 3 = TY: 


which follow from the system (1.1). 


The substitution r = ¢, y = sin ¢, y’= cos ¢, reduces the equations 
(1.3) to a single second-order equation 


»2 > Meg ° 
7 Ri COs (> Do) | . <4 Ko Yo; 


The solution of this equation can be expressed through Jacobi elliptic 
functions [1] with the period w = 4 K/R; then the quantities r, y, y’ 
are expressed by 
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r, = 2Rken(At) (k = sin */y dp) 
11 = COS G + 2k sin g sn (Rt) dn (Rt) — 2k* cos ¢ sn? (Rt) 
1 sin Po 2k cos ?, sn (Rt) dn (Rt) ~ 2k? sin 2 sn? (Rt) 


Here k is the modulus of the corresponding elliptic integral, ¥, i 
the greatest displacement angle of the center-of gravity of the solid 
from the position of stable equilibrium, and the quantity K entering in 
the expression for the period of these functions is the full elliptic 
integral of the first kind which corresponds to the given k. 


We shall consider stability in the first approximation of the motion 
as defined by (1.2) and (1.5), assuming that the parameter k is suffi- 
ciently small, and begin the analysis with the case x, < yo. 


2. Denoting the variations of the variables in the perturbed motion 
by €, 7, ¢, u, v, w, we obtain 
(2.1) 


rn+t+u =n, 
: ; , — 
and the equations in Poincare’s variations are 
dE dn 
dt 


dv 
dt 


‘- 


Aol FV, T Yo ‘ bor iE Ig Tr) 


Lo'W — Yor, ryw + 1 u, 


Mgzxo r . Mgyo y ’ Mero 
B 1 


In this way the sixth-order system of equations for the perturbed 
motion in the first approximation is broken down into two independent 
linear systems of the third order with periodic coefficients; further, 
the product of the roots of the characteristic equation of each inde- 
pendent system equals unity. 


Utilizing the first three integrals of the system (1.1) 


+77 + 7" 1, Apy + Bax’ Cry ¢. 


Bq? + Cr? — 2Mg (xox 4- yor’) = C; 


and the formlas (2.1), we obtain the following first integrals of the 
system (2.2) and (2.3): 





Iu.A. Arkhangelskii 


where H and G are arbitrary constants. The system (2.2) has one first 
integral (2.7), and the system (2.3) has two first integrals (2.6) and 
(2.7). 


We shall examine the system (2.3). Taking into account that (2.3) was 
derived from the autonomous system (1.1) there exists, on the strength 
of Poincaré’s theorem, not only the first two integrals but also the 


periodic solution 


(2.9) 


We shall show that the second solution u w,. of the system (2.3) 


v 
2? 2? 
is not periodic. Indeed, using the integral (2.6) to reduce the system 


(2.3) to a single second-order equation, with respect to u for example, 
we shall find by the Liouville formula the particular solution 


; \ lid iif , ) 
2 | l (f) ae if \ } bk* 2? srt (Att) di ftt) / (< 


The function L(t) is periodic with the period w, = 1/2 and is dis- 


continuous at the points where t is a multiple of the period w. The func- 


tion u,, however, is a continuous function in any finite interval of 


2’ 
time, and as the mean value of L(t) is non-zero, the function U, increases 


with time without bounds. The same can be said about the functions Vo and 


w,; hence to the triple unit root of the characteristic equation there 
corresponds not more than two groups of solutions. 


Thus, for the trivial solution of (2.3) the conditions of stability 
with respect to the variables u, v, w, are not satisfied if the initial 
perturbations are not restricted in any way, and the motion of a solid 
determined by (1.2) and (1.5) will be unstable in the first approximation. 


In the general solution of (2.3) 


(the existence of the integral (2.6) makes the third arbitrary constant 
equal identically zero) the initial perturbations will be subjected to 
the condition C, s 0. 


Taking the initial instant of the time t = 0, we obtain from the 
formulas (2.9) and (2.10) the conditions for the initial perturbations 
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in the form u(0) = 0. 


It should be mentioned that the above condition could be also obtained 
from the integral (2.8) by setting G = 0. 


From the above considerations it follows that the characteristic equa- 
tion of the system (2.3) has a triple unit root and if the initial per- 
turbations are subject to the condition u(0) = 0, then the solution of 
the system (2.3) is periodic 


u = Cyr,, Yh 17 (2.11) 


(here C, is an arbitrary constant) and the conditions of stability for 


this system will be satisfied. 


3. Let us consider now the system (2.2). Utilizing the first integral 
(2.7) we can transform this system to a system of two equations of the 


first order 


Equations (3.1) reduced to a single equation of the second order are 


as follows: 


The coefficient and the free member of Equation (3. are continuous 
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periodic functions of the time with the period w, expansible in Fourier 
series, and also for sufficiently small values of k are analytic func- 


tions of k. 


We shall find the expansion of the coefficient F(r) in powers of the 
parameter k, truncating all terms of degree higher than k?. 


Denot ing 
4°(#—1) ra 
p 


we obtain 


hu — 4 (1 — b) [key + ke, + ke, ear — + kes + Ke,) 
V xo° + yo" 


4 
2 ,? rT 2 . f | 2 
fa = - Vx ne | — + ke,+-k2e, +- Ke, , oo = — 4b [key + k*e, + kh eq] 


vayo 


hence the coefficient in the equation (3.3) will be 


24 eu, (t; 2; kh) + Pug (t; 2*; k) + kPxg(t; 27; kK) +... 


xy = 2(3 — 2b) $2 + deg 


1 de, 
2 dz 


4e, t he, : 4e,? [46 (1 — b) — 1] _ 


2 (3 — 2b) 2+ de, + dey + Beye [4b (1 — b) — 1] — 
1 de, 


de 
9 9 3 
— i 2 (1—2b) ey = + 4e5e, 


o=sen(lRt), e,=2usn(/Rrt)cn(lRt), e, = sen (Rt) [= + 4u sn? (/Rr)| 


— —4(1—b)ycn*(1Rr), eg = — 8(1 — bd) su sn (1A) cn® (1Rt) 


es = 2ssn (Rt) (2b—+), eg = 


J 


1 4¢@ ¢ 9 © . 
— h® + 2 sn* (lA) (2bu —_ ~ n) 


16 


e, = ssn (IRt) [+ (8b — 2*) + 8by sn* (JRt) — sn (LR) (2b — , »*)] 


In the above formulas the quantity a is replaced by the corresponding 
expression from Formula (3.5). 
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All the quantities «, (r; \?; k) (i= 1, 2, ...) are polynomials in b, 
s, A® and with respect to the parameters k and d? the coefficient 
F(r; A*; k) could be expressed in the form 


2 k) = 2? (1+ kf, (et; &)] + Afe(t; &) 
where the functions f, and f, do not depend on a5. 


From the Fourier series expansion of the Theta function [1] we obtain 
the following relation 


sn (1A) = sin 2t - = k? (sin 2« — sin 6) 


cn (lt) = cos 2t — > k* (3 cos 2t — cos 6t) 


Using the above relations we could write 
Xo, = p; (A*) sin 2t, Xoo = 2 (A*) + ¢ 
04 (4) + 95 (A*) sim 2t + pg (A*) sin 4t + 9, (0*) sin 6t 


— 2s (h® — 12b + 6) 
Pele L 2) b)| —8yb — 8b(1—b)u 
fr? (2 (1 u— 1] — 8u(1— bd) 
8bu (1 — b) + 2 


~~ ’ 
Az — Ab | 


{2p [X* (1 - b) +- 226 


The coefficient F(r; \?: k) assumed the final form 


_ kxo, (t; A?) ; k* xo (t; 2?) T kx, Tt, h*) | . { 9) 


where Ko), X99» Xg3 «++ do not depend on the parameter &. We shall con- 
sider the homogeneous equation, corresponding to Equation (3.3): 


dt ‘ . 
os P(e: dk ko 3.10 
dt? F(t; art k) ( 1 } 


which determines the stability of the trivial solution of the nonhomo- 
geneous equation. 


With regard to this equation it is known [2] that in the neighbor- 
hood of every integer there exist two values of A*, which are analytic 
with respect to k* (y= 1/2 or 1), for which the corresponding solution 
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of Equation (3.10) will be periodic with the period w or 27. 


In this case the coefficient F(r; A?; k) is an analytic function of 
k*, hence the initial conditions must also be analytic functions of k*, 
and the considered periodic solution 


3° Sq (t) r k*¥o,* (z) T 


will be an analytic function of k* too. 


From the equation which determines o,*(r ) 


where n is a nonzero integer, and all \* are real and analytic functions 
of k(x = 1), it follows that o,*(r) cannot be a constant. 


Indeed, utilizing the method pointed out in Malkin’s book [2] we 
could obtain on the strength of Formula (3.6) that A* satisfies the 
relation 

kfe(t; k) 3° o* |de|\ [1 + Af, (x; &)] e} 1,2) 


0 


(o* is a periodic solution, conjugate to o*), whose right member is always 
positive when k is sufficiently small. 


We shall show now that when the moments of inertia are related as 
follows 


B>C (3.14) 


then for Equation (3.10) there exist regions of instability which do not 
degenerate into a point when k takes on nonzero values. 


To determine the boundaries of these regions of instability we shall 
utilize the well-known method [ 2] which, as shown above, could be fully 
applied in our case. 


Since the inequalities (3.11) are equivalent to the inequalities 
a <1 and 6< 1, it follows from Formula (3.5) that A < 2 and there exist 


only two regions of instability corresponding to n= 1 and n = 2. 


In order to find the first region of instability we substitute in 
Equation (3,10) 


and try to meet this condition by a series solution 
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with periodic coefficients, where A, and B, are arbitrary constants. Then, 


the equation which determines C, is (3.42) 
d?c, 


d* 


S od Se T : o, (1) By Cost +0) 1.) sine 


S) 
from which it follows that the necessary condition for periodicity must 
have the form 
am ,Sbe + - 0, (1) 
When p,() # 0 there exist two distinct solutions for a, which gene- 
rate series determining the boundaries of the regions of instability 


1 0, (1) 


Since p,(1) = 24s (b - 7/12), in order to determine the boundaries of 
the regions of instability when 6 = 7/12 (the case when s 0 will be 
examined separately), it is necessary to consider an approximation which 
follows. In this case the solution of (3.12) will be 


B, sint 


where A, and B, are arbitrary constants and o., is determined from the 


equation 
ce (1)] cos ro | Oo(1)) Si ea 14) 


The necessary condition for the periodicity of the second approxima- 


tion will take the form[a, + p,(1) }? = 0 and the general solution of 


Equation (3.14) will be 


B,sint 


where A, and B, are arbitrary constants and o,* is a particular solution 
2 2 2 t 
of this equation. From the equation for the third approximation 
04 ( | )] 
follows that the necessary condition for the periodicity of 0, gives 


0,(1) (1) 
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As the quantity 
Oe, | s( 2680 oe) 


ps (1) — p2 (1) Z7hay |, ? S\As T Ge 


iz 


does not vanish (yz > 1), there exist always two distinct solutions for 
afa,‘!? < a,‘*?] and the region of instability which we want to find is 
determined by the following inequalities: 


<d?<1— pe (1k? + ag@kF+... (3.45) 


In order to determine the region of instability corresponding to the 
neighbourhood of A = 2 we substitute A? = 4 + a,k + ak? + «+. in Equa- 
tion (3.10) and assume the series solution 


A, cos 2t + B, sin 2t + ko, 


with periodic (period 7) coefficients (A, and B, are arbitrary constants). 
Then, from the equation for the first approximation 
4? ‘ id (4 
= |. 40, = — Aya, cos 2t — B,a, sin2t — me (A, sin 4t -+- B, — B, cos 4t) 
follows, that the condition for periodicity of o, gives a,” = 0 and the 
general solution of this equation is 
¢, = A, cos 2t + B, sin 2t +4 > 9: (4) (A, sin 4t — B, cos 4t — 3B,) 


) 
< 


where A, and A, are arbitrary constants. For the approximation 


2 (4) + de ei? (4) + 4-95 (4)| cos 2 — 


5 9s l ] . ‘ 
= 9," (4) — = ps (4) sin 2t 


5 


the necessary condition for periodicity has the form 


Since under the condition s < 1 the expression 
805 (4) L 0,” (4) 32 [4s* (4b? — 7b 3) ; 1] 


does not vanish, it follows that Equation (3.16) determines two distinct 


(1) (2) ] 


values for a,[ a <a and the region of instability which we 


want to find is determined by the following inequalities: 
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4taMkt+.. <M c4+ ak 4+... (3.17) 


The boundaries of the region of instability in the case s = 0 (n = 1) 
could be found from the inequality (3.17). Indeed, in this case we have 
from Formula (1.4) that dy = 1/2 w, and that the coefficient F(r; A?; k) 
is a continuous, periodic function with the period 1/2 7 and for suffi- 
ciently small values of k an analytic function of k”. Therefore, re- 
placing the independent variable r in Equation (3.10) by a new variable 
r, = 2r, the period of the function F(r; d?; k) will be again w and we 
shall have 


do 


dt," 7 


+ F (;4*; k*) 0 0 (3.18) 


Since the quantity 1/44? can assume an integral value only in the 
case when n = 2, it follows that after replacing in Formula (3. 16) p (4) 
by 1/4 p (4) we obtain two distinct values for a, 


a, 2 — 4h. a_'2) : A; 


and the region of instability is determined by the inequalities 


y 2 52 7 A . 2 ( 
14+(2—4b)k?+...5 “ A2< 1+ (3 — 4b)! o« (3.19) 
Since the transformation coefficient (3.4) is a periodic continuous 

function, nonvanishing in the entire period, we can say that the char- 
acteristic equation of the system (2.2) has only one unit root; if A is 
outside the region of instability, that we have a conjugate pair of com- 
plex roots of unit modulus; if A is inside the region of instability we 
have two roots, one numerically greater, another numerically smaller 
than unity. If A is on the boundary of the region of instability, then 
the characteristic equation of the system (2.2) has a triple unit root. 


In the first case, the solutions of Equation (2.2) will be stable, in 


the second case unstable. The stability in the third case is of no in- 
terest to us. 


When x, > y, we could use all the previously-derived formulas after 


performing in them the following substitution: 


Ly > Yo, AB, te —tf, <7, — Ww (3.20) 


We shall mention, that in this way we could conduct an analysis when 
moments of inertia A, B, C have completely arbitrary values, that is, at 
any n= 3, 4, 5, 


4. Thus, when the parameters A, B, C, Kes Yo: wv, characterizing the 


distribution of mass ima solid and in the unperturbed motion, respect- 





Iu.A. Arkhangelskii 


ively, satisfy the condition (3.11) and any one of the conditions (3.13), 
(3.15), (3.17), (3.19) with the inequality sign, then the characteristic 
equation of the system (2.2) and (2.3) will have one root numerically 
greater and one root numerically smaller than unity and the remaining 
four roots equal to unity. If the above-mentioned parameters satisfy any 
of the relations (3.13), (3.15), (3.17), (3.19) with the equality sign, 
then the characteristic equation will have six unit roots; when the para- 
meters A, B, C, 


x Ww, do not satisfy any of the above mentioned re- 


y 
0’ ~0’ 0 
lations, then the characteristic equation wil] have a conjugate pair of 


complex roots of unit modulus, and four unit roots. 


If all restrictions on initial perturbations are removed, then in the 
first approximation, the instability will take place with respect to the 
variables r, y, y”, and in the case when the parameters A, B, C, Xo» Yo 
Y,, besides the condition of smallness for yw, and the condition (3.11) 
satisfy also any of the relations (3.13), (3.15), (3.17), (3.19) with the 
inequality sign, then the instability will take place with respect to the 
variables p, q, y~. In this case, according to the well-known results of 
Liapunov [3], the unperturbed motion will also be unstable. However, im- 
posing on the initial perturbations certain restrictions we shall have a 
conditional stability with respect to all variables p, q, r, y, y’, y™ 
in the first approximation, and a conditional stability of the unperturb- 
ed motion [3 ]. 


In the case when the parameters A, B, C, Ze» Yoo Wo do not satisfy 
any of the above mentioned relations, then in the first approximation 
and under the restriction u(0) = 0 we shall have the conditional stabil- 


, id 


ity with respect to all the variables p, q, r, y; y’, y” - 


In the case when the parameters A, B, C, Ze» Yo» Ws 


9 satisfy any one 
of the mentioned relations with the equality sign, then we shall have 
the conditional stability with respect to all the variables p, gq, r, 


”” 


y, ¥; yy” in the first approximation with certain additional restric- 
tions on the initial conditions besides the one u(0) = 0. These restric- 
tions would depend on the number of groups of solutions corresponding to 


the triple unit root of the characteristic equation of the system (2.2). 


The stability of the unperturbed motion in the last two cases turns 
out to be critical and requires an additional investigation. 


The performed investigation allows us to estimate the stability of 
the motion of a solid determined by Formulas (1.2), (1.5) for sufficient- 


ly small values of k. 


It is my duty to express my gratitude to L.N. Sretenskii for his 
suggestions which were taken into account in this paper. 
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A study of the conditions is given, the fulfilment of which will secure 
a motion of rockets along curvilinear trajectories which is extremal in 
time and expenditure of mass. 


The rocket is assumed to be an ideally controlled body, i.e. it may 
occupy instantaneously the necessary angular orientation in space, 
rotating about its longitudinal or transverse axes which pass through its 
center of gravity. This assumption permits a formulation of the problem, 
based only on the force equations of motion, assuming the moment equa- 
tions always to be satisfied. 


The motion is considered for an active segment of a trajectory, i.e. 
the mass of the rocket is assumed to vary in time. 


Within the framework of the indicated hypotheses, the variational 
problem is formulated, regarding the determination of the characteristics 
of extreme manoeuvres [ turns, rotations ] in time of rockets by given 
angles, for given initial and final velocities of motion, initial and 
final weight of rockets. The solution of the problem is sought for plane 
motions in horizontal and vertical planes separately, under the assump- 
tion of absence of the influence of aerodynamic forces. 


l. If the trajectory of the motion of a rocket, executing a controlled 


manoeuvre, is strictly in the horizontal plane, then, projecting the 
forces on the tangential and normal directions (Fig. 1), we have the two 
basic equations 


T cosa 


V 7T* sin* a — (mg)* 
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Here I is the thrust of the rocket engine, a is the angle of attack 
(the angle between the longitudinal axis of the body and the tangent to 
the trajectory), y is the angle of rotation of the trajectory, measured 
from the initial position. Assuming the mass a of the rocket to vary, we 
will write the equation of change of mass in the form 


dm 


~ Tq (1.3) 


where q is the expenditure of mass per sec per unit thrust. 


_ yy - 


ry Y 


Equations (1.1)-(1.3) contain six variable quantities: a 


y, Vv. 
We obtain from (1.1) and (1.3) 


dV 
m 


am 


Introducing, as usual, the variable é ~* log a, we obtain 
(1.4) 


Next, we substitute in (1.2) for the variables T and a from (1.3) 
and (1.4): 


Equation (1.5) allows us, by taking the quantity y as basic independ- 
ent variable, to obtain the expression for the time of the manoeuvre: 


; \ FV, V’, ¢’)dy (F ot _ V2 : (1.6) 


y 
. 
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where primes denote total derivatives of the unknown functions with 
respect to y. The plus sign corresponds to motion for which the angle of 
rotation increases monotonically with time, the minus sign to motion for 
which it decreases. Since the change of mass of the rocket in accordance 
with the material balance equation (1.3) is related simply to the thrust, 
and the velocity of motion along the trajectory is connected with the 
angle of attack (1.4), then simultaneous determination of the extremal 
dependence between the velocity and the mass of a rocket will lead to 
the law of change of the thrust and the angle of attack during the 
manoeuvre. Thus, the determination of the necessary conditions securing 
motion of rockets along curvilinear trajectories, extremal in time, is 


reduced to the construction of the Euler equation for the function F(V, 


V’, ¢’), and the problem of the determination of the time of the 
manoeuvre is reduced to finding the extremum of the functional (1.6) for 
the usual boundary conditions for the functions V and ¢, i.e. 


for ¥ ) . ¢ ; for ¥ Tk 


2. A necessary condition for the existence of an extremum of the func 
tional (1.6) is the fulfilment of the Euler equation for the function F: 


qd aF d OF aF 
“dy 09" . ay OV’ ar 


(2.1) 


Substituting the expression for the derivatives of F into (2.1), we 
obtain two second-order equations which, after some manipulations, may 
be reduced to the form 

© VV’ 


©” Y2 


42.2) 
The solutions of these equations will now be found. 


Comparing the right-hand sides of Equations (2.2) we obtain the 
differential equation 


VV —2v"%—Vv?=0 


Lowering its order by a suitable substitution of variables and inte- 
grating the resulting linear equation, one obtains a first integral in 
the form 


VV C;V' (2.4) 


and, consequently, also the final dependence of the velocity of flight 
on the angle of rotation of the trajectory 
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Since in the horizontal plane all initial values y, are equivalent, one 
may, including y in y*, assume Ay = y, = y. The family of extremal 
curves V/V, = f(y) is obtained in the form 

\ (2.6) 


b 


It depends on the two parameters C and y*, the values of which are de- 
termined by the given boundary conditions V, and V,. In the curves of 
Fig. 2 depicting the change of the relative velocity, one of the para- 
meters (y*) has already been excluded by use of the condition V/V, 


for y = ¥y. Thus, for a given value of the relative final velocity 


has still to determine the second parameter C,. The quantity C, is 
readily determined for given values of Ay and V,/V,, the relative value 
of the final velocity (Fig. 2). 


Using the above dependence V/V, fly, C,), we will determine by in- 
tegration of one of the equations (2.2) the change of mass or weight of 


the rocket during the manoeuvre: 


shown in Fig. 3, is determined by the condition G Gy l for y = yg. The 
second constant C, is obtained from the second boundary condition of the 


value of the final weight at the end of the manoeuvre. 


The time of the completion of the extremal manoeuvre through a given 
angle is obtained by substitution of the relations (2.6) and (2.7) into 


the functional 
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3. We will consider next the curvilinear motion of a rocket in a 
vertical plane. The basic equations in terms of the projections on the 
tangential and normal directions to the flight trajectory, together with 
the equation of mass balance, have the form 


dV 


m 
dt 


ma nid , =? | e - « 

T cosa — mgsin§8, mb —_ T sina — mgcos#, — Fi Tq (3.1) 
We will transform as we did in Section 1. Squaring the equations 

(3.1), adding them and collecting terms containing the same powers of 

d# /dt, we obtain the quadratic of three terms 


‘ 
do. 
“+ 


it , 


(2e\" J *} + | =) [sino (@ }-+- cos ev} 


\ dd / d6 / j 


the solution of which, for d@/dt, after removal of irrationality in the 
denominator, permits the writing-down of the functional for the time of 
manoeuvre in the following form: 


8% 
\ H(V, V’, ¢’, 8) d0 


6, 


1 
g 


H = (V cos 6 + V’ sin 6) + V (V cos @ + V’ sin 6)? 


As has been shown in Section 1, the expression (3.2) is the principal 
formulation of the same variational problem for trajectories of curvi- 
linear motion, only that now they are in the vertical plane. The struc- 
ture of the function H, in comparison with F, is complicated by the pre- 
sence of the trigonometric function of the independent variable. At the 
same time, the three terms 4’? ~ V? — V’? of the function F are also 
present. This indicates beforehand that the final results will contain 
the solution which applied for the consideration of the horizontal 
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motions. Thus, eliminating the variables V and ¢ from the Euler equation 
for the function H, we obtain an identity into which enters the left- 
hand side of (2.3), determining the extremal law of change of the velo- 
city for an angle of rotation in the horizontal plane. Consequently, the 
solutions of this equation, satisfying the Euler equation, also in the 
given case single out the particular class of extremal relations V = f(@) 
which, by analogy with (2.6), may be written in the form 
———— (3.3) 
Vo C, cos (8 — 0°) 
where the quantity @*, as before y*, contains the initial angle of rota- 
tion @, which must be kept in mind when determining the parameter @ * 
from the conditions V/V, = 1 for @ = @,. In addition, since the ex- 
pression for the function H again does not explicitly contain the vari- 
able ¢, the Euler equations will have the form (2.1). The first of these, 
after evaluation of the derivatives of H, gives the first integral 


C;(V sin 8 -V’ cos 8) (3.4) 


Substituting (3.3) in (3.4) and integrating with respect to the angle 
of rotation, we find the change of mass or weight of the rocket: 
G . FT V n aie 2 ¢ 
exp {Osq V o Sie, 0. 0°. Cy)! (3,5) 
40 
where the weight function is 


sin 6° ‘ ' 
ee, a. 6°, C,) * G4 {t on (6 — ' U ( 3.0) 


The time of completion of the extremal manoeuvre by the angle A@ = 
6, — 0, may be determined from the formula 


Vo . — =<" o 
r (( os § -+ sin 0 } C,*—1) gre. 0,. O°. ¢ (3.4) 


Thus, by the subsequent determination of the constants C, and C, or 
C, and C, from the four boundary conditions V,, V,, and G G one may 
eine, in correspondence with any arbitrary hentectery livine in one 
of the planes under consideration), the extremal trajectory with such 
boundary conditions. Completing the computations, it is easily verified 
that the extremal dependences for the angles of attack and controlled 
thrust realize a maximum of the functionals (1.6) and (3.2), i.e. they 


single out the trajectories with maximum duration of flight. 


4. We will now state a most general feature characterizing a given 
class of extremal motions. 


The ratio of thrust to weight of rockets during the process of motion 
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along extremal trajectories is constant. 


This result is general for motions in horizontal and vertical planes. 
It may be deduced by substituting the extremal laws (2.7) and (2.9) or 
(3.3) and (3.4), taken in differential form, in the original equations 


of change of mass (1.3). 


For motion in horizontal planes 


const 


For motion in vertical planes 


| dq dd Cs 
-= const 


d® dt (V cos 0-+-V’ sin 8) 7 a 4 VCPmt 
(V sin 80—V’ cos 0) ‘ = a 3 


t 


The condition T, = const characterizes in the given problem a class 
of motions of bodies of variable mass, when the acting reactions change 
proportionally to the change of mass of the body. Thus, the programming 
of the thrust would also be connected with the change of the weight of 
the rocket. The trajectory of motion and all its characteristics for 
fulfilment of this condition remain the same as for the motion of a body 


of constant mass with constant reaction. The angular orientation of the 


rockets in space for motion along extremal trajectories does not change: 


aqq@  a@ 1 he 
~ dO, i. (4.3) 
For motion in vertical planes this feature exactly characterizes the 
law of change of the angle of attack; for motion in horizontal planes 
the sign of the approximate equality is explained by the disposition of 


the angles a and y in different planes. 


The invariability of the angular orientation of rockets during motion 
along extremal trajectories follows from the law of change of the angle 
of attack in terms of the angle of rotation @ or y. We will reset the 


first equations (3.1) in the form 


{ a a 
cos a — sin 6 =o 
rf ll 


Using the extremal laws 


we obtain from (3.3) 


(7° cos a — sin 9)" 
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-sin 6° VC; * — 2T° sin (a + 9) 


Since for motion along the extremal T° = const, it follows from (4.5) 


that (a + 6) = const or da/d@ = -1. 


For study of motions, extremal in time in horizontal planes we obtain 
by analogous transformations the following link between the angle of 
attack and the angle of rotation: 


VY 7? sinta—i1 


cosa 
r°’ sing 


It is seen from (4.6) that for large values of T°, practically for 
T°> 4, the quantity da/dy =~ —-1.0. Since the angle of attack is between 
the directions of the longitudinal axis of the rocket and of the tangent 
to the trajectory, then for a change of the ang!e of rotation there 
follows a simultaneous change of the angle of attack, so that an increase 
of the angle of rotation leads to a decrease of the angle of attack by 
the same amount. Consequently, fulfilment of the condition da/d@= -1 
corresponds to preservation of the angular orientation of the rocket in 
space, constant with respect to a fixed observer. The extremals found 
for the time of motion secure simultaneously minimal expenditure of fuel. 


We will solve the original differential equation (1.5) for the deri- 
vative d¢d/dy and form a new functional, expressing the change of mass 
or weight of the rocket for rotation by a given angle Ay = Y¥, — Yo- It 
follows from (1.5) that 


y? 


since d= l/q log a, d, — do = l/q log G, Gy, one has 


G.. > 
Z exp} \ VY -' Vy | ly 

Thus, the problem of finding the conditions guaranteeing the least 
consumption of fuel for a curvilinear manoeuvre of a rocket by a given 
angle leads to the determination of the extremes of the functional (4.7). 
It is readily verified that the extremal rules for the change of velo- 
city and mass with the angle of rotation and consequently with angles of 
attack and thrust are found to be the same as in the case of the problem 
of extremum time of motion. 





Iu.A. Gorelovw 


BIBLIOGRAPHY 


Okhotsimskii, D.E., K teorii dvizheniia raket (On the theory of the 
motion of rockets). PMWM Vol. 10, No. 2, 1946. 


Translated by J.R.M.R. 





ON THE THEORY OF IMPULSIVE FOLLOW-UP SYSTEMS 
(K TEORII IMPUL’ SNYKH SLED IASHCHIKE SISTER) 
PUM Vol.24, No.2, 1960, pp. 309-315 


Ia. N. ROITENBERG 
(Moscow) 


(Received 7 January 1960) 


l. The equations of motion of an impulsive follow-up system, for which 
the control signal vanishes during the pause, can be represented for 
sufficiently small values of the time constants of the control circuits 
in the following form: 


yo + 2ey, = pk*[z(t)— y, + 9 (0)] (1.1) 


Here 


1 for 4 


(1.2) 


10 for «+7, < 


y, is the generalized coordinate of the follow-up system, x(t) is the 
law of motion which the follow-up system must reproduce, r is the period 
of alternation, r, is the working interval, r, = +1 -—r, is the pause, 
q(t) is the additional signal to be given at the entry of the follow-up 
system for its accelerated adjustment, and # is the integral part of t/. 


Consider the problem[ 1] of selecting the law of variation of the 
function q(t) with respect to the time ¢ in such a way that at the in- 
stant ¢t = T, the adjustment of the follow-up system would occur, i.e. the 
relations 


y,(T,) = 90, y,(T,) = 0 (1.3) 


would hold. 


We shall assume that x(t) = 0 during the time of adjustment and that 
q(t) is a step-function which preserves its values in time intervals 
which are multiples of the alternating period r. 


In order to investigate the motion of the follow-up system under con- 
sideration it is appropriate to pass from the system of differential 
equations (1.1) to a system of difference equations. The latter can be 
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obtained by connecting the values y, and y, at the end and the beginning 
of one period of alternation. So, for the first period of alternation 
during the working interval 9 <t<r, the differential equations 


ty, = kg (0) (1.4) 
hold. 


Corresponding to Equations (1.4) the law of motion of the system during 
the working interval will be the fol lowing: 


1 P| . 
(f) [%2 (9) cy, (VU) 2q (U)| e-** sin wl 


[ys (0) —q (0)] e—** cos wt + 9 (0), Ve 


7 (7) »(U e feos wi g(VU) ~ y (U) - y U)lé ‘sin wl 
{2 {2 { a l ‘ > | 


At the end of the working interval the functions y, and y, will assume 
the following values: 


yi (ts) = (= — Ys “= —v2)q(0) (1.6) 


“1 


“@(0) 


(1.7) 


During the pause r, < t <r the differential equations of motion 
according to (1.1) will have the form 


Y Yo U. Yo ZEY> () (1 8) 


The law of motion of the system during the pause will be the following: 


Y(t) = yy (7) Yo (t,) [1 ee], Yo (t)=Yo (ts) em) (aces t) (1.9) 


At the end of the pause, i.e. at the instant t = r, the functions y) 
and y, will have the following values: 


{ y — 
Y; (t) Y, (71) > Yai") Yo(t) Vg (7), V3 i (1 10) 


Substituting into the expressions (1.10) the values y,(r,) and Yor ,) 
from (1.6) we obtain 


¥;(t) 411Y1 (UV) — Ayo¥2 (Y) (1 131) (9) 


(1.11) 
Y2(t) 4o,y¥1 (0) — ago%e (0) +- as, g (0) 
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The relations (1.11) connect the values of the functions y, and y, at 
the end and the beginning of the first period of alternation. Obviously, 
analogous relations will hold for any (nth) period of alternation 


y,((n c 41,4, (Nt) 4- Qyoye (nt) = (1 t1,)q (nt) (1.13) 
Yo ((n + : @9,Y1 (MT) + Gao% (nt) Ing? 


Equations (1.13) represent the difference equations which describe 
the motion of the considered impulsive follow-up systen 


Introducing the matrices 


where T is the anticipation operator determined by the relation 

] * yk Ye (t St) 
we obtain the matrix difference equation 

f(T) y (t) = bq (2) (1.40) 
which is equivalent to the system of scalar difference equations (1. 13). 


Assume that the elements y, and y, of the matrix y in the time inter- 


val 0 < t< r coincide with y,*(t) and y,*(t) determined by the ex- 


l 
pressions (1.5) and (1.9): 


(1.16) 


Under these conditions the solution of the matrix difference equation 
(1.15) can be constructed by means of the methods of the operational 
calculus. Letting 


(Pp) > q(t), 


and taking into account that 


Py, e”* [4 (p)—2,(p)], ai(p) = p\y, (0+ 


we obtain for the matrix equation (1.16) the following image equation 
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f(x) 4 (Pp) — 1% (p) = 58 (p) (1.19) 


| mr (P) | : | > 
4 (P) | te(p) | a (p) =| (1.20) 


From Equation (1.19) we find 


F(y)a(p) , F(y)o, 
WP)=1— AG) Boy SP) 


where F(y) is the adjoint matrix of the matrix f(y): 


T 222 — 42 | 


— Gor r @n 
and A(y) is the determinant of the matrix f(y): 
A (4) = 1° + (Gir + G22) ¥ + Ginde2 — Gy2421 = (¥ — 11) (¥ — T2) 
Denote by M(t) and L(t) the originals of the following images: 


Fi(y)a(p). Fixy)yb. 
7 PEP). Mn, (4 — 1) PL 


F (x) a (p) F(x) 4 _. F(t) yap) 
A (7) t11— T2 a 


ya(p). 


va Ye 


12 
i ii 


where y*(t - 9 +r) is a periodic function of period r, then 
M (t) (ty) i 
Analogously 


(1.28) 


As seen from (1.28), L(t) is a step-function. According to the assump- 
tion made above the function q(t) is also a step-function. Then, on the 
basis of a theorem on the multiplication of the images of step- functions, 


we obtain 


8 
Fi(y)b. ; ’ P OY 
Atay 8 (P) > SL — i) g(t —*) (1.29) 


i 
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Thus, the solution of the matrix difference equation (1.15), satisfy- 
ing the condition (1.16), has the following form: 


9 
y (t) = [= 4,9 + 22 9,9] y ¢ — 92) + YL — 2) 4 (it — 2) (1.30) 


a 7 l 
The elements of the matrix y(t) are 


F. (¥1) 2 cF Ve ‘ 
2) + OE ys (¢ — 92) ] 4,9 + [2 y" ¢ — 92) 4 
ti te Y2 Ya 
o 


>) Li (8 - jz) q(t —*) 2) (1.31) 


dz) \y2* 
; j=1 


In order that at the instant t = 7, = 9,r the follow-up system be 
adjusted, i.e. the relations (1.3) 


yi (73) U, y2(T,) U 


hold, the following conditions which can be obtained by means of (1.31), 


8, 
> L.(%*—j*)q(/t —*) = R(T) 1,2) (1.32) 
j=l 


must hold, where 


©1,2) (1.33) 


Decompose the interval (0, 7,) into two intervals (0, j,r) and (jr, 
T,) and assume that the function q(t) is a step-function which preserves 
its values in these time intervals. Denote these values by q(0) and 
q(t,), respectively. The relations (1.32) then assume the form 


c( g (0) + eg (t,) = R(T) i= 1, 2) 


§, 
cw = 3) L4(%t — jx) 


j=iht1 
From Equations (1.35) we obtain 


q(0) = a ; 
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‘ Ry (T)) a ] ef) R, (71) | 


‘ A. = 9 A= 1.37 
R:(T;) | © |? Re (Ts) | ai 


The expressions (1.36) determine the law according to which q(t) must 
be varied in order that at the instant t = 7, the follow-up system be 
adjusted. 

2. Suppose that the strengthening coefficient of the follow-up system 
varies with time. Then the coefficient k? entering into Equations (1. 1) 
will be a certain function of the time 


k? = x(t) (2.1) 


We shall assume that x(t) is a step-function, the width of the steps 
being equal to the period of alternation of the follow-up system. 


Then during each separate period of alternation the differential 
equations (1.4) and (1.8) will have constant coefficients while the para- 
meters @,V,, V a 


1y 242° 2) and Boo, determined by the expressions 
(1.7) and (1.12), will be certain functions of the time which will be 
determined provided that the function x(t) is given. 


The system of difference equations (1.13) in the given case can be 


represented by the following matrix difference equation: 


Ty+a(t)y=Q(t) 


ay (t) Ay (t) {1 -+- ay, (t)] g(t) | 
a(l : = 
( ao, (t) Ao (t) . Ag, (t) q(t) 


The solution of Equation (2.2) has the following form: 


a 
y (t) = 6(t) 04 (t — Ar) y” Dt) + $9 (t) 08 (t — 9x 
l 


where @(t) is a square matrix, the columns of which are linearly inde- 
pendent solutions of the homogeneous matrix equation 


ly +a(t)y=0 
The matrix @~!(t) is the inverse matrix of 6(t). 


In the expression (2.4) the second term vanishes in the interval 0 < 
t <r. Therefore, according to (2.4) 


y(t) =y' (t) (2.6) 





On the theory of iapulsive follow-up systens 


holds, where y*(t) is a matrix, the elements of which in the interval 
0 <t<r are determined by the expressions (1.5) and (1.9). 
Denoting by N(t, jr ) a matrix function of weight 
N (t, jt) = 6 (t) 04 (¢ — 9 + jr) 


the solution (2.4) can be put in the form 


S'N(t, 7) Qt 


l 


y(t)=—= Nt, O)y'(t }t) 


The elements of the matrix y(t) according to (2.8) have the form 


y(t) = S\ Nix(t, 0) y, (6— 92) + SOS Nix (6, 72) Qe (¢ — 8 + ft — 2) i 


k=1)=1 


K l 


Substituting the values Q, given by (2.3) we can reduce the expres- 
sions (2.9) to the following form: 
(2.10) 
& 
Mt) + NVWilt 
a 


l 


Vat, D+ anlt 
Vio (t, /t) de, (t — 9 


(2.11) 


At the instant t = 7, = $,r the expressions (2.10) assume the form 


0) y," (O) SWi(7,, =) aU t) 


y. (7) > Vie (1, 
k=1 l 


where according to (2.11) we have 


Via(7 , /e)Ul ti (/t t)] Vie (7), 


In order that at the instant t = 7, the follow-up system be adjusted, 
.e. the relations (1.3), 
yi (7) y» (7) 0 


hold, the following conditions must be satisfied: 


; z)qyt t) R(T), 
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Ri (T,) S' Vi (T;, 0) ye" (0) (2.15) 


k=1 


Decomposing as above the time interval (0, T,) into two intervals 
(0, j,r) and (j,r, T,), and assuming q(t) to be a step-function, the 
values of which in these intervals are q(0) and q(t,), respectively, we 
can reduce Equations (2.14) to the form 


sq (0) + s() g(t,) R; (7;) ¢ (2.16) 


i 9, 
yy Wi(Ts, jt), g(1) Zz W,(7T,, J) (i=41,2) (2.17) 
/ irtl 


l 


Thus, the values of q(0) and q(t,) will be 


A,’ A;° 
q (0) At? q (t,) A’ (2 18) 


R,* (T)) 

, | (2.19 

R," (T)) \ 

Calculating the quantities (2.18), the functions N,,(T,, jr )(i, k= 

1, 2), occurring in the expressions (2.13) and representing for a fixed 

value t = T, the elements of a matrix function of weight N(t, jr ), are 
assumed to be known in the interval 0< t <7, = 9,7. Analogously are 

assumed to be known the quantities N.,(7, opti, k= 1, 2), occurring in 

the expressions (2.15) and representing for t = T,, j = 0 the values of 

the elements of a matrix function of weight N(t, jr ). 


From the results obtained in the paper [2] it follows that 


Nix (Ty, /*) = Ye (7) t= 4, (2.20) 


where Y, are the solutions of the conjugate system of difference equa- 
tions 


Y,(t) + a,,(t)),(¢t t) ds, (1) Yo(t 


(2.21) 
Yoqt) + ayo (t) Y(t + +) 4+ ane (t) Y(t 4 


constructed for the system of difference equations (2.2), and satisfying 
in the interval 9 r < t < (8, + l)r the conditions 
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Y, (¢) 
Analogously 


Nox (Ty, ]*) Vy (77) (k = 1, 2) (2.23) 


where Y,*(jr ) are the solutions of the system of difference equations 
(2.21), satisfying in the interval #,r < t < (6, + l)r the conditions 


Y,(t) = 0, Y(t) =1 


3. As an example, consider an impulsive follow-up system with the 
following parameters: 


* 


e = 5.275 sec", k? = 7500 sec~*, Ty 0.01 sec , » = 0.03 sec 
The time interval during which the follow-up system must be adjusted 
is T, = 4r =0.16 sec. The initial deviations are y,(0) = 0.4, y, (9) = 
l 


20 














Por j, = 2 the values of q(0) and q(t,) are the following 


gq (0) 0.0504, q {t,) 0.128 


The process of adjustment of the follow-up system is represented by 
the graphs of the functions y,() and y,(t) in Pig. 1. For the same data 
but a variable strengthening coefficient 


k? “ it) Tow 1s 


the values of q(0) and q(t,) are the following: 
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The process of adjustment of the follow-up system for a variable 
strengthening coefficient is represented by the graphs of the functions 


y,(¢) and Yyo(t) in Pig. 2. 
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In different areas of the mechanics of continuous media one encounters 
in a number of cases the situation where the solution of the basic 
differential equations of the problem, which satisfies the initial and 
boundary conditions, is not unique but is only correct up to a constant 
parameter (sometimes up to several such parameters or even up to one or 
several functions of the independent variables of the problem). In order 
to determine the values of these parameters and generally undetermined 
elements of a given problem, one resorts to additional conditions, which 
sometimes are stated in the form of new independent hypotheses (postu- 
lates) on the finiteness [ boundedness |] of velocities, stresses, etc., 
supported by additional physical considerations. 


One can cite many examples of problems of this kind. One of them is 
the problem of flow past a wing with a sharp trailing edge where one 
uses the Zhukovskii-Chaplygin condition on the finiteness of the velocity 
at the trailing edge of the wing in order to determine the unknown con- 
stant parameter, which is the circulation. In addition to that, the group 
of similar problems contains the contact problem of the theory of elas- 
ticity, and, in particular, the problem of the penetration of an elastic 
body by rigid punches [ dies ] where one can use the Muskhelishvili con- 
dition on the finiteness of stresses at the contour of the contact area 
to determine this unknown contour. We should also note the problem of 
the theory of cracks in brittle bodies, where one uses the Khristianovich 
condition on the finiteness of stresses at the crack contour in order to 
determine the unknown contour of the crack boundary. 


One can encounter, however, cases where it is not possible to fora- 
ulate a condition, which would yield a unique solution, in the form of 
a finiteness requirement on one or another set of quantities. In these 
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cases the determination of a unique solution is very difficult. Such a 
situation arose, for instance, in the problem of the stationary displace- 
ment of one fluid by another in a porous Hele-Shaw shell, which was 
studied recently by Taylor and Saffman. 


It appears to be possible to establish a general form of additional 
conditions that yield a unique solution in similar cases. These condi- 
tions, and, in particular, all above-mentioned finiteness conditions are 
not independent physical hypotheses. They are obtained from fundamental 
integral principles of mechanics just as properly as the basic differ- 
ential equation and the boundary conditions. The ability to obtain addi- 
tional conditions, which yield a unique solution, from integral prin- 
ciples of mechanics is, obviously, a fact of completely general value. 
This fact once again points out the advantages of formulating problems 
of mechanics of continuous media in terms of integral principles. 


In the present paper such a study is made for static problems of the 
theory of elasticity*; in a subsequent paper this study will be conduct- 
ed in detail for hydrodynamic problems and dynamic problems of the theory 
of elasticity. 


l. The general form of additional conditions in static 
problems of the theory of elasticity. Now, let us assume that the 
differential equations and boundary conditions of the problem determine 
the equilibrium state of the elastic system under study in a non-unique 
fashion, i.e. the solution contains some constant parameters or func- 
tions of independent variables of the problem which remain undetermined. 
Let us denote the set of the undetermined elements of the solution by M; 
the set of the undetermined elements of the solution varied by some 
allowable means shall be denoted by M+ 5M. Let u represent the dis- 
placement field of the studied elastic system, which corresponds to some 
fixed M; 5,4 is a variation of this field according to the geometric con- 
straints imposed upon the system and corresponding to the same fixed M, 
and 5.u is a variation of the displacement field corresponding to the 
variation 5M of the set of undetermined elements. 


The state characterized by the displacement field u + 5 u + 5 is a 
possible state of the elastic system. The principle of virtual displ ace- 





* During a discussion of this paper at a seminar in hydromechanics at 


MGU, after it went to press, L.I. Sedov kindly informed me that in 
his course of lectures a general thermodynamic study of arbitrary 
models of elastic bodies considering additional physico-chemical 
parameters is being undertaken, where the values of these parameters 
are also obtained from the conditions of the extremum of the free 
energy or the internal energy of the system. (Note added in proof). 
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ments, which represents the most general formulation of the fundamental 
law of statics of elastic systems, can be written in the form 


sw —s8A=0 (1.4) 


where 5W is the variation of the elastic potential W of the system, and 
5A is the variation of the work of the external forces for a given 
virtual [ admissible] state of the elastic system. Relation (1.1) can 

be written in the form 


$,W —3,A +8,W —8,A =0 (1.2) 


where 5,W and 5,A are, according to the previous notation, variations 
corresponding to the variation 5,u of the displacement field with a 
fixed M, and 5W and 5,A are variations corresponding to some variation 
5 M. In view of the independence of the variations 5,u and 5M, the follow- 
ing relations follow from (1.2): 


s,W —s,A =0 (1.3) 
6.W — 3,4 =0 (1.4) 


From relation (1.3) we obtain in the usual manner [1] the differ- 
ential equations and boundary conditions of the problem, which corre- 
spond to the arbitrary fixed set of undetermined elements M. But if the 
field satisfies the differential equations of equilibrium and the bound- 
ary conditions then Clapeyron’s [1] theorem holds true, according to 


which 
2W A 


for arbitrary M, from which it follows immediately that 
28,.W = 5,4 
Upon substitution of (1.6) into (1.4) we obtain 
3.W =0 (1.7) 


This relation is a general condition that determines the set of the 
undetermined elements of the problem. Thus, that set of undetermined 
elements M is concretely realized for which the elastic potential of the 
system takes on an extremum value. In particular, if the solution of the 
differential equations with the corresponding boundary conditions appears 
to be determined correctly up to a finite number of constants Che sees Cy, 
then we obtain from condition (1.7) 

aw 
OC; 


(1.8) 


In the general case, when the state of the elastic system is also 
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characterized by a system of functions of independent variables of the 
problem f,, ..., f,, which cannot be determined from the differential 
equations and boundary conditions, one has to adopt from relation (1.7) 
for their determination direct methods of variational calculus or inte- 
grate the variational Euler equations. 


The set of undetermined elements is usually intimated by the condi- 
tions of the studied problem. However, one should note that the choice 
of the indicated set is substantially related to the chosen idealized 
scheme [model ] of the phenomenon so that for an unfortunate choice of 
this idealized scheme, the condition of the extremum (1.7) can give no 
actually realizable states. Such a state of affairs is, in general, 
characteristic for any general theoretical approach in problems of 
mechanics (and not only mechanics), in particular, for instance, for 
dimensional analysis. It is appropriate to emphasize once more that no 
general theoretical approaches can do without a preceding stage of 
establishing an adequate model of the phenomenon to be studied. 


2. The condition of the finiteness of stresses in the con- 
tact problem. Now we shall illustrate the general results obtained by 
some examples which are of independent interest. Let us study the prob- 
lem of the penetration of an elastic half-space by a rigid punch with a 
curved base in the absence of friction forces. This problem was studied 


by Muskhelishvili (see [2], Sect. 115). 


The punch, generally speaking, is non-symmetric so that the area of 
contact is given by the coordinates of its ends x = a and x = b > a. The 
conditions of finiteness of the stresses at the edges of the contact 
area x = a and x = b are of the form[2 | 

b t 


\ f’ (t) dt r tf’ (t) dt 2 (1 — v?) Po (2.1) 
V (b—1t) (« —a) \j (b —t) (t —a) E ae 


a 


where y = f(x) is the equation of the base surface of the punch, and P, 
is the resultant force which presses the punch against the body. Let us 
derive conditions (1.8), which are applicable to the problem studied. 
The pressure under the punch, aside from the dependence upon the choice 
of a and b, is given by the following relation [2]: 


I F } Q(t) f (t) dt P, 
p (2) \ 


2x (1 "VO ’ . zV Q(x) 


where the integral is understood in the sense of its principal value, 
and 


V (2) (0 r)(42— a) 


One can show that the displacement under the punch is given by 
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v (x) J (2) (2.3) 


where c is a constant determined from the relation 


7 
( f(cy + cpeosi)dr, 


After a number of transformations the expression for the elastic 
potential can be written in the form 


{ 


\ p(x) v (x) da 
= 0) 
CoCOSA)T (ty cos 9)sin Asin 8 In did 
where we used 


C, cos 8, 


Let c, and c, be the determining constant parameters so that, in view 
of (1.8), the following conditions can be fulfilled: 


Differentiation of (2.4) and integration by parts yields 


if 


Ec cas ° : - 
—~— I\/ (Cc, Co cos h) d? | ‘ os A) cos +d (2.4) 
2x (1 ™ LL. ' 


> 2) {\ 7" (e cz cosh) dh] ' | \/ (Cy cos h) cos Ad? 


0 


ke 
am (1 
P, . P.2 

— \7 (Cc, C» COS A) cos Ad? 


From this and from conditions (2.5) we find 


\/' (ec, C, cos hk) d) : \/' (ce, Cy COS 4) COS 


0 


Changing the variable to t by means of Formula (2.5) leads to the 
relations (2.1). Thus, the conditions of the finite stresses at the 
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edges of the contact area are obtained here corresponding to the general 
statements developed above, originating from the principle of virtual 
displacements. 


3. The condition of the finiteness of stresses in the 
crack problem. Now we shall study the problem of the straight crack 
in an infinite body with an arbitrary tearing force applied symmetric- 
ally to the crack line under the conditions of plane strain*. The line of 
the crack and its extension will be chosen as the x-axis so that the 
ends of the crack are at x = a and x = b. Let the tearing forces, which 
we shall assume to be applied at the surface of the crack**, and the 
cohesion forces acting in the end-region of the crack produce at the 
surface of the crack normal stresses which are distributed according to 
the lawo, = - g(x), while the shear stresses at the surface of the 
crack are equal to zero. As we showed earlier [3], in order to satisfy 
the condition of finite stresses at the ends of the crack and to have a 
smooth joining of the opposite edges of the crack it is necessary and 
sufficient to satisfy the following conditions at the edges: 


te 


a b—z 


We shall show that these conditions follow from conditions (1.8). 
When using the results from[3] one can show that the normal displace- 
ment of the points on the surface of the crack is 


(3.2) 


fae [S (b + a) 4 + (6 — a) cos | sin In 


~ : sin (A +) 
where E is Young’s modulus, v is Poisson’s ratio of the material, and 
the angle @ is given by x = 1/2(b + a) + 1/2(b — a)cos 0. The expression 
for the elastic potential becomes 

b n 

1 — v4) (b— a)? ‘ 
W =\e(2)v(z)de = A— 9 E—*" | [5 (b+) + 
a 0 


+ -(b—a) cos 6| sin 040 g[ + (b + a) + 


0 





The following discussion (Sections 3 and 4) refers, strictly speak- 
ing, to the case of reversible cracks. 


This simplification does not reduce the generality of the analysis 
since the case in which the tearing forces are applied inside the 
crack can be easily reduced to the one studied here [3]. 





On finiteness conditions in the mechanics of continuous aedia 459 


(—6 
d) (3.3) 


(A + 0) 


SiD 


) 


I 
r = (6 — a) cos | sin Aln : 
sin 2 

We shall choose the coordinates of the ends of the crack a and 6 as 
the determining constant parameters, and then, because of (1.8), the 
following conditions should be satisfied: 


ow 


Og ab U (3.4) 


Differentiation and integration by parts, leaving out intermediate 
calculations, yields 


av 2(1- v*) (6b — a) 


. f m2 
7 a)cos?) sin 
da nE ) | 


“J {\g (2) VY ae} 
) 


. (b 4 a) } - (b a) cos 9} cos® 


a) 


b 
y*) } 4 . z a - ‘ 
\e@y r= ad (3.6) 


From this and (3.4) we obtain the additional conditions (3.1) which de- 
termine the parameters a and 6 and express the conditions of finite 
stresses and a smooth joining of the opposite sides of the crack at its 
ends. 


4. General proof of the condition of the finiteness of 
stresses. We shall present now a general proof of the condition of the 
finiteness of stresses. Let us consider some point O at the contour of 
a crack (see figure). In the neighborhood of this 
point the distribution of stresses and displace- 
ments can be assumed to be that of plane strain. 

Using the results from[3] one can easily show 
that, generally speaking, for an arbitrary crack 
contour which does not satisfy condition (1.7), the 
distribution of the tearing stresses o_ in the 
plane of the crack near point O and the distribu- 
tion of displacements v normal to this plane near 
point O have, respectively, the form 


{ 


— O(1)+O0(V s) 4.1) 
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eRe O (s*/:) (4.2 
where s is the distance from the point in the medium studied to point 0 
and N is some value which depends on the forces acting and the contour 
of the crack. In all the cases analyzed up to now, the condition of the 
finiteness of stresses was represented by the vanishing of the value N, 
which at the same time can be seen to assure a smooth joining of the 
opposite sides of the crack at its ends. 


Let us vary now the undetermined element, the contour of the crack, 
such that the new contour is represented by a circular arc of some small 
radius R with its center at O, which lies in the plane of the crack up 
to the intersection with the original contour, and outside the arc it 
would be unchanged. Because of the smallness of the radius R, the dis- 
tribution of the displacements v near every new point of the contour will 
be also of the form (4.2), but s will now be the distance measured from 
this new point. Thus, the distribution of the normal displacements at 
the new part of the crack will be 


OV R—ry} (4.3) 


where r is the distance from point O to the point under consideration. 


It can be easily seen that the corresponding variation of the elastic 
potential is equal to* 


VU { 3,vdS 


where 5S is the variation of the crack area. Obviously, condition (1.7), 
= 5H = 0, is satisfiedif and only ifN = 0. But when N = 0, as can 

be seen from Formulas (4.1) and (4.2), the finiteness of the stresses is 
assured at the same time as the smoothness of the joining of the opposite 
sides of the crack at point 0. Thus, in the general case, from (1.7) 
follows the finiteness of stresses and the smoothness of the joining of 
the opposite sides of the crack at its ends. 


Let us remark once more that the hypothetical form of this condition 
was first stated by Khristianovich. Note also that in connection with 


* The corresponding calculation for the plane case in connection with 
the condition of the finiteness of stresses was carried out in a paper 
by Irwin [4 - 
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the mechanical statement of the problem the assertion of a wedge-shaped 
form of the crack near its end was made by Rebinder even earlier. 


Thus, the condition of the finiteness of the stresses at the end of 
the crack and the smooth joining of the opposite sides of the crack at 
its ends was obtained from the fundamental principle of statics — the 
principle of virtual displacements. Because of that, the statements of 
problems in the theory of equilibrium cracks in brittle bodies can be 
limited to two basic hypotheses [3]: the hypothesis on the smallness of 
the end-region of the crack where forces of interaction of the opposite 
sides of the crack depending on the dimensions of the entire crack are 
acting, and the hypothesis on the autonomy of this region (i.e. the 
hypothesis on the independence of the distribution of the normal dis- 
placements in that region for a given material with given conditions re- 
garding the acting forces). 


The general proof given here can be applied without any essential! 
changes to the contact problem of the theory of elasticity and its 
particular case, the problem of the penetration of an elastic body by 


punches. 


The author is deeply grateful to Ia. B. Zel'dovich for his valuable 
review of this paper. 
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Considered is the action of a rigid die on an elastic layer of thickness 
h resting on a rigid foundation. A method is presented for obtaining an 
approximate solution to the action of a die on an elastic layer, based 
on the known solution for the action of a die on an elastic half-space. 
The derived solution is valid for sufficiently large h and is given in 


the form of a series in powers of h i Specific computing formulas are 
obtained for a die of elliptic plan form. 


1. Statement of problem. Let a rigid die in the form of a cylin- 


drical body with cross section 1 and foundation surface z” = f(x’, y’) 
penetrate into an elastic layer resting on a rigid foundation (Fig. 1). 








FIG. 1. 


The die is subjected to a force P acting along the z-axis, and to 
moments M_ and M, relative to the axes of the coordinates x and y. 


Let us assume that the magnitude of the force and the moments is such 
that the region of contact for the die and the layer coincides with 2. 
Furthermore, we assume that there are no frictional forces between the 
layer and the die, as well as between the layer and the foundation, and 
that outside the die the layer is not loaded. Under such assumptions 
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the problem is reduced to the solution of the basic equations of the 
theory of elasticity subject to the following boundary conditions: 


(} outside the region 1 for z= h (1.1) 
ar + By /(z, y)) in the region 2 (1.2) 
0, u 0 for z= 0 (1.3) 


Displacements and stresses vanish for (x, y) + «.Here 5 is the dis- 
placement of the die under the action of the force P, and a, § define 
the rotation angles of the die about the y- and z- axes, respectively, due 
to the moments M, and M_. Let us define the pressure between the layer 
and the die by 


q(x, y) > in the region @) for z= h (1.4) 


Note that in accordance with the physics of the problem q(x, y) > 0 
and 5(x, y) > 0 in Q and also that the pressure q(x, y) is associated by 
the known relations of statics with the force and the moments acting on 
the die: 


, y)dxdy, M, \\ ya (x, y)dzdy, M, \\ rq(x, y)dxdy (1.5) 


Assume at first that the pressure q(x, y) between the die and the 
layer is known. Then we obtain the following relationships from [1 ] 
Chap. 3, Sect. 5, where the problem of compression of an elastic layer 
resting on a smooth rigid foundation and subject to a distributed normal 
loading p(x, y) on its upper surface is considered: 


“f O(a, 5) . 
: - Zo(yz) et**+5v) dads 
\\ 7B (qh) 7241) 


V a* + 6?) 


(’ O(a, Ba 
< , , ine si(ax+By) g 
\\ 1A (yh) L3 (72) é dad 
Q (a, 8) 
= : v7 pi(ax+By) 4 
\\ +A (yh) Ly (7z)¢ dad 
A (yh) 


O(a, B)Y ; ilax+By) - 
\ A (yh) %4(7z) e* “dad 

Here Q(a, 8) is the Fourier transform of the function p(x, y) = 
— | pee wr 
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drdy 


Formulas (1.6) are such that for any function Qla, 8), the first two 
boundary conditions (1.1) and the boundary conditions (1.3) are satisfied, 
as can be easily determined. Utilizing the third condition (1.1) and 


equality (1.4), we express (1.7) in the form 


Ol(xz. 3 - \\ g (2 , daddy (1.9) 


x 


Finally, condition (1.2) will be satisfied if the function Q(a, 8) is 


determined from the equation 


O(X, Y) in the region 


\dads rAd (rz, Y) in the region {) (1 10) 


Substituting Q(a, 8) from (1.9) into (1.10), we reduce the problem to 
the determination of the function q(x, y) from the integral equation of 


the first kind 


y, h) didy, = 2n*Aé (zx, y) (1.14) 


"dadB (41.12) 


Noting that 
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lim A 


h—+a 


we shall express (1.11) in the form 


r(E, n) dEdx, 


QnAd(x, y)—1\(q(&, 4) (K — Koo)didy (1.14) 


”) dads (1.15) 


Having determined q(x, y) from Equation (1.14) we will find the rela- 
tionships between the quantities P and 5, M. and a, M and 6 from the 
relations (1.5), and the expression for the function Qa, 8) according 
to Formula (1.9); then by (1.6) and the analogous formulas for u, v, o. 


oy and ry @ [1], we shall find the displacements and stresses in the 


layer. 


2. Transformation of kernel K — K «. Expanding the fraction 


under the double integral in (1.15) into a series of powers |~ yet 
we obtain 


(? — 2yht —t 
7 (4yAt 1 


(A, 


2yht (Ayht | —1t*)(A 


Equating the coefficients of equal powers of t we have 


Let us denote the coefficients in A, of (yh)* by A,,; then 


S) 1) ‘ 


The coefficients An are determined by the relations 
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Utilizing the expansion 


eila(x—t)+h(y—n)] 


1, A \ cos™ @ sin"ede \ 


- 


Evaluating the integrals in (2.6) we will find 


Substituting expressions A,, from Formulas (2.4) and denoting m+n-=p, 
ofr 
we reduce | an® n! = U, to 


x-@ 
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Computations yield 


0.5838 + 0.0001, 0.1977 + 0.0001 (2.10) 


Substituting C,, from Formulas (2.7) into (2.5), we have 


: 20 
ie > Y s) 
_ had hed ,2™ 
mm on 


3. Solution of Equation (1.14). Substituting the expression 
(2.11) into (1.14) we obtain 


=, %) dEd7, 


27Aé6 (a y) ya ; 


2) 2 = 5)? 4) dédy, 


on 0 


It is easy to show that the series (2.11) converges to K — K_ for any 


x-€, y- 7 and for h>d/¥ 2. 


The convergence of the series is not deteriorated by partial integra- 


tion, therefore Equation (3.1) is valid at least for 


d 
(d max V (2 


We shall search for q(é, 7) in the form 


q(&, %) > gi(S, %) x (3.2) 


Substituting q(€, 7) from (3.2) into (3.1) and equating the terms of 
like powers of h~', we obtain the integral equations 


go (S._ 1) Cee 22 Ab (x, y) 


21 oo \ Go (&, 


20 oo \ gq, (&, 


i 


we \y n)*) 019o] dedy, (3.0) 
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2 j [(a E)*] 1091 - (y H)* Po19;) dédyy, (3.7) 


() 


Let us assume now that we know how to solve the problem for the die 
on an elastic half-space. This means that we can obtain 99 ‘¢, n) from 
Equation (3.3). Substituting into the right-hand side of Equation (3.4), 
we will obtain an integral equation of the type (3.3) which consequently 
yields q,(é, ) ete. 


Note that the kernel K(x - €, y — 7, h) in Equation (1.11) is sym- 
metric with respect to the variables x, y and €, 7. We can then general- 
ize Equations (2) given in[3]. 


Namely, if the solution is known for the action of a flat die with 
the region of contact 1 on an elastic layer of finite depth, i.e. we 
know the solution 


qpl(z, y) Oda (zr, Y) AqJa(7T, y) 2 a (2, y) (3.3) 


of the equation 


\ gpi(E, 4) A (2 é, y,, h) didy, = 2n* A(é By) (3.9) 


7 
Q 


then the force and the moments acting on the die with an arbitrary found- 
ation and the same region of contact 1 are expressed by formulas 


P \ as (x, y) 8(a y)dxdy VM \ g. (x, y) 8 (x, y) dxdy 


ral Q 


V \ f J r, yjpdrday (3.10) 


4. Solution of the problem for a flat elliptic die. Let us 
solve the problem of the action of an elliptic flat die on a layer of 
finite depth by means of the method presented above. * 


First of all, we give the solution for the elliptic die on an elastic 
half-space obtained by Galin (see [2], Chap. 2, Sect. 8) and at the 
same time correct an error which occurred in this work. 


Following Galin, we will write the expression for the potential of a 
simple layer W(x, y, x), located on the surface of the ellipsoid p = x: 


The solution by the following method can also be obtained for a non- 
plane elliptic die, 
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Harmonic 
function inside 
ellipsoid p A 


Harmonic func- 
tion outside 

ellipsoid p 
vanishing at 


(4.1) 


} 
a 


2x AQ, (z, a” 


is a polynomal of order n, even on z 
ations 


where U(x, y, z) é 
ellipsoidal coordinates connected with right-angle rela 


Here E,"(p) and FS") (p) are Lamé functions of the first and second 


kind,* whereby 


f the potential for 


Now let us write the expression for the density « 
A 


the simple layer located on the surface of the ellipsoid p 
IW, \a 


Ye or 
0p 


q\7, y, 2 


Substituting expressions #7, and W, from (4.1) into (4.5) and trans- 


forming we obtain 


23: : | Chap. 2, 


< 


Chap. 
Sects. 184-186. 


For the theory of Lamé functions see | 4 | 
, 8 9; [1] Chap. 5, Sect. 8; [5] Chap. « 


> 
Sects. 2 
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sive 


AgmE™x)E (wy Ey 


m {; 7 m {s 
E,™ (») E, v) 


\ { 
: ix. E, mix) mix 
ima V(x Ske OY, ) 


Let x go to unity, then z + O and the ellipsoid p = x degenerates 


into an elliptic disc on the surface z = 0, the semiaxes of which are a 


and b = a y 1— 1?. Thus, at the surface of the elliptic disc the poten- 


tial W becomes 


2nAQ,(z, y, 0)=22AP,(z,y) 
(4.9) 


Note that 


(4.10) 


Letting, now, « go to unity in Expression (4.8) and multiplying the 
result by two, we will find the density of the potential of a simple 


layer located on the elliptic disc: 


l , (EL (BE x (v) 


g(x, y) ~ -_ km ~~ 3 
d . 270 a “4 [E, (1)]*, (1) 


For the particular case 


Ax*— By? 


and using the theory of Lamé functions we can obtain from (4.11) and 
(4,9) 
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r | . ] 

18 =~ (Aa* Bb") | 
3yl? 

Kij-- FQ) * ED—A— PK 


1®)] o,* (¢; - 1%)2 2 


Thus, Formula (4.12) yields the solution of the equation 
' q (E, 4) dE dv, 
o V (z— &)*+(y— 7)" 


27Aé (x, y) 


to which is reduced the problem of the action of a die on an elastic 
half-space for the case when 5(x, y) = P,(x, y) and is an ellipse with 
semiaxes a and 6b. 


We pass now to the solution of the action of a flat elliptic die on 
an elastic layer of finite thickness h. For a flat die f(x, y) = 0 and 
5(z, y) = 8+ ax +Py. Therefore, assuming A = B = 0 in Formula (4.12), 
we obtain the solution of Equation (3.3): 


1 


A, s y\ of 8 azl? 


4o (7, Y) ae Sw, Ki) * Kij— ED (i l i?) Ail) (4.15) 


Substituting the expression obtained for q, into the right-hand side 
of Equation (3.4) we will obtain 


21 ‘904 5 


K (1) 


e qi (E. n) dE dy Or | 
\ V (x—f)?+(y— 7)? — 


Q 


and from this, using (4.12) and assuming A 


y) 2F v0 abA ; 
M(t, b1K WD) \ 


Analogously, from Equation (3.5), we determine 


AT 99?a*% A j 


q2 (x, y) b[K (J) (4 15) 


Substituting now the expressions for qy, 9), q) into (3.6) and re- 
arranging we obtain 
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2I 190a 4.9 


3A ti) (a 
41 10 3l%ab?2 


3[E (l) (1 l*)K (l)]’ os K (1) 


Using Formula (4.12) and in it letting A = B we find 


2a° A . y? F 272 o9% 27 108 /?) 271 ;oal* 
; [RK iDy* 31K (DF 31K ()—E (hj 


p \! 


Analogously, from Equation (3.7 


A: ABT ppa* 


, : ( 
1a (*, Y) b[K ())]? \ 


lio SI 
+ t = ~ (6,- i (E@— (1 —o,) K ())] 


1 


And so we have found the first four terms of series (3.2). 
The obtained approximate expression for q(x, y) will have the form 


g(x. y) = Ogs(z, y) + Aga (2, y) + Bap (z, y) 


where 


l 
~{[Ri(h) 
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2T 99 @ oa? 20 goa 


hK (1) hK(l) 


271904 } 
hK (1) } 


We will determine the relations between P and 5, M, anda, M. and § 


according to (1.5): 


\ qs (2, y) dxdy Pad R (h) 
2 


\ ld \2, y) dxdy 


re 
M. ¢ 
3 \ Yds (2, y) dxdy 
Poy 
Rewriting, now, Formulas (3.10), and substituting gs, q, and Ip from 
(4.18) and (4,19) 


\ . 2 y2 rr 
BR [ (Rh) ‘ » Be »! = : azrdy 


i r.(W)\ r6 (x, )\ 


T(h)\ y8 (x,y) (A—%  dady 


Q 


Formulas (4,24) permit the determination of the force and moments 
acting on any non-plane elliptic die. For h = » we have R= T, = Tp = 
S = 0, and Formulas (4.24) become the known formulas obtained by Galin 
[21] Chap. 7 Sect. 9). 


] 


, 





V.M. Aleksandrov and I.I. Vorovich 


5. Derivation of computing formulas. Let us express q(x, y) 
in the form 


a ,az* 
Dame he I ome « 
hs F _ * 


whereby 


R th) + Sth, z?, 
Vi—/[K (l) 


R (h) 
Vi—/?K (l) 
a’ (i- 
3h* 
1?T'a (h) K+L' 1273 (h) 
Yi—? [K()—E ())} 2 (E (l)—(1 


(5.4) 


Here the coefficients A, B, ..., N depend only on the eccentricity | 
of the elliptic region of contact, 


The table below gives the numerical values of these eccentricities l 


in the region 0< 1* < 0.99. The intermediate values of eccentricities 

l can be obtained by interpolation. After determination of the coeffi- 
cients for a given value of |, the computation of stress q(x, y) accord- 
ing to (5.1) for various values of x and y in the region — a < x < a, 

~ b< y <6 is not difficult. 


The last column of the table gives the smallest values of the ratio 
h/a for which Formula (5.1) is still valid. These smallest values are 
determined for the case a = 8 = 0 as follows. Let us introduce the nota- 


tion 
qQ” (2, ¥) = GM (2, | 

and determine the quantities 
310), ( 


| g* (0, 0) - q i( 


q® (UY, V) 


| q*(0, y) — q3 (0, y) 


A,-9= lim 7, 
q { » ¥) 


y=b yb 
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lim 
xa 


0.6366 47% 3517 475 0.6410 
37 : .3428 + .6246 6583 


6737 J 3334 a2 7: .6788 


6974 ‘ 32: 3985 O88! 7034 
6667 774 7263 
0 707 7628 


5 de .8110 
3333 .547 8797 


0 f . 9906 

6667 ool. O808 
2266 5555 516 1669 
5377 7: 2473 1261 


7059 R54‘ 06478 


1943 
1794 o2 a7 2905 
1638 4: } 3108 
1473 - : 3353 
1298 av. ; 3657 
1112 . 345 } 4046 
O9112 314 oe 4570 
06905 2} ‘ : 5330 
04401 6983 
O2Ybo 
01311 
0.008116 53 6596 


0.041 Ss 9406 
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Now, the smallest permissible value of the ratio h/a is determined 
from the condition 


(59.10) 


i.e. in such a way that the transfer from q°(x, y) to q*(x, y) would not 
alter the quantity q°(x, y) by more than 5% for all (x, y)€Q. 
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PRESSURE OF AN AXIALLY SYMMETRIC CIRCULAR 
DIE ON AN ELASTIC HALF-SPACE 


(DAVLENIE OSESIMMETRICHNOGO KOL’ TSEVOGO SHTAMPA 
NA UPRUGOE POLUPROSTRANSTVO) 


PMM Vol.24, No.2, 1960, pp. 334-340 


V¥V.8S. GUBENKO and V.I. MOSSAKOVSKII 
(Dnepropetrovsk) 


(Received 23 March 1959) 


Considered is the problem of the pressure of a rigid die, having a plan 
form of a circular concentric ring, upon an elastic half-space. 


This problem attracted the attention of scientific workers. For 
example, the recent work of Egorov [1 ] and Aleksandrov [| 2 } may be men- 
tioned. The difficulties known to occur in such type of problems require 
the establishment of an effective [ approximate ] solution. In one of the 
earlier works of Lebedev [3 ], special functions are introduced for this 
purpose, with the aid of which the solution of several boundary value 
problems for the annular region becomes possible. 


The integral transforms used in the present work, with the aid of 


which Mossakovskii [4 ] reduces the axially symmetric problem to the 


problem of linear conjugation in the plane of the complex variable, were 
employed for the derivation of a Fredholm-type integral equation with 
respect to the boundary value (in the region of contact) of one of the 
unknown functions; if this is known it is not difficult to find the 
pressure by means of a quadrature. For the Fredholm equation there is 
constructed an approximate solution with the aid of known, for this case 
approximate, methods. 


The surface of the die after impression is considered to be axially 
symmetric (the equation of this surface is given), the friction in the 
region of contact is not taken into account, pressure outside of the die 
is absent. The law of pressure distribution underneath the die is found. * 

In article [5 ] Rostovtsev indicated an error made by Gubenko in his 

paper [6 ]. The formulas for the pressure underneath a circular die 

with a plane base, obtained by means of formal] application of frac- 
tional differentiation, are erroneous. 


The author is grateful to N.A. Rostovtsev for this indication. 
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lL. As is known, the solution of the problem[7, 8] reduces to find- 
ing the normal derivative F? (p, 0) in the region of contact of a cer- 
tain function F(p, z), harmonic in the elastic half-space, vanishing at 
infinity and satisfying the following conditions at the boundary of the 
elastic half-space: 


PF,’ 
(1.1) 


where a and 6b are the outer and the inner radii of the ring, respectively, 
p is the polar radius, f = f(p) is the equation of the die surface. 


The origin of the coordinates is taken here at the center of the ring, 
the z-axis is directed into the half-space. 


The pressure p(p) underneath the die is determined by the formla 
" 2’ (p, 0) (b « p< @) (1. 


where E is the modulus of elasticity and v is Poisson's ratio. 


2. We make use of the following formulas [3 | : 


and the inverse 


where u(x, z) are harmonic functions in the plane (x, z) and antisym- 
metric with respect to x; Fi(p, z) are harmonic functions in half-space 
and symmetric with respect to p. 


3. In the general case it should be assumed that the function f(p) 
may be represented in the form 
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 (p) = f1(p) + fa() 


Such a representation of the function f(p) is obviously unique and 
the function f,(p) may be extended to zero and the function f,(p) to 
infinity. 


Let us introduce now two functions Fp, z) and F,(p, z) which are 
harmonic in the elastic half-space, such that 


F,(e, 9) i (p) 


By Formulas (2.1) the last conditions are transformed for functions 
u(x, z) as follows: 


(3.2) 
u,x' (x, 0) + upx’ (x, 0) = 0, 

u,, (x, 0) + ug,’ (x, 0) = 0, 

where 


fy (p) 
1 

odo, 
ee 


4. In finding u;(x, y) (y = z) from the boundary conditions one can 
proceed in different ways. Let us use the following procednore. Let us 
assume that two functions Q, (x, y, t) and Q, (x, y, t) are found which 
are harmonic in the half-plane xy, antisymmetric with respect to x, 
vanishing at infinity and satisfying along the straight line y = 0 the 
following conditions ; 
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» (z, 0, t) = 1, 


Xe 


where t is a parameter. 


Then the derivatives u,_“(x, y) and Uy,’ (x, y) may be represented in 


the form 


x 
o 


Ux (2, y) = - \ gy (t) Q,x' (2, } \ Ugxe” (t, OVQ,x' (x. y, t) dt 
0 
+ [81 (@) 
Usy (Z, y) \ Uyyt” (t, O) Qoy’ (x, y, t)dt —\ ge’ (t) Oey’ (x, y, t) dt 


0 a 


1, (b) Uy (b, O)| @. » (2, Y, b) 


te 


The functions Q, fx, y, t) and Q, (x, y, t) are easily determined. They 


are of the following form: 
iQyy' (x, y, t) = — —In- 


. 


Qox' (2, Y, —In £ 


Equations (4.1) may be represented in the form 


a 


{ 1° (t) Cry’ (x, y, tdt 
0 


+- [81 (a) + wgx’ (a, O)) Qy’ (2, ys @) 


b 
\ wie” (t, 0) Qox’ (x, y, t) dt 


— [£2 (b) + wy,’ (b, 0)] Qox’ (x, y, 


Integrating (4.3) by parts and taking (4.2) into account we obtain 
a 
, ie (iz 2°» [iz ) 
» ¥) : \ g, (t) Im ——s —- ox (t, 0) Im } 5 ay at 
0 


b ) 


i & am . ass 
= (ui, (t, 0) Re 45 at - \ Zo (t) Re 3 ay at 
b b 
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For y = 0 the last equations take on the following form: 


Uy (x, UV): 


Uox (x, 0) = 


valid for arbitrary x. 

5. The derivative F ’(p, 9) may be determined, for example, from the 
first formula (2.2). Taking (3.2) into account, we obtain 

o ( 4 * , 0) - 

6s) - wh — xdz (5.1) 

Vp? —2* 


We substitute into (5.1) the value of ui y*, 0) from (4.5). In the 
double integral obtained we change the order of integration, assuming 
b < p < a. Taking then (1.2) into account we find 


\ g, (dt \ Uo. (t, 0) dt 


0 a 


We note that for 6 = 0 Formula (5.2) takes on the simple form 
{ 6 
: Of git) . 
P(e) = — 377 ) inp Op) - a 
. 
which coincides with the solution of the problem of a circular die, if 
(3.3) is taken into account. 


6. We proceed now to find the derivative u, (x, 0) in the region 


(a, w), 
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We eliminate the derivative uj) (x, 0) from (4.5) and obtain then the 
following integral equation for uj,(x, 0): 


}+- 


+) Ux (s, 0) ds -|- D(x) (6.4) 


I 
cin 
I 


; oO 
~\se dt (6.2) 


z* — i* 


b 


(6 <a) (6.3) 


The value of N is selected in such a manner as to insure a certain 
prescribed accuracy. Then with an accuracy which is not smaller than 


x <a, s < awe have 
aa 
~2'\ 
\s 
(6.4) 
at of b 
adel Or sat--- tw 


Taking (6.4) into account, the kernel of the integral equation (6.1) 
may be represented in the form 


1 s+ r + b\ ‘en (5) ~ec 
. Ee of . t 
3 a(sin* ; — x ln- = ee oN (6.9) 


where 
{ 2 ‘ —k-+-1) 


Cx (s) ya | Ja ee (6.6) 


2k +- r } Ls 2] t 3 A+) 


Nox (x, 0) = = | he ob od... ol = (6.7) 
: oe a 


Cx (s) Us, (s, 0) ds ewe ae (6.8) 


Let us substitute (6.7) into (6.8). Then for z,, we obtain the system 
of equations 
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Be = \ Cxx (8) ® (s) ds (6.10) 


7. Let us consider an example. Let f(p) = h const (die with a plane 
base), and 


(7.1) 
= 0. From (3.3) we find 


In this case we must assume f,(p) = h, f,(p) = 
6, (*) = 4h, go(s) = 0. By (6.3) and (7.1) we find 
+b ¢b i 6 \ 
In —b =2(-— rs a)’ = 
The error is here not larger than 1%. The system (6.9) takes on the 
form: 


By 


Ze Ag 23 + B, or Z2 j os As (7.3) 





By Formulas (6.6) and (6.10) we fina 
co 


. 2 b 2 ¢ Cs(s) 4/b\>_ 
C2(s) =~ 2? Ag 2 — ds 53 (=) (/ 4) 


3 6s r s / 





a 


From (6.2) we find 


























b 
8h a+t tdt 
= ar \ 13-8 
0 


Taking into account (7.4), (7.5) and (7.2) we find from (6.11) 


co 


‘ 32h 7 b \A 
B, Cz (8) D (s) ds = aa (~ (1 - 
a 


On the basis of (7.3), (7.4) and (7.6) we find 
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or taking (7.2) into account we find 


In the expression for c the third factor is small as compared to 


therefore 


Formula (5.2) for g,(x) = 4h and g(x) = 0 takes on the form 


where 


Let us substitute (7.11) and (7.9) into (7.10). The integral, enter- 


ing into (7.10), is integrated subsequently, first by parts and then 
9 
2) 


taking expansion (7 into account. We obtain 


sh I 
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In particular, for 6 = 0 Formula (7.12) takes on the simple form 


Let us remark in conclusion that if the die is so wide that the 
approximation 


is valid then, as is easily verified, the derivative 
Formula (7.12) takes on the form 


1 5 


. AAD 1 _ 
P \P) 2 (1 — v*) x? Va? p2 cot 


The graph of pressure distribution underneath the annular die for 
b/a = 0.3(a = 10), constructed by Formula (7.12) with am accuracy within 
the factor 2hE/(1 — v?)r?, is shown in the figure. 
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TORSION OF CIRCULAR RODS HAVING LONGITUDINAL 
NOTCHES OR TEETH AND A CENTRAL CAVITY 


(KRUCHENIE KRUGLYKH STERZHNEI, IMELUSHCHIKH PRODOL’ NYE 
VYTOCHKI ILI ZUBTSY I TSENTRAL’' NO BASPOLOZHENNUIU 
POLOST’ ) 


PMM Vol.24, No.2, 1960, pp. 341-349 


B.L. ABRAMIAN and A.A. BABLOIAN 
(Brevan) 


(Received 19 April, 1959) 


The problem considered is that of torsion of a circular prismatic rod 
with symmetrically-located grooves or teeth in the shape of an annular 
sector, and with a central circular cavity (Pig. 1). 


The exact solution of this problem is obtained by a method proposed 
in{1] and[2]. 


Fig. 1. 


The determination of the integration constants leads to the solution 
of infinite systems of linear equations. 


It is shown that the systems obtained are completely regular, that 


they have an upper limit and that the free terms reduce to zero (for 
k + o), 


Stiffnesses and stresses are calculated for two special cases: for six 
teeth and for one notch. 


Approximate solutions for similar complicated rods in torsion have 
been obtained by Stanesku and Dumitrescu [3 ] and by Manea [4 ]. 
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l. For the solution of the given problem a stress function U(r, ¢) is 


sought which satisfies the equation 


(1.1) 


in the rod section, which reduces to zero on the outside contour, and 
which takes on a constant value U, on the inside contour. 
Because of symmetry it is necessary to consider only that part which 


subtends an angle 7/n, where n is the number of notches or teeth (Fig. 2). 
In order that the solution obtained for 


the 2nth part shall be valid for the 
whole section, it is required that the 
normal derivative of the function 

U(r, &) be zero on the lines AB and 
CD. For determination of the function 
U it is convenient to use the variable 


(1.2) 


We seek the function U(r, d) in the form 


U [r(t), ¢] = @(t, o) — +r, (1.3) 
where the function ®t, ¢d) satisfies the equation 


Fe (1.4) 


ot* Og 


We assume that the function ®(t, ¢) in the part of the region under 
consideration (Fig. 2) takes on the values 


®,(t, ¢) in region I 
Ot, d) = ®,(t, d) in region II 
®,(t, d) in region III 


By making use of expressions (1.3), (1.5) and the boundary conditions 


on U, we obtain the following conditions 


0,(0, 9) ——2- = ®,(— ht, 9) 


amd. 


@, (—t,, 


oP /¢% 


®, (t., ¢) —- = @,(t, 0) 
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(D, (t, Q) 
@M, (0, 


for ®t, d) with i = 1, 2, 3 
groove or tooth width, 


where a is a constant characterizing the 
and where 


(1.8) 


5* . n na 
2. Upon solving equation (1.4) by the method of separation of vari- 
ables, we obtain for the functions ®.(t, ¢) the expressions 


~* 


®, (t, ¢) B, “eosh xf) SiN a4 


D,{"’ cosh 8.0) sin Byt 


By. cosh).,t) sin) 


D,o"" cosh 3,0) sin But 


Ah 


cosh). f) sin ? 


, ‘cosh’ ,) SIN Xl 


By satisfying the conditions (1.6) and (1.7) we obtain for the inte- 
gration constants 


i," 
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Cc,” as Dy{? vanh By, 1 )¥ +1 ¢2s}eanh yp 05 


and for determination of the constants B,‘*? and D,‘?? we obtain a com- 
bination of two infinite systems of linear equations. 


Upon applying the change in variables 


hp, By” Y,m - r,*, B,t,D,”” X, .. 20, ( { y' ' (2.6) 


where m is a constant number to be determined later, the combination is 


obtained in the form 


X; >) ‘p f Dy Y, = > binX p . ;, 


p=1 


2m, 
Arp —- eae r 
. 2 RanhS 9; -+-tamh3,92) (A, 


2h, 


en 
kp “i ) a 3) 
mt, (cothAt; ' coth A, t2)(5,, 


2A, rs? 


” img? = 4) (eth gh; eoth Df) 


3. We show that the systems (2.7) are completely regular [5]. The 
following inequalities hold for sums of the moduli of the coefficients 


in the systems (2.7): 


2mB, 


’ | Te ~ 
Akp F2 ftanhS >) + tanh § 92) — A," t 
p=l1 


x 
y! 
—- 


p=1 


- 2h, : 

| Dew | — » 
a | MAP | mt, (coth A, ty : coth A, te) —_ Py n 
p=1 pas 


For this, the values 


ty , 1 \. S| 1 
7 | coth Apt, —_— i hy ah fe RPL 3,2 
oh, k p=1 ?P 


have been used. The constant number a is selected from the inequalities 
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i 


aie 5. 


Then, in accordance with (3.1), we shall have 


Thus, the systems (2.7) are shown to be completely regular. 


It is easy to see from (2.9) that the free terms in the systems (2.7) 
have an upper limit and that they approach zero for k + «. 


4. By substitution of the values of the coefficients from (2.5) into 
(2.1)-(2.3) and after replacing the coefficients Ne and p,‘* by X 
and Y,, in accordance with (2.6), we obtain after certain transform- 
ations the following expressions for the functions ®.(t, d) 


k 


®, (t, 


——_—— sin d, 
A,simhA ty ? 


ie < r K+1 2 » (G2 + 9) 
See ee Somme GER YS 
‘k 


i ar 
5. For determination of the constant ®,, the theorem of Bredt for the 
circulation of shear stress in torsion 
\ T ds = 2G7Q, (5.1) 
r, 
is employed, where I’, is the inside contour of the section, Q,= ar,” is 
the area bounded by I’,, G is the shear modulus, r the angle of twist per 
unit length, A the projection of shear stress at any point of the con- 


tour I, in the tangential direction of the contour 
=n Gre / @® 
7,.=t=— | -- 


ae re ot 


ro*e") fort 


Substituting (5.2) into (5.1) gives 
2 8 ee 
\ ot 


ve 
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By substitution of the values of the functions ®, and ®, from (4.1) 
and (4.2) into these relations and then performing the integrations, we 
obtain the following formula: 


U (9.4) 
after a certain transformation to determine the constant ®,. 


The unknown coefficients ff appearing in (5.4) are determined from 
the completely regular infinite systems of linear equations (2.7) and 
are expressed in terms of the constant ®. 


Substitution of the values of the unknown Y, 8 obtained from 


into (5.4) and solving for ®, yields its value. 


6. The torsional stiffness of a doubly-connected profile is determined 


from the formula (6.1) 


" 2n | UdQ| 


f° 


where U,° is the value of the stress function on the outside contour, U, 
the value on the inside contour; 0 ,* and 2, are the areas bounded by the 
outside and inside contours, respectively; 1 is the region of the rod 


section; and {* is that part of the region included in the angle w/n. 


4y substitution of (1.3) into (6.1) and by using expressions (1.5) 
and (4.1)-(4.3), we obtain after integration the following formula: 


(2M r.*) (ro — r,") 


Upon passing to the limit t, + » (r, 0), we obtain from (6. 
formula for the stiffness of a solid circular section with teeth: 
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=\- 


0 


Here the unknown coefficients X(z) and Y, must be determined from the 


systems obtained from (2.7) by passing to the limit t, + «. By passing 


to the limit t, + 0 (r,; = r,), we get a formla for the stiffness of a 


circular rod with a central circular cavity: 


For this case we employ the values 


X,=Y,=0, ©, 


which are obtained from (2.7) and (5.4) by passing to the corresponding 
limit t, = 0. 


7. For numerical examples we consider the cases where the rod has six 
external teeth together with a circular cavity (Fig. 1) with the values 


1 

12 1.4) 
and also where the rod has one external notch 
together with a central cavity (Fig. 3) and with 
the values 


PIG. 3. }.0166 
Upon solving the infinite systems (2.7) for 
these cases we obtain too large and too small values for the unknown 
coefficients i and Y,. 
From Formulas (5.4) and (6.2) we obtain also the values of the con- 


stant ®, and the stiffness C. These values are presented in Table 1. 


In this same table are also included for comparison the stiffnesses 


of a rod with sections in the shape of circular rings having ratios 


b/a rel) 1.964 and b6/a = r.r, = 2.4595; the first ring is obtained 
from the toothed profile (Fig. 1) by removal of the teeth \r, = r,),and 
the second ring is obtained from the notched profile (Fig. 3) by filling 


up the notch (r, 4 rh 
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TABLE 1. 


Six teeth (Fig. 1) One notch (Fig. 3) 


1,964 — 


| too } too 
jtoo small large mean j|too smell large | sean 


| 
1.237 2¢ 237} 1.5232 | 1.5252 


3.6208 3.6281 


0.4756Tr, 
0468 Gtr, 
0461GTr; 


Stresses for these cases are calculated with the aid of expressions 
(4.1)-(4.3) according to the formlas 


é ‘ o@ . 


Ter (t, &) Gt, Tzq (t, ¢) 


TABLE 2. 


Teo sael! , 5446 | 0.6755 5632 | 0.6114 | 0.4741 
Too large | 5456 0.6757 5636 0.6123 0.4754 
Mean .2274 5452 | 0.6756 | 0.5634 | 0.6118 | 0.4748 
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TABLE 3. 


| ; 
< | 
29 Pr)! Ka) - 
Gtr, . j \i(—t.. t)(—n.— my fis Oe 
Too smell 3.3207 | 0.4705 | 0.4644 | 0.4586 | 0.4559 | 4.0244 
Too large 3.3526 | 0.4791 | 0.4726 | 0.4627 | 0.4612 379 | 1.0309 
Mean 3.3366 | 0.4748 | 0.4683 | 0.4606 | 0.4586 322 | 1.0275 


Values of the stress r at different points (t, ¢) are presented in 
Tables 2 and 3 for the cases with six teeth and with one notch. The 
stress distributions are shown in Figs. 4 and 5. 


8. The torsion of a circular prismatic rod having a central circular 
cavity with symmetrical longitudinal grooves or teeth (Fig. 6) is con- 
sidered. The exact solution of this problem may be obtained in the same 
manner as in Sections 1-6. 


For the solution we assume that the stress function U(r, d) on the in- 
side contour of the section reduces to zero, and that on the outside con- 


tour it takes on a constant value U,°. 


We seek a solution in the form of (1.3) on the assumption that the 
function ®t, d) takes on the values (1.5); the regions I, II, and III 
are shown in Fig. 7. 


The functions ®(t, d) (i = 1, 2, 3) satisfy Equation (1.4) in the 


respective regions and also the following boundary conditions and con- 
tinuity conditions: 


D, | ts, 
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ra ° 
In —, , 
ra 


9. Upon solving Equation (1.4) for the functions ®.(t, ®) (i = 1,2,3) 
by the method of separation of variables and upon satisfying conditions 


(8.1), we obtain expressions for these functions 


Y , sinha , (ty 
SID 2p 


D, (t.< j 
1\',¥ a,einha , t) 


Sin Yxl 
lk 


XY , cosh* , 


— Sin Y xl 


The integration constants X, and Y, entering into (9.1)-(9.3) are de- 
termined from the following combination of infinite systems of linear 


equat tons 


bipX; 


x 
— 


I I 
I 
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Systems (9.5) are completely regular, since the foll« 


hold 


wing inequalities 


The constant quantity ®* entering into expressions (9. 1)-(9. 3) 
determined from the Bredt’s theorem concerning the circ 
stress in torsion. 


is 


lation of shear 


This theorem, as applied to the external contour of the section, is 
expressed by the relation 
‘ 
xD 
Ot 


and, after carrying out the integration, takes on the forn 


(9.4 


The unknown coefficients Y., determined from the infinite systems of 
5), are expressed in terms of ®,*, and in order to find ®,* the re- 
lation (9.10) must be solved for ®,°. 


10. By making use of Formula (6.1), substituting 


a therein and 
performing the integrations, we obtain the following formula for the 
stiffness of a circular rod having a central cavity wit! 


ymmetrical 
longitudinal grooves 


2G {= 
\4 
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ents etts r;? < tanh BP k+le—2t,]2 
)-FS oreo! si i ital iad 


sinha, t; sinh apts 4 


i \) X, (1 + (—1)** My 
+3, 3 are Catton +p] — 





As an example, we cite the value of the stiffness in torsion for a 
circular rod having a central cavity with six symmetrical longitudinal 


grooves (Fig. 6), when 
rs rs 1 
7, = 1.964, Fy = 1-964, 1 =P = Gat (10.2) 


Values of the constant ®,* and the stiffness C for this case, calcu- 
lated from Formlas (9.10) and (10.1), are presented in Table 4. 


TABLE 4. 





With 6 netches or teeth 





r _ . 
a=] 964 | teo 
, too smell large 
' 





1.0 
21.801 22 .062 





| 0.9168 | 0.9195 | 0.9182 
22.408 | 22.074 


For comparison, the table gives also the stiffness of a red with a 
= r;/r, = 1.964 


section in the form of circular rings with ratios b/a 


and b/a = r;/r) = 3.8573. 
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l. Let us consider a thin orthotropic shell of constant thickness h. Let 
the material of the shell obey the generalized Hooke’s law and let it 
have at each point three planes of elastic symmetry whose principal 
directions coincide with the directions of the coordinate lines a, f, y. 
The middle surface of the shell is taken as a coordinate surface and it 
is referred to curvilinear orthogonal coordinates a and § coinciding with 
lines of principal curvature of the middle surface. The third coordinate 
line y is rectilinear and represents the distance along the normal from 
the point (a, 8) of the middle surface to the point (a, B, y) of the 
shell. 


Renouncing the hypothesis on undeformable normals, we introduce the 
following assumptions: 


a) The distance along the normal (y) between two points of the shel] 


after deformation remains unchanged; 


b) The shear stresses 7. and "by vary in accordance with a specified 


ell. 


law through the thickness of the s 


2. For greater clarity we first present the suggested method for a 
plate (k, Se. Be 0, a, B, y are rectilinear orthogonal coordinates). 


The basic assumptions will be written down in the following form: 


a) we assume approximately 


b) the shear stresses r j > the 
sses Tf and Tq, are of the 
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fi (x) e (a, B) + 


fo (x) > (a, 8) 


where X*, ..., Y~ are the components along the axes of a moving tri- 
hedron (along the directions of positive tangents to the lines § = const, 
a = const) of the vectors of intensity of surface loads, applied upon 
the outer faces of the plate y = 1/2 h and y = - 1/2 h, dla, B), wa, B) 
are arbitrary functions of coordinates a, 8 to be found; f(y) are func- 
tions, characterizing the variation laws of shear stresses r 
through the thickness, whereby f ,(s 1/2 h) 0. 


and " By 


ay 


From the equations of the generalized Hooke’s law we have 
By a “I Byes — A,a . i 


Tt Byes, 


From the equations of the theory have for the com- 


ponents of strain 


From relations (2.7), by virtue . and (2.,. re obtain 


for the displacements of the plate 


Ug u (a, 3) 


Here and in the following the usual notation is used for the elastic 


| 9 


constants (1,2 Ba 
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Jon 11 (x) dy, 0! 2 2.11) 


ula, 8B), vla, B), wla, B) are the tangential and normal displacements of 
the middle surface of the shell. 


From the third equation of equilibrium of a differential element of 
the plate [2] we obtain 


J oh y 
\ = J \ - j : 

am, OX, x? =| 
bo OF ame " - — 


Ca . 2h Oa 


dV, OY, , 
v - + 


ie Bu | So (x) an + 1 OB 


are the normal components of the vectors of intensity of surface 
loads, applied at the external faces of the plate (y = 1/2 h, y = - I/2h). 


Equation (2.13) is the third integral equation of equilibrium. From 
(2.3) and (2.4), by virtue of (2.6), (2.8), (2.9) and (2.12), we obtain 


expressions for [> %B and ap? which will not be presented here. 


Subs - : on 
ubstituting the expressions for the stresses Pq» 9B Tap? Tay and 
T By into the usual formulas for the internal forces and moments we ob- 


tain 


o. By, (h Ou 


0a 


Ay| Bes (Ji 
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dO, \ 


é h? aX r é aX. 
v, OXs , J ®, 4 By, (h = , J, SO) 4 


T, = Buh sg + a ate) 


0D, , h® OY; h? aX, 
7 xe) + Bu (iS = + 35° a J — hy (a, 8) | 
Ov \ , h® (0X, OY: *) 4 J aq, 


a oe +3 1 oR 


h® dY; 


h? dw h? ax 3 
u OX, 4+ J O01) B;,(- Tz OB 4 


M, = Bu \— 7p gas + tz Ga +4250 
6®, ‘ f/, OD, , h® 8X) h® aY, 9» 42 
Jap) + As| Bos (Js 52! + Gx Get) + + ar ae)| (24 
h® d%w , h® AY, aD, be h® OX, am, 
M,=By\— i2 66% * 12 OB +4 5B + By \— t da8 G2 ba * Js da ; 


OD, , I oY; 


i 
+ A,| Bu (J, dB T 7 a8 


he #w OX, 


H = By|—2- 


12 da a8 


N, = B;; (J,®, = 
¢ (a, B) = = [Jos (*/sh) a Jo (- 


fy (x) dy 


= \ Jntdr, Je= \ alder Jo= \ Aides 


—/yh —),h 


The equations of equilibrium of an element of the shell are of the 


form 


ay 2 


05 


OT, 
ea 


OM, 
da 


Substituting the values of the internal forces and moments from 
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.21) into Equations (2.24) and taking into account 2.10) and 


> obtain 


Equat ions (2,25) 


through (2.29) constitute a complete systen 
differential equations with respect to five unknown functions 
vv, by means of which all relevant quantities of the plate m 


presse d. 


Ihe boundary conditions may be represented in the usual form [ 
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3. The case when X* 0 and Y* 0 


is of considerable practical 
interest, that is, the case when the plate is subjected only to norma! 


loading Z*. In this case assuming also that [3 | 


Equations (2.25)-(2.29) take 


(( i i¢ 


Then the relevant quantit 


In the case : hal low orthotropi1 I 
the internal geometry of the middle surface 
anishing Gaussian curvature does not differ 
on the plane that is, tor ; uitably chosen 


nates the coefficients of th first quadrat ie 


B 
With the same degree of ; assume that 
tures of the middle surface constant quantit 


; 
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The theory of very shallow shells taking into account the effect of 
transverse shear and normal stresses o,, will be constructed on the basis 
of assumptions introduced in Section I, which will be written down in 
the following form: 


a) we assume approximately 
EC, = Q 


b) the shear stresses are of the form [3,4] 


tay = 7 (Fh? — 4°) 9 (a, 8), toy = 7 (Zh? —1*)¢(@,B) (4.4) 


where, as before, d= dla, 8) and w= ya, B) are arbitrary unknown func- 


tions of the coordinates af. 


For the sake of simplicity it is assumed here that the shell is sub- 
jected only to a normal loading Z = Z* and that the shear stresses r 
and rq, vary through the thickness of the shell, following the parabolic 
law (3.1). 


From the theory of elasticity the components of strain are 


Cas = 


(4.5) 


~ OT oq OB 

Here, and in the following, quantities of the order hk, will be 
neglected as compared to unity on the basis of pronounced shallowness of 
the thin shell considered; this will be done whereever it is obvious. 
The shell is assumed to be thin but the thickness A is still a finite 


quant ity. 


Taking (4.4) into account, the generalized Hooke’s law, which in the 
case of the shell considered is of the form (2.3) and (2.4), the dis- 
placements of any point of the shell in accordance with (4.5) will be 

sf h? 1? \ " Ow y (hh fe \y — 

Z°) Ps Us 2 135° 2B. | H+) b, uy=w (4.6) 
where u = ula, 8), v = via, B), w= wla, B) are the tangential and normal 
displacements of the corresponding point of the middle surface of the 
shell. From (4.6), substituting the values of u., Ug uw, into (4.5) and 
further into (2.3) and (2.4), we obtain the following expressions for 
the stresses 
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ty aw : 
“7 Big sa) “T (Kk, By, “— k,B,o) Ww -r 
op 


Ou ? . adhp 2 Oo oy 
= Bes \ “T —3 ws ¢ “7 “* 7 )( Beotss oo ; Buty, “t.) (4.9) 
a / vp Oa) 


op 


Substituting the relations for the stresses o,, op, *,,, and t By into 
the third differential equation of equilibrium [2], expressed in terms 
of curvilinear coordinates, and integrating with respect to y, taking 
into account that 0, = Z= Z* for y = 1/2h ando, = 0 for y=- V2, 
with the accuracy within the theory of very shallow shells, we obtain 


for the stress ey 


Z 
=+ +1[ (Bus i kpBys) 


- 2 LOL bk 2 (he . , lind 
+ (ky? By, + 2hykyB yo + ke? Bye) w| 7 — 1) (Bas kpBis) 55 7 
' a ; y | 
+ (k2Boo + kyBy2) dl oe. oh + (4. 10) 


Substituting the expressions for the stresses 0,, 99, ',2,T a, Tf 
a’ “B “aB' ‘ay’ “By 
into the usual formulas for the internal forces and moments we obtain 


(4.11) 


OY 
Q 


09 | 
y) (a55D11 ba + dD, - 


12 9p 


}2w 2 Ov 
— Di 5 + 3p (QuDoe = 
12 5qi 79 \Gsa*22 a8 
Ow h? f 09 
——. + — J), (a +a 
86 5aa8 r Fo “se \ 55 98 T 


tw O*w 


Z + (kyDyy+ k_Dy,) dai (kpDoq + ky Djs) 


S54 
05° 
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uM" (A Diy | kyDy2) a u (K2Doo I k, Dy) 
, , 5 e h? , Ov 
- (ky? Dy + 2hykgDy. + key? Do) w - 120 aa ap ) 


The equations of equilibrium of an element of the shell are of the 


form 
aM, . oH 
oa r a8 
ON, ON: 


od 05 


oT 1 
od a 
OM, r Al r 
rs tv; (A, 7, + k,T 2) — 


05 
p 


N, 


Substituting expressions (4,11) to (4.16) into Equations (4.19), we 
obtain a system of differential equations of very shallow shells: 


Ly (Cin) u + Lye (Cin) v + (hy Cy, + beeC 2) : (4.20) 
O7w 


- A, | (k,D,;, + keDy2) 5-5 L- (kgDoo 4 ky Dy2) 5-533 


p (k2Coo ky Cy.) vt 


4 
0p 


O7w 07w 


Ag | (k2D2. + kD») PTY: + (ky Dy, + key D2) xa558 


ky Cys)oq + (hr°Cis + 2k kere 


° 
O*u 


0a? 


(A, A; 4 ky Az) | (k:Dy, + KD») 
L 


Les (D;,) w 
Ag | (keDos 4 Pe Wh a4 


(A,7D,, 2k, k.D,. +- k.?D, . 
“ Ss g2 * dads / | 
Equations (4.20) to (4.24) constitute a complete system of five 
differential equations with respect to five unknown functions u, v, w, 


d, W. 
The basic equations of the theory of very shallow shells may be re- 


presented also in the present formulation in the form of the mixed method 
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The equation of compatibility of strain of the middle surface of the 
shell is of the form 


> > 
O*@e o*w 


(4.25) 


gx, + Kym da* dads 152 
Examining Formulas (4.11) to (4.15), it is easy to see that the factor 
of the stiffness C,, is the relative elongation of the middle surface «, of 


Cy is the relative elongation «¢,, and of C,, is the shear of the middle 


66 
surface w; further, the factor of the stiffness D,, is the parameter 


¢ 


characterizing the change of curvature of the middle surface «x,, and 


finally, Dy» is the change of curvature Ko: 


Taking this into account, Equation (4.25) may be represented in the 


Let us introduce the stress function F = Fla, 8B), such that 


O*F 


fT. -= = T. », S=— 4.27) 


” da? 


Then the first two equations of equilibrium (4.19) are satisfied 


identically and from the remaining three equations (4.19) and the equa- 
tion of compatibility (4.26), by virtue of (4.14)-(4.16) and (4.27), we 


obtain a complete set of differential equations: 


05 
+3 [as5L41 (Dix) @ + Gaglae (Dix) 9) 
11 | (kDa + KDy») 


pan (keDoo + kyl 
(k,?Dy, + 2kykeD 2 4 kD oo) — oy (- 
La (Dix) © — 4 [galas (Dix) $ + AasLr2 (Dix) G1 + 15 
12 (keDoo + kyDyo) 22 + (yD + aD ys) 


au h°? o*y 


hy Dy, 2h yk2D 2 + kD») 


,o 
ao ha 
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- C Cc « \ ad 
L, (Cu) F — Vwt(Ay St — Ay FP) (Dus + keDys) 2 


Cc Crs \ C Cc 
+[(4 3 1 — A, a (keDoo + kyDy2) 4 (415 2 A; a) (kD + 


Cc Cc 
+ (43 ot A, Az —*) (k2Doa 4 k uy sit _ 
C i12\ 0 27 | Cas Cia aZ 
— A) Sat (Ag 4) Se] 431) 


a? 
k, aa +k ra 


Cy) = 2 4 eH ( 2ou) 0 
Ly (Cix) = aa* Q 6B ' \Cy ~ 2/8a*ap? 


Thus, the problem of a very shallow shell in the form of the mixed 
method has been reduced to a system of four differential equations with 
respect to four unknown functions F, w, ¢, W. 


The pertinent values of the problem may be determined with the aid of 
Formulas (4.6)-(4.16). The tangential displacements (u, v) which enter 
into the indicated formulas may be found from the equations 


ou Ce a°F Cc 12 o~ °F — ; 
& ., Ser... wo + (4,22 — Ap“) n 4.33 
Oa Q ap? Q oa? : . 2/ ( ) 


atw 
«{5 Z+ (kyDy + k 2D 32) = a + (K2Do2 + kyDy2) | 


- kaw + (Ay “Ct — Ay at) » (4.34) 


(Doz + kyDys) 2 + (kyDyy + kaD2) | 

5. Let us consider two examples as an illustration. Without loss of 
generality in the deductions and in the calculating procedure we consider 
examples of a transversely isotropic plate and shell, assuming that at 
each point of the plate (or shell) the plane of isotropy is parallel to 
the middle plane (or surface) of the plate (or shell). The following re- 
lations are valid for the elastic constants of the material of the plate 
(or shell) [1 ]: : 

By = By, = By, + 2Bes = = a 4s By, = vE° 


i-—v 


Bes Ane yi Biz + Bes 


Bes = Bes 
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where E is the modulus of elasticity in directions in the plane of iso- 
tropy, £’. is the modulus of elasticity in directions perpendicular to 
the middle surface, v is Poisson’s ratio in the plane of isotropy, wv’. is 
Poisson’s ratio characterizing the shortening in the plane of isotropy 
accompanying extension in the y direction, G’ is the shear modulus 
characterizing the distortion of angles between directions in the plane 
of isotropy and the direction y. 


Example 1. Let a rectangular plate (ax 6) be simply supported along 
the total contour, and be subjected to a loading which is distributed on 
the surface of the plate in accordance with the law 


Z+=Z = qsin ™ sin *P, Zz 
a b 
where gq is the intensity of loading at the center of the plate (a 
1/2 6b). 


Assuming {3 } 


= Bcos = sin ai } = C sin" cos *P_, w= Asin ™ sin 8 (5.3) 
a b a b a b 


we satisfy the conditions of simple support and from the system of equa- 
tions (3.3)-(3.5) and by virtue of (5.2), (5.3) for the deflection of the 
center of the plate we obtain 


a’ 


s i i E P E 
w=, if +i @(ate)le-’ (1 + ¥) =, I 


— 12a*h*q — 
0 RE? (a* + 08) 


is the deflection of the center of the plate determined with the aid of 
the classical theory of plates, that is, with the aid of a theory which 
is based on the hypothesis of the undeformable normals. 


Examining Formula (5.4) it is easy to recognize that for certain 
values of the ratios £°/G’, E£°/E’, h/a the normal displacements, cal- 
culated on the basis of the classical theory of plates, may differ con- 
siderably from the corresponding displacements, calculated on tne basis 
of the theory advanced here. 


Indeed, the classical theory of anisotropic plates, containing an 
error of the order h? /e? as compared to unity, as could be expected, is 
completely indifferent to ratios of the type B.,/Bs<, Bi ,/Byg> B;,/B;; 
which appear in more rigorous theories of anisotropic plates with a 
numerical coefficient and the factor h? /e? and may have considerably 
larger numerical values. 
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The theory advanced here for certain boundary conditions and for 
certain loadings may also be used for the analysis of thick plates. For 
example, in the case of a thick isotropic square plate (h/a = 1/3, 
y= 0.3, « 6), when the plate is subjected to a loading which on the 
surface of the plate (y 1/2 h) is distributed in accordance with the 
law (5.2), we have the following values for the deflection of the center 
of the plate: 


Exact theory [7 ] Proposed Theory [8 } Theory [3 ] Classical 
theory theory 


W(E/qh) = 3.49 50 3.56 3.69 


It is seen that even for such a thick plate (h/a 1/3) the theory 
advanced here yields an insignificant error (of the order 0.3%). The 
error of the theory of isotropic plates of medium thickness [8] reaches 
2%, and of the approximate theory [3], which does not take into account 
the influence of normal stress O,, reaches 6%. The error of the classical 
theory, however, is equal to 35%. 


The calculations indicate that the theory presented also yields good 
results in the analysis of thick plates. However, it may not be consider- 
ed a theory of thick plates or plates of medium thickness without quali- 
fication; for indicated plates, difficulties will arise in connection 
with boundary conditions [3,9 -P 


Finally, let us indicate that the correction introduced into the 
classical theory, due to the effect of transverse shear, is more signi- 
ficant than the correction due to the effect of normal stress 0. For 
example, in the problem of the thick plate considered above, the correc- 
tion due to the effect of a is of the order of 5%, while the correction 
due to the effect of transverse shear reaches 30%. Numerous calculations, 
carried out for actual anisotropic plates, confirm the discussions ex- 
pressed above. In this connection we assume that in the analysis of thin 
anisotropic plates (and shells) all those somewhat illogical theories are 


applicable in which phenomena associated with the stress Oo, are not 


/ 


taken into account on purpose. 


Example 2. Let a very shallow, transversely isotropic, rectangular 


(in plan form) shell be simply supported along its contour and let it be 
subjected to a normally applied loading which is distributed in accord- 
ance to the law (5.2) on the surface of the shell (y = 1/2 h). In this 
example we shall neglect the influence of the stress Oy. Thus, it will 


be sufficient to assume in all equations and formulas Ay 2 0. 


Letting [ 4] 
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B cos ™% 
u = Mcos*? 


na xB 
A sin sin — 
2 0 


the conditions of free support will be satisfied and from the system of 
equations (4.-20)-(4.24) we obtain, by virtue of (5.2) and (5.5), for the 


> 


normal displacement of the center of the shell (a a/2, B= 6/2) 


i2 


5 is the normal displacement of the center of the shell, determined with 
the aid of the theory which is based on the hypothesis of undeformable 


normals. 


Examining Formulas (5.6) and (5.7), we note that with an increase in 
the rise of the shell (that is, with an increase of the ratios a R,, 
a R,, the error committed in adopting the hypothesis of undeformable 
normals is decreased. This error reaches its maximum value in the case 
of a plate (k, = I/R, = 0, k, = I/R, = 9). Here the reason for this is 
due to the fact that as the rise of the shell increases the influence of 
flexural parameters upon the state of stress of the shel! decreases, 


which means a decrease in the influence of shear force N, and N,, that 


is, of shear stresses r and rq, which produce the influence of trans- 


verse shear. Generally speaking, the smaller the influence of flexural 
phenomena upon the state of stress of the shell the smaller the *correc- 
tion* of the classical theory of shells due to phenomena of transverse 


shear. 
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If one neglects the inverse thermoelastic effect, which plays a very in- 
significant role, the problem of thermoelasticity falls into two parts, 
solved in sequence: the problem of determining the temperature field in 
the shell under given conditions of heat exchange and with given dis- 
tribution of sources of heat; and the problem of determining the stress 
and deformation. 


Let zs! and z? be the curvilinear coordinates of the mean surface of 


the shell, and let :? = z be the coordinate taken normal to the mean 
surface. Then, for the temperature T at a given point of the shell, the 
expression may be taken 


* 
7 Tl’, (x2?) + 28 (x!\2?) ‘t) 


where T) is the temperature of the mean surface, and © is the temperature 
gradient in the direction of the normal to the mean surface. The ex- 
pression (1) should be considered as a kind of analogue of the Kirchhoff- 
Love hypothesis in the theory of shells. 


The problem consists of obtaining two differential equations connect- 
ing the functions Ty and @. These same functions lead to differential 
equations for the thermoelastic deformation of the shell. Combining the 
equations, we shall obtain the entire system of equations of thermo- 
elasticity for thin shells. The particular case of such equations for 
plates has appeared in the literature [1,2 ]. A generalization of the 
equations will be given below for the case of non-stationary fields in 
shells in the presence of sources of heat; incidentally, an inaccuracy 
in one of the equations of Melan and Parkus [1] is corrected. 


We shall proceed from the variational principle for the problem of 
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heat conduction. We consider the functional 


| Lav + \ MdS) dt 


M= k (TT*—T,T 


Here c, is the specific heat, p is the density of the material, A is 
the coefficient of thermal conductivity, g is the density of thermal 
sources equal to the quantity of heat produced per unit time and unit 
volume of the body, k is the coefficient of thermal emission of the sur- 
face of the body and Ty is the temperature of the surrounding medium, 
Along with the temperature 7, the temperature T* is introduced in ex- 
pressions (3) and (4), characteristic of the process taking place in the 
reverse direction (introduction of this process is necessary in order 
that the phenomenon as a whole should be conservative). The integrals on 
the right-hand side of (2) are taken over the entire volume V of the 


body and over the surface S; t, and t, are two arbitrarily chosen in- 


0 ] 


stants of time. VT and V‘T* designate the covariant and contravariant 


derivatives with respect to the curvilinear coordinate x’. 
It is not difficult to recognize that the Ostrogradskii-Euler equa- 
tion and the natural boundary condition for the variational problem 
5I = 0 
8 aL aL aL ‘ OM 
at aT® T 7,T*)” oT? ’ + } - OT* (3) 


coincide with the equation of heat conduction and the condition of heat 
transfer on the surface S: 
OT 


Ot viv 


sj . } 7iTn,4 k(T—T,) = U (4) 
Here ni is a vector parallel to the outward-drawn normal to the sur- 
face S, 


We consider a thin shell of constant thickness h. The curvilinear co- 
ordinates of the mean surface will be designated by x" (it is assumed in 
the following that the Greek indices will take on the values 1 and 2). 
The mean surface (1) is bounded by the contour I’, The outer surface of the 
shell is designated by 0, and the inner one by {)_; the corresponding 
temperatures of the surroundings are designated by 7, and 7_. We assume 
that the thickness of the shell is sufficiently small in comparison with 
the radius of curvature that it is possible to set 2,= 2_= 1. 


Replacing the integration over the volume V by an integration through 
the thickness of the shell from —h/2 to h/2 and an integration over the 
mean surface, and the integration over the surface S by an integration 
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over (2, and {)_and over the surface of the edge of the shell, we obtain 
in place of (2) the functional 


> 
“ 
. 


\ LdQdz+\ Myd2+\MadQ+\ \ Mpa 


9 re re i 


Here M, M_ and Tr are expressions of the type of (4) for the surfaces 
Q,, Q_ and for the edge surface. In conformity with the assumption (1) 
we set T= T, + z© and T* = T° + z@*. Carrying out the integration 
with respect to z, we easily obtain 


C, ph — aT .* 
— (7. Ae 7 ) 


Ah3 


L Ah (W°7T~V7.T,* + 00*) rT 


a 


In this expression 


The former quantity is obviously the density of thermal sources per 
unit area of the mean surface; the parameter Zo plays the role of the co- 
ordinate of the "center of gravity" of the sources. For A and M_ we ob- 
tain the expressions 


i} [ToT o* le ~ HH 


Here Tr and Or are the mean temperature and temperature gradient on 
the edges. 


The equations of Ostrogradskii-Euler for the variational problem d/J=0, 
where J is determined in conformity with (5), has the form 


al 
oT o* 
al 


ot ARF 


From this we obtain the equations 
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2 : T 7 

(7,4 

cyph Cpph 
12026 6k (T,—T 


i 6 . _-4 ; 
< pph’ ( I ph? 


~¢ pPh 


where A= V% Aa, and x = A/ep is the coefficient of heat conduction. 


The natural boundary conditions 


aL oM,. aL aM, 
— nN, + = : , = n, 
(VT o*) OT o* d(7,9*) oer 


give the conditions of heat exchange on the edges of the shell: 


*T on, ! k (T9—Ty) 0, AS *On, +k(e— 0,) = 0 (8) 


We notice that the problems of determining the temperature on the 
mean surface T) and the gradient ® turn out to be completely independent 
for a thin shell. 


The special case of Equation (6) for a stationary field in a plate in 
the absence of heat sources is reported in [1,2 ] where an averaging of 
the equation of heat conduction is used. An equation analogous to Equa- 
tion (7) was derived in [1 ] in the form (according to our nomenclature) 

6k 6k (T, —T_) 
Ga : (9) 
( pph c ph* 


Thus, it does not agree with Equation (7). It is easy to see that 
Equation (9) is in error. In the case AT, = A@= 0, the temperature of 
the free surface is equal to the temperature of the surrounding medium, 
and this is in contradiction to the conditions of heat exchange on the 
surface. Equation (7) is free from this inaccuracy. 


To go over to a concrete curvilinear system of coordinates x) 
with Lamé coefficients Hy and Hy, it is sufficient to replace the 
Laplace operator according to the well-known formula 


and 5 


1 oO Hy, @ _ @ H, @ 
H,H, Ox, Hy, Or; 4 OXe Hy Ory 


For example, for a circular conical shell with vertex angle § and for 
a choice of coordinates the distance x measured from the vertex along 
the generating line, and the polar angle ¢, we obtain 
(10) 
oe | 0 


1 OT » 0T o 
ot X%\~ 7 u 


z O2 
1 ae 0) ; } 12029 6k (T, 


z . 2 2/ ? . . 3 ) 
Z ir : 2 2 oh ob coh? 
: Ps ; cpp" pe" 
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The conditions (8) on the end of the shell «x = ty have the form 


OT » 


Or 


k(T» Ty) = 0, 


Equations for temperature fields should be considered together with 
equations which describe the thermoelastic deformation in shells. Thus, 
for a shallow shell with thickness Ah, modulus of elasticity £, Poisson's 
ratio pw and thermal coefficient of expansion a in the case of deflections 
of the same order as the thickness, we obtain the system of equations 


(11) 
+ [4) \8] 


O*w \ QD Oru 
— *") 
; 


Or? i OXL,OT, OL,OTe 
f Ow 2 Pu Ou 
1 


: - ; ke ; 
\ 0L,022 Oz," Oxr?* Or," “Or; 


Here w(x), x5, t) is the normal deflection function, O( x), x5, t) is 
the tangential force function, ky and ky are the principal curvatures of 
the mean surface (it is assumed that the lines of curvature coincide with 
the coordinate lines %» = constant and s, = constant), and p(x), Xo t) 
is the external normal loading per unit mean surface. Equation (11) in- 
cludes an inertial term corresponding to normal displacements. Thus, the 
system is suitable for describing oscillations occurring with frequencies 
of the order of the natural frequencies of the normal oscillations, but 
small in comparison with the natural frequencies of the tangential 
oscillations. If, in consideration of non-stationary problems, the opera- 
tional method is used, it is convenient to deal with the functions T) 
and @ represented here rather than to go over to the original [3 ]. In 
this case, simultaneous consideration of Equations (6) and (7) with 
equations of the type of (11) and (12) is much more convenient. 


BIBLIOGRAPHY 


Melan, E. and Parkus, G., Termouprugie napriazheniia, vyzyvaemye 
stastionarnymi temperaturnymi poliami (Thermoelastic Stresses In- 
duced by Stationary Teaperature Fields). Fizmatgiz, 1958. 


Marguerre, K., Thermo-elastische Platten-Gleichungen. Zeitschr. an- 
gew. Math. Mech. Vol. 15, No. 6, 1935. 


Danilovskaia, V.I., Ob odnoi dinamicheskoi zadache termouprugosti 
(On a dynamic problem of thermoelasticity). PMWM Vol. 16, No. 3, 
1952. 


Translated by D.T.¥. 





PLASTICITY CONDITIONS FOR THIN SHELLS 


(OB USLOVII PLASTICHNOSTI DLIA TONKOSTENNYKH 
OBOLOCHEK) 


PUM Vol.24, No.2, 1960, pp. 364-366 


V.I. ROZENBLIUM 
(Leningrad) 


(Received 24 June 1959) 


Plasticity conditions (finite relation) for thin shells using the 
Kirchhoff-Love hypothesis and von Mises’ plasticity criterion were con- 
sidered in [1]. Plasticity conditions for the axisymmetrically-loaded 
cylindrical shell corresponding to the maximum shear-stress criterion 
were given in [2,3 ] and the same for the shells of revolution in [4 & 
In special cases approximate plasticity conditions are usually introduced 


which are obtained from approximating the above-mentioned exact conditions 
[2,3,5-7 ], or from other considerations, [8,9 ]. 


Using the extremum principles obtained for the three-dimensional 
rigid-plastic continuum, one can derive a sufficiently simple approximate 
condition for a general case. It appears thereby that such a general 
approximate condition contains the approximate plasticity conditions in- 
troduced by the above-mentioned authors. 


1. We shall use the following relationships expressing the stresses 
and moments in a shell: 


Clearly (1.1) is applicable if the ratio of the thickness of the shell A 
to the characteristic radius of curvature is small in comparison with 
unity. In the future we shall limit ourselves to such cases only. Let us 
consider now an element of a plate, whose sides are of unit length, load- 
ed along its edges as shown in Fig. 1. As a statically admissible stress 
field for a given element we take 
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(The z-coordinate is counted from the middle surface along a local 


normal. ) 


Introducing these magnitudes into von Mises’ plasticity condition we 
obtain 
(c S_)* + su , i (o,.27+-6..? %, 2 . 2a) 
We finally deduce relationships resulting from the lower bound estimate 


Pt + P..*+2|?P { (1.3) 


m tm 
, *re quadratic and bilinear forms 
tyte + tg* + Sts" 


> 4 
. »* ’ ‘ ? 
m mes my, ims" 


{;7™m_ — tg, 


Thereby 


From the inequality PP. > Peale indicated in [1], it follows that 


the replacement of (1.3) by the relation 


P+ P24 2P,P. = 1 (1.6) 


i m 


leads to a lower bound of the carrying capacity. 


In the PP. Plane (Pig. 2) the condition (1.6) corresponds to a 
straight line AB, 


2. We use now the well-known minimum properties [10 ] of the functional 
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r 2 
2 — ; * ; oJ : 
H = V - - + (E ww Thea tT : + Yie3"+ %s1*)] 


(the second term in (2.1) expresses the intensity of the given external 
forces). Consider now the following kinematically admissible field of 
velocity, which corresponds to a uniformly deformed state: 


~ 


Fi=e1, &:=ée, 
Thus, (2.1) becomes 


24 Lv? — (trey + tote + ty7) 


and y from 


2e; + es 


| 7 + e1¢2 + e2? 4 : 


22 + e1 


V3 V ey" + e3¢2 + €2’ +4 : 


Elimination of the ratios e,/y, e,/Y from (2.5) leads to the plasti- 
city condition p 


Va 


A iC. . 





ty? — tyte + tq? + 3ty,q? ,= (2.6) 


If, however, instead of (2.3) the strain rates are 
given in the form 








2= 2%, §3=— (Ey 1 Es), Ns = 20, Ns 
obtain the plasticity condition 
m— mms aa m,? e 3m),2= ony = 4 


Thus, the plasticity condition based on the upper-bound approximation*® 
expressed in the P.° Fn plane (Fig. 2) by the sides of the square ACB. 
is then natural to take as an approximate plasticity condition some 





Notice that the given kinematically-admissible fields in the form of 
a sum of (2.3) and (2.7) would lead to the plasticity condition [1]. 
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curve located between the lower bound AB and the upper bound ACB, The 
Simplest assumption then will be 


(2.9) 


which corresponds to the circular arc AB, 


3. We shall consider the condition (2.9) in greater detail. For the 
membrane (momentless) and for the pure bending states of stress, the 
upper and lower-bound evaluations found in Sections 1 and 2, coincide 
(points A, B in Fig. 2.) In these cases the solution (2.9) is identical 
with the plasticity condition presented in [1 ]. 


For the axisymmetrically loaded cylindrical shell (in the absence of 


the axial force) we have 
ty tis 


The expression (2.9) has the form 


; 


i,? r 


which again coincides with the limit relationship used for the solution 
of this problem in [1 F Let, for the axisymmetrical deformations of the 


shells of revolution 
P,* 


The plasticity condition (2.9) 


max {| mm, |,| 


Here, instead of (3.2), we obtain 


The next step consists of replacing a circular are (3.5) by a circum- 


scribed or inscribed polygon or a square. 
1, 7m { (3.6) 


The obtained piecewise linear plasticity condition coincides with the 
condition developed in [7,11 l, where it was assumed in addition, that 
"= 0. The relationships (3.4) and (3.6) include the plasticity square 
for the axisymmetrically and axially loaded cylindrical shell. The axial 





V.I. Rozenbliua 


force was introduced in [3 ] and in a series of other works. 


In conclusion, we note that the energy theorems obtained in [9 ] for 
a somewhat different plasticity condition can be easily extended to the 
plasticity condition expressed by (3.2). 
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This paper presents a general expression for the stress function in terms 
of complex variables. Certain states of stress are used to illustrate the 
method. In the case of an elasto-plastic problem the introduction of 
complex variables permits an investigation of the link between the 
elastic and the plastic stress functions. 


1. For the determination of the state of stress in a plastic region 
for plane strain of a perfectly plastic body we make use of the equations 


and the boundary conditions 


[s,. cos (nz) + 7) cs (ny)], X. (s), [+ COS (nz) + 


where y denotes the boundary of the plastic region and s is the arc 
length along the contour y. 


We will introduce the stress function Fy by the formulas 


AF, OF 


ge ’ 
oy* oxr* 


Equations (1.1) will then be satisfied indentically, and for the de- 
termination of the function Fy there remains Equation (1.2). In changing 
to complex variables, we note that (1.2) may be written in the form 


MM = 4k?, M 


On the other hand, one has 
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Thus, (1.2) takes on the form 


4 k? 


O*F, O*F, 


0z* O22 


Introducing the function F by the formula 
a 


we obtain the equation for the determination of the stress function in 
plastic region 


The boundary conditions (1.3) now reduce to [1 ] 


s 


Zs), f(s V(X, + tY,,) ds + const 


It follows from (1.6) that 


O° F f 
exp (210 
Oz* Pi 


where 6 = @(2z, z) is an arbitrary real function. Integrating (1.8), 
obtain the general solution of (1.6) 


F(z, z \@n\ exp [216 te s)ld 5 (: 1! 


where @(z) and y(z) are arbitrary analytic functions. For the solution 
to have physical meaning, i.e. for it to correspond to some state of 
stress, one must impose the condition that the function F is real: 

(1.10) 


( dn \ exp [2i0 (E, z)] dé L 2@ (2) + x (2 \ dy \ exp [— 21 


* 


Ze Ne Y 


For given functions 0(z, z) the solution (1.9) is determined by the 
condition (1.10) exactly, within a term pzz (where p is real) which cor- 
responds to the presence of hydrostatic pressure. For the solution of 
concrete boundary-value problems one has to impose on the solution (1.9), 


in order that the requirement (1.10) be fulfilled, the boundary condition 
in the form 
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re 
\\ exp [— 210 (z, &)] dé 


We note that between the angle of inclination a of a slip line to the 
z-axis and the function @(z, z), at every point of the region of plasti- 
city, there exists the relationship 


6+a4 - 


2. Consider next the state of stress for specific functions @(z, 


1) For 6 = a (a = const) we obtain 


1 ’ ; 
F = > exp (2 a) 2? + — exp (— 2ia) 2? 


cos 2a, —— = p+ cos2a, 


This solution corresponds to a homogeneous stress field. 


2) Por 6 =—%+a (a = const, z= re'®) 


F = exp (2ia) zz (Inz — 1) + exp (- 
Here the following versions are possible: 


a) Axisymmetric stress distribution [2] 


z In r? — 1 


Stress distribution [2 ] in a wedge (a 


3 : 
ain tn an 29 & BD. ° 
k k 


Superposition of the preceding stress fields | 3 


; cos 2a (In r? 1) — 28 sin 2a 


a 


. cos 2a (In r* + 1) — 28sin 24 
x 
ition 


The general case of axisymmetric stress distrit 


we obtain 
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For this 


4) Por 6 = 1/2 sin 


Such a stress distribution will occur in a strip (—1/2 < y < + 1/2), 
compressed by rough plates [3]. 


] 


5) For 6 = — ®+ 1/2 sin (1 + 


This is a new particular solution of the equilibrium equations (1.1) 


and the von Mises condition (1.2). 


3. In the case of elasto-plastic problems we have for the determina- 
tion of the stress functions the following equations: 


In the elastic region 


In the plastic region 


exp [2:0 
— 


< 


On the dividing lines between the elastic and plastic zones one has 


°o 
to use the condition of continuity of the first derivatives of F and F, 


Since the stress functions F must be real, it follows from (1.9) that it 
may be represented in the form 
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, 2) = 2 Relz@ (z) + x (2)), . \ dn, \ exp [2i0 


° le 


and x(z, z) is a real function. The function x(z, z) must vanish at the 
interface and in the elastic region. The condition of continuity of the 
derivatives of the stress functions on the boundary may be satisfied by 
letting 


and its first derivatives with respect to z, z at the interface and in 
the elastic region vanish, i.e. the solution is continued analytically 
from the elastic into the plastic region. 


For this fulfilment of the boundary conditions the function «x(z, 2z) 
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Consider a thin body immersed in a uniform stream with velocity V of an 

ideal gas with infinite electric conductivity in presence of a magnetic 

field H parallel to V (Pig. 1). Such a flow is characterized by two di- 
mensionless parameters: the Mach 
number M and the ratio NW of Alfven’s 
speed H/V4mp to the speed of sound 


Kp/p. 


When W/yvy 1 + nN? < M< min(1, ) 
(the quasihyperbolic region) the flow 
is of the hyperbolic type [1 ]. Kogan 
[1 ] gave the solution of the magneto- 
hydrodynamic equations for the flow 
around the body subject to the conditions of zero flow-through at the 


body, of vanishing disturbances at infinity and of entropy increase in 
shock waves. In that solution shock waves propagate upstream as shown in 
Fig. 1. 


We note that the now-established fact of upstream propagation of 
shock waves in subsonic hyperbolic flows [1] went unnoticed by a number 
of authors. Thus, in his study of magnetohydrodynamic shocks which is 
similar to that of [2], Cabannes [3 -F having found waves with angles 
exceeding 90°, remarks that, in his opinion, the waves cannot spread up- 
stream and ascribes them to a flow angle greater than 180°, in which case 
the wave would spread downstream. 


In |4] Sears reported on some results of Ressler’s studies of gas 
flows past thin profiles with infinite electrical conductivity in the 
presence of a magnetic field parallel to the stream velocity. One and 
the same solution was presented for the subsonic and supersonic hyper- 
bolic flows, i.e. it was assumed that in both cases the shock waves 
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propagate downstream as in ordinary gasdynamics, which led to incorrect 
expressions for velocities and forces in the subsonic region.* 


We will show that the solution of Pig. 1 is unique. In this flow field 
there are two families of characteristics corresponding to the incli- 
nations 

V 
Ti 


The characteristics with positive values of tan @ will be considered 
as belonging to the first family. The relationships valid along the 
characteristics have the forn [ 1 } 


(M? 2) | cen | dd — N%d In JI in} 
where } is the angle of local velocity and p the pressure. When the dis- 
turbances are small, we can neglect changes in entropy (which are of the 


order of $3) and obtain 
(Ay? V2) [tan® | /9 1 {M2 


Since in the last analysis MW and W are functions of VY, Equations (3) 
determine in the hodograph plane two families of curves which we shall 
call epicycloids in analogy with ordinary gasdynamics. As in the ordinary 
gasdynamical case, the shock polar and the epicycloids coincide in the 
linear and in the second-order approximations. 


Consider an arbitrary point in the flow field or on the boundary of 
the body. Two characteristics pass through such a point. Altogether there 
are four possibilities: 


a) Both characteristics come from infinity. 


b) The characteristic of the first family comes from infinity down- 
stream of the body, and the characteristic of the second family ends at 
the shock wave. 


c) The characteristic of the first family ends at the shock wave and 
the characteristic of the second family goes to infinity upstream of the 
body. 


d) Both characteristics«run into the shock wave. 


* It is true, however, that a later version of the same report [5] con- 
tains a sentence calling attention to upstream propagation of flow 
disturbances. Yet the solutions themselves were not changed. 
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The question of uniqueness consists essentially of the clarification 
of which of the four cases occurs in reality. 


In [1,2 ] it was shown that if the entropy increases in the quasi- 
hyperbolic flow field under study, the deflection of the stream corre- 
sponding to a positive angle $ occurs in shock waves with angles o > w/2 
(defined as a wave of second type). For shock waves with angles o < w/2 
the stream turns with a negative deflection angle ? (defined as a wave 


of first type). 


A shock wave is completely determined when, 
alongside the scalar quantities which fix the 
strength of the wave, we are given the direc- 
tion of propagation or of weakening of the 
shock. This direction can be ascertained from 
the characteristics running into the shock 
wave. For the present case, the nature of the 
approach of the characteristics to the shock 
wave is shown in Fig. 2, where the arrows in- 
dicate the direction of the shock. 


Let us suppose that in the flow under scrutiny there is a shock wave 
of the first type (o < 7/2). Then the characteristics of the first family 
running into the shock can come only from infinity; as waves of the 
second type these characteristics go through and cannot run into the 


shock wave of the first type again, as can be seen from the geometry. 


Consequently, in the hodograph plane the points which correspond to 
velocities before and after the shock must both lie on the same epi- 
cycloid of the first family. On the other hand, velocities before and 
after the shock must lie on the shock polar, which to the adopted accuracy 
coincides with the epicycloid of the second family. Clearly, two points 
cannot lie simultaneously on two curves which intersect only once in the 
region under study. Therefore, outgoing shock waves of the first type 
cannot exist in the present flow field. Such shock waves can come toward 
the body only when caused by an extraneous generator. 


Therefore, the third and fourth of the listed flow models cannot be 
realized. The first case appears trivial and can obviously be realized 


only in an undisturbed stream. 


Consequently, the solution of [1] which is according to the flow 


model No. 2 is unique. 


The disturbances which propagate upstream then correspond to a flow 
which appears undisturbed to first and second order downstream of the 
body. To a third order of approximation, the flow downstream of the body 
is disturbed because of the entropy rise across the shock wave. 
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This investigation deals with three-dimensional mixed flows of an ideal 
gas in Laval nozzles. The study is concerned particularly with the form 
of the surface of transition in the case when the velocity at the center 
of the flow approaches the velocity of sound, while the derivative of 
the velocity in the direction of the canal axis at that point vanishes. 
A theorem is derived which is a generalization for three-dimensional 
motion of a well-known theorem of Frankl and Gortler, valid in the cases 
of plane-parallel and axisymmetrical gas streams [1,2 ]. On the basis of 
this theorem two possible types of flows in the neighborhood of the 
throat of a nozzle, and the possibility of transition of one type into 
the other are discussed. 


1. The equations describing three-dimensional irrotational isentropic 
flows of an ideal gas in a cartesian coordinate system have the form 


7 a) “]) . o aD 
lu ) - = yp?) + w*) 


? avu 
oz oy" z° or dz ov oz 


arse) ; oe aD 


where a is the velocity of sound, « is the exponent of the Poisson 
adiabatic, ® is the potential, u, v and » are the vector components of 
the velocity q along the x-, y- and z-axes respectively. The system of 


units is chosen in such a manner as to make the magnitude of critical 
velocity a= 1. 


Using Equations (1.2) and (1.3), we will write Equation (1.1) in the 
form 
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+. — 


(am _a@® s' _ Dag? , Dag? , AD Aq? 
; Or Or Oy dy az Oz 


(x + 1)— (x — 1) q? + 
Ut q I\ ez y? 02" 


It is known that in the region of the throat of the Laval nozzle either 
of two types of mixed flows may exist. In the first, in the subsonic 
velocity field, there are local supersonic zones, adjacent to the walls 
of a canal (Taylor’s flows); in the second, the velocity varies from sub- 


sonic to supersonic as it passes through the throat of the nozzle 
(Meyer’s flow). Plane and axisymmetrical gas flows of both types were the 
subjects of investigation of several papers [1-10 ]; analogous three- 
dimensional problems were investigated by the author [ 11,12 a 


In the present paper we are investigating the conditions under which 
the supersonic zones which are adjacent to the walls of the nozzle are 
joined on the axis of the channel and how the transition from mixed 
three-dimensional gas motion of the Taylor type to the Meyer flow takes 
place. For this we shall investigate a stream which will be assumed to 
have two mutually perpendicular planes of symmetry in the region of the 
sonic surface. The straight line along which these planes intersect co- 
incides with the axis of the channel and we shall also let it be co- 
incident with the x-axis. We will assume in what follows that the direc- 
tion of the velocity vector of the main flow of a gas is along this axis, 
also at the origin of the coordinate system its magnitude approaches the 
velocity of sound. Thus, the point x= y= z= 0 is the point of inter- 
section of the channel axis with the surface of transition, i.e. it is 
the center of the flow [6 ]. 


In [8,9,12 ] solutions were obtained describing a limiting case of 
the Taylor flow in which local supersonic zones join on the axis of the 
nozzle in such a way that the sonic surface is orthogonal to this axis. 
The corresponding flow pattern is not unique in the three-dimensional 
motions of gas. We shall investigate, therefore, the possibility of an- 
other type of limiting Taylor flow where the transition surface from 
subsonic to supersonic velocities is tangent to the x-axis at the center 
of the nozzle. In this case it is necessary that 


Ou | Ox 0 when 2z y z 0 


We shall consider the consequences derived from the condition (1.5). 
Assuming the stream to be analytical, we shall expand, in accordance with 
the representation above, the expression for the velocity potential ® in 
the form of a power series 


where the coefficients 2000" and Sooo are given by the relationships 
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Son - Ses0 = 0 (1.7) 


Substituting the series (1.6) into the equation of motion (1.4) and 
equating in the expression thus obtained the terms with the same powers 
x, y and z, it is possible to establish relationships which connect the 


coefficients 2) om 2n°* 
, 9@ 


The equation obtained through correlation of the coefficients of 


Pd has the form 


2. Equation (1.8) which correlates the coefficients 2) 2 2n of the 


solution (1.6) is the unique description of the gas flow in the region 

of its center (the shape of the nozzle is not given a priori). Before we 
begin their detailed study, we shall investigate certain basic qualita- 
tive peculiarities of three-dimensional motions. For this we shall limit 
the number of terms in the expansion (1.6) to the fourth order inclusive. 
From the first five terms of Equation (1.8) we have 


In a sufficiently small region of the plane x 0, containing the 
origin of the coordinates, coefficients 2520 and @502 characterize the 
magnitudes of the cross-sectional components of the stream velocity. In 
the same region the coefficients 2120 2102 % 20 and Go99 Sive the 


values of the first and the second derivatives of the components wv and » 
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along the x-axis, and determine the direction of the gas velocity near 
the plane 0. 


From Equations (2.1) there follows that the quantities 29 20 and ®992° 


120 and 21092" and 2509 and Gog9 are of opposite sign. 


Thus, in the plane zx 0 and near it, one of the cross-sectional conm- 
ponents of the particle velocity is directed to the center of the flow, 
the other away from it, i.e. in one of the two planes of symmetry of gas 
motion the stream converges, in the other, it diverges. This picture is 
a distinguishing feature of three-dimensional flows, as in the plane and 
axisymmetrical motions a similar structure of the velocity field is im- 
possible also because of the condition (1.5), as it is shown in | 3 | 
that all the coefficients ® on, 2n% 5G kh 3 oe a Be Ge eee De 
except ang 1, become zero. Moreover, in this latter case the sonic 
surface becomes plane, namely, perpendicular to the axis of the channel, 
and within that surface any cross-sectional component f the stream velo- 
city vanishes. In the general case of three-dimensional flows, solely as 
a consequence of condition (1.5), an infinite system of equations (1.8) 
is established, the first of which are Equations (2.1) and (2.2). 


If we require, however, that in the first quadrant f the plane x 0 
; “ o 


“ ~ an. a 9 9 
the quantities v and w», dv/dx, OufOx, O*v/dx* and o*ws/cex* are to have the 
same signs, excluding a reversal of sign, i.e. that in this region of the 
plane in all directions either convergence or divergence takes place, 


then from Equations (2.1) and (2.2) we obtain immediately 


If one develops the expansion (1.6) for the ial ® to the next 
higher terms (up to sixth order included), it ay t hown that in this 


case also 


Thus, in the approximation considered in this parag ph the sonic sur- 
face is, as in the case of plane and axisymmetrical f , @ plane per- 
pendicular to the axis of the channel. Both cross-secti al components 

f the gas-particle velocity vanish in this plane and, moreover, 
0. Note that the assumptions about the sigr f functions wv and 
Ox and dvs/dx, a7. 2 and 075 Ox? made above d t constitute a 
Significant limitation, since in real nozzles convergence of the stream 
takes place in all directions up to the c sal cr s-section and after 


this, divergence. 


3. We shall prove now the theorem pertainir three-dimensiona] 
supersonic flows which serves as a strict pr f the results obtained 


in the preceding paragraph. 
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Theoren. Let a flow of an ideal gas be given, which has two mutually 
perpendicular planes of symmetry y = 0 and z = O and which is analytical 
at the point x = = zg = 0 and in some region K about this point. 
Further, let the stream velocity u(x, 0, 0) along the x-axis approach 
the local velocity of sound at the point x= 0, also let the derivative 
of the velocity there vanish: 


1, Ou | Oz for z 2 } (3.1) 


Finally, let the quantities vw and », dv/dx and dwe/dx d*y/dz? and 
07 8/dx? have the same signs in the first quadrant of the plane z= 0 


without reversal of sign. 


For all y and z in K we then have 
u (0, y, z) 1, Ou (0, y, z)/ Oa 


From the assumptions of the theorem, Equations (1.7) are derived. To- 
gether with (2.3), we have 


4000 4920 4002 U, 4100 
Equations (3.2) lead to the system 


25 am,2n 


for all x, y, z within K, with the exception of 2109 = l. The proof of 
the relationships (3.4) will be carried out by the method of exact 
mathematical induction. For this purpose we shall make the following 
assumptions: 


for n 


(with the exception of a = and we shall show that Formulas (3.5) 
are valid also for a+n”n=0a, 


In Equation (1.8) we shall assume A 
using system (3.5), we obtain 


We shall write the expression which contains terms of the order of 
2o0- 1, and which are included in the expansions of functions v(0, y,z), 
#(0, y, 2), Ov(0, y, 2)/Ox, Aw(0, y, 2)/dx, 07¥(0, y, 2)/0x? and 079(0, 
y» z)/dx*, in the form of power series 
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In accordance with the requirement (3.5), Formulas (3.7) give the 
first terms of the expansions of the corresponding functions. Because in 
the first quadrant of the plane x = 0 the components of the stream velo- 
city vw and w» and their first two derivatives with respect to «x must, 
according to the assumption, have the same signs without reversal, the 
constants 


a. 0,20’ 


also must be of the same signs. But this condition contradicts the re- 
lationships (3.6). Hence, it follows that it is necessary that 


Q~ oy ov 0 (p+y oc. t 0, 1, 2) (3 8) 


except ¢@)599 = 1. Since for 0 = 1 and o = 2 Equations (3.5) are identical 
with Equations (3.3), the theorem is fully proven. Note that in the case 
of plane flows and of flows with axial symmetry the conditions isposed 

on the signs of functions v(0, y, z) and w(0, y, z) and on their first 
derivatives with respect to x are fulfilled automatically. Thus, the 
theorem proven in this paragraph is a generalization for three-dimension- 


al gas flows of the results of Frankl and Gortler [1,2]. 


4. As has been shown, the condition (3.1) in the general case of 
three-dimensional flows of a gas does not lead to the case that the sur- 
face of transition passing through the center of the flow becomes plane. 
Only if additional requirements are imposed, i.e. if a stream is sub- 
jected to either convergence or divergence from all sides in the region 
of the plane z= 0, are Formulas (3.2) the consequence of condition (3.1). 
In this case the velocity is equal to the sound velocity throughout the 
plane x= O while the cross-sectional velocity components vanish. More- 
over, for x= 0 the derivatives dv/dxs, de/dz, d*v/dx? and d*s/dx* also 
become zero. But since the walls of the channel are formed by the stream 
lines, analytical mixed flows with a plane transition surface from sub- 
sonic to supersonic velocities are possible only in special nozzles with 
sufficientiy gradual variation of the form of the walls in the region of 
the critical cross-section. Therefore, for the merging of the local 
supersonic zones at the nozzle axis, which are adjacent to its walls, 
the derivative du/dx, generally speaking, is not equal to zero in the 
center of the flow, except when the stream is subjected to convergence 
in all directions up to the critical cross-section and thereafter to di- 
vergence. Corresponding solutions of the equations of gas motion have 
been studied earlier, where it was shown that in this case the region of 
supersonic velocities is bounded by the two surfaces which are orthogonal 
to the nozzle axis at the point of intersection with it and mutually 
tangent at this point [12 }. 


In conclusion we shall note that only analytical flows have been con- 
sidered here. The derived relations are not valid for flows with dis- 
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continuities in the derivatives of the velocity components. 
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An exact solution is presented of the problem of the velocity and tempe- 
rature distributions near a cylinder placed lengthwise in the stream of 

a viscous incompressible fluid, the velocity of which is given in the 

in the presence of distributed boundary-layer suction, 


2 
o” * 


form U = Uy + @ 


1. The dynamic boundary layer on the cylinder. We shall investigate 
the problem of the distribution of velocities and temperatures near a 
heated cylinder of radius a placed lengthwise in an inhomogeneous stream 
of a viscous incompressible fluid, the velocity of which is given in the 
form 


(1.1) 


where Uy and @y are constants, in the presence of steady boundary-layer 
suction, the intensity of which is assumed constant. 


If we assume that the flow is steady and axially symmetrical and that 
the velocity components and temperature distributions are independent of 
the z coordinate directed along the cylinder axis in the direction of 
the flow, then the Navier-Stokes equations have the fore 


.- 


dfid 


ir ) 


where A is the coefficient of heat conductivity, g is the gravitational 
constant, v is the kinematic viscosity, p is the density, yw is the 
absolute viscosity, Cp is the specific heat of the medium, p is the 
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pressure, and u and w are the velocity components along the z- and r-axes, 
respectively. It is easy to see that the solution of the first three 
equations of this system that satisfy the boundary conditions 

(1.4) 


for r a, 
has the form 


R* + 8 (R?— R*), 


where for abbreviation tke following notation is introduced: 


J 
r 04 


Roa “#@, staume 


a ’ U v 


R 


and p, is an arbitrary constant. 


The shear stress due to friction at the wall r is determined by the 


0 
following relation: 


= » 20/3 (2—k) —k] (1.7) 
a a 


Hence, it follows immediately that the flow remains attached to the 
circular cylinder only if the condition B(2 — kt) —- k > O is fulfilled, 
i.e. for a particular relationship between the exhaust velocity and the 
order of inhomogeneity of the oncoming stream. 


Usually, boundary-layer suction is used to diminish the friction re- 
sistance by moving the transition point from laminar to turbulent bound- 
ary layer downstream. Consequently, in practice, large Reynolds numbers 
are of main interest, i.e. large k values (absolute magnitude). Then it 
follows from (1.5) and (1.7) that even a comparatively weak inhomogeneity 
of the oncoming stream will have a noticeable influence on the distribu- 
tion of velocities and the shear stress at the wall. This is illustrated 
in the figure, in the upper part of which are shown the profiles of the 
velocities v/U, in the boundary layer at the cylinder, calculated from 
Formula (1.5) for k = 100, for the three values of vorticity of the on- 
coming stream 8 = —0.1, 0 and 0.1, 


2. Thermal boundary layer on the cylinder. If we substitute (1.5) and 
(1.3) and take into account (1.6), then we obtain the following differ- 
ential equation for the determination of temperature distribution near a 
heated cylinder: 


l a 2 2% | ks d& % oa \ 3 j ! 3)2 A2RrA 2 (2 1) 
R aR\ aR) R aR ] 
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the solution of which depends on definite heat boundary conditions; here 


ge, , 
—— ’ o=—— (Prandtl Number) (2.2) 
Ug" / 2gc,, A 
The thermometer problea. If we assume that the conduction of heat from 
the wall to the fluid is zero, i.e. d&/dR = 0 for R= 1, then the solu- 
tion of Equation (2.1) which satisfies this condition may be written in 


the following form: 


“« 
So 


o—9 zo” _[ 4 Ree — Re) "5 


88 (1 + 3) [ ko Rete _ po]. of 
kt+2—ks [k+2 
where %, is some characteristic temperature. 


From the last equation it is easy to see that at a sufficient distance 
from the cylinder there exists a cross-stream temperature drop of the 
following magnitude: 


(2.4) 


i.e. an inhomogeneity of velocity field in an oncoming stream causes the 
inhomogeneity of the temperature field. We shall now determine the proper 


temperature of the wall T.. Assuming R= 1 in (2.3) and taking into 
account (1.6) and (2.2), we have 


ge (k — 2)? 


2gc,, "e+2 * RT? | 
Consequently, the difference between proper temperature Se and T> is 
a function of the temperature of adiabatic compression, the exhaust velo- 
city and of the inhomogeneity of the oncoming stream, but it does not 
depend upon the Prandtl number. 


Note that for large Reynolds numbers |#| >> 1, therefore expression 
(2.5) may be approximately written in the form 


(2.6) 
28Cy 


i.e. a relatively small inhomogeneity of the oncoming stream may have a 
substantial influence on the proper temperature of the wall. 


The cooling problea. The boundary condition at the wall in this case 
is given by 


§=%,where R 
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and the solution of Equation (2.1), which satisfies this condition, has 
the form 


cS?" (Rt — R%*) = 4 2 Romy 


: AS 


(R*r2 R®") 
- ko) 


In conclusion, we shall investigate the question of the direction of 
thermal conductivity, i.e. whether the heat is transferred from the wall 
to the moving fluid or vice versa. For this we shall determine the sign 
of the temperature gradient near the wall. After differentiating Equation 
(2.8) with respect to R and substituting R= 1 into the equation thus 
obtained, we have 


do ok (8; — 9) - 


dR ir : 


If d9 /dR < 0 for R= 1, then the heat transfer is from the cylinder 
to the fluid, and, conversely, if d8/dR> 0 for R= 1, then the heat 
transfer is from the fluid to the cylinder. Consequently, the following 
inequality serves as a criterion of the heat flow from the heated cylinder 
to the moving fluid (or vice versa): 


42 hon? R3 1. f ove 1 Ue" 
T—T, 83 (1 +B) 4 4.32 |] Zot 
k : k+2 ge 
p 
or, using (2.5), as in the case of a disk immersed in a potential stream, 


we have 


T; " "—T7, (heated wall — fluid) 





Longitudinal flow past a cylinder 


From the expressions (2.11) and (2.6) it follows that the inhomogeneity 
of an oncoming stream may substantially increase or, conversely, decrease 
the cooling action of the fluid flowing past a cylinder. In essence, 
everything will depend on the sign of the inhomogeneity of the oncoming 
stream B. For 8 < 0 the t2mperature gradient and the thickness of the 
thermal boundary layer will be smaller than in the case of the cylinder 
immersed in a potential stream, and, conversely, for > 0 they will be 
greater. This may be illustrated by the distribution of the temperatures 
9—9%, in the boundary layer, shown in the lower part of the figure, cal- 
culated from Formula (2.8) for » = 10~*, R= 10~°, %=% and o = 0.72 
for the three values of vorticity of the oncoming stream § = —0.1, 0 and 
0.1. 


Translated by J.R.¥. 
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The flows of the type indicated in the title may take place at the point 
of impact of a liquid jet upon a rock, in the buckets of Pelton-type 
hydraulic turbines, etc. 


We shall introduce curvilinear coordinates i+ %_ On the surface of a 


body, where the coordinate lines are to be directed along the lines of 
main curvature. 


The third coordinate 


(ft) 


is equal to the length of the normal measured from the surface of a solid 
body. 


Then we obtain a system of orthogonal coordinates. A linear element 
here is equal to 


ds V H,*dz,?4+-H,*dr,*+4 H;%dz,* V Hydz,* + Hdx,? — dh* 
Let the free surface of the flow be given by the equation 
h h (21, Ze) 


The quantity A° is taken to be small of the first order. On this sur- 
face the pressure is atmospheric and, consequently, the stream velocity 
is constant. Consequently, on the free surface we have 
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On the solid surface (5 = 0) we have 
(>) 
therefore, the last term on the right-hand side of Equation (4) is small, 
it is of the second order and may be omitted. Therefore, we have 
| OG 


H,* \ dx, 
Let us consider further the limiting case of zero thickness of the 
fluid layer. In this case we have a limiting value 
SC Go (21, 22) 
This function is determined from the first-order equation 


j °Fo = 


H? \ Ore 


which can be solved by known methods (see [1 -B Chap. 9, 5). This solu- 
tion may be extended to apply to the region of flow close to the surface 
on the basis of the equation 


, HH; d¢ 0 (/ HsH, Oc, 0 HH, Ig 
[ j 


TT \ H, ox, Ore\ He Ore Ox5\. Hs 


and the initial condition 


for Is 


Then the function ¢ is presented in the form 


where 9) is small of the first order. Substituting expression (11) into 
(6) and using Equation (8), we obtain 


*1 


\H;? 


where Ki» Ko are the main curvatures of the solid surface. 


The thickness of the layer #° (x , 5) is obtained from the equation 
of continuity. 


Let dn be the distance between two streamlines, indefinitely closely 
adjacent on the solid surface, dV the volume rate of flow between the 
stream surfaces formed in first approximation by the normals to the sur- 
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face intersecting with these streamlines. Then we have 


1 dVi 


dV, or 
w dan 


Then, up to an error of the second order, the velocity w» may be re- 
placed by the constant value of zero approximation vw, and the streamline 
may be determined by zero approximation, i.e. on the basis of Equation 
(8). And so we have 


This expression is substituted in Equation (12); thereupon it is trans- 
formed into a first-order equation and solved by known methods (see [1 - 
Chap. 3, 3). 


To calculate the pressure on the surface of the body, a solution of 
Equation (12) is not necessary, because in the first approximation 


where Po is atmospheric pressure Ky and Ko are the main curvatures. It 
should be remembered that A° is small of the first order and, therefore, 


when taking into account >, a correction is obtained which is small of 


second order. 
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Consider a fluid bounded above by a free surface and below by a rigid 
Plane inclined at an angle a to the horizontal (see figure). 


We shall assume that the flow proceeds in the direction of the x-axis, 
whilst the y-axis is along the upward normal. After rendering the vari- 
ables dimensionless by reference to the 
mean depth of the stream A and the accelera- 
tion due to gravity g, we have the following 
equations describing the motion of the 
viscous fluid [1 |: 


2 * , 
ar ab 3g / 2 ‘ 


¥ _ - - o 
Otdoy Oy Oxdy r Oy? :, Hl oy 
= *! . P 2! ‘ A 


Olox Oy or? Or Ordy H az 


on mu 1h 
H = =4 


Oy’ ' _—” 7) 


Horizontal 


Here Ww is the stream function, uw and wv are the components of velocity 
parallel to the x- and y-axes respectively, p is the pressure, and #H is 
the "viscous depth". 


Eliminating p from Equations (1) we obtain the following equation for 
the stream function: 


ot Ou ox Ou oy H 


At the bottom we have two kinematic boundary conditions 


> const, QO when y 
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At the surface y = 7, we have one kinematic 


, OY 


- P 


9.) 9.1 
ow , o*y 


Oy? Ox? 


It is well known that an exact solution of Equations (1) is the flow 
parallel to the x-axis 


= sin a (y*? — ; y*), cos a (y — 1) 


with the discharge (q in dimensional variables) 


. H sina gh? sin a 
2 = Yolymo eee - ay 
It is not difficult, however, to show that such a flow is unstable for 


a certain relation between H and a. Let us set 
Y=Yot P=Pot Pr R=1+% 
where Wy. Py and mn, are certain small perturbations. We shall consider 


perturbations of long wave type: 


di 9 (y) eb t(x ct) "= neis(=—et) 

By virtue of the assumptions which have been made concerning the 
character of the perturbations, « is a small quantity. Such an assumption 
is physically justifiable, since in "viscous" media oscillations with 
high frequency (short wave-length) are quickly damped out. 


Let us substitute (7) into Equation (1) and into the boundary condi- 
tions (3)-(6) (and let condition (5) be first differentiated along the 
free surface). Discarding terms of the second order of smallness, we have 
for d(y) the ordinary differential equation 


13, 
a*y 

+. jell 2 © 
dy 


1 oH sin a) Lo’ (1 


1,H sina), o” (1) nif sina 


For the sake of brevity in the equations we do not write down terms 


Oe 7), since the solution of Equation (8) will be sought in the form of 
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a power series in ¢ in which we shall restrict ourselves to the first 
power. This is legitimate by virtue of the fact that the equation does 
not contain « in the highest derivative and the boundary conditions do 
not degenerate when « + 0. 


The general solution of Equation (8) can be written as 


a "101 Ceoe2 Cs03 C 10) 


aa 


where $; are four linearly independent particular solutions of Equation 
(8); for these functions, let us take 


ieHcy* | ieH* sin ay® 
12 60 
ieHcy?® icH? sin ay® cH* sina 


20 ' 60 : Ry 


y Ole), Y 

By virtue of the first two of conditions (9), we have C, = C,= 0. 
After substituting (10) and (11) in the remaining boundary conditions 
we obtain a system of three linear equations relating the three unknowns 
Cs. C,. and n. For the system to be soluble it is necessary and suffi- 


cient that the determinant of the equations 


tell icH? sina eH icH? sin a HT sin a 
12 60 0) 70 y 
0 6 cH cosa 


oe 2ieH? sin a i dee 


cil* sin a 


2 
) 


elt 


Substituting c= F + iA and separating the real and imaginary parts, 
we obtain (to accuracy ¢) 


H/T sin a, ® cH* sin? a | cH cosa v 
15 3 } gh 
Here F is the Froude number. The first condition relates the velocity 
of propagation of the wave to the depth of the fluid 


gh® sina 


Here u, and u ax *re the mean and maximum velocities of the parallel 
flow. The parallel flow is unstable if A> 0, i.e. 


*. H*sin?a > cosa 


5 


With allowance for the capillary effect the condition for instability 
takes the form 


2 H* sin? a 


o 


where a, is the dimensionless surface-tension coefficient and 2m7/e is 
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the dimensionless wave-length. 
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In [1 ] Golitsyn and Staniukovich have analysed the equations of one- 
dimensional flow of a compressible conducting gas in the presence of a 
transverse magnetic field. 


Below we carry out the integration of their system of equations for 
the case of one-dimensional steady flow of a conducting perfect gas in 
the presence of a transverse magnetic field H. The viscosity and thermal 
conductivity of the gas are neglected. The axis of x is in the direction 
of flow of the gas. At the section x = 0 the parameters of state of the 
gas, its velocity and the strength of the magnetic field are given, i.e, 


H H, when 


Let us assume that the currents flowing in the gas are connected to 
earth, so that spatial electric charges do not arise and electric fields 
are absent. 


Let us take for our references of coordinate x, velocity of the gas u, 
pressure p, density p, temperature T and strength of magnetic field H, 
respectively, the quantities L, Uys Por Po» T, and Hy. where L is a 
characteristic dimension. In what follows we shall assume that all quan- 
tities are dimensionless without having recourse to a special notation. 


Then the fundamental equations of the problem in dimensionless form 


are 


dp 
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Uy? r ? nu, 


2 = c S a» 
My kpo Do ’ " , Polo? 


R,, suu,Ll (4) 


The boundary conditions of problem (1) in dimensionless terms have the 
form 
H=1 when x 0 


From Equations (2) we find two integrals of the system 


| { S 
2 'Me * 2: 


+ |Me P+? 

Eliminating the temperature T from the first two equations of (3), and 
then the pressure p from the resulting equation by means of the first of 
Equations (2) and (6), we obtain the equation 


S dH 
a ju4 a 


Integrating the third equation (3) with the boundary condition H= 1 
when x = 0, we find an expression for the strength of the magnetic field 
in terms of the velocity of the gas 


x 
\ 


H = exp(R,, \ udz) 


/ 
0 


Substituting (8) in (7), we obtain the equation 


k+1 du afs _ 
, & \z dz > u exp (2Ry | u ix) | (9) 


Integrating (9) with the boundary condition uw = 1 when x = 0, we have 
af k 1 I 1 
Ap \ 2H, \ udx Su | hu— - 2 r ; : (10) 


Let us introduce the characteristic velocities 


1)? + Sk (k 4 kh V (hh 
k + 1 


which are the roots of the equation 
2kh 
rt he 
Then Equation (10) has the form 


. 
- 


exp|2f., \ udz 


U 


(kh + 1) (% uy) (u 


Sku 
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Taking logarithms and then differentiating Equation (13), we obtain 


-~ ull 2 My) (4 
" ~ — (14) 
u(t 
Integrating (14) and making 
velocity, we find that 


uy l“ 


‘ 
2h. 2 T ln 
m u (1 uy) Us u (1 


Equation (14) can be rewritten in the form 


u* dye 


uy) (u 


When My > 1 we obtain a continuous deceleration of the stream from the 


number M= 1). When Mu, < 1 the stream continuously accelerates from the 


velocity u = uy when x = — o up to the velocity u = UUs. 


velocity u = u) when xs = — wo to the velocity uw=y UB (local Mach 


Por the strength of the magnetic field H we have the formula 


Kk + 1) ay) (u 
H } Sku 


The pressure p, density p and temperature T are found respectively 
from Equation (6) and the second equation (3). 
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1. A paper by Hartmann [1 ae and also a number of subsequent investiga- 
tions (for example, [2 }), contained studies of the flow of a viscous 
electrically-conducting fluid between parallel plane walls under the con- 
dition that all the parameters are unchanged in the direction of the 
stream. This restriction, in particular so far as the magnetic field is 
concerned, can be waived and we then obtain a new exact solution of the 


equations of magnetohydrodynamics more general than the solutions of [ 1 ] 


and [2 ]. 


The fundamental equations are 


and the remainder of the notation is conventional. We shall seek a solu- 
tion of the form 


H. H (2, 


This solution corresponds to steady flow in the direction of the x- 
axis in the presence of a certain, as yet undetermined, plane magnetic 
field. The unknown functions obviously satisfy the following system of 


equations: 





On an exact solution of the equations of sagnetohydrodynanics 


Let us introduce in these equations the vector potential of the mag- 
netic field A, setting 


Then eliminating p* from (1.4) and (1.5) and integrating Equations (1.6) 
with respect to x and y respectively, we obtain the nonlinear system 


1A 


or 


where the constant £ is proportional to the z-component of the vector of 
the electric field and, in the general case, is not equal to zero. If we 
now eliminate v, taking account of the supplementary condition dv/dx 0, 
we obtain two equations which have to be simultaneously satisfied by the 
potential A 


D{ i, P A 4 i 


* , 
Diz, uy) te ( : GA 


It is not difficult to see that these relations are fulfilled if 


1 rH (y TW) 
where Hy and y are determined from the joint system of two equations. 
Other solutions for A apparently do not exist, since the first equation 


(1.8),can, by substitution for AA from the second equation (1.8), be 
put into the form 


and only (1.10) ensures the independence of these coefficients from x. 


The solution (1.10) reduces to Hartmann’s solution [ 1 ] when Hy - 


constant. 


2. Substituting the expression (1.10) into Equation 1.11) and inte 
the second equation (1.8), we obtain 
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2x H,? A H,? 4 


) 
“~~ J 


i ee - 9 
Ayn 2 . An (2.1) 
— vH, = A (— tH,” + 7”) + E (2.2) 


' 


From the latter equation it follows that H,~ = 0, i.e. Hy = hy + hy 


and A and hy are constants, which moreover are assumed to be given. Equa- 
tion (2.1) then has the general integral {3 ] 


v = Ho (Cyu,? + Caquyug + Cau?) 


ur = 1, (mH, / 4h), wy = K,, (mH,* / 4h), 


Let us now find from Equation (2.2) the quantity y’ which determines 


the longitudinal component of the field A, =— hz + y’. remembering that 


Ey 1 
Gil =| vH ody 


To carry out the quadratures in (2.4) we make use of the formulas 


Ns" 1,,2(2) ds ae [ 12 (2) I,,? (z) 
+ 4 ‘ 


\ z/*J,, (2) K,, (2) dz 


* 
i 


\ 2K, 2 (2) dz 


which are derived by the second method of Lommel [ 4 ] taking account of 
the recurrence formulas for [,(2) and K,(2) and the relation 


nw [f_.(z) —J7,(z)] / 2sin vx 


With the help of (2.5), we find that 


W We 
+ Cg (uyue u 1W2) t Cs; (us” v)| 


Ww} 1, (mH? 4h), We K,, (mH 4h) 


Pormulas (2.3) and (2.6) contain five constants Cj (i= 1, ..., 4) 
and £, four of which are determined from the boundary conditions for 
velocity and the longitudinal component of the field a. 


One constant is 
related to the pressure gradient. For clarification of this relationship 
let us substitute a, = H = 


o» 4, = - sh+y’; into Equations (1.4) and (1.5); 
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we obtain 


Op 
“ (zh* + Hoy” — hy’) + yw’, by 


ap 


az “hH o 


Differentiating the second equation with respect to «x we obtain 
d* p*/dxdy = 0, i.e. Op*/dx is independent of y. The first equation (2.7) 
can be presented in the form 


f(z)= x (Hoy’ L. wy (f (x) ap” | da xrh?) (2.3) 


The right-hand side of (2.8) depends only on y, therefore f(z) = f, = 
constant. After substituting in (2.8) the expressions we have found for 
v(y) and y*{y), all the terms in C,, C, and C, disappear, and as a result 
we have 


fo = — « (Eho + Crh) 2.9) 


The pressure p* can be calculated from the equations 


op* ~ dp” 9 
E % (Eho + Cahh + rh’), P= xh (hy 4 (2.10) 
or oy 


by two quadratures to within an additive constant Po” 


hty? 2x? 
p= Po’ +4 x| 5 + hhoy : (Eho + Co h (2.11) 


~ 


Hence, the purely hydrodynamic pressure p is found as p* — pH? /8n. 


3. Imposing the appropriate boundary conditions, from the general 
formulas (2.3), (2.6) and (2.11) we can obtain solutions of problems con- 
cerning flow between moving or fixed parallel walls, generalising the 
results of the papers [1,2] to the case when the transverse component 
of the field is linearly dependent upon the transverse coordinate. Below 
we shall consider only the limiting case of flow in a half-space. 


We shall take as given the values of the velocity and the longitudinal 
component of the field on the boundary of the half-space and at infinity, 
denoting them respectively by 

U H . (0) r’ ( _— tas a hz 


Prom the asymptotic behavior [4] of the functions wu, and », at large 
positive values of the argument and vy > 0 


it follows that 
H 4,” > H ouyte 
H jw? 
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Therefore, requiring that wv and y’ be bounded as y ~+ o, we obtain 
C, =- E= 0, i.e. 


H,3 


j [Ce (ujyte WyWe) + 3 ,* Ws” (3.2) 
ahh | 2\“1%2 2 2 


Hy (Cauyu 


with v= 0. Calculating Cy, C; and C, from the boundary conditions, we 
find eventually that 


U20W20 (U10W 20 


NV) use” (Uylkg — WyWe) 
2 1%2 1“ 


N UgqWeay (410/20 


V 2hArT / ho* l 


Here u and » 


are the values of u. and w#». at the boundary y = 0 
10 10 i t 


Let us now pass to the limit when hw» 0. Making use of the asymptotic 
formulas (3.1), we obtain the solution in the form 


? / mal | é - 
Here, in the limiting case, v.,, is different from zero, and 
(3.6) 


If we consider the solution of the same problem with A= 0, starting 
with Equations (2.1) and (2.2), we find first of all that [1,2 ] 


/ y Cy hoy 


Moreover, from the second of Equations (3.7) it follows that C, = aAl’, 


Accordingly, we again arrive at the solution (3.5) and Equation (3.6) 
which connect the four boundary conditions of the problem. Equation (3.6) 
for the particular case y’4{0) = 0 was presented without derivation in 
[5 l, which contained a study of unsteady flow in a half-space and the 
limiting steady flow. 


In a similar manner we can also consider the problem in the case A< 0. 
However, this involves a more precise analysis of the asymptotic pro- 
perties of cylindrical functions for large negative values of the argu- 
ment. We notice, moreover, that in the case of different signs of h and 
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hy the quantity Hy vanishes when y = - ho/h, but the expressions (3.3) 
and (3.4) still remain bounded. 


In conclusion, we mention that the point of the present paper is 
essentially to find plane magnetic fields whose presence makes possible 
the plane rectilinear motion of a fluid (vu, = wfy), vw, v,= 0). Asa 


result we have found a field of the form H = (y*(y) — hx)i + (hy + ho)j- 


This solution belongs to an extremely broad class of exact solutions of 
the equations of magnetohydrodynamics which were recently discovered and 
investigated in general terms in a paper by Lin [6 ] on the basis of the 
formal requirements in the structure of the vectors V, # and V p°*. 
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1. It is a known fact that Krylov’s method [1 ] may be applied to improve 
the convergence of a common Fourier series. 


An analogous method may be proposed for the solution of boundary-value 
problems of the harmonic type in regions represented by generalized rec- 
tangles. We will call a region a generalized rectangle if its boundaries 
are coordinate lines in systems of orthogonal coordinates é, 7 which admit 
separation of variables for Laplace’s equation. In addition, we will 
assume that the region is finite not only in a Cartesian system y, x but 
also in the system r 7. Then it may be assumed without limitation of 
generality that the boundary S = S¢ + S of the region 0 = (1+ S is given 
by 


It is known that under these conditions the solutions of the boundary- 
value problems of the first, second and third kind for the Poisson equa- 
tion 


obtained by the Fourier method, consist in the general case of the sum 
of a particular solution V(X) of Equation (2) and two infinite series 


y u. - n u. (3) 


Both series (ug, u_) are harmonic functions of the two variables which 
satisfy the corresponding homogeneous boundary conditions along the 
equally-named boundaries (Se, S and which become ordinary Fourier series 
on the other boundaries. From a boundary conditions (for ug, B) on 


§ » ter (a, 7) on Se), transformed by separation of the particular in- 
tegral Y(3), the coefficients of the series may be found just as for the 
ordinary expansion of functions in Fourier series. 





On an improvement of the convergence of the Fourier method 563 


In the case under consideration, however, a direct application of 
Krylov’s method is not possible, first of all because uy and ua. are func- 
tions of two variables. Further, in contrast to ordinary expansions in 
Fourier series, the function to be expanded here is not uniquely deter- 
mined, since it depends essentially on the choice of the particular inte- 
gral ¥. Therefore, one has to select among the multitude of particular 
solutions of Equation (2) a function Y which secures the best convergence 
for a given boundary-value problem (not only the best decrease of the 
coefficients of the series, but also the least of their absolute values). 


2. We will show that these requirements are fulfilled, if that partic- 
ular solution is chosen which satisfies the boundary conditions on two 
opposite sides of the generalized rectangle (1). These two sides compose 
the part of the boundary (for definiteness, let it be S¢) satisfying the 
relation 


In what follows we will consider generalized rectangles (1) in Cartesian, 
polar and elliptic coordinate systems. 


If the loading q(X) in (2) and the boundary functions along each end 
of the four sides of the rectangle (1) may be sufficiently well approxi- 
mated by polynomials, then, as shown in [2], one may always find a 
particular solution satisfying the boundary conditions on any two oppo- 
site sides of the rectangle. If the particular solution is connected with 
opposite long sides [ S¢ in (4)], we will call it in accordance with [2] 
the principal part of the solution and denote it by Y,. 


We will consider simultaneously the Dirichlet and the Neumann problems. 
The functions, referring to the Dirichlet problem will be denoted by a 
plus sign as subscript, those referring to the Neumann problem with a 
minus sign. When there is no subscript, the functions will refer to both 
boundary-value problems. 


Por definiteness we assume », to be symmetric, »_ antisymmetric in 
both coordinates € and n. We have then the boundary conditions 


Selecting the particular solution Y> of Equation (2) which satisfies 
the boundary conditions (5) along Se given in (1) and (4), we obtain, 


first of all, that in (3) 4%) = 0. Por ug we find the corresponding series 





R.P. Poplavskii 


Integrating along Sy by parts, we obtain the expressions for the coeffi- 
cients 


, 
Here M,*. M,,,, )> correspond to the discontinuities of the functions 
in Krylov’s method e ] and they are expressed simply by the differential 
operation at the corners (a, 8) of f in (5) and 


q qh* 


where g is the loading, A is the Lamé coefficient (2). By the law of 
formation of ¥, [2] we have 


3. Thus, it is seen that the method leads only to a single series 
us ° 
Further, it is seen from (7), (9) and (10) that the method of selection 
of the principal part of the solution ¥, achieves in a unique manner the 
best convergence of the coefficients, determined by a given boundary- 
value problem. In fact, if for f there are fulfilled the conditions of 


continuity (absence of discontinuities in f, and in the first derivatives 
$ 


L s 
of f at the corners), then mM, ”° 0 and A,> and B,* decrease not 


slower than k~? and k~ ‘ respectively. In order to use an arbitrary ¥ 


in the Fourier method one must, for the achievement of the same conver- 
gence, apply artificial examples, since it is necessary to convert to 


zero at the corners not linear combinations in (9), but each of the 


terms 
in (9) separately. Further, it may occur that 
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i.e. the decrease of a,f and Bf is even stronger (as g~s and k~ .. 
respectively) etc. (for ¥,. M., etc.). In spite of the fact that the 
boundary-value problem determines a very strong decrease in the coeffi- 
cients, realisable for the selection of ¥,. this is easily seen not to 
be so for an arbitrary ¥. 


All that has been said so far applies essentially also for the partic- 
ular solution connected with the two opposite sides S,. One has to re- 


place in (6), (7), (9), (10) and (11) the index & by mn, to exchange a 
and 6, and it follows from (10) that 


vy" { ly 


However, only by isolating ¥, is there secured not nly the best de- 
crease of the coefficients but also the smallest modulus of the remain- 


ing series. It may be shown that for given accuracy 


the number of the retained terms ng in isolating ¥, is smaller than the 


corresponding number of terms (connected with the short sides), the 
smaller o in (4). One has the estimate 


; “py f 


where C is close to unity. In polar coordinates (é 


where for the Dirichlet problem r > 6 for M,, ' e Neumann prob- 
lem fr 6 for Mu, % 0, r = 10 for ”, 0 etc. 


It may likewise be shown that for arbitrary VY (even securing the same 
convergence of coefficients as ¥,) one has always na 1c. Por the rec- 
tangle in Cartesian coordinates one may, in addition, btain an estimate 
for the mean value meen (fOr all arbitrary Y securing the same conver- 
gence of the coefficients as ¥,): 


In passing, we note that there is a unique exception from all the 
stated results for rectangles in Cartesian coordinates «x, y. If the 
Dirichlet problem is symmetric with respect to (s/a, y// and , 0, 
v, ~% 0, then A, 


rate into one, when the particular solution is connected with the ellipse 


s 
S A,", i.e. the two sequences of coefficients degene- 
with semi-axes (V2 a, V2). In this case one has to select as principal 
part ¥, of the solution the particular solution connected with the stated 
ellipse. As has been shown in [| 2 l, this may always be done by reducing 


beforehand the boundary conditions to their homogeneous form and by 
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constructing the particular solution satisfying the homogeneous condi- 
tions over the stated ellipse. 


Returning to ¥, connected with S¢, we will show that the method per- 
mits, in the same way as Krylov’s method [4 l, a further improvement in 
the convergence of the series. In fact, it is seen from (9)-(12) that, 
in order to obtain artificially M, = 0, it is sufficient to know the 
solution of the simple problem with loading q* = 1 and fy = fo = 0, while 
for W, = 0 one needs that for q* = En and f, = fo = 0, for M, = 0 one 
needs q* = é? etc. The solutions of these very simple problems superin- 
posed may easily be found by the same method of selection of the principal 
part of the solution. 


We note that the described method also permits us to find coefficients 
A, B, of the series, as is seen from (6) and (7) without integration, by 
differentiation of the loading and boundary functions at the corners. In 
those cases when the series in v in (7) converge, this is true for all 
Ay, B,. In those cases when the series in vw may diverge (if q and f are 
given in the form of polynomials of higher order | in xz, y and the rec- 


tangle is in coordinates €, 7) the evaluation of the coefficients in (7) 
is also possible, but only beginning approximately with k > [i/A¢]. 
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This note deals with a method of inscribing the largest possible semi- 
circle in a region of definite shape. Knowledge of this method ensures 
the possibility of the application of electronic digital computers for 
the conformal mapping onto regions, approximating the upper half-plane. 
This work is related to that of Lavrent’ev and Shabat [1,2]. Use is 
made of one of the reflections, executed by the Zhukovskii function. 


We consider the simply-connected region CG, lying in the upper half- 
plane and containing ico. The complement D of the region CG with respect 
to the open upper half-plane will be called, for the sake of brevity, 
the "residue" [or cut ] corresponding to G. The height A of the residue 
D we will assume to be the largest of the distances of points C (bound- 
ary of G with D) from the real axis. 


We transform the region G onto the upper half-plane with an accuracy 
«, i.e. we transform G onto the region G’, for the cut D’ of which 


- 
BS €ée 


We will use the Zhukovskii function 
R? 


This function maps onto the upper half-plane the region G with residue 
D, having the form of the semicircle of radius R with center at some 
point z= a of the real axis. We assume for simplicity that the boundary 
C is given by a single-valued continuous function y y(x). 


In the region D = D, we inscribe the semicircle L = L; with the largest 


possible radius R = Ry with center at some point a a) of the real axis. 
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The transformation 


transforms the region ¢G = G, into some region Gy with residue Dy of 
height hy. For this, the residue D, decreases all along the boundary. 
Therefore, hy < h)- If hy <¢€, the problem is solved. 


If hy >e, then in D= D, we inscribe a semicircle Lo with the largest 
possible radius R, with center at @_ on the real axis. The transformation 


R,? 


wy 


transforms G = G, into G, with residue D, of height h,. For this the 
residue D, reduces all along. Therefore, h, < ho. If, still, h, <e, the 
problem is solved. If h, > «€, we continue the process until we obtain 

h., €¢. 


Thus, the simple formulas for each successive transformation transfer 
one or several points of the boundary C to the real axis. 


The studied method is specially suitable for the determination of 
stream lines in hydrodynamics. In fact, after several transformations 
one may attain the inequality A< ¢«; therefore, one may assume that the 
stream line with asymptote v= c (at + o the boundary touches the real 
axis) lies between the straight lines v = cc and v = ¢ + h. The inverse 
transformation z= z(w) maps the strip between v c and v = c + h onto 
a curvilinear strip in the z plane. The lower edge of this strip serves 
as asymptote of the stream line, corresponding in the w plane to the 
stream line with asymptote v = c. The width €) of the curvilinear strip 
at the largest bulge differs little frome. Therefore, the stream lines 


are determined to an accuracy « s €. 


l 


A deficiency of the studied method will be that the calculations must 
be executed for each point separately. Therefore, it is very important 
to use for the solution of the problem under consideration the high- 
speed computer ETsVM. The computations may be done on this computer in 
two stages: 


1) evaluation of the consecutive values of a, and Ri; 


2) evaluation of the successive inverse transformations of the form 


‘ whe > — GR?) 


or, more exactly, of the form 
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(R?)? u — a)v®, j (u, 1—a)?*—r?—4R 


Obviously, the construction of the program for the computation of this 
expression on the ETsVM does not present any major difficulties. We con- 
sider the method for obtaining the a; and R.. 


Let there be given two point sets | N’} and | N”4, each of which con- 
tain a finite number of points lying not below the real axis. The point 
N with abscissa a, is the only common point of |W’ } and | NWN” 4. It does 
not lie below other points of the sets above the real axis. The points 
of the sets have different abscissae. For this the points N’. not coincid- 


ing with W have abscissae less than a while the points N™-other than NW 


0° 

have abscissae larger than ao. 
It may be shown that one can always find on the real axis a unique 

point A which is equally far away from|WN’-}| and|N”-4, if by distance of 


A from | N{ we understand the smallest of the distances AN. 


It may likewise be proved that the point A may be found by a method 
of successive approximations involving the following steps. As zero 
approximation we take Ay, the projection of NW onto the real axis. We find 
the points No” of | N’.} and Ny of {| N“4 closest to Ay. Let Ay Ny” = R,* 


and AyNo = Ry » If Ry - Ry » the problem is solved; if Ry # Ro , then 


we find the point A, on the real axis, lying half way between N,” and Ny** 


For A, we find the closest points N,° of | N’{ and NW,“ of | N 4. 
Let A,N,*.= R,’. and A,N, “= R,“. If R,*-= ; + the problem is solved; 
if R,* # Ry” we find on the real axis the point A., lying at equal dis- 


a 


tance from N° and nN,” etc. The process ends after a finite number of 


the described steps. 


The abscissa a) of the point A, follows analytically from the abscissa 
a, of the point Ap, the abscissae 9 and Se. of the points N,* and Ny” 
and the quantities R,* and Rk,” by use of the formula 


R ; R 


, “7 


Similarly a, is found from a), x,°5 *), ty and Rk,” 


Taking for | N’-} some set of points on C’. (the part of C which is not 
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to the right of the point NW) and for |WN*-} some set of points on C™-(the 
part of C which is not to the left of WN), we will have a method for ob- 
taining the inscribed semicircles and for determining their centers with 
high accuracy. 


After this the program is readily constructed. 


1) Give the increment Ax. Obtain |x}, the set of abscissae of points 
of the curve C. Store these values in the memory. 


2) From y = y(x) find the set of the corresponding ordinates | yi. 
Store these values in the memory. 


3) Determine hy, the largest of the obtained ordinates y. Let such an 
ordinate have the point W,. 


4) Take as zero approximation of the center of the snaewsnee semi- 
circle the abscissa *1 9 of the point N, and determine R, o ane R, 0 
the values of which are clear from the preceding work. If R 


then @) = 4) 6 and R, = R = Rio ’ 


ae 
% o as Ry ’ 
1,0 
5) If R, e * Ry 4% define the position a, by the formula 


(Rf, 


where the meanings of «, 0 and z, o- are likewise clear from the above. 


Then again find Ry” and Ry \"* If these are equal, the problem is 
solved; if they are not equal, determine a new position of the center. 
The points 4 and 5 form the first cycle, at the conclusion of which the 
position of the inscribed circle a, is determined. The signal for the 
final cycle is the equality R, = Rg. Rin The memory gives a, and R). 


6) Complete the calculations for all pairs (x, y) by use of (2). 


Then from the found values v,(s, = a, + tv,) select the largest. Let 
its ordinate be the point N,. 


If v) <¢, the solution has been found; if v, > €, we find the new 
center and radius of the new inscribed semicircle, etc. The points 3, 4, 
5, 6 form the second cycle, at the conclusion of which we obtain success- 
ive values a; and R; (i = 1,2). The criterion for conclusion of the cycle 
is the inequality A = h, < ¢«, where « determines the accuracy of the con- 
formal transformation. 


We note that the machine time may be reduced, if one considers on Cc; 
every time only those points which lie on parts of the curve Cc; passing 
through the point Cc. and having ends on the real axis. 
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ERRATA 


PMM Vol.24, No.2, 1960, p.392 and inside back cover 


Correction in the note by 4.V. Tret’ iakov: Flow round permeable con- 
tours (PMM Vol. 22, No. 2, 1958, pp. 220-225; PMM translation, pp. 297- 
30 4). 


This paper contains the erroneous assertion, that the integral 


sin? 


I 
will be constant for any smooth closed contour. This integral will be 
constant only for a circular closed contour and, as a consequence, the 
results of the second section of the article will be valid only for a 
circular uniformly permeable contour. 


I am grateful to V.S. Rogozhin for calling my attention to this error. 


M.v.T. 


Correction in the article by Iu.D. Shmyglevskii: Supersonic profiles 
with minimum drag (PMWM Vol. 22, No. 2, 1958, pp. 269-273; PMM translation, 
pp. 368-374). 


The paper considers the variational problem regarding the determina- 
tion of the best supersonic profile shape for given velocity of the 
approaching stream. The region of applicability of the theory was studied 
and sub-regions were indicated, in which the sought profiles are concave 
or convex. It was pointed out that convex profiles must have a discon- 
tinuity [ break }. However, it is now possible to establish that the 
suggested method for the construction of convex profiles, even though it 
permits the determination of profiles which are better than rectilinear 
ones, does not give the solution to the variational problem. The error 
is caused by not taking into account the fact that on the segment of the 
characteristic BC (Fig. 1), determined by the break of the contour, the 
sought functions at each point are functionals of the shape of the shock 
wave. The corresponding variational problem cannot even be formulated 
since explicit expressions of these functionals are unknown, The same 
error occurs also in my article On bodies of revolution having ainiaus 
drag at supersonic speeds (Dokl. Akad. Nauk SSSR Vol. 126, No. 5, 1959, 
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pp. 958-960, in which a particular case of the same problem is considered. 


Iu. D. S, 


Correction in the note by V.I. Merkulov: Heat exchange in plane steady 
flow of a viscous fluid (PMM Vol. 23, No. 3, 1959, pp. 581-583; PM trans- 
lation, pp. 819-822. 


The note contains an error. In the last inequality, in order to esti- 


1/2 


mate the kernel of the integral equation, one must take P~ and not 


am 478. and the theorem for small Prandtl numbers must be formulated 


accordingly. 


Correction in the note by G. Ia. Popov: Bending of an infinite plate on 
an elastic half-space with a variable, in depth, modulus of elasticity 
(P¥M Vol. 23, No. 6, 1959, pp. 1095-1101; PMW translation, pp. 1566-1573). 


In this note in Pormulas (3.5) there is printed a Bessel function of 


an imaginary argument T,(2). Instead, there should be a Bessel function 
of the first kind Jas). 


Cerrection in the note by V.N. Koshliakoyv: On the theory of gyrocos- 
passes (PMWM Vol. 23, No. 5, 1959, pp. 810-818; PMM translation, pp. 1164- 
1173). 


To avoid any misunderstanding, I find it necessary to point out that 
in my paper the system (1.2) should be considered as the homogeneous part 
of the equations of perturbed motion, 
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Tensors can be regarded as entities linked to definite particles in a 
moving continuum. It is, further, possible to introduce, in many senses, 
individual derivatives with respect to time i.e. the rates of change of 


tensors. 


It 1s easy to formulate a complete theory of differentiation of 
tensors of arbitrary order with respect to a scalar parameter if use is 
made of known techniques of operating on tensors[1,2] regarded as in- 
variant entities and represented in the form of symbolic sums 


T = T: ,‘%2'o (1) 


» 


a 


la 1, 2, 3) are the covariant and contravariant base 


Here 92 and 2 
vectors of the coordinate system. These vectors can be functions of posi- 


tion in space and of time ¢. 


In a manner similar to that which is used when different velocity 
vectors are employed in the mechanics of a rigid body, the study of the 
motion of a deformable continuum can be conducted with the aid of suit- 


able rates of change of tensors which can be defined in various ways. 


In his lecture, W. Prager introduced intuitive considerations on four 


different forms of the stress rate tensor in Cartesian coordinates whic! 


* The present paper represents a more detailed devs pment of the 
author’s contribution to the discussion on W. Prager’s lecture "Ar 
) 


elementary discussion of definitions of stress rate which he gave at 


the First All-Union Congress on Theoretical and Applied Mechanics ir 


January 1960 in Moscow. 
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were proposed, respectively, by Jaumann [3], Cotter and Rivlin [4], 
Oldroyd [5], and Truesdell [6]. 


In the theory of plasticity and visco-elasticity, as well as in other 
cases, Prager favored Jaumann’s definition because it excludes the 
effect of rotation of the neighborhood of the particle considered, and 
because the derivatives with respect to time of the invariants of the 
stress tensor vanish simultaneously with the stress rate. 


In what follows we shall establish the inner connection between the 
above rates of change of tensors in arbitrary, curvilinear coordinate 
systems. We shall introduce additional rate-of-change tensors which have 
an essential significance, and we shall show that Prager’s argument on 
the basis of which he demonstrated the superiority of Jaumann’s repre- 
sentation is insufficient to define the concept of the stress rate. 
Furthermore, we shall introduce supplementary concepts which will allow 
us to establish, on the hand of examples, the rules for the appl ication 
of the derivatives of a tensor with respect to a parameter in different 


senses. 


Let us consider curvilinear systems of coordinates in which the 
"juggling" of indices is accomplished with the aid of a fundamental 
metric tensor 


G £;;3'a LUD; 6 oy 
where the square of the element of length ds is given by the formla 
(@,, 9a) 


We shall consider some moving medium which fills the space in a con- 
tinuous way. Let the particles of the continuum be identified with the 


aid of a Lagrangean system of coordinates ¢', £7, &*, defined in a moving 


curvilinear system of coordinates, that is linked to the medium and 
possessing base vectors 9; and a (i 1, 2, 3). The quantities é) &? 
é3 can be regarded as coordinates in a fixed system with the base 
vectors 3° and 29 which coincide with the moving system 9 and 9° at 
some initial instant of time ft). 
We shall denote by x!, x”, x*® the coordinates of the points of space 
with bases 9‘ and a3 in the reference system with respect to which the 


motion of the moving continuum is determined. 


The law of motion is represented by functions of the form 
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We shall denote by r the radius-vector of the points of the space, and 
after determining the base vectors we have 


dr = dx*a,, dr — de" 9, dr, — dt’: (2) 


The velocities of the particles are determined by the equations 


It is evident that to every tensor defined in the deformed space 
whose metric is 


there correspond several different tensors, with different components de- 
fined in the space of initial states whose metric is 


Different tensors will be obtained for different fixed systems of co- 
variant and contravariant indices for which the equality of components is 
achieved. The components of corresponding tensors in different spaces in 
the second system of indices, different from the fixed one, turn out to 


be different. For example 


5 


To one tensor T there correspond several tensors in the deformed space. 


The differentiation of tensors of arbitrary order with the aid of the 
representations in (1) reduces itself to the differentiation of the com- 
ponents and base vectors and is completely analogous to the problem of 
the differentiation of vectors. 


From (2) and (3) it is easy to derive the formlas 


where 





We shall consider, additionally, a Cartesian base A, iy, i, which 
rotates with respect to the reference system 3 with a given angular 


velocity 2 = Q,i, 


Re For the derivatives di, dt we can write 


Any tensor H of the second order can be represented in the following 
alternative forms 


H hia'e 39? 9'3 P "oxi Vivi (6) 


The systems % and a can be regarded as being Cartesian. The system 
%, considered in the course of time, is intrinsically curvilinear. If we 
set t ty, we can assume that all three systems coincide at the given 
instant (they can be curvilinear or Cartesian). 


fo tensor H there correspond the different tensors 


° 


H, hyp'a’, H, h* aya’, H, Cy H , = h" as; (7) 


We shall regard all components of the tensors H and i. defined in the 


different, alternative ways as functions of the Lagrangean variables €' 


and the time t. From (7) and (6), in view of (4) and (5), we see that the 


different derivatives with respect to time t are given by the equations 


dH, thy; dnt dh , 
dt : , 


(9) 


The analogous expression for the derivatives of hi has been omitted 


here for the sake of brevity. 


Taking into account that at a given instant of time the bases 3 and 
3% coincide, we obtain the following formulas which are satisfied in 


curvilinear systems of coordinates 
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dh 
dt 


dh’. dh" 


at dt 


If h. Ls a symmetric tensor, then tensors (10) and (11) are also sym- 


metric, but tensor (12) and the tensor for dh dt are, in general, asyn- 


metric. 


Taking into account that the system i, coincides with the system 9, we 
can derive one more formula in a Cartesian system which is applicable 
Lrrespective of the method of arranging indices 


(13) 


*ij 1) 
} hQ? 


di . 


The left-hand sides of (10), (11), and (12) contain the components of 
different tensors; to these tensors in the space of intial states, there 
correspond different tensors V. and, correspondingly, different tensors 
V. in the deformed space. The quantities dh; dt and others are not com- 
ponents of tensors; they can be regarded as components of tensors only in 


a Cartesian system of coordinates. 


The formulas in Equations (10) and (11) have been discussed in 
Prager’s lecture. Here, the formula in (11) corres} mds to the one intro- 
duced by Oldroyd [4], and the formula in [10], to that introduced by 
Cotter and Rivlin [3 |]. The derivatives for dh* it and th ; dt were not 


mentioned in Prager’s paper. 


In nonlinear elasticity, the ratios of the components of the stress 
tensor and the density p‘//p = o‘/ turn out to be thermodynamic quantities 
which possess a potential. The derivative (11) taken for o‘/ after the 


substitution of p‘//p for a‘! and after multiplication by p turns out to 


; 
| 


be the derivative* of p‘/ in Truesdell’s sense [| 6 Along with this 
derivative, it is possible to consider other analogous derivatives which 


are consequences of Equations (10), (12) and (13). 


When general izing the theory of small elastic and plasti de formations 
to include the case of finite deformations, it is probably fruitful to 


This fact was clarified by Aspirant V.D. Bonder. 
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eliminate the tensor o‘/ in favor of the tensor p‘/ in the corresponding 
formulas. 


Let us consider the tensor of finite deformations ¢ and the tensor e 
of the velocities of deformation. We then have by definition 


1 
{ 


(Yn; + Vin)) 


—_ 
At the instant when the bases 39 and 3' coincide, we have 


7 
F etc. 


Taking this into account, the definitions in (14), (15), together with 
Equations (10), (11), and (12), 


»fo tip j js i 
e28 (5,'8,’ — 


These systems of derivatives represent essentially different tensors 
e, e°, e” which vanish when the system moves as a rigid body. When the 
deformations are infinitesimal, we have e = e” = e” 


The systems of derivatives 


in curvilinear coordinates are not tensors; they are different from zero 
when the system moves as a rigid body. 


If the base vectors i, rotate with the angular velocity of the prin- 
cipal axes of tensor e, equal to zero, then in any system of coordinates 
we can write 


« \dy” 


In this case Equation (13) determines the components of the derivative 
tensor introduced by Jaumann. 


Taking into account that 3; a= i; as well as (17), Equations (12) 
and (13) lead to 
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dh" dh*" dh 
ee oe oe — ha jai t+ hina; Aj; 


dt 
It is easy to see that if tensor h,. is symmetric, then tensor 


dh*** ‘dt is also symmetric and that tensor Ai; 


is anti-synmetric. 

Next we consider the case when H is a synmetric tensor. It is evident 
that A, 0 if the principal axes of tensors H and e coincide. If P de- 
notes the stress tensor, then in the case of a nonlinear elastic, iso- 
tropic body, the tensors P and e possess, in general, different principal] 


axes, and in this case A; #0. If H= «¢, we may write 


de’ de‘ \* ; 
? _ ! ene5; - (19) 


at 


The systems of invariants for the tensors H and A, are identical but, 
in general, they differ from the invariants of tensors H, and A,. For 
example, the second invariants for tensors H, and H can be written 


3.2 B - - 8 A 
Jo= htah® o = Bar Kpyl™®h 


ons h® ah", - Larkpph’ iva d By j \ /, mT Arbus | J, 


If the derivatives dh‘//dt, determined by Equations (11), are equal to 
zero, then d/,/dt=, and, in general, the magnitude of dJ,/dt differs 
from zero. 


It is evident that the derivatives of any invariants of tensor Hi, 
vanish simultaneously with dh‘//dt, determined by Equation (11), and that 
the derivatives of the invariants of Ai, vanish simultaneously with the 
derivatives of dh; , dt, determined by Equation (10). 


° 
It is easy to see that the derivatives of any invariants of tensor H, 


in the space’of initial states and of tensor H in the deformed space 
vanish when dh*'./dt = 0 in accordance with Equation (12), or when 
dh*** /dt = 0 in accordance with Equation (13), assuming the validity of 
Equation (18). The formulas for the en increments from any cor- 


respondingly equal invariants of tensors and H are identical owing to 


2 Z 
the increments dh** and dh***. which are connected by Equation (18). The 
preceding argument is valid also in the case when A_. is an arbitrary 

J 
antisymmetric tensor. 


When physical laws are formulated, the mechanical processes undergone 
by a particle are described from Lagrange’s point of view. The formula- 
tion of equations of motion with respect to reference systems can be 


carried out in fixed coordinate systems with respect to the initial space 





or in moving Lagrangean systems in the deformed space. In either case it 
is possible to introduce rates-of-change of tensors (for the strain 
tensors, for the stress tensors, for the ratio of the stress tensor to 
density, etc.) in the senses defined by Equations (10), (11) and (12). 


The use of time-derivatives, as introduced by Jaumann, can be con- 
venient because in this case the effect of the rotation is excluded, and 
the corresponding rate of change of a symmetric tensor turns out to be a 
symmetric tensor. 


The effects, connected with the existence of different derivatives 


with respect to time of tensors taken with respect to different, pre- 


viously defined, vector bases may turn out to be purposeful in the theory 
of motion of continua in the presence of infinitely small deformations 

in cases when displacements and rotations of axes of deformation are 
finite. 
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1. The isotropy postulate[1]. The general mathematical theory of 
plasticity is being developed primarily for solid bodies, whose material 
in the undeformed state is isotropic or quasi-isotropic (polycrystalline), 
obeys Hooke’s law in the elastic region and in which the formation of 
plastic deformations is characterized by a plasticity condition which co- 
incides with sufficient accuracy with the Huber-Mises condition (as, for 
example, the Tresca and other conditions, which replace the Mises surface 
by polygones which are close to it, etc.). For the sake of brevity such 
bodies will be called isotropic in the initial state. 


In approaching the problem of stress-strain relations, which deter- 
mine the basis of the theory, the various plasticity conditions of the 
indicated type may be called approximate representations of the Mises 
condition in all those cases in which the ensuing consequences do not 
differ essentially. 


Let us consider a fixed physical point of the body (in the usual sense 
of continuum mechanics) and a system of orthogonal coordinates (1, 2, 3). 
The state of stress and strain in the vicinity of the point at the in- 
stant of time t and for small deformations is characterized by the stress 
deviator o ; (t), the strain deviator F (t), the mean stress o(t) and 
the mean elongation e(t), whereby all these quantities are assumed to be 
equal to zero in the initial state (for t = 0). The state of stress and 
strain in the vicinity of the point M is always homogeneous, and there- 
fore this point may always be associated with a body T of arbitrary 
shape and made from the same material, being in the same homogeneous 
state of stress and strain and the same external conditions (i.e. a 
specimen, subjected to a test). The small vicinity of the point M is 
assumed, however, to be sufficiently large, such that the laws for 


identical processes in M andT (i.e. for example, processes with like 


given functions a,j(t), e(t)) be identical. 





A.A. Il*iushin 


Taking into account the linear dependence of the components 2, ; 

;; = 9) and of the components Oi; (o,,; = 9), as well as their physical 
nonhomogeneity (elongation, shears; normal and shear stresses), the 
author [1] introduced five-dimensional orthogonal cartesian strain 
vectors 9=9,e€) (where €, is a unit base vector) and the stress vectors 
a(o,), as well as the corresponding spaces, with the usual laws of addi- 
tion and scalar multiplication in each one of them. These will be used 
below. The components of the strain deviator 9;, are expressed in terms 
of the components of the vector 9 by means of the formulas 


3 lg _* f 
mu V2 = 9, COS 5 -+- d92SiN 5, 


9, sin |8 4 ; rn) a, cos (B 


ray sin (8 -< rn) — 9g COS ( om 


where 8 is an arbitrary constant number. The components o,, are related 
to a, by means of exactly the same formulas, with the same A. 


It follows from (1.1) that if some five-dimensional vector Z is re- 
lated to 9 by means of a linear dependence z = L( ), then the components 


of the tensor z,; are related to 9,, by means of formulas Zij L( 9@.;). 


J tj 


The process of deformation at the point M (or in the body 7) is re- 
presented in course of time in the space J, by means of the strain tra- 
jectory 9(t). The scalar geometric characteristics of the strain tra- 
jectory (modulus a, are length s, ds = |da|, four parameters of curva- 
ture and torsion «) are the invariants of the tensor 95° 


A d*a ‘ 
ds VY da; ;*, Fea . (1.2) 
Two processes of deformation (referred to the same physical axes (1, 
2,3) are called identical (and are physically identical) if their 
trajectories in 9, coincide identically and if at the corresponding 
geometric points of the trajectories the velocities ds/dt are the same, 
in other words if the times t coincide. If the physical properties of 
the body do not depend on time explicitly (phenomena of the creep and 
relaxation type are absent), then the last requirement in the character- 
ization of identical processes is removed. 


At each point of the strain trajectory, using, generally speaking, 
five linearly independent vector derivatives da /ds, ..., d°a ds*, it 


is possible to construct a unique orthogonal cartesian set of unit base 
vectors 


1 d*s 


%, ds* ’ 


Pe 
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determined merely by the internal geometry of the strain trajectory. The 
generalized Frenet formulas 


dp 


n 


a" XniPi, ; (1.3) 


where x,; is the antisymmetric curvature tensor (xg = Kos 0), permit us 
to express any derivative d"9/ds" (for m= 0 and m>5) in terms of 
P,, +++, Ps and some scalar quantities (the curvature parameters «,, 

-, K, and their derivatives with respect to s). It follows that any 
operator L( 8), linear with respect to the vector 9, may be represented 
by a five-term formula along the arc s or the time ¢. 


L (a) = Pyp,t+..-+ Paps 
where P| are scalars (depending on s,«x, dx/ds, ...). 


In as much as under given external conditions (heating and other forms 
of penetrating action) there corresponds physically to each point of the 
given strain trajectory its own determined stress vector a, it can be 
constructed formally at each point of the strain trajectory, assuming 
this point to be the initial one with respect too, and plotting the 
components @| at a certain scale in the corresponding directions of the 
base set €,, i.e. it is possible to write down the vector @ in the form 
o9=0,€, + ... @,€@,. Thereby, one can determine in an equally formal 
manner the elementary *work" of the stress vector o done in the strain 
trajectory along the path ds, i.e. sda, which coincides with the 
physical work of the internal forces aT during the interval of time dt 
in a unit volume of the body 


oda onan ij di; (1 : 


The integral { edo along the trajectory gives the total work during 
the time t. The stress vector o may also be represented with respect to 
the base set p, 


o = SaPn, S n° Pm (1.6) 


and S, may be called the natural components of the stress vector. The 
work will then be given by 


sda S,ds 


The complete strain trajectory, together with the stress vectors and 
other physical vectors constructed at all its points, we shall call the 


pattem of the process of deformation of the body in }.. The patterns 


« 
> 
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of processes of simultaneous deformation at different points of the body 
in J, are different (in a common system of cartesian coordinates (1, 2, 

3), and in initially like bodies they coincide identically for like ex- 

ternal conditions only in the case of homogeneous deformation of the 


body. 


In addition to a certain arbitrary fixed-strain trajectory one could 
consider also the totality of all other trajectories in 9, which possess 


the same or the sign-reversed curvature at corresponding points (x, for 


same s are the same or of opposite sign). All these trajectories may be 
reduced to a single one by means of linear transformations of rotation 
and reflection: 9=(&m,)9, whereby the quadratic orthogonal normalized 
matrix of cosines will take on arbitrary values (independent of t), and 
will have a determinant |a,_| = + 1 for rotations and |a,,| = - 1 for 


an 
reflections. 


The transformation of a pattem of a process of deformation in by 
means of matrix (a, ,) (simultaneous transformation of vectors a 


is described as rotation and reflection of the pattern. 


Numerous considerations and facts indicate that the physical proper- 
ties of initially isotropic bodies, more exactly the relationship between 
the vectors o and 92, are in accord with the isotropy postulate which 
states: the pattern of the process of deformation is invariant with re- 
spect to the transformations of rotation and reflection, i.e. the repre- 
sentation of the stress vector in the natural base set p, of the strain 
trajectory is invariant with respect to these transformations. This 
means that the components in (1.6) are transformation invariants, i.e. 
they depend (possibly in a very complicated manner, for example source- 
like) only on the arc length s, the curvatures x, of the trajectory, and 
(in the presence of properties of the type creep- relaxation) on the velo- 
city ds/dt. 


The postulate of isotropy, as applied to plasticity, was verified by 
tests of Lenskii [2,3] and several others; Lenskii observed rather com- 
plex nonanalytical trajectories with many corner points on the trajectory, 
including unloading and secondary loading. 


2. [somorphisn. Instead of the basic space J. one can take the 


stress space o., in which the loading process is determined by o(t) and 
the pattern of a definite loading process may be called the stress tra- 
jectory, together with the strain vector 9 and other quantities, con- 
structed at each of its points, for example with respect to the natural 
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The postulate of isotropy may now be formulated also in the space a<; the 
pattern of the process in ¢, is invariant with respect to transformations 
of rotation and reflection, i.e. in the representation 


9= F,q,-+-...-+ E,q; 
the coefficients depend only on the invariants 2 and k. 


In general, one can determine two linearly independent five-dimensional 


vectors 
1 = Li(a, ¢), l’'= L' (a, ¢) (2.2) 


where L, L” are linear operators with respect to 9 ando (not their in- 
variants), whereby I, I’ are invariant with respect to the transform- 
ations of rotation and reflection with the same matrix la; ). The pattern 
of the loading process may be, for example, the trajectory of the vector 
I(t) in l., and the vectors I’. constructed at each of its points, where- 
by the natural base set Pir cee, Be 
P,,» +++» Ps 18 obtained from a(t), or q,, ..-., qe froma(t), which means 
that it is determined by the invariants dA iat K, \d*I/da? 

The isotropy postulate, in this case, asserts the invariance of the 


is obtained from I(t) just as 


pattern of the process in l,., i.e. its invariance with respect to trans- 


formations with the aid of the matrix fa, 5); thus 


! Avr, ; A,r. (2.3) 


where A A. depend only on the curvature K and the arc length A. 


lee 5 


There are no principal reasons to make a preferred selection among 
the representations of the law connecting o and 9 in the infinite 
variety of forms (1.6), (2.1) and (2.3) with invariant coefficients S. 
E Re and the parameters s, «x, 2, k, A, K; they are all obtained fron 
the isotropy postulate in the corresponding space. Thus, it is natural 


to formulate the following theorem. 


Theorem of isomorphism. For one and the same material whose process of 
deformation begins and proceeds under like external conditions, the iso- 
tropy postulate is equally valid in the spaces of strain ,, of stress 
ao, and the derived spaces 1.. This means that the relations ¢ ~ 9 in 
different forms (1.6) (2.1) and (2.3) are identical, in the sense that 
they yield one and the same physical | aw, provided the initial conditions 


(at the point ¢ U0. @ Uv, 2 0) are the same. 


The proof of the isomorphism theorem is based on the fact that in any 
one space for example in .)., the isotropy postulate is valid. By means 
of quintuple differentiation of (1.6) we find the base set q,, ...,q. 
using Frenct’s formla for P,., 
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q,d 


and the relation between the invariants (s, x, 2, k), expressing the p,, 
through q,, is found thereafter as 


\ p, d Ey, q,d& 
0 


and therefore also (2.1), since on the right-hand side there is a linear 
operator with respect to o, which, as was already indicated above (1.4), 
may be represented with respect to the base set q.. Having now two re- 
presentations (1.6) and (2.1) and constructing from these the vectors 
I = L( 9, a) and I’-= L’( 3, a), one can find the base sets r, andr,’, 


and, eliminating p,, q,, to represent I’ with respect to the base set r,, 


in accordance to (3.3)> i.e. to determine A_; the actual carrying-out 
to completion of these transformations will meet with difficulties, be- 
cause the nonlinear relations between the invariants s, «x and >, k, A, K 
may be implicit and functional. The requirements of reciprocal single- 


valuedness of the representations (1.6), (2.1) and (2.3) will impose 


limitations on the dependence of the components Sy ii A, on s and k, 


* - ° . . _a 
> and k andA and K, respectively, but these limitations are natural. 


3. Some consequences of the isotropy postulate. The relations 
between the stresses o,, and the strains 9;, for macro-volumes of 
initially isotropic bodies, which are sometimes called the mechanical 
equations of state, are divided into vector and scalar ones [1]. The 
isotropy postulate determines the vectorial properties and reduces the 
problem of determining the relations between o and to the determination 
of scalar properties only. For all cases of simple loading, independent 
ly of the rheological properties of the body, the isotropy postulate 
yields a vector law, which can always be reduced to the most simple form 


(3.1) 


which means that the scalar properties can be determined completely by 
the most simple tests (the behavior of the specimen under simple ex- 
tension or torsion, etc.) which determine a single unknown function o 
in terms of 9, da /dt. Formla (3.1) establishes a general physical 
law for initially isotropic materials subjected to simple (proportional ) 
loading, [4]. 


For metals we obtain in cases of trajectories with small curvature 





Problems of the general theory of plasticity 


[1], when K,, {from (1.3) satisfies the condition |x,,|< l/fe, (e, is 
the limiting elastic elongation, /=4~ 410) from the postulate of iso- 
tropy, as a consequence of the after effect [1,2], o = S.p, or 


da 


ds (3,2) 


whereby this law contains (3.1), because for simple loading da/ds = 9/9. 
From what was said above, the difference between (3.1), (3.2) and both 
the "deformational theory" and the most simple theory of plastic flow be- 
comes clear: relations (3.1) and (3.2) represent a general theory of 
plasticity for definite classes of deformational trajectories (simple and 
almost simple loading and trajectories of small curvature). 


For arbitrary analytical trajectories of deformation the isotropy 
postulate and the isomorphism theorem yield the relation (1.6) between o 
and 9 which may be written down in the form of a five-term formla 


(3.3) 


Here N is an arbitrary integer, Fyn are universal functions (operators, 


functionals) which depend on s and the curvatures at the point s or at 
the point s = sy) = const (s, is an arbitrary fixed point). 


If the trajectory is not an analytical curve, but consists of pieces 
of analytical curves interconnected by nonanalytical points (for example, 
corners), then (3.3) is conserved on each piece; it is thereby assumed 
of course that the vectors d"9/ds" entering into (3.3) are linearly in- 
dependent. 


In the general case of nonanalytical trajectories, the derivatives in 
(3.3) should be replaced by difference relations; if at the point s, 
using the preceding portion of the trajectory (in the region of plastic 
deformation ) one can construct only a> 5 linearly independent vectors, 
only an a-term formula will be used to express o in terms of 2. 


In principle, the relation between the macro-stress o and strain 2 
may be found theoretically; a physical investigation should yield the 
mechanics of plastic deformation of a crystal (or a molecule) of the 
material, statistically mechanics should lead to equations of state and 
hence give the sought relationo ~oa. In as much as the isotropy postu 
late is in accord with macroscopic tests, the deductions from the iso- 
tropy postulate and the molecular theory will coincide (of course, with 
a certain accuracy), whereby the deductions from the latter theory will 
be broader, because they will give not only the vectorial but also the 
scalar properties, i.e. the form of the functions Fy. in (3.3); the 
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noncoincidence of the deductions would indicate that in the unavoidable 
multitude of assumptions, of both physical and mathematical character in 
the theoretical deduction of the equation of state, inaccuracies are con- 
tained. From our point of view, the following semi-inverse problem is of 
interest: the theory of probability of weakly interacting random pro- 
cesses is known, the probable character of grain distribution with re- 
spect to size and mutual crystallographic orientation is known, certain 
properties of plasticity mechanism in the grain are known (allowable 
shears, etc.): what is the class of supplementary physical information, 
possessing the property that the macrorelations 0 ~ 9 satisfy the iso- 
tropy postulate? The solution of this problem would clarify new proper- 
ties of plastic microdeformations and the methods of their statistical 
treatment. 


4. Elasto-plastic properties for loading along a broken 
line (with one corner point). Let in strain space J, the strain 
trajectory represent simple loading along an arbitrary unit vector p to 
the point s = | 9| = 9, in which at the instant t, 
continuity of the trajectory and the further process proceeds along an 
arbitrary vector p,, whereby at the instant t > t, the deformation is 


characterized by the vector 3, (Fig. 1) 


there occurs a dis- 


p= = (4.1) 


Such processes of loading have practical significance and are realized 
in bodies under simple loading up to the moment of stability loss and the 
subsequent deformation in the posteritical range. Thereby, the loading 
may also change abruptly at the instant of loss of stability and there- 
after vary smoothly with respect to time. Also other practical questions 
could be mentioned which may be reduced to the case under consideration. 


The rotation of the strain trajectory at the comer point s =/9 shall 
be called the quantity 


It is obvious that for an arbitrary point on the second portion of 
the strain trajectory, on the basis of the preceding portion of the tra- 
jectory, it is impossible to construct any vectors (by means of linear 
operations on 9 and 9,) which would be linearly independent with re- 
spect to p and p,. From the isotropy postulate it follows that the single 
most general possible stress expression g, at the point ®%, in terms of 
strains will be the two-term law 


ba = (Sp + S,p,) 4s 
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and S, S, will be functions of the trajectory invariants. The trajectory 


invariants are only the quantities s, 5s = s, — s andr cos 0, whereby 
a = (o/ 9)a'and o = ®( ) is a function, known for simple loading. There- 
fore, the coefficients S and Ss, are functions only of the lengths of the 
portions s and ds and the rotationr. 


Vi 


Let us introduce a normal unit vector m as a vector, lying in the 
plane of the vectors p and p, 


‘ 
I 
f 


n=—pctg4 ) , cos 9 
I Pi spo Pi= pc 
Then (4.3) may be represented in the form 


Pp | ; (4.6) 


osv 


Therefrom, designating for brevity the projections 59 and Soon p and 
n by 


(P cos 9p V sin 9n) 


we find the expressions for P and N 


pP 


These expressions (as we shall see), permit us to find the functions 
P and N of the arguments s, 5s, r from simple tests. Now, taking into 


account the relations 
P; 2, } Pp (poo) 
we write down the stress-strain relation (4,3) 


g 
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whereby N, P are considered to be known functions of s, 5s andr and 
therefore (4.9) represents the most general law of the relationg ~ 9 
for a broken line. The following theorem becomes obvious. 


Theorem. The functions N and P are fully determined from tests of com- 
bined extension and torsion of thin-walled tubes and coincide identically 
with functions determined by experiments of the "fan" type. 


The tests of Lenskii on the automatic testing machine of the Institute 
of Mechanics of the Academy of Sciences of the USSR realize a strain pro- 
gram: torsion of the tube up to different degrees of deformation (direc- 
tion e,, component of the strain vector 4%,) and at each degree of de- 
formation further continued torsion (including strain reversal) and ex- 
tension along a rectilinear ray at an angle @ with respect to the axis e,; 
for extension, the direction e). the component of the strain vector ae 
whereby at each corner point the fan of straight lines for different 
angles of inclination @ is constructed; for each broken line a new speci- 
men is used. Graphs are constructed and the properties of the functions 
N and P are investigated. 


The theorem follows from the fact that any space trajectory may be 
transferred from the plane (p, P)) to the plane fe,, e;) by means of a 
rotation transformation and is therefore a con- 
sequence of the isotropy postulate, The functions 
P,= = 


03 


are determined by the arguments 6 and ds 


“y) 


és cos f), 694 és sin i] 


on the basis of measurement of the quantities do, = 0,’ - 0), 
50, = a,’ (0, = 0). The passage to P and N from (4.9) is obtained by re- 
placing 9 by s in P,N, and representing @ in the form (4, 2). 


The law (4.9) furnishes the expressions for the stresses in forms of 
deformations. Let us find the inverse relations, i.e. the representation 
of the law in stress space (isomorphism theorem). Squaring the left- and 
right-hand sides of (4.9) and designating the arc differential of the 
corresponding trajectory in o.-space by 5 2, we note that, generally 
speaking, |5a| will not be equal to 52, because the rectilinear portion 
after the break of the trajectory in I, will not be rectilinear in o, 
and therefore 52 > |Sa| (Fig. 2); we obtain the following expression 


V2) <3, ba | < 6Y (4.10) 


Multiplying now (4.9) by a, we obtaingdo = Pod». Let us designate 
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the angle between o and doa by * and its cosine by t 
cos 2 


We obtain then a second relation connecting |S5a|, # with ds, @ 
<P 
V N2+ (P2?—N9) 22 


Relations (4.10) and (4.12) express |5@| = |o, - o| and t() in 
terms of P, N, r ands, i.e. in terms of 9 = ®~! (o),5s andr(@), and 
therefore for strain-hardening materials they make it possible to ex- 
press inversely P, N, r and ds in terms of o, |5oa| and t = cos*. 


Assuming that such a transformation was performed, and solving (4. 9) 
with respect to the strain 9, we obtain finally the transformed law 


\ r©¢ . ) P ¢ , 
VP =§ 6g NP , (coo) (4.13) 


For the fixed broken line considered in Is, the angle @ andr remain 
constant in increasing 5s; since from (4.12) for r = const, P and N 
change with an increase of 5s, the angle } and the inclination t= cos % 
will change during the passage along the portion after the corner point 
in @,<, 1.e, the second portion of the trajectory will be curvilinear. 


Expanding the functions P(s, r, 5s), N(s, r, Ss) into a series of 


ON 


we obtain the following for small 5s 


sic 
2 


' 
és VN.2+ (P2—N,)) 2 


whereby, since from the * fan" P,. N, are determined functions ofr, this 
means that the first of the formulas (4.14) gives an expression ofr in 
terms of t, i.e. Py, N, become known functions of t. To the corner point 
in J, with rotationr there corresponds a corner point in a, with rota- 
tion t,. The expressions for the stresses in terms of the strains and 
the strains in terms of the stresses remain in the form (4.9), (4,13) 


with a replacement of P, N, t and|do| by Py, No, t,o and dd. 


9. Deformational anisotropy and the expression of elastic 
strains through stresses. The anisotropy forming during the process 
of plastic deformations, as well as other mechanical properties, is in 
accord with the isotropy postulate and its consequences. For simple 
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loading, followed by unloading in any possible rectilinear direction, all 
formulas of Section 4 remain in force and give the general properties of 
the elastic deformational anisotropy, since the functions P, N are known 
from tests for an arbitrary r cos 8. As is known, experimental evidence 
shows that the process of unloading after preceding plastic deformations 
is not strictly linear, which explains our remark regarding the unload- 
ing along rectilinear directions. 


However, with a certain satisfactory degree of accuracy, the process 
of unloading along an arbitrary trajectory is reversible and linear with 
respect to the stress-strain relation. Under this assumption the elastic 
properties (deformational anisotropy) after elastoplastic simple loading 
are completely determined theoretically. Let us attach an index k, at 
the end point K of the process of simple loading, to all quantities per- 
taining to this point and let us consider infinitely small increments 
d», do, corresponding to an arbitrary unloading path. 


These quantities are interrelated by the law (4.9), (4.13) which now 
takes on the form 


whereby the index k is used as a superscript with vectors and as a sub- 
script with scalars. Under our assumptions these relations should be 
linear with respect to o and 3 not only in the vectorial but also in the 
general sense and therefore N and P should have constant (not dependent 
onr oro, t) values, i.e. they should be determinable only by the 

point K 


P — P,, (9.2) 


In certain versions of the theory of plasticity one considers instead 
of the general [total ] deformation 9 , the plastic deformation 9?, 
where 9? is understood to be the difference between the total deforma- 
tion and the elastic deformation 2°, which is calculated from the stress 
@ in accordance with Hooke’s law for initial (isotropic) state of the 
body ( 9° = o/G); but there is no justification for doing so, because 
during the process of deformation the body becomes anisot ropl¢ and the 


elastic component of the total deformation is an unknown linear function 


of stress, and therefore the plastic strain 9? cannot be in principle 


determined theoretically in terms of 9 ando if the path of the preced- 
ing loading is not given and if the elastic properties after unloading 


are not investigated. From the isotropy postulate follows naturally the 
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representation of the increment of plastic deformation in terms of the 
stress vector, for example in the form (for analytical] trajectories) 


da! /, ~ 


where the Q, will depend in a more or less complicated fashion on the in- 
ternal geometry of the stress trajectory o in the space o,; thereby a? 
in an experiment is understood to be the measurable quantity of residual 
deformation (for unloading, when o 0) and therefore the Q, may be de- 
termined in principle. However, relation (5.3) and other similar ones, 

in which the increment of the tensor of plastic deformations d 9 ij” is 
expressible in an arbitrary manner in terms of the stress tensor ¢o 

do not represent theories of plasticity, i.e. do not permit the formula 
tion mathematically of the problem of deformations of a body in a non- 


homogeneous state of stress as long as the expression for elastic strain 
i) a—°9d (2.4) 


is not given in terms of stress o. Only this relation, together with 
(5.3), will establish, in the final analysis, the relation between the 
components of the stress tensor and the displacement components in the 


body, i.e. complete the system of equations of equilibrium or of motion. 


For elastic deformations also the postulate of isotropy enables us to 
write down the expression which for analytical trajectories can always 
lead to one of the forms: 


Here the vectors d"0* dz,” are relative to a point & of the loading 
trajectory, the parenthesis contains the scalar produ t of these vectors 
and the running vectors o, 9 , while Ros 5S,, are parameters of elastic 
anisotropy, which depend on the curvature of the loading trajectory to 
the point K, as is indicated by a superscript. It fi ws from this, 
among others, that the deformational anisotropy is determined in the most 
general case by eleven (R R__) elastic "constants", which determine 
the shear properties of the material. The plastic strain vector 9?, in 
accordance with (5.9) and (5.5), is now completely determined, if the 


constants" R are known 
an 


a rs] 2 


In the investigated case of deformational anisotropy for simple load- 
ing the integration of Equation (5.1) under conditior 


Sg of 
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gives 


k 
ko 6 
—, (o*o) ; 
5,2 I 
Since for ao = 0 there should be : aP, we find from (5.7 


plastic strain 


(5.8) 


and subtracting it from (5.7) we obtain the expression of elastic strain, 
i.e. the law of deformational anisotropy 
> wk 
e= _ 64 ; -. ‘Zi (e o*) (5.9) 
kik 
Hence, the tensor of elastic constants of deformational anisotropy 
depends in a fully determined manner on maximum stress for simple load- 
ing o and on two constants completely determinable by o, from simple 
tests with a thin-walled tube subjected to extension and torsion in the 
unloading stage. It is seen from (5.9) that P, is the modulus of elasti- 
city in the direction o*, and N, is the modulus in the direction perpen- 


dicular to o*. 


Solving (5.9) with respect to o, we obtain 


a* 


oe = N,ot —(N, Px); 5 (29°) (5.10) 


k 
Passing to a coordinate representation, we write (5.9) and (5.10) in 
the form 


94; Liimn Sons Bijan Ima’ (5.11) 


—_— 4 —_— 


The tensors of the elastic "constants" have thereby the following ex- 


pressions 


(5.12) 


3  ] 
Qijmn Amn N ijn te (N »* P,) =? ‘ 


where 8 i ian l only for simultaneous equality i = m, j = n and in all 


other cases is equal to zero. The invariants are 
4 9 2 kyo 
Sk ij I~ = (3i; sz 


All eleven parameters of elastic anisotropy being formed after an 
arbitrary loading path up to the point K may be found from the same 
tests, in which this loading path is realized. To this end it is suffi- 
cient, to conduct unloading tests along arbitrary, but different trajec- 
tories, measuring each time o (ordoa) and a2° (or d a*) and solving 
the system (5.5) with respect to the unknown R_ . 





Problems of the general theory of plasticity 601 


6. The loading surface, secondary plastic deformations and 
some particular cases. For each strain trajectory 9(s) (in 9.) and 


stress trajectory o(2%) (ino,), limiting surfaces may be constructed 


which possess the property that for secondary loading, after unloading 
from the point K and the appearance of the tip of the vector 9 (in J,) 
on the limiting strain surface and, which is the same, the appearance of 
the vector o (in a.) on the limiting stress surface (loading surface), 
secondary plastic deformations begin to form, i.e. the relation (5.5) is 
violated. The case of non-strain-hardening materials, when the limiting 
surface is a sphereo = 0, = 0, (where go, is the constant-yield point) 
and when the space o, degenerates into a four-dimensional space, is not 
considered here, because in this case a single-valued relation between 

® and o does not, in principle, exist. 


The most general form of the limiting surface in 9, will be 


Y= 9— 4 (%, Te, Ts, %)—O (6 l) 


where the invariants nm, are, within factors, the cosines of the angles 
between the vector and four arbitrary linearly-independent vectors, 
constructed at the point K; in the case of an analytical trajectory (to 
the point K) the invariants 7, may be taken, for example, in the form 


k 


where are four unit vectors of the Frenet pentagon at the point K of 
P, p pe 


the strain trajectory. 


In the space 0. the equation of the limiting surface for the point K 


5 
will be of the form 


, 7. 
J (9, Og, Og, 04) (6.3) 


where p, are four invariants analogous to 7. For an analytical trajec- 
tory (to the point K) the invariants p, may be taken in the form 


i"g 


such that the p, are the cosines of the angles between o and d"—'g 
dir" 
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The possibility of representing the surfaces in the form (6.1), (6.3) 
is a consequence of the isotropy postulate. 


It should be taken into account thereby, that the very form of the 
functions n and f depends on the trajectories 9 (s) ando(), i.e. 
Equations (6.1) and (6.3) are functional. Therefore, the passage from 
the surface w to the surface w+ 5W cannot be obtained by means of 
formal differentiation of (6.3) with respect to o and P,» but depends 
also on the point on the surface (6.3) at which dW is considered and 
also on the vector 5 @ at this point. And only in the case when the tra- 
jectory to the point K is completely determined and the point K is fixed, 
do the functions 7 and f become usual functions of the arguments indicat- 
ed in (6.1), (6.3). Let us explain in greater detail these assertions, 
to which end we find the normal, for example to the surface W, at some of 


its points a: 


Of 


mn = grad = grado — 9, grad % (i=1,2,3,4) 
Pi 


da’ —1 og" 
grad 0; 


whereby m is the modulus of the right-hand side of (6.5) and therefore n 
is the unit vector, normal to the surface W = 0. 


Let us consider an arbitrary small increment 5o at this same point a, 


having the normal component 
(6.6) 


On the basis of the definition of the surface w = 0 the plastic de- 
formations will not increase, i.e. 5o will be determined from (5.5) if 


66, =n-b¢<0 (6.7) 
and, conversely, will increase, if 
bc, -i¢ > (6.8) 


If the transition through the limiting surface of strain-hardening 
materials is continuous, then on the surface Ww = 0 the condition 


(6.9) 
must be satisfied. 


Equation (6.9) represents an identity, which is satisfied by the func- 


tion f. 
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The starting points of a theory for an ideal rigid plastic body are the 
determination of the limiting surface and of the law of flow. If one may 
say concerning the latter that it has already been considered in a 
sufficiently general way different opinions exist concerning the plasti- 
city condition, 


Ivlev [1 ] was the first to consider the question of a possible choice 
of a plasticity condition, employing extremal principles. Upon invest- 
igating all possible limiting surfaces for the case of an ideal rigid 
plastic body, Ivlev showed that the Tresca plasticity condition was 
characterized by minimum work of the stresses for given incremental 
strains. This circumstance has as a basis the fact that the stress cor- 
responding to the beginning of flow in tension (or an equal value in con- 
pression) occurs experimentally at a unique value. Other possible cases 
for the given initial experimental point were not considered in the above 
paper, for in the construction of an isotropic theory the choice of the 
initial point must not have an effect upon the results. It is shown that 
if any other point is taken as the given initial point, the Tresca 
plasticity condition loses its extremal property. The first section of 
this paper considers the question of the choice of a flow condition for 
the case of given limiting stress in tension, when use is made of two ex- 
tremal principles. The general case of an arbitrary given point is in- 
vestigated in the second section, 


1. We assume that from experiments in tension or compression a value 


of stress is given for the beginning of flow (the same value for com- 
pression as for tension). Then, from the principle of symmetry and non- 
concavity of the flow surface, it follows that this value must lie with- 
in the limits of two hexagonal prisms. The proof was given in the above- 
mentioned paper and we shall not repeat it here. 
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Figure 1 shows the projections of the principal axes on the plane 


SC; - Ss const (1.1) 


in the space of the principal stresses 0,, 0,, 9, which are perpendicular 
to these prisms. The two hexagons represent the intersections of the 


prisms with this plane. The points A, are given. The inside hexagon re- 


presents the Tresca plasticity condition. We call the outside hexagon 
the K-surface, for brevity. 


The work of the stresses for incremental strains is determined from 
the following formula 
dw ode 


We investigate the minimum of dW for given incremental strains. We 
suppose that the modulus of the vector de remains the same 


(de,)? (de,)* ; (de,)* (da)* (1,3) 
for all cases. We now study the change in dW under the condition (1.3). 


We prove that for all plasticity conditions 
the vector de will take such a direction that 
the dissipation of energy dW will be determined 
by the equation 


dW =2K VW"), da (1.4) 


Either the curve is smooth at the point where 
it touches the K-surface and de is colinear with 
o, or it has an angular point as in the Tresca 
condition, when the mean of the possible de's 
has such a direction that de is colinear with o. 
The chosen vector de has two equal components. In addition it must 
satisfy the condition 


de, de, de , 
from which it is easy to obtain expression (1.4). 


It should be noted that the value of dW determined from (1.4) remains 
constant for any arbitrary direction of the vector o under the Mises con- 
dition, which has the form here 


(1.6) 


We consider an arbitrary plasticity condition which lies partially 





606 S.A. Shesterikow 


inside two Mises circles. We take the point farthest removed from 0. At 
this point the condition 


> 2K (1.7) 
is satisfied, Two possibilities may be considered: 


a) The flow curve is smooth at this point. Then, by virtue of its 
maximal distance from the center, its tangent at the point is normal to 
o and de is colinear with a. From the conditions (1.3), (1.5) and (1.7), 
the inequality 


dW > 2kKda/YV (*/. (1.8) 


will be satisfied for the point. 


b) The flow curve has a singularity at this point. Then, by virtue of 
its maximal distance in the direction of de, colinear with o, there 
exist possible means which satisfy condition (1.8). Consequently, if the 
flow curve falls outside the Mises condition there will exist a value of 
dW exceeding in value that given by expression (1. 4). 


We now pass on to the second principle. If the forces which excite 
the flow are given, then the stresses and the incremental strains are 
determined as to direction, and the modulus of the stress vector depends 
upon the plasticity condition. Only a uniform state of stress throughout 
the body is considered here. Consequently, if (1.2) is investigated for 
a maximum, the variables will be |o| and the angle between o and de, 
since de itself is determined only in direction. Therefore, in this 


case one may only compare the quantities 
(dV de!) 3/\cos ode (1.9) 


When this relation is investigated for a 
maximum, it is clear that with the forces given, 
no limit is imposed upon the strains and only the 
direction of flow is prescribed. 


Analogously to the foregoing, the value of 


2K (1.10) 


is satisfied at the point A, for all plasticity 


conditions and has a stationary value for the 

Mises plasticity condition. Evidently S takes on 
a maximum value at the edges B, on the K-surface in the case where de 
and go are colinear. It is easy to prove that there is a point satisfying 
the condition 
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2K 


for any flow curve partially inside the Mises circle 


In fact, the Mises plasticity condition will be a lower limit for all 
plasticity conditions satisfying the relation 


2K (1.12) 


It is necessary to remark here that S = 2K everywhere on the K-sur- 
face except at the edges, where S is reduced from 2K to the maximum, 


2. The preceding section contained a study of the case in which a 
unique experimental characteristic provides a limiting value of stress 
obtained from simple tests in tension or compression. Ivlev showed in his 
work that other experimental points are not considered, because of imper- 
fection in testing. Ivlev, considering the well-known fact that the 
majority of tests show better agreement with the Mises condition, attri- 
butes this to anisotropy, strain-hardening and similar phenomena. If one 
agrees with this argument, then it is of interest to note that a similar, 
purely logical study, with application of experimental principles, may 
also be made in the case when the experimental data yields a unique value 
of stress from tests in simple shear. Figure 2 shows the same plane as in 
Fig. 1 but with the corresponding points given. We shall not furnish a 
strict proof since it is trivial, but we shall indicate that here also 
the class of possible plasticity conditions is included between two 
hexagons. It is especially interesting that here the Tresca condition 
and the K-surface have changed places. 


It is quite evident that the application of extremal principles in 
this case leads to the same result; i.e. that the K-surface will now be 
an extremal according to the first principle and the Tresca condition 


according to the second, 


We note in passing that if the Tresca condition is considered from the 
point of view of the first principle only, as Ivlev did, then it does 
not exhibit extremal properties in general, but the Mises condition re- 
tains all its properties including the stationary property. 


We proceed further to investigate the most general case of the given 
experimental point. Figure 3, analogous to Figs. | and 2, shows this 


point as D,. It is easy to obtain the boundaries for the class of 
possible plasticity conditions. In the most general case, all possible 


plasticity conditions are found between the 12-sided figure and the ex- 
ternal broken line, which in itself may not be a flow condition since it 





S.A. Shesterikovw 


is not convex in the most general case. 


When investigated, the application of extremal principles leads to 
the 12-sided figure as the best, and also shows that there is no unique 
curve. The Mises plasticity condition again con- 
serves its previous properties in this most 
general case. This result appears to be a con- 
sequence of the well-known fact that the Mises 
plasticity condition is a condition of constant 
distortion energy. 


It is apparent that the Tresca condition in 
this most general case does not exhibit extremal 
properties, since the K-surface also does not. 
And since from the point of view of constructing 
a simple isotropic theory of ideal plasticity 


the choice of the given experimental point must 

not affect the results of the study, then it may 

be affirmed that in the most general case of the given experimental point 
only the Mises plasticity condition appears to have an invariant physical 
characteristic. From this viewpoint Ivlev’s conclusion that only the 


Tresca plasticity condition has physical significance must give rise to 

doubt. It may be said that the logical construction of a simple plasti- 

city theory on extremal principles leads very successfully to the Mises 

plasticity condition. In addition, this condition is well supported with 
a large amount of experimental data. 
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This paper considers the equilibrium of an unbounded elastic layer lying 
on a rigid immovable base and deformed by the action of an elastic, sym- 
metrically loaded, circular plate which is in contact with it over its 
entire surface (Fig. 1). 


Absence of friction between the plate and the layer as well as between 
the layer and the base is assumed. The plate will be assumed to have unit 
radius, the thickness of the layer will be denoted by A and that of the 
plate by 8. 


We will introduce into consideration the pressure p(r) in the region 
of contact between the plate and the layer. This makes it possible to 
reduce the problem to the consideration of two problems. The first will 
involve the study of the equilibrium of the layer under the effect of 
the symmetric loading p(r) distributed over the contact region (Fig. 2), 
the second comprises the study of the equilibrium of the plate under the 
action of a system of external loads and the pressure p(r) (Fig. 3). 
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FIG. 3. 


1. We will find the link between the pressure and the normal disp] ace- 
ments of the surface of the layer in the region of contact. For this 
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purpose we will follow[1]. 


For the above assumptions the problem reduces to the integration of 
the equations of elasticity in cylindrical coordinates r, ¢, z with the 
boundary conditions 


for z : en (1.1) 
=—p(z) (r<'), > Z (1.2) 


Here, and later, u, v, w are the components of the stress tensor in 
the described cylindrical coordinate system ando,, r,, are the normal 
and tangential stresses. 


As a consequence of the symmetry of the problem, v = 0 and the remain- 
ing quantities do not depend on the coordinate ¢. We will use the repre- 
sentation of the displacement vector in terms of harmonic functions due 
to Papkovich-Neuber 


a®m om 


; ; A ( yO, D=O,—20, (1.3) 

Here » is the shear modulus, v Poisson’s ratio of the material of the 
layer and ®), ®, are functions which are harmonic in the region of the 
layer. The stresses ao, andr, are expressed in terms of these functions 
by the formulas 


On, 


Oz 


2(1 — v) 
oO 


[4 — 2v) ©, — Q,- 


t 


or 


It has been shown in [1] that by taking the harmonic functions 
in the integral representations 


db 
(Az) 
sh Ah 


M,=\ A(?d) sh hk (h z) J 
U 


0 


h? 


D, = (1— 25) O,+ | MA (d) Se olor) @? 


we satisfy the boundary conditions (1.1). The function A(A) is as yet 
unknown and J,(y) is the Bessel function. We will express the displace- 
ment w of the upper boundary of the layer and the normal stresses on it 
in terms of the function A(A) 
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Here 9 is a coefficient characterizing the material of the layer 
= — : (1.7) 
io 
and g(A) is the following function of A: 
Ah + sh Ahe~™ 
Ah + sh Ah ch Ah | 


g(h) 


Substituting (1.6) into (1.2) we find the conditions which must be 
imposed on the function A) 


AAA) 
1 — g(A) 


AAA) 


p(r) = \ T—ethy 20(hr) ae (r< 1), \ 


2. We will now consider the equilibrium of the plate shown in Fig. 3. 
We will assume that the center of the plate has a given displacement W, 
(in certain cases it is convenient to take instead of W, the deflection 
of the plate at the edge). We denote by V(r) the deflection of the plate, 
fixed at the center, under the action of all forces applied to it, in 
addition to the pressure p(r) acting on the area of contact with the 
layer. The deflection under the action of the pressure p(r) we denote by 
W. For the determination of the last we have the following equation and 


| 


boundary conditions, corresponding to a free edge [ 2 |: 


d dw 


({1—v) dW 


r ar 


() for 


for 


Here D is the cylindrical rigidity of the plate, E Young’s modulus of 
its material and v Poisson’s ratio. Using the expression p from (1.9), 
we integrate Equation (2.1) to give 


1 (A) 


W [J,Qr) + C, 0) — 


g (A) 4 


r2 ’ . ; 
o (/ = (nr 1) -+ C;(4) lnr U,4(4)] @ 


As a consequence of the boundedness of the displacement W at the 
point r = 0 one must set C,(A) = 0. Satisfying the conditions (2.2), 
(2.3) and (2.4) we find 
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The total displacement of the points of the plate in correspondence 
with what has been said at the beginning of the section is 


w=W,+V(r)+W (r) 


Equating the displacement of the plate to the vertical displacement of 
the upper boundary of the layer in the region of contact we obtain the 
second integral condition which must be imposed on the function A(A) 


A (A) 
—gih 


) Jo (r) (1 —g)-+ 


| . r2 : r2 
* “9D [Jo(2r) +O, = + C2, (Inr— 1)—1]} aa 


Equations (1.9) and (2.8) represent a system of two integral equations 
for the determination of the function A(A). 


3. Following [1] we will seek the solution of the system A(A) in the 


form , 


$A (A) ‘ aaa ¢ 
T—70 \ p(t) cos ht dt (3.1) 


VU 
where d(t) is a new unknown function. 


We will carry out on the right-hand side of (3.1) an integration by 
parts and substitute the result into the second equality (1.9) 

5 . co 1 co 

AA (A) J j 1 J , j coal j (J , d | 
fa 9 (Ar) dd [> (1)| o (Ar) sin kdh —\ ¢' (t) dt \ o (Ar) sin | 


0 0 Uv 


Using the known formula 


\ Jo(Ar) sim itd) ) 9 upy O<St<r 


(t? pt) /2 ipa t>r 


VU 


we verify that the integrals on the right-hand side vanish for r 
therefore, the second condition (1.9) is satisfied identically. 


Substitution of A(A) from (3.1) into (2.8), change of order of inte- 
gration and utilization of the formla 
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co 


\ J (Ar) cos Atdh 


0 


490 for ti>r 
l(t —2)-% for 0<t<r 


-g(h) Jo (hr (3.3) 


9 


[7g (ar) -C 3 C. "_(Inr t) |} cos Xe dd de >W,+ V(r) 


SDI | 4 4 


We will use for the transformation of the second integral the formulas 


ila lus- isn 
i . 9 . 
Jo (hr) \ cos(Arsin§)d#,  r? = — \ resin? §ds, 1= — \ dé 
3 4 9 
, (3.4) 
r?inr = — [r? sin 61m 2r sin 6 — = r? sin® 6 | dé 


0 


The validity of the last formula may be verified directly by integra- 
tion and utilization of the definite integral 


t/2 


\ Insin§ dé - -——)n2 


We substitute (3.4) into the second integral (3.3) and introduce in 
the first a new variable by setting t = r sin 6. Then (3.3) reduces to 
the form 

a l 
\ |o(rsin 9)-+ |e) R(rsin’, t) dt | dé We+Vir) w<t) (3.5) 


0 


2 


cos At 


n z 
\ eDis cos ha { (A)5 


~ 


— g (h) cos Ax} dh 
Equation (3.5) is the equation of Schlomilch | 3 | 


\ F (r sin 9) d6 = f(r) 


the unique solution of which with a continuous derivative will be 
‘« 


F(z) : [7 (0) : x \ J (xsin 6) dé 


0 
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In the original notation (3.7) takes the form 
l ‘nn 
o(z)+ \ o(t) R(z, t)dt ~ |W +z \ V’(rsin 6) dé O<z<1) (3.8) 


0 


Equation (3.8) is a Fredholm integral equation of the second kind. If 
its solution with a continuous derivative in the interval [0,1] exists, 
then the formulas (3.1), (1.5) and (2.5) give the solution of the posed 
contact problem. Using Formula (3.2), one may obtain the expression for 
the pressure p in the contact region directly in terms of p 


; 
1 @ (1) > @ (t)dt ~ a 
BP 8 | V \ 2 (3.9) 


i— 73 d Vt?—r?5 
r 


We will evaluate the force P acting on the layer from the side of the 


= dr) dt e \p(t)ae (3.10) 


rdr 


Thus, the solution of the posed problem has been determined for given 
W,- In the case where W, is unknown but the magnitude of a concentrated 
force applied at the center is given, the equation expressing the equal- 
ity of the forces, evaluated in (3.10), and the sum of the projections 
of all external forces applied to the plate on the z-axis serves for the 


determination of W. 
The expression (3.6) may be simplified considerably. 


4. We substitute in (3.6) the expression for C, from (2.6); as a re- 


sult we obtain 


Riz, t) : } A [ratty J 1 eos neat 


(4.1) 


\ Js (a) cos ht dh}- 


g(h)coshrdh (4,2 
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All integrals, except for G(x), may be evaluated. We use the formulas 


[3] 


7 = 


v0 


(=~ J,()dk = + (14-20, | Ji Q)cos Mdh =VWYi-# (4.3) 
0 
to 


We now differentiate I with respect x 


él * cosAt 
Ox : 7 A? 
0 


{— sin Ax + daJ (A)] dd 


Differentiation is justified, since the obtained integral converges 
uniformly with respect to x. We introduce into the consideration the 


integra] 


[— sim }x + ArJ,(d)] da (6 > 0) 


Obviously its limiting value for 8 + 0 coincides with dI/dx. 


The following formulas hold [4]: 


cos At J, (A) dh = ch Bt K,(B) (4.5) 


A+ 82 


oo 


\ sin Az cos At dh — {e—x—) Fi [8 (x — t)) + e- 9+ Ei [B (x + 0) — 


= 
A? + 8 


ehtx+0) Ei [— B(x + £))) (4.6) 


Here K,(8) is the Macdonald function and Ei(f) is the exponential in- 
tegral. Using their expansions for small 8 


K,(8) = —In8+n2+C+... Eil(§) 


and Formulas (4.6) and (4.7) we obtain 


= lim Il = 2(2C + In2—1)4 


p-—-0 


Oz 


Here C is Euler’s constant (C = 0.5772). Integrating (4.7) with 
respect to x we obtain the expression for the unknown integral 


22 (2C In 2—1) 4 ; (a t)* (In ja 


; (x +- 0)? (In|: ‘y—+ (Int 
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Substitution in (4.1) of the integrals (4.3), (4.8) gives 


Rix, t) 1K (2, t)—~+[G(a tt) + G(x—?t)] 


Here 


K (x, t) x* | 2C In 2 - 


1 H (x t) + H (2 2H (t)- V1- f2 —h 


1 
= 


H (2) ; z* (In| x| — ~)s x 
In the particular case where one is concemed with the interaction of 
the plate with the half-space (h + «), the function g(A), and with it 
G(x), vanishes and the kernel R(x, t) of Equation (3.8) assumes the 
specially simple form 


R(x, t)= 7K (z, t) 


The free term of Equation (3.8) in this case does not change. Then 
Equation (3.8) and the other formulas give a new solution of the earlier 
studied problem (cf, for example, [5,6] ). 


5. As and example we consider a plate, at the center of which there 
is applied a concentrated force P, In this case V(r) = 0 and Equation 
(3.8) takes the form 

; 
w (xr) j Rix, tha(tjdt : (5.4) 
into which there has been introduced for the convenience of the computa- 
tions the new unknown w(x), related to d(x) by the equation 


») 
@ (x) — Ww (x) (5.2) 


In the case of contact of the plate with an elastic half-space the 
equation is 
l 


@ (x) + 1\ Ke, Doar { (5.3) 


We achieve the solution of (5.3) by a numerical method, replacing its 
integral by an approximate expression based on the trapezoidal rule. 
Satisfying Equation (5.3) at a number of points we obtain a system of 
linear algebraic equations. Its solution for not-too-large values of the 
Parameter y has been found by the method of successive approximations. 
Using (3.10) and (5.2) we find the connection between the applied force 
P and the deflection of the plate under it 
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1 
a (7) Jocat 


Ps 
AW, 


The following table gives the results of the computed values of the 
function a(x) of (5.3) for y 0.0, 0.3, 0.5, 1.0, 1.5. 


For the stated values of y the values the function a(y) in accord- 


ance with (5.4) are 


0.00 0.3 0.5 1.0 


a(y) 1.000 0.843 0.766 0.633 f 6 

It follows from the table that for y > 1.5 the function a(x) remains 
negative for x near unity. Then, in correspondence with (3.9), the 
pressure p likewise remains negative for r 1( 0). In the formula- 
tion of the problem complete attachment of the plate to the layer has 


been assumed, and therefore the obtained results are fully applicable. 


If it is admitted that the plate lies freely on the layer, its edge 
will tear away from the layer for the stated values of y and the above 


solution loses meaning. Clearly such tearing occurs for values of y 


larger than y for which the condition a1) 0 fulfilled. 
>. 


More detailed computations than those given in the table show the 
critical value y : y 1.053. Por the study of the problem of a layer 
>. 
of finite thickness the computations may be performed by the same method 


using the table of the function G(x) of | ee 


We present the results of computing y as a function of the thickness 
> 
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v.5 1 2 


1.019 0.889 0.623 


This dependence of y cr") permits the following conclusion to be 
drawn: for unchanging materials of the layer and plate the minimum thick- 
ness of the plate corresponding to contact over its entire area increases 
with decreasing thickness of the layer. 
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A method for analyzing a thin-walled tube acted upon by a bending moment 
in the plane of its curved axis has been developed by Von Karman [i]. 

An essentially new feature in his method was the taking into account of 
the flattening of the cross-section, Numerous contributions to the sub- 
ject have been published later by other authors; a critical review of 
these latter contributions is given in [2]. The publications just re- 
ferred to deal either with problem of raising the accuracy of the results 
derived by Von Karman for possible application to a wider interval of 
occurring parameters, or with some other special cases of loading. A 
general characteristic of all of these publications is the use of minimum 
principles applicable to approximate expressions for displacements and 
stresses. A different approach was chosen by Clark and Reissner [3 |; 
they reduce the problem of the tube acted upon by a bending moment in the 
plane of the curved axis to that of solving Meissner’s equation. 


The present paper offers a uniform approach to the problem of deform- 
ation for a tube free of surface loading but carrying loads of general 
form along its boundary line. The problem is treated as one of the theory 
of thin shells. The boundary conditions of the tube ends are satisfied in 
accordance with Saint-Venant’s principle. The notations used are funda- 
mentally identical with those chosen in [4]. 


1. Consider the tube part bounded by the sections ¢ = 0 and ¢ = - ¢, 
(Fig. 1). We introduce into our discussion dislocational disp] acements 


[5], i.e. displacements, non-periodical with respect to ¢, but in cor- 
respondence with the periodical components of deformation. In our present 
problem 


To 
(U° + 
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where r is the radius vector of an arbitrary point of the middle surface 
of the tube, while the expression within the curved brackets represents 
the displacement vector of the middle surface considered as a rigid body, 
with the origin O of the coordinates used as a pole. The components of 


the vectors 


if | ly ey r U,e., 02° 02. Cx Q,°ey + 02,"e: 


are constant dislocations. Projecting the vector U® on the directions 
connected with the middle surface of the tube (Fig. 1), we obtain 


(cos 8cos¢l/,° + cos8sin gl, sin 6U, 


— (a + sin 9) singRQ (a + sin 8) cos pR,Q,°} 


sin 0 sin ol cos 6U, 


x 


{sin § cos ol 


cos § sin ¢R,Q,° — cos 8 cos pR,Q,°} 
sin ol, cos ol/ % cos 7) cos oR,Q.* - 
—acos§singR,Q,° + (1 + asin 6) R,Q, 


Substituting into (1.2), consecutively, 6 = 0 and d= - dy, we 


— sin 9U, (x +- sin 9) R,Q 
cos 6U, cos 8R,Q 


-a cos $R.Q (1 x sin 6) RQ 


For the horizontal and vertical displacements 


A. u cos § vsin 9, A usin ¥ + weos¥ 


we consequently find 


A. (0) x cos OR,Q,°, 


A,* (0) (1 asin 9) RQ, 


Thus, we see that the introduced dislocational displacements deter- 
mine the displacement of the cross-section ¢ = 0, considered as a rigid 
body, with respect to the fixed cross-section d= — ¢ This displace- 
ment is characterized by the six parametersU °, UY ~ er. n°, 2 ~ n°. 
If the displacement of the section d= 0 is to be characterized by the 


vector U°°}l bal U” # U; | of displacement of its center and the vector 


°°} oe, 1 °°} of rotation angles, then, as easily concluded 


from Fig. | 
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By means of well-known formulas we now determine the dislocational 
components of deformation corresponding to the displacements (1. 2) 


1 


. on alt sal] os 8 RO 
RoGo(1 + asin 6) {— sin 9, cos ol e cos ¢R,Q 


—acos §sin of,Q,° + (1 + asin 6) RQ, 


{ 


; ae Geos] .® 1 6 sin ol] sin 6 
Rogo(1 +- asin 8) {cos 9 cos pl, cos Ysin GH , mv’, 


(x sin 9) sin pR,Q,° +- (a sin 9) cos ¢R,Q 
- . {sin Osin ol’, sin 6 cos of 
R,*o (1 -+- asin®)? ‘ r 
(2 + asin 9) cos 8 cos pf,Q 


(2 + asin 8) cos 6sin of,Q,° +- (1 + asin 6) sin 97,Q, 


{ 


fsin 0 cos 0 cos ol] .°-L-sin Ocos 9 sin of 
invcos’ co in Ucos ing 
R,*¢9(1 + asin 6)** — 


v cos76l 2 


— (a + sin 9)sin @sin of,Q, (a sin 8) sin 8cos ¢R,Q 


g 
%) 1 


If, with the aid of the relationships of Hooke’s law in its general- 
ized form, we derive from the expressions (1.7) the forces and moments, 
and from the latter the corresponding surface loading, this loading will 
be, in general, different from zero. Therefore, we assume expressions of 
the form 


for the total displacements. In doing so we note that the periodical 


correcting displacements u*, y* w* will have to be determined from the 


condition that the total displacements satisfy the problem form ated 


above. 
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On the basis of the statico-geometric analogy [6] we construct the 
solution of the system of equilibrium equations (replacing here the 
membrane solution otherwise commonly used) 

(1.8) 
Eh* 


- —. {sin § sin ol,‘ 
vRg*go (1 + 4 sin 03 * , eh ath 


sin § cos ol ,° — 


(2 + asin 9) cos cos oR,Q,' a sin §) cos 9 sin 9 R, Q,° 


(1 + asin 9) sin 6R,Q,°} 
Eh 
vA,*9, (1 + a sin yok 
- cos? 6U/ ,° +- (a 
Eh? 
v Rog, (1 +- a sin 8) 


sin § cos 8 cos pl ,° — sin § cos @ sin pF, 


sin 9) sin 6 sin pR,Q,° — (a + sin 9) sin § cos pR,Q,°} 


{sin pl’ .° — cos gU,° + a cos 8 cos pR,2,° + 


a2 cos §sin pR,Q,' (1 + asin 9) RoQ,°} 


Eh? 


. {cos § cos 
vo, (1 + asin 6) ' 


oU .° +- cos § sin ol 


4 -sin§ U,° — 


Vv 
(a +- sin 9) cos 9R,Q,° — (a + sin 9) sin pR,Q,°} 
V 12(1 —u?) 


In these equations h_is the thickness of the shell. Appropriate choice of 


o 9 > ot} 
the parameters U”, UY, US, 0°, Qy ' 0: assures periodicity of the 


correcting displacements u®, v*, w* 


Finally, we define the functions X, 
Y, Z as periodical solutions of the following equations: 


(1.9) 


acos6® dX a® cos? 6 
-asin0Od0 '| =(it+asin6) 


a cos 60 dY . 4a? cos? 0 
asin 0 d6 (1 +a sin 6)? 


acos® 4dZ 
t-q@sin 8 d@0 (1 + a4 sin 6)? 


4a? ( os? 0 


- sin 8 ] 
i2d? 


i-+asin®8|~ 


i2d? sin 6 | 
i+-asin@| 


= 2 sin 8 
i2d* . 
i+-a sin0} 


cos 6 


+-a@ sin 0 


cos 6 


(1 + asin 6) 


sin8O+a 


(1 a sin 0)? 


(2d? R,a*y | h) 


It is easily seen that the functions X and Y are even and Z is odd 
with respect to the substitution of mw — @ for 6. Integration of the third 
equation between the limits 0 and 2m” leads to the equation 


sin 0Zd® 
j1 a sin® 


0 (1.10) 
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valid within the limits of the theory of thin shells. We introduce the 
notations 


I, J \ cos 0Xd9. , \ cos 6Yd0 . I, 


a J zz sinv 


d0 


z sin 6)" 


(Re /,)? + (Im /,)* « (Re /,)* + (Im /,)* ,. (Re Zs)* +- (Im /5)* 
Rel, . ; ; 4 , Rel. 
(1.12) 


A, =2 


The relations (1.7) show that the components of the dislocational de- 
formation represent very simple functions of the angle ¢. This predeter- 
mines the form of the correcting displacements. In accordance with the 
procedure to be used we subdivide the problem into three special problems. 


2. The case corresponding to U° shall be called the first symmetrical 
problem. From (1.7) we conclude that the non-vanishing deformation com- 
ponents w §, r& are independent of d. This case corresponds to the sym 
metrical torsion of a shell of revolution. The solution is elementary 
and we can confine ourselves to stating the final results. 


For the torque and the shearing force we find 


EJ [J_ (a)}* 
AR? 1 1), Ja(a) 


M,=R,P 


3 
where J = mr,°h = equatorial moment of inertia of the cross-section of 
the tube. 


The shear stress is 


{ 1 
| Je(a) (1 a sin 0)? 


where d, 1s the maximum stress according to the elementary theory of 


torsion. 


8 


sin 0d0 


; 
zsinv)* 


ic 
k x sin 6 
1 a (1 my) \a 


0, 


3. The case corresponding to 2° shall be called the second symmetric- 


& are inde- 


al case. Inasmuch as, in accordance with (1.7), «,*® and Ko 
pendent of ¢, we use for the solution of the problem Meissner’s equation 


in transformed form 





acos0 1s a? cos? 0 sin 0 
asin (1 2 sin 0)? asin @ 
sin 0 log 


<7 
x sin® | 


where 


2 sin 0) a, 


zcosts 
asin U| av 


7 sin Uv) v,° 
zsin v tv 


Comparing the obtained 
(1.9), we find 


(3.2) 


The forces and moments express themselves in terms of the function X by 


means of the following relations 


z sin 0 ast, acos®@ReX | 
; Im X 


f asin§g) ; 1 asin® | 


os OX 


a sin 0 
2 cos 6X ’ a sin 6 
asing : +-asin 0 


x cos OX 


asin0 
[ dX x cos O04 asin 
Im | [4 ; } 


lL at asin0 2(1 zsin0) 


The vertical displacement is 
0 
A, \cos 6 Re 3°" dé 


0 


It is easily seen that the condition of periodicity of +, assumes, in 
accordance with (3.2) and (1.11), the form 


(3.5) 
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Eliminating M,° from the relations (3.3), we easily find with the aid 
of the aforementioned properties of the function X that the forces and 
moments, applied at an arbitrary cross-section (essentially T,), are 
statically equivalent to the bending moment 


Introducing the membrane and bending stresses 


6M, 
_* 


acos6 Re X Im /, /a cos0 Im X asin ®@ ) 
i+ asin® Re J, i--asin® 241 a sin 0)/f 


Im ly dX 
Ke ly Im dO | 


acos0 
asin@- 2(1 zsin@) 
Im /, iA ua cos 6 
Re ( 
Ke l; iv i+ asin®8 


cos ¥ asin 
asin®@ ~ re"? + asin @) 
Im / 1 acos® 
* Re(u 
tel, ‘ ad i+ asin® 
where o,=M, (J/ro) represents the maximum stress according to the el ement- 
ary theory of bending, and finally 
i] 
Im /, 
Rel, 


Re \ cos 0X d0 
Sh De 
rh aX. Im/ 1X \) 2A 2," 
sin 0) ! ‘ ‘In 
x sin 9) 2 wR, Re 5 Re7, ™ wo)t —s 


To 


Im \ cos 4X d6 


4. The cases characterized by U”, n! é 0 and U, , 0° € 0. shall be 
called the first and the second inverse symmetrical problems. 


With some generalization of the results derived in [7], we find that 
the basic difficulty encountered in the case under consideration consists 
in the solution of the equation 


acos® dy" 4a? cos? 0 sin® 7 ; 
2 { - 12a ly A 
asin® dé (1 2 sin 0) z sin 0 


, sin 0 
i2d? 


1+ asin 
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where 


= 
asin @ 484°, 


cot Ie8 
a do 1,1 


. . 
asing 2M,, 


f . 
2 a0 cot IM, 


- 


sin 8 


The subscript 1 after a comma signifies here and in the following 
that the quantity concerned represents a multiplier of cos ¢ or sin ¢ in 
the corresponding expression. Furthermore, if there are two functions 
(signs), the upper one refers to the first inverse-symmetrical case, and 


the lower to the second one. 


Substituting into (4,1) the corresponding expressions, we find, with 
the aid of (1.9), 


The forces and moments express themselves in terms of the fundamental 
complex function by the relations 


[ acos0Im Y 1 sin 6 ] 


1 2 sin @ 2(1 + sin 0)? | 


(4.3) 
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The conditions of periodicity of A, , and are, according to 
(4.2) and (1.11) 
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and by virtue of these expressions we have 


8 
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the aforementioned properties of the functions Y 


Using, furthermore, 
10) and the notations (1.13), we find, with the 


and Z, the relation (1. 
aid of (4,3) 


RyP 


(4.8) 


(4.9) 


The maximum stresses in the extreme filaments of the tube are, accord- 


ing to the elementary theory of bending 


l 
EhA, y I / 
- ; =] ; ' (4.10) 


vro kt, Fo 


Introducing the stresses 
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we find for them, on the basis of (4.3), the following expressions: 
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5. A series of examples of tubes in bending by a bending moment in the 
plane of the curved axis of the tube has been studied with the aid of the 
relations given above. The results obtained were in good agreement with 


those derived by other authors and with the results, thus far available, 
of experimental tests. As an example of non-symmetrical bending the case 
has been investigated of a half ring ¢ = 7 under torsion (by means of a 
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moment). 


Continued fractions in connection with the method of expansion in 
terms of the "small" parameter a were used for the solution of Equation 
(1.9). Figure 2 shows by solid line the axial (small squares) and trans- 
verse (small circles) stresses calculated from Formlas (4.11); these 
stresses are located at the outer surface of the tube characterized by 
the parameters d* = 21.4 and a 1/3; the broken line reproduces the re- 
sults obtained in [8]. Solving (2.1), (3.6), (4.8) and (4.9) for the 
parameters of the dislocation, we find 


R,? » 7 4 »} eV } ~ i] 
zy (BRP), U, (BR, P,°), RyQ, By TPs + +M,°}, 


He” .e c . R,? 


ey (BRyP:°}, RoQs' ” (4M, ay (uM, — 7RoP,°) 


Js (a) 


(1 ) Po TF, (a) 


The last relations permit the expression, by means of the formulas 
derived above, of the displacements of the edge of the tube with the 


aid of the quantities P,° re 


M°, M° which chacracterize 
the loading applied at the edge. It is not difficult to see that the 
correcting and the dislocational displacements are quantities of the same 
order of magnitude. 


, z? xz? 


Figure 3 shows, as an example, the warping displacement v* = U.° dy) 
corresponding to the first symmetrical case for a 1/3. Figure 4 gives 
a comparison of the quantity 


ad 


Ay 


which offers a measure of rigidity against bending for the second sym- 
metrical case (case of Von Karman), with values obtained by various 





Saint-Venant’s problem for thin-walled tubes 631 


authors by means of experimental tests (see [2] ). Notwithstanding the 
fact that the quantity A, was determined on the basis of the simplifying 


assumption a = 0, the agreement of the theoretical work with the experi- 
mental tests is entirely satisfactory. 


As to the other coefficients of rigidity, their magnitude depends 
essentially on the kind of boundary conditions at the ends of the tube. 
To establish a solution which satisfies the boundary conditions it will 
be necessary to use, in addition, a new procedure involving, in partic- 
ular, solutions which take care of the edge effects. In such cases the 
discussion presented above can be used as a basis for the derivation of 
the exact solution. 
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Mitchell [1 ] was the first who presented a rigorous theory for the 
torsion of a curved bar in the shape of a circular. ring segment, anal- 
ogous to the St. Venant’s theory for the prismatic bar. Mitchell con- 
sidered not only an isotropic case, but also the case of a cylindrical 
anisotropy and at the same time orthotropy. A grou; f other authors 
considered the torsional problem, Gohner [2 l, Langhaar [3], Solianik- 
Krassa [4], Rabinovich [5], and others, for the isotropic bars, and 
Chattarji [6 ] for the bars having transverse isotropy. The obtained 
results were either exact or approximate for some particular cross- 


sections of bars. 


The objective of this note is to demonstrate that the exact torsion 
theory can be extended to the case when a bar exhibits a more complex 
anisotropy characterized only by the elastic symmetry about any plane of 


the transverse (radial) cross-section, but otherwise arbitrary. 


1. Statement of the problem and general equations. Consider 


a curved bar of an arbitrary cross-section in the shape of a circular 
ring segment. Denote by A the radius of the center line of the bar, and 
by a the angle between the end faces. Let the distributed force acting on 
the lateral faces be reduced to two forces 0 and a twisting moment H= OR, 
or equivalent to it, two equal and oppositely directed forces Q acting 


along the axis of rotation z (see Figure). 


We assume that the bar has a curvilinear anisotropy such that every 
transverse cross-sectional plane (i.e. radial) which is a plane of 
elastic symmetry is subject to the generalized Hooke’s law and undergoes 


small deflections. 


Let the z-axis be the axis of rotation. The generalized Hooke’s law 
relationships in cylindrical coordinates r, @, z, shown in the figure, 


are as follows: 
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Ay, Sr A999 yg 9z TP O45 Trz 
Qy29r tT 49959 + A939; 


= 4395; T 49399 - 4339; 


4159r -~ 49599 > 4359 
Qyg Tez tT Agg Tt 


Age Tez T Age, T 


In the general case the coefficients a,,, thirteen in number, may be 
functions of the three coordinates. We make only one restriction, viz. 


that the three coefficients O44» Mo, Mo are independent of @, the other 


ten coefficients being arbitrary. If we supplement the system (1.1) by 
three equilibrium equations for the continuous medium, we obtain nine 
equations for the determination of the six stress components and the 
three displacements components u, v, w along the coordinate directions r, 


6 and z. 





Let us assume that in the given bar, as in the case of an isotropic 


bar 


(1.2) 


and consequently rg. and» are independent of 0. Equations (1.1) wll 


then reduce to 
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Integrating the first three equations, we express the displacements 
by three arbitrary functions 


From (1.3) we find general forms of the functions U, W and the 
relationship between V and the stresses. Thus, the final formulas and 
equations are 


v, (7, 2) 


where u’, v’ and w” are "rigid" displacements 


z (w,. cos § — w, sin 9) + acos®@ +- dbsin 6 
Z (Ws sin 6 ; i, cos 8) a sin § ’ h cost 
Pr (@. COS iF) ®, sin 6) - Cc 


The constants #, @,, a, 6, ¢ are to be determined. 


The stresses on the lateral surface have to satisfy the following 
condi tion: 


Tre COS (nN, 7) + To _ (1.8) 


On the end faces, as well as in any transverse cross-section, there 
must be satisfied the equilibrium conditions 


> 


\( tre dr dz U, 


we 


\\ [tre Z— Tez (7 R)}| dr dz H OR 


where the integrals are taken over the whole area of the transverse 
cross-section. 


It is seen from (1.5) to (1.7) that the displacements do not contain 
elastic moduli explicitly, i.e. in their form these equations do not 
differ from equations for the displacements of isotropic bars[5]. The 
influence of the kind of anisotropy considered here is shown in that the 
function v, is determined from more complex equations (1.6) and the con- 
stant $ is different. 
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2. Determination of the stress function, the constant 


and the displacements. The further development of the solution of 
the problem is the same as in the isotropic case, (see, e.g. [5]). We 
introduce the stress function F(r, z) setting 


R? al 


r= or 


(2.1) 
Eliminating v, from (1.7) we obtain the following equation for F: 


OF 
4 


or 


The problem thus reduces to a determination in the region of the 
transverse cross-section of a function F which satisfies (2.2) and which 
is constant on the contour of the cross-section. Function F is deter- 
mined within a multiplicative constant # which is found from (1.9). 


In the case of a simply-connected region, it is possible to assume 
that F = 0 on the contour. All equations of (1.9) are thus reduced to 


2K» \\ ‘-drdz = H (2.3) 


In order to determine six arbitrary constants @,, 4, b, c it is 
necessary, in addition, to specify the end conditions. We shall consider 
one of the possible versions. We shall assume that the right end of the 
bar is clamped in such a way that the center of gravity of the end 
cross-section and the linear element associated with it directed along 
the axis of the bar and a plane element in the r@-plane remain fixed. We 
have: 


The displacements are: 
Az sin 0, v,(r, z) —v, (RK, 0) ie 
dR (RO r sin 9) 


The component of rotation about the axis tangent to the axis of the 
bar r=R is 


we = DARsin |G (2.6) 


From (2.3) we obtain 
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The bending of the left end is 


H R* 


7 (2 — sin @) (2.3) 
With the increasing R the expression (2.5) tends to the expressions 
for the displacements of the twisted straight bar. Rabinovich suggested, 
analogously to the prismatic bar, that D and C be referred to as the 

"angle of twist" and "torsional rigidity", respectively [5]. 


3. Homogeneous bar with cylindrical anisotropy. In the case 
of a homogeneous bar with cylindrical anisotropy, with the axis of aniso- 
tropy directed along the axis of rotation, all coefficients a,, in (1.1) 
are constants. We introduce new variables 


where Gg, G.g are the shear moduli which characterize the changes of 
the angles between the r and @ directions in the planes normal to the 
axis caused by the stresses rg, andr g, respectively. With these new 
coordinates Equation (2.2) will be transformed into the equation for the 


isotropic bar with the shear modulus Gg, and "angle of twist" 


3 OF 
p op 


— 20Gs, (3.2 


The problem is thus reduced to the torsion problem of an isotropic 
bar of the same radius R, and with the area of the cross-section obtained 
from a given one by means of the affine transformation (3.1), since on 
the contour of the mapped region (simply connected) F also must be zero. 


From the stresses at a point p, ¢ of an isotropic bar (with an accuracy 
within a multiplicative constant Gg_) we can determine the stresses 


‘9,7 @ at a corresponding point of an anisotropic bar 


(3.3) 


The constant $ for a given moment H can be found from (2.7). The 
rigidity of the anisotropic bar connected with the rigidity of an 
auxiliary isotropic bar C, by means of (2.7) and (3.1) has, in this case, 
a simple expression 
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V n? — m® C, (3.4) 


In the case of an orthotropic material a,, = m= 0, 


In cases where sufficiently accurate data exist for isotropic bars, 
Equations (3.3) and (3.4) permit an easy application of these data for 
the anisotropic cases, thus avoiding cumbersome manipulations and com- 


putations, 


Consider, as an example, an orthotropic bar of a rectangular cross- 
section, Denote by R, 6, h its radius, and the width and height of its 


cross-section, and by R, 6 h,, the same magnitudes for the auxiliary 


1’ e 
isotropic case. In [5] all necessary formulas and numerical data are 
given for the isotropic rectangular bars. Torsional rigidity and stresses 
at the mid-points of the h,-sides closest to the z-axis are determined 
from the formulas 

2R by 


. on eo ais 
Ge: bh k | “ 4 (To-Do Ge, Dh, ky ( by P hy } (3.0) 


The values of the coefficients k, ky for a series of ratios 2R/b,, 
b,/h, which are used here, are presented in Tables 1 and 2 of [5]. 


For the calculation of the torsional rigidity and stresses in an 
orthotropic bar for which 


(3.6) 


we must consider an isotropic bar with the same radius R with the dimen- 


sions b, b, h, =h n, b,/h, = n, From (3.3), (3.4) and (3.5) we obtain 


2R 
b 


’ a 
Go: h4 z } 
n° 


(3.7) 


For the sake of definiteness, let us take 2R /b = 3; a = 3 and deter- 
mine formulas for the two relationships between the shear moduli. 


Case 1. Gg, 4G 4 (Gg, 4 Gig), n 


H 2k, (3, 6) 


" 3.8) 
\Tozlo = hS 3k (3, 6) ane 


Ge; h* 0.75 k (3,6), 
In{5] the values of k (3.6) and k, (3.6) are not shown. They can be 
found approximately from tables presented in [5 ] by means of linear 


interpolation. Thus, we obtain k (3.6) = 0.355, k, (0.36 = 1.53 
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G,, h* 0.266, (t,o = 


Gg, = 0.25 Gig (Gg, < Gg); n- 


Ge, h* 12 k (3,1.5) 
For the isotropic bar with 
G,, h* 0.912, (todo = je 1.9 (3.11) 


Comparing all these data (and the results calculated for other dimen- 
sions not presented here) we observe that for a given Gg, the torsional 
rigidity is decreasing with increasing ratio of the shear moduli, and 
vice-versa. The behavior of the stress (roo is reversed; for a given 
twisting moment the stress is increasing with increasing ratio Gg Gig. 
The isotropic case falls, as can be seen from (3.9) through (3.11 
between Cases 1 and 2. 
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The solution of problems on the fracture of solids under the action of 
impulsive dynamic loadings encounters great difficulties. Even before 

the onset of fracture the process becomes very complicated because 
different parts of the body are governed by different "stress-strain" 
relation, and the position of the boundaries between these parts changes 
with time. When cracks appear, which lead to new time-dependent boundary 
conditions, one cannot even speak of any kind of rigorous solution of the 


problem. 


This paper is concerned with the study of dynamic stresses in a medium 
obeying Hooke’s law. In materials whose elastic limit and ultimate 
strength are close to one another (under dynamic loading) such studies 
can identify points from which the formation of cracks in the first stage 
of fracture will originate. If, however, there exists a noticeable in- 
terval between the elastic limit and the ultimate strength, where the 
material is subjected to some inelastic deformations, then these studies 
can identify instants of time and parts of the body where dangerous 


stresses can be expected with the greatest probability. 


The rigorous solution also becomes useful in the evaluation of some 
approximate theories found in the literature. It shows, for instance, 
that the acoustic theory [1,2 ] is inadequate and the quasi-static theory 


[3 ] is limited in its applicability. 


Dynamic problems of the theory of elasticity in the case of a half- 
space, a single-layer or a multi-layered medium with plane-parallel 
separation boundaries were studied in many papers. A major portion of 
these papers is devoted to the development and also the the qualitative 
and quantitative study of formulas for the displacement-vector components. 
The transition to stresses somewhat complicates the solutions. This conm- 


plication, however, is unimportant in analogous studies. 





Stress waves in an elastic plate 


l. Let us introduce cylindrical coordinates r, 6, z, Assume that a 
normal unit force, which varies in time as 


e(t) U npu f « U), e (t) npn f (1.1) 


is applied at the plate boundary z = 0 at the point r = 0, z= 0, and 
the boundary z = A is stress-free. At the beginning this will cause the 
formation of direct longitudinal p-waves and transverse s-waves, which 


characterize the wave-field in a half-space z > 0. 


After impinging upon the boundary z = h, the p-wave produces a re- 
flected longitudinal pp- and a transverse ps-wave. The s-wave, on the 
other hand, forms correspondingly a longitudinal sp- and a transverse 
ss-wave. At the next instant there will take place a reflection from the 
boudary z = 0 and then again from the boundary z = A, etc. 


For brevity and convenience of comparing the obtained results with 
the results of previous papers [ 1,2,4 ] devoted to the explanation of 
spalling phenomena, let us study for the time being dynamic processes 
along the axis of symmetry and limit ourselves to the analysis only of 
the direct waves p and s, and also the reflected pp-, ps-, sp- and ss- 


waves. 


It should be noted that the above-mentioned waves were studied by 
Zvolinskii. However, he evaluated asymptotically the stress field only 
in the neighborhood of the wave-front. Such estimates can be justified 
to any extent only for points that lie at distances from the origin con- 
siderably greater than the wave-length. Quantitative studies of waves of 
such kind in a layer lying on a liquid half-space are contained in [a]. 
However, in this paper as well as in [1,2 ], which were devoted to 
acoustic problems, a number of inaccuracies were admitted, which caused 


incorrect calculations of the wave-field intensities. 


Formlas for the displacement-vector components, corresponding to 
different waves, can be written immediately, for instance, according to 
[5], in the form of double integrals. After carrying out the differenta- 
tion under the integral sign (the permissibility of which was repeatedly 
discussed in papers by Petrashen’) and using the Lame formulas, one 
could easily obtain expressions for the stresses. Finally, after repre- 


; f 
senting these expressions in terms of single integrals [6] along a con- 


tour | which runs along the imaginary axis in the right half-plane of the 
complex variable ¢, and letting r = 0, we find the principal stress o_ 
in the following form 


For incident waves (p + s) 
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For reflected waves (pp + ps + sp + ss) 


, 9 
1g°a5 


e? 2 [ bee ha —(h 


and where 6 represents the velocity of propagation of transverse waves, 

a is the velocity of propagation of longitudinal waves and o is Poisson’s 
ratio. As was shown in [5], the branches of the radicals a and f should 
be fixed by the conditions 


arg & arg 5 U upp ¢ 


2. Let us introduce the following notation 


Let us place the factor A’ in (1.2) and (1.3) before the integral 
sign and carry out the integration by residues at points ¢, of the right- 
hand half-plane €, which are real roots of the corresponding equations 


. 6) (2.8) 


where d(C) are determined from (2,2) 


If we assume that 
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we obtain for the direct [incident ] (p + s) waves 


— { a a ag® | e 2a8? 
Jn ahtk d+ | 1 2CR \ret, PCR lat 


7? 


By using the equations 


os! (C.) 2—k 
3 (Ss — 
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, ts Vit ye? 

we obtain for the reflected (pp + ps + sp + ss) waves 


4 ag?T | 4a2B2g2 
+ : — ie r 
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NA+ iF 


2k+-2) t#+-2(1—k) + V +? 
k)*} t? + [1 — 7? (1 


The computation of the expressions in the braces of formulas (2,10) 
and (2.14) can be accomplished as well as the computation of the dis- 


placements [7 ]. 


Note that the values of C, and ¢. can practically most be conveniently 
found not from Formulas (2.16) and to. 17) but directly from the equations 
%, = 9, d, = 0 by tabulating the functions r (¢,), 1 (¢.). 

Similarly, we obtain equations for the other two principal stresses 


ao. and o, along the axis of symmetry: 





K.I. Ogurtsov 


In the case of direct waves 


1 @Of ag{(i 
%9 th? k ax \"1 


In the case of reflected waves 


1 gait 


} 20) 


(2.4 


3. Now we shall study the stresses (2.10) and (2.14) and compare them 


with the corresponding stresses which result from the acoustic theory. 

An exact expression for the latter can be easily obtained from Formulas 
(2.10) and (2.14) if all but the first terms in these formulas are dis- 
carded, a limiting process 6 ~ 0 is performed, and it is assumed that the 
derivative of x, and«, (in the generalized sense) represents the Dirac 


] 
delta-function. This expression has the following form: 


For direct waves 


For reflected waves 


Note that in these formlas the inaccuracies tolerated in[ 1,2] have 


been corrected. 


For the convenience of comparison we carry out the differentation in 
(2.10) and (2,14). There we shall assume that 


ar 


(3.3) 


Then, taking into account (2.9), (2.12) and (2.13), and also assuming 


that Cy at the front of the vth wave approaches infinity, one can rewrite 
Formulas (2.10) and (2.14) in the form 
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It can easily be verified that only terms containing the Dirac delta- 
function coincide in the compared formulas at the front of the p- and 
pp-waves. After the passage of the above-mentioned fronts, Equations 
(3.1) and (3.2) maintain a constant value at the same time as (3.4) and 
(3.5) turn out to be variable functions of time, where (3.4) has a dis- 
continuity of the type of a finite jump at the instant of the passage of 
the transverse s-wave, and (3.5) at the instant of the passage of the 
converted ps- and sp-waves and the transverse s-wave. The magnitude of 
these finite jumps at the front of the transverse and converted waves 
and also the magnitudes of the stresses immediately behind the fronts of 
the longitudinal waves can be easily determined from (3.4) and (3.5) by 
a limiting process ¢, ~®, 


Let us study in some greater detail the direct | incident ] waves. 
After passing to the limit in Formla (3.4) and taking into account de- 
tailed calculations of the displacement field, which were performed in 
[7], one can describe schematically the change of the stress a, along 
the axis of symmetry in the following manner. After passing the front of 
the p-wave (with a singularity of the type of the Dirac delta- function) 


the stress becomes immediately (1+ 8y*) times greater than the acoustic 
approximation (3.1). After that the stress grows monotonically with time, 
say, parabolically, and up to the instant of the introduction of the 


transverse s-wave it reaches a value of a magnitude several times greater 
than the original one. At the time of a passage of the transverse s-wave- 
front the stress o_ drops by a step to 8y of the values of (3.1) and 
then varies smoothly. Quickly it reaches a value near the static stress, 
which is equal to three times the value of (3.1). 


The acoustic approximation can be regarded as a particular case of the 
dynamic theory of elasticity, and thus its application to solids should 
already on the basis of the performed calculations be considered inadmis- 


sible. 
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In the following, however, the stresses from the acoustic approxima- 
tion will still be used in order to draw, by means of simple examples, 
a better qualitative picture of a number of phenomena which take place 
in solids but are described by more complicated formulas. The calcula- 
tions by means of these formulas do not present great difficulties, and 
they can be carried out to an arbitrary degree of accuracy if necessary. 


4. In order to utilize the study of the wave-fields for practical 
applications it is still necessary to perform a transition from the 
solution o (t), which was obtained considering (1.1), to the solution 
o_*(t), which corresponds to an "arbitrary" physically reasonable load- 
ing P(t) applied at the instant t = 9. Such a transition can be performed 
by means of the well-known formula 

t 
a,” (t) \\9:(u) P(t u)du (4.1) 
0 

It should be noted that, depending on the relations between the dura- 
tion of the action T, the instant t, of the introduction of the longi- 
tudinal wave and the time t, the integral (4.1) is being evaluated 
differently. In the case t > (ty + T ) the lower limit in (4.1) has to 
be replaced by (t -— T), since for u> t andu< (t — T) the equation 
Plt — a) 0 holds. In the case t « (ty + T), however, the value of the 
integral (4.1) is given in two terms. The first term corresponds to the 
Here, 


integration along the segment t, + 9, t, sinceo,(u) = O atu<t 


0° 


the symbol t, + 0 denotes that the point t = ty) at which there exists a 


singularity, is excluded from the interval of insonsathins The second 
term, on the other hand, is equal to the integral of the expression 
which contains the Dirac delta-function 6(u — t,) as a factor. If a (u) 
has the initial value a ° (u) equal to zero for u - to, then the second 
term will be equal too °(t,) P(t — t,). From this it follows that the 
solution (4,1) should contain the same singularities as the derivative 
of the source function P(t). In order to obtain physically sensible con- 
tinuous values of 0 _*(t) (which do not even have a discontinuity of the 
type of a finite jump) it is necessary to require continuity not only of 
the function P(t) but also of its derivative P’(t). Such a limitation on 
the function P(t), which is usually determined from experiment, is 
entirely permissible. Even with as concentrated loadings as one may de- 
sire, the pressure itself and the rate of change of the pressure can be 
assumed to vary smoothly during some intervals of time that are some- 
times unnoticeable to the experimenter. The assumptions of strictly con- 
centrated and instantaneous (jump-like) changes of the loadings P(t) 
(and sometimes also their derivatives) are allowable as an intermediate 
stage in mathematical abstractions in a theoretical study of practical 
probl ems. 
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In the solution of complicated problems of the dynamic theory of 
elasticity it is inconvenient to use Formula (4.1) since @ (u) contains, 
for instance in (3.4) and (3.5), derivatives of quite complicated ex- 
pressions. The initial values o °(u), however, which appear in the solu- 
tions as derivatives (2.10) and (2.14) differ from the corresponding 
displacement solutions of the problems by very simple multipliers. It is 
easier to handle them not only because they can be more easily calculated, 
but also because one can use the results of analyses performed in terms 
of displacements. 


Let us assume for the sake of simplicity that P’(0) = P’*(T) = 0 and 
perform the integration in (41) by parts. As a result of this we obtain 
a formula which is convenient for numerical integration and which differs 
from (4.1) by the fact that it contains in the integrand the initial 
value o °(u) instead of o (u) and the second derivative P” (t — u) in- 
stead of P’(t - u). 


Thus, in the case t < (t, + T), the stress can be written in the 
following two forms: 


to) 


o.°(u) P* (t — u) du 


z 


In the case t > (t, + T), on the other hand, the lower limit of inte- 
gration in (4.2) is automatically replaced by (t — 7) and the term 
o °(t,) P’<t y ty) goes to zero, since the function P and its derivatives 
are equal to zero if (t —- u) > T and (t — t,) > T. In the solution of 
the acoustic problem, however, we find for direct waves from (3.2) and 


(4, 1) 


The formula for reflected waves differs from (4.3) by the sign and 
the pressure of the parameter (2h — z) instead of z. 


5. Let us take as an example a continuous loading P(t) of a duration 
(ce + d) in the form of a broken line 
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If c is much smaller than d this line can be assumed to correspond 


basically to P(t) load-curves measured in impacts and explosions. Of 
course, the function (5.1) cannot be attributed to a physically sensible 
loading since it has finite discontinuities of derivatives at t = 0, 

t c and t (ec + d). This will 
ing stres 


lead to the result that the correspond- 
field will have discontinuities of the type of a finite jump. 


However, if we agree to smooth out slightly the corners of line (5. 1) 
we do not admit a large error if we retain the previous stress-field but 


only replace the above-mentioned jumps by continuous, rapidly varying, 
i I 


monotonic curves similar to the jumps. 


The fe IM 


of the loading (5.1) is favorable also for the following 
reasons 


First, by means of limiting process c + 0 one can obtain a solu- 


tion for a loading with an instantaneous increase of the load, 


as 
assumed in[1,2,4], and compare our solution with solutions obtained in 


these references. Second, 


for such a loading the integral (4.1) is used 
in finite form, 


since in the integrand P’(t — u) takes on only constant 


and ino (u) the initial value o °(u), which is always known, is 
as a rule, simpler than o {u) itsel f. 


val ue 


Indeed, from (5.1) we obtain 


where « denotes the function (1.1). After 


= u} 
and then substituting (5.2) into (4.1), where by o.(u) one understands 


du, and assuming that in the lower limit for 
instant of the introduction of the front, the 


find the basic solution formulas 


replacing t in (5.2) by (¢ 


, u to: where t, is the 
initial value is zero, we 
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By means of these general formulas, or, more simply, by the substitu- 
tion of (5.1) and (5.2) into (4.3) we find the following for the direct 
waves in the acoustic approximations 


(5.4) 


+a) 


By combining (5.4) with a similar formula for reflected waves one can 
calculate the total stress-field at any point as a function of time t¢. 


One can see from (5.4) that at the head of the wave- front there exist 


only compressive stresses which reach their maximun 
After a reflection from the boundary z h, a similar tens 


formed. For small c these stresses are very large, and for 
contain a singularity of the type of a Dirac delta- function. 


Note that in| 1,2,4] the part of the wave-field that goes over 
the Dirac delta-function for c + 0 is not taken count. The 
tensile stresses computed from Formula (5.4) appear at the 
front. However, depending on the choice of P(t) they may be 


appear somewhere in the middle of the front. 


It would be easy to compute the stresses by mea f Formulas ' 
and (2.10) for solid media along the axis of symmetry. In this cals 
tion a term would appear which would contain the derivative P’ (t 
just as in (4,3). The remaining part of the wave- field would agree 
sign, but it would not coincide in its form (depending on z) with tl 
first term of (4.3). It would be at least 2 to 
tensity than this term. The stresses in a solid ha 


tive resemblance to the stresse >» acousti 


There is no reason to doubt that the tensile 
wave play a fundamental role in the formation 
formation of face spalling, however, cannot be 
ledge of the exact form of the function P(t) 
face and transverse waves away from the z-axi 


tensive than along the z-ax1 iccording to | 
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6. In the analysis of problems of fracture caused by dynamic loadings 
one attempts sometimes [3] to bring in a so-called quasi-static solution 
which represents the product of the static solution and the loading 
function P(t). Such an approach to the problem is, of course, completely 
justified if P(t) changes smoothly during a sufficiently long period of 
time T. Then, at every moment t = t* the stress field in the medium will 
be approximately equal to that static state which would prevail under a 
constant load P(t*). In the case of sharply varying P(t), however, the 
possibility of using the quasi-static solution can in each given case be 
justified or discarded only after computing the stresses by means of a 
rigorous dynamic theory of elasticity for the given loadings, boundary 
conditions and distances from the source of vibrations. 


At first, let us study the particular case of a medium in which the 
shear modulus u is close to zero, and we shall analyze only the stress- 
field of the direct waves. For » + 0 it coincides, as was already 
mentioned, with the acoustic solution (4,3). 


The acoustic solution contains the conditional "quasi-static" part of 
the wave-field clearly as the first term of Formula (4,3). It propagates 
with the speed a and varies with distance as 7”. From 


one can judge by how much the second term of (4.3) is smaller than the 
first. 


Of course, this relation is as small as is desired for arbitrary t 
for sufficiently small z and continuous P’ (t)/P(t). 


In the case of the solid medium (for » # 0) the stress formulas con- 
tain the part of the wave-field which is equal to the second term in 
(4.3) in an explicit form. The quasi-static solution clearly does not 
appear explicitly in the formulas of the stress-field in the half-space. 
For an exact comparison with the quasi-static solution one should compute 
this field for given P(t). 


As a rough estimate, however, on the basis of the analysis of stresses 
performed above and of the displacement graphs given in[7], one can 
assume it to be equal to a doubled field along the axis of symmetry in 
an infinite medium [8 ]. 


Note that analyses of a free layer reported in this paper are also 
easily applied to multi-layered media. In the particular case of such 
media, if one layer borders on a liquid or solid half-space, all formulas 
derived above remain correct if, in the terms in braces of (2.14) and 
(2.19), one introduces, according to [5], additional factors which 
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contain the coefficients of reflection from the interface boundary. 


Note, also, that if the functions f,(¢) — l/nh are introduced instead 
of the functions of the form (2.2) to (2.4), these formulas will corre- 
spond to a bell-like distribution, depending on n, of the loading along 
the boundary [6 ]. 


In conclusion, I express my deep gratitutde to G.I. Petrashen’ for a 
number of valuable suggestions and advice contributing to an improvement 


of the paper. 
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ON THE STABILITY IN THE CRITICAL CASE OF A 
ZERO ROOT FOR SYSTEMS WITH TIME LAG 
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NULEVOGO KORNIA DLIA SISTEM S POSLEDEISTVIEM) 
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A practical method is given for solving the problem on the undisturbed 
motion of a system with time lag for the critical 


roots is zero. 


1. Statement of the problem. We consider t! 


D) dy. (9) + Xy(x7,(t +9),.., 


ij 


where the integrals are taken in the sense of Stieltjes [1,2]; the 
X (x, (8), eee, x ,(%)) are functionals defined for sectionally continuous 
functions x (9) of the argument 9(-,r »< 0) and represent nonlinear 


perturbations. 


More precisely, the x satisfy the Lipschitz condition 


X;(z,"(9),... 

x (>) sup {} 7, (0) 

Here L, and a, are positive numbers. 
i | i 


The condition (1.3) together with (1.2) guarantees the nonlinearity 
of the terms ‘ in Equations (1,1). Obviously, X(0, ..., 9) . "ee 


motion x O will be called the undisturbed motion of the 


We shall assume that if one substitutes in x a function x! 


is analytic in y then one obtains an analytic function of y. 
From Equation as ), one can obtain equations t lag under 
assumptions on the Stieltjes measure dn (a), I , lor exam le, 


t) 


653 
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dy, ; (9) O npn 340, F4+—t 


dy, ; (0) dij, dy, ; ( - t) = bi; (a;., 6 j const) 


X 5 (2, (t+ 9), ..., tn(t + 9) = Fila (t),..., tn(t), 2 (t —*),..., tn(t—*)) 


where F is an analytic function of its arguments. In this case we obtain 
the following system of equations for the disturbed motion with lag 
[ delay ] 


dz; (t) 


dt 
j=1 j=1 


The system of linear equations with lag 


/ ! n 0 
ax; (t) v > 
' dt sr J a (2 


we shall call the system of the first approximation. 


Let us consider the characteristic equation of the first approximation 


(h) Bah + \ (1.6) 


Let us suppose that among the denumerable set of roots A,, Az, 


A,» +++ of Equation (1.6) there is one zero root (A, = 9), while each of 
the remaining roots has a negative real part 


Reij < — 20% (> 1) (1.7) 


In this case we have the so-called critical case of one zero root. 
This problem was solved by Liapunov [ 3, 4 ] for motions described by ordi- 
nary differential equations. In this case the stability of the undisturbed 
motion of the system of the first approximation does not imply the stabil- 
ity of the undisturbed motion of the entire system. The nonlinear terms 
have a definite effect on the stability or instability of the motion. A 
number of other critical cases for ordinary differential equations were 
investigated in the works of Liapunov, Chetaev, Malkin, Kamenkov, 
Krasovskii and others. For systems with lag the corresponding problem has 
not yet been considered in the general case. 


For systems with lag, Bellman [7] has shown that if the undisturbed 
motion of the first approximation is asymptotically stable (Re A. = — 2a), 
then the undisturbed motion of the entire system is aayuptetical ly stable, 


Here we consider the stability of the undisturbed motion x = 0 for the 
system (1.1) with lag in the critical case of one zero root. 
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In order to determine dx ,(t)/dt at a given time it is necessary to 
know x.(t) not only at the given moment of time t, but also over the in- 
terval (t- 17, t) of length r. It is, therefore, convenient to select 
[1] for an element of the trajectory not the point x(t) but the segment 
x(t +9) (-r <9 <0) of the trajectory. Hereby, one can treat this 
segment of the trajectory as a point in the function space B. Krasovski1 
[1] has shown that in a function space the equations with lag are re- 
placed by a system of "ordinary" differential equations whose right-hand 
sides involve operators, 


Let x (t) be a solution of (1.1). A solution element in the function 
space will be given by x(t +3) (-r < 9< 0). Gorresponding to Equa- 
tion (1.1) we will have an equivalent system of *ordinary" differential 
equations 


(1 5) 
where 


R (x, ()) 


It is obvious that the problem on the stability of the undisturbed 
motion of the system (1.8) x,(%) = 0 is equivalent to the corresponding 
problem for the system (1.1), for if x,(%) is any solution of the 
system (1.8), then x,(9) = x(t +), where x(t +3) is a solution element 
of the system (1.1). 


If the initial function x, () is sectionally continuous, then the 


operator A will be defined only for t >r > 0 if the corresponding solu- 
tion is differentiable. In view of this, we shall assume that the initial 
functions are differentiable and we shall consider the operators only 
when t > 0. 


This last statement does not exclude initial functions which are 
sectionally continuous, because after the passage of the timer these 
functions will be replaced by a differentiable segment of the solution 
which can be taken as an initial function. 


2. Properties of a linear operator. Since Equation (1.6) has 


a simple root equal to zero, the determinant A(0) will vanish: 
Pp qu ; 
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A (0) \ dy, (9) (2.1) 


Let us denote by Nj A) the algebraic cofactor of the element stand- 
ing in the kth row and the jth column of the determinant A(A). Then 


| , 
A’ (0) pe Aj5(0) + 2, \ B-dyH_(%) 4 (0)j (2.2) 


Since A’(0) # 0, there exist two numbers ky, l 


such that A) b (0) 
is not zero. Let us consider the functional a 


‘(x (9)}= >) A 


it} 
k ) 


defined for the differentiable functions x,() (-—r « 
easily verify the identity 


Let 


(Ar,,(Ui,..2- & 


al())) a const (4) 


where d=[A, , (0) A’{0)] | is independent of ®. We shall 
11 

b()) to be a vector function in the space x( 

) on the interval 


consider 


*) which is constant for al] 
r ) 0. Then 


f(b (>)] 1(b(%)) 2.6) 


From the condition (2.4) it follows that f| x, ‘)] is an integral 
(solution) of the system 


}) 


The integral f[ x, | ‘)] will be called a functional integral. Let 


x,(}) be an initial function for the solution x ,( +) of the system (2.7) 
Then 


f(r, (%)] lipH (2.3) 


Suppose the initial function x)(i) is such that 


(9)) = 0 (2.9) 
Then the corresponding solution x 


,(2) will decrease asymptotically as 
an exponential! function with exponent a, 1.¢€. 
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x, (9) | < A | x, (9) exp (— at) (K 


It is hereby assumed that the condition (1.7) is satisfied. 


In view of (2.8) and (2.9), all solutions which decrease exponentially 
will lie in the function space | x(%)} in the plane 


Jl (%)] = 0 (2.10) 
The plane (2.10) will be called the L-plane. 


We call attention to the fact that the operator A is defined for t >0 
if the initial functions are differentiable, and for t >r if the initial 
functions are sectionally continuous. The functional f[ x,()] will 


satisfy, therefore, condition (2.4) and its consequence (2.8) only for 


differentiable x, (%) when t 0, and it will satisfy those conditions 


with t>r when x,(%) is sectionally continuous (with discontinuities of 


the first kind). 


Let x(¥) be an arbitrary element in the function space B in which the 
operator A is defined and in which the functional f[ x(#)] has the above- 
indicated properties. Every such element xf) can be broken up into two 


components as fol lows: 


y f(x()], z() z(v)-+ b() y, >) const (#) (2.11) 
(or more precisely, x, 0) : z,\%) + by (k D Sten De 


The following condition holds 


J(z()] = () 
Indeed, 


f (z(9)) = J {12 (9)] — yf [4 ()) = f[z(®] —/[2(%)] -1=0 


since f{ b] = 1 in view of (2.6), and y f{ x49) ] in consequence of 
(2.11). 


Equation (2.12) determines the L-plane in the function space B. The 
vector- function }(9) (b., ..-, 6.) = const, ®¢[- +7, 0] does not lie 
in the L-plane because f{ 6] l by (2.6). The above-given decomposition 
of x) represents, therefore, geometrically a breaking-up of the vector- 
function x() into two terms z(#) and yb, with z(%) situated in the L- 


plane and with yb being colinear with the constant vector b. 


The decomposition of the function x() into two terms z(%) and yb(#) 
is unique. Indeed, suppose that there were two decompositions of x(¥) of 


the form 
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a(S) = 2, (8) + yyb = 2, (4) + y2b, z, (9) — 2, (9) = b(y, — y;) 


Let us assume that y, # y,- Operating with f on both sides of the dis- 
played equality we obtain 


(y; — yo) (Oo) =ye— ys J (z, (®)] — 7 lz, (®)] = 9, 


It tollows from this that if x(%) = 0, then z(@) = y = 0. 


The system (2.7) of the first approximation takes on the following 


form in terms of z,(®) and y(t): 
dz, () 


rr Az; (9), J{z:(%)| =0 (2.13) 


dy 

¥ | 
dt 

Let us express Equations (1.8) in terms of z,() and y(t). We obtain 


dz, (#)) 
/| 7 f[Aze{)] + / (RR (21 (%))] = 7 (R (r ()) 


dy d , 
(9 
qt qf Axe ( )] 
dz () dz, (#) d 

; bY — Ax, (9) + R(x, (9)) — bf/[ R(x,(9))] 


dt dt dt 
Az, (9) + yA(b) + R(z,(%) + by) bf (R (z, (9) + by) 


A (b) {) 


Equations (1.8) can in this manner be reduced to the form 
dy dz, (%) ‘ r Q\ § 
Wt Y (y, 2: (9)), — ¢ Az, (9) + Z(y, x (9), 9 
Here Y is a functional defined by the formula 


Y (y, z (9)) J(R(z, (4) i by)] 
z Aix, (O) X5 (22 (8) + by - Day) 


1 


while Z(y, z, (+), 9) is an operator defined the following way: 


h Y y, Z,(9)) { T > « U) 

A ‘ 
j z, (>). 9 2.16 
Z (y, Zt | ), ) | \ (z,, (9) by, P Zn (P) } by] bY ({{ b ; in) ( ) 


K lf 


We note that Z(y, z,(%), 9) is a function of > belonging to L because 


f{Z] = 0. It is obvious that 
Y (0, 0) l Z(0, 0, 9) (2.17) 


The functional Y and the operator Z satisfy a Lipschitz condition with 


respect to the variables y and z 9) of the type (1.2) and (1.3). 
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Since the system (1.8) has a unique solution x,(%) under the initial 


condition x, (9) in the neighborhood of the origin x 0, it is obvious 
that z,(%) and y(t) constitute the solution of the svstem (2.14) with the 


initial conditions z_(%) and y(0) if 2, (9) = 2, (9) + by (¢). 


The uniqueness of the solution z ,(), y(t) follows from the uniqueness 
of the decomposition of an arbitrary function x(*%) in terms of z(#) and 
yd. 


3. Transformation of an equivalent system. (a) Let the 
symbols Y%y) and Z%(y,%) stand for the analytic function 


(y) = Y (y, 0) = gy™ 


Z (y, 0, a) gy (v)y™ - eee 9 vector, m, 


It can be shown that there always exists a transformation of the vari- 
able z such that m, > a. The transformation is simlar to the transform- 
ation used by Liapunov for the case of one zero root of a system describ- 
ed by ordinary equations [3, p. 142]. There is an exceptional (singular) 
case which will not be considered here. 


(b) Let us consider the system of equations 
Au (9) + Z(y, u(), 9) 


where Z€ L and is defined by the relagion (2.16) in which z,(%) is re- 
placed by u(}); the operator A is defined by Formula (1.9). 


Let us define the operator A~*(¢(9)) in the following way: 
J 


i (@ (9)) ‘_b tf [2*] i \\o(%)dd}) 


where | x,*} x* satisfies the system of homogeneous algebraic equations 
k y q 
% ii ‘ 
s | 
2, (0) > \ \¢ (9,) d9,| dy, (>) { I y ‘} } 
' 
The last system is solvable if 4() lies in the L-surface, and, hence, 
the following condition is satisfied: 


. 
ip (%)]} >) Aj, (0) 2.(V) 


The operator A~' is bounded (in the norm) on the set of differentiable 
functions (9) (~r < 9 < 0) belonging to L. The norm of 4“ is defined 
by 
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1 'o (9) sup ( 


where M is a positive number. 


The vector function A~'d() has a derivative with respect to on the 


interval [-—r, 0]. 


It is not difficult to show that the next identities are valid for 


any differentiable function 4(%)¢ L(—t =< (0): 


11 Ag (9) = o (9) 


Theorem 3.1. The system of Equations (3.2) has a unique solution 
u(y, 9) analytic in y in the neighborhood of the point y = 0, u(0,% )=0, 
continuous in * and such that u(y, #)¢L. This solution can be found by 
satisfying Equation (3.2) with formal power series in terms of positive 


powers of y with unknown coefficients of the type 


‘ / 
u(y, vo) t ’ : (vo) y vee (3.4) 
i+] 


The coefficients are uniquely determined by the condition that u éL. 


Proof. Because of the properties of A! a solution of the equation 


u (>) 1'*Z(y, u(d), 9) 


will also be a solution of Equation (3,2). 

Since the operator A-' is bounded in the norm, the operator Z satis- 
fies the Lipschitz condition with an arbitrarily small coefficient q. 
Furthermore, the operator 4~! transforms every element ¢(9)€ L into an 
element A~'¢(})¢ L, The truth of the theorem now follows from the 
principle of contraction mappings [9 ]. The theorem can also be proved 
without difficulty by the simple method of successive approximations. 


(c) Let u*(y, 9) be a solution of Equation (3.1). We make a change of 
the variable from z() to z,(*) in Equation (2, 14): 


z(v) Z,(v) u”(y, D), Zz, (Y) Zin (D)} 


The system (2.14) takes the form 
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) 


»+)) does 


Therefore, m, > m as long as the function Y° (y) : 
not vanish identically. The latter case will be called the singular case. 


4. Criterion of stability. Let us suppose that the system (1.8) 
of differential equations with an operator type of right hand side 
(equivalent to (1.1)) has been reduced with the aid of Liapunov’s trans- 


formation (Section 3) to the form 
Y,(y, 2, + (%)), 


. ( (9) ( ({ he fi yn Z de- 
Here, Y,(y, Ze ) Yly, Ze t inction Z, is de 


fined in (3.8), and the function u* 
(3. 2): 


lution of the system 


Theorem 4.1. Suppose that the system of equation 1.8) can be re- 
duced by the change of variables (2.11), (3.6) to the form (41]). 


(a) If m is odd and g a negative number then the motion x = 0 of the 
system (1.1) will be asymptotically stable. 

(b) If m is even, or if m is odd and g is positive, then the undis- 
turbed motion x = 0 will be unstable. 

Proof. On the plane L in the function space x,(‘}) one can construct 


for the linear system 


a functional , t) satisfying the following conditions 
>) 
lim sup (- 

P\A 


(This follows from the results of [ 1, pp. 191-192]. 
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Here Cy» Co» and c, are positive constants. 


We construct a functional v*(x,(%), t) for the system (1.8) (or (4.1)) 
of the form 


Vo" (Z| 9}, t) (4.6) 


where y and z,,(%) are determined by means of x,(v) according to Formlas 
(2.11), (2.14) and (3.6). 


Suppose g < 0, and m is odd. One finds positive constants B, C, D such 
that the following inequalities are satisfied: 


Zt (%) |} (4.7) 


By making an upper estimate of v*(x 
x, ( ) || H 


,(9), t) we find that in the region 


(4.8) 


On the set r < || x (9) || < H, the functional v*(x,(9), t) cannot take 
on arbitrarily small values. This functional is bounded from below by a 
positive number. Indeed, let us assume that || v*|| (for some function 
x*($) satisfying the condition r < || x*(%)|| < H) is less than an arbi- 
trarily small positive number 5. Then 


The last inequality contradicts the condition || x*(9) || > r. 


Let f(r) stand for the exact lower boundary of the functional v* on 
the set r < || x(%)| | < H. The function f(r) is monotone decreasing 
if r,>rp, then flr )) f(r ,)); furthermore, f(r) « K || x, (9) || because 
of (4,8). 


It is well known that the function f(r) can be represented, on 
0< r< H, as the sum of two positive functions v(r) and s(r), where 
v(r) is a continuous increasing function, while s(r) is a function with 


jumps [8 ]}. 


Hence, if || | < H, we have that 


m+l1 


y (2% (%)| Vo" (2,4 (9%), t) 


y (2, (9) """ Cy" || Zy2 (v) | w (| 2% (%))) 


Along a trajectory of the system (1.8) we find that 
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lim sur > 2(m +- 1) y*"™+- 2 lin 
sup = s ym =] ’ 1 sup 
At--+0 At a , 


. 4 Ave 
g(m + 1) y™Y, (y, 2 (9)) + 2) v2| lim sup| At 


g?(m + 1) ¥?™ — 2e,c2! 2 (9) | * + g (m+ i)y’ 


q | Zit (9) || J 2eaeg |) Ze (4) || (| Zr (y, O) 


Let us select H, so small that the following inequalities are satis- 
fied: 
3gY, (y, 0) y-™ > 0 
2eyCy — SeqCqq (|! y | || Zit (Y) 


*) 


— g?(m + 1) y®™ — 2e4Cg || 24 (%) 


The last inequality will hold if 
_Vs 
q< 8h m 1 'V cic; 


Thus, we obtain the following estimate: 


Al 


) (1.18 


lim sup | [g?(m +1) y*™ 


Al 


One can show in a manner analogous to the one used for estimating v* 


’ 


that there exists a continuous monotone increasing positive function wv, 
such that (w,(r)r > 0, w,(0) = 0) 


lim sup : , (7) (4.10) 
Ato At line 


where w,(r) is found in a way similar to the way in which w(r) was found 
in Formula (4.9). 


From conditions (4.8)-(4.10) it now follows, in accordance with 
Theorem 30.1 of [5, p. 194], that the motion x = 0 of the system (1.8) 
and (1.1) will be asymptotically stable if g < 9, and @ is an odd number. 


Next, suppose that g > 0 and that m is odd (or m is even). For the 


functional v* for the system (1.8) we select the functional 
(a; (9), t) = gy™h 


We compute the following limits: 
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lim inf 


a 


A ; 
lim inf - lim inf 


(m Th lim sup 
Ato 


\4.2) 
Av,? ‘ 
L) gy™Y, (y, %(%)) lim sup| - lim sup 
At At At-++0 At (4.2 


Making estimates analogous to those made in the derivativation of 
Formula (4,10), we obtain (if x (9) is small enough and || x,(%)|| «< 
H) 


~/A * ‘ 
lim inf = ws (| 2 (%)]) (4.12) 


where the formla w, is analogous to w(r), and w,(r)r > 0, w,(0) = 0. 


The left-hand side of (4.12) is thus of definite sign and admits an 
arbitrarily small upper bound. One can easily show that v* is bounded in 
the region x, | DI <dA,. 


| 


We shall show that by the proper choice of x)(v) (arbitrarily small 


in norm) the functional v* can be made positive. Indeed, let us select 


{(U) 


In accordance with (2.11) and (3.6) the corresponding expression 


*() , > 
Xp ) will be 


Substituting x,” into the function v*, one can verify that 


v*(x_9*()) > 0 1f the norm of is small enough. 


Here the sign of v* will be positive for all 9 (8) with small norms. 
Thus, all the conditions of Liapunov’s first theorem on the instability 
of motion [10] are satisfied, and that theorem applies, therefore, also 
to systems with lag. The motion x 0 of the systems (1.8) and (1.1) is 
unstable. 


Note 4.1. From the established theorem (4.1) it follows that the 
stability or instability of the motion xz 0 are determined by the sign 
of g or by the form of the lowest degree term of the function Y°(y) 
gy" + ... Hence, in the reduction of the system (2.14) to the form (4.1) 


it is sufficient to take, in place of the solution of the system (3.2), 
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the approximate solution satisfying the system (3.2) with a degree of 
approximation of up to a term of degree (ma + 1) in y. 


Note 4.2. If Y,(y, 9) Yiy, uly, 3)) 0, we have the singular ca 
The motion z 0 will be stable in this case. 


5. Example 1. Let us consider the following system with lag: 


1X, i(t) 
al 
dZq\t) 


at 


where x, and x, are analytic functions whose power-series expansions 
around the point x = 0 begin with the second-degree terms. 


The system of the first approximation is 


az, (t) 


dt 
Its characteristic equation 


A iA) 


has one zero root. The remaining roots will have negative real parts 
the parameter a satisfies the following condition 


The operator A| ie x] has the form 


dz, (9) 
Y; (?) i> 


The operator R(x), x») will be 


(0 (—1t<8 <0), 


R (xy. Xe) ‘ 
i S , \*)) 


The functional (2.3) for the system (5.2) will have the form 


(x, 2] 


The transformation (2.11) becomes 


The system is hereby transformed to the form (2.1 in which 


se. 


if 
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where ze) is determined by (1.2). Let us suppose that 


where ki, e and l, are constants. Equations (3.6) become in this 
case 


We shall look for a solution of (5.8) in the form 
us (9) (5.9) 


where v;, u; are unknown coefficients. Substituting (5.9) and (5.8) and 
equating coefficients of like powers of y, we obtain 


dv ' ys 


We can find the function Vo from this equation and from the condition 


that the point (4), us) belongs to L, i.e. from the fact that 


fl Ven Be ] 0. We obtain 


Let us consider the expression 


When ak, _ ly *# 0 we have unstable motion. If ak, . 0 one has 
consider the coefficient of y? in Y” 


motion 


If I,l, 0, one has asymptotic stability, and 9 7? % the 
0 is unstable. 


Let us suppose that tit, 0. One must now consider the coefficient of 


the fourth power of y in the expression for } For this purpose one has 
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to find Us 
the first case, the coefficient of y, in (5.10) will be equal to 
®. In this case, if Lik, % 0, one has unstable motion. If 


and v3 in the expansion (5.9) when ly = 0 and when 


killa 
k. 0, the singular case occurs. In the second case, when ly 


< 


we have the singular case, and hence stability for the motion «x 
We thus see that all possible cases can be reduced to the five types 
ly # 0 (the undisturbed motion is unstable 


l 0 (the undisturbed motior s asymptotically 


stable) 


l 


0 (the undisturbed motion is unstable) 
(the undisturbed motion is unstable) 
(the undisturbed motion is 
1 stable: one has the singular case) 


Example 2. Let us consider 


ii? 
where X is an analytic function of its arguments and a is a constant. 


With the aid of the substitution z,(t) Bté>. a.€8) z(t), the 


system (5.11) can be reduced to the system (5.1) in which x S, ae i. 


Since the lowest degree terms in y in the functions Y~ and Z”~ are always 
the same in this case, we obtain the following results 


We consider the function 


If a is odd and g < 0, we have asymptotically stable motion. If a is 
odd and g > 0, or if a is even, we have instability f the undisturbed 


motion. Finally, if 


we have stability of the undisturbed motion (the singu 
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The mechanics of systems subject to constraints is based on the assump- 
tion that the equations of constraints are satisfied exactly during the 
whole course of motion for arbitrary forces acting on the system and for 
arbitrary initial conditions consistent with the constraints. It is 
clear, however, that in an arbitrary mechanical : é the jel of 
which is a system with constraints (for example, “al and holonomic 

the reactions of constraints arise in consequence f violating the 
latter. In the majority of problems known in the erature the reactions 
arise in consequence of elastic deformations of bodies belonging to the 


system and those exterior to the latter. 


Since the disturbances of the reactions which arise during the motion 
are very small, their neglect does not cause any essential differences 
between the theory and experiment. This model together with a certain 
hypothesis concerning the properties of reactions (their being ideal) per- 
mits us to obtain in quite a general form the equatior of motion for 
systems with ideal holonomic as well as nonholonomi nstraints, and 
also the equations of motion for holonomic systems with friction EQ? 


provided that a certain law of friction holds. 


, 


However, due to a frequent appearance of automatically controlled 
systems, it seems to us interesting to consider systems with automatic 
devices, the action of which can be interpreted as that of a constraint, 


not belonging to any of the above-mentioned types. 


Beghin [2 considered first constraints of a simi 


certain partial restrictions on their reactions. 


1. Let us begin our consideration with some examy 


(a) Let, at the end A of a flexble and inextensible string which can 
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glide through a small ring, be suspended a heavy material point of mass 
m. Let an automatic device P, to which the other end is connected, 
realize a constraint in the form of a relation r = r(a) between the angle 
of deviation a of the string from the vertical and the distance OA= r. 


Then the angular-momentum theorem with respect to the point O gives 


— (mr?x) mer sin o (1.1) 


al 


and the reaction N is determined by the relation — N + mg cos a 


m(r ~ a’r), After substituting for a its expression from the first equa- 


tion, and taking into account the equation of the constraint, N becomes 
a single-valued function of a and a. 


(b) A smooth rod, which can rotate about a point O, carries a heavy 
material point A which can glide without friction along the rod. An 
automatic device P acting on the rod realizes a constraint r = r(a). The 
reaction N of the rod is perpendicular to the rod. The equation of motion 
in the projection on the rod assumes the form 


m(r—ra*) = mg cosa (1.2) 
and the reaction N is determined by the relation 


1 9 
(mr*a) 


V g sine : 
( mg sina)r rr 


Using the preceding equation and the equation of the constraint, N can be 
determined as a function of a and 4a. 


In both of the above-mentioned cases the system will actually move 
along the trajectory r(a) + Sr(a), where Sr(a) denotes a small deviation 
from the equation of the constraint, which by way of information enters 
the automatic device, and in consequence of which the reaction arises. 
However, if the system P is sufficiently sensitive, i.e. 5r(a) is com- 
parable to the deviations arising in consequence of deformations of ideal 
holonomic constraints, then a similar model, apparently, deserves atten- 
tion. 


Let us note that in both examples, the equation of constraint and the 
acting forces being the same, the motion will be completely different 
because in the first example the reaction is directed along AO and in 
the second example perpendicular to AO. Both examples can be formally 
attributed to "systems with friction" according to Painleve. However, it 
seems to us that in the present case the use of this term is not justi- 


fied. 


Let us also note that in both examples the automatic device can 
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realize some other constraint f(r, r, a, a) = 0. Then, the first equation, 
not containing the reaction, together with the equation of the constraint, 
will represent a system of equations of motion, the form of the first of 
which, until the equation of the constraint is accounted for, does not 
depend on the form of the latter equation. This is easy to understand if 
one takes into account the fact that the first equation reflects specific 
circumstances of the given device. In the first example the reaction is 
directed along the string while in the second example the reaction is 
perpendicular to the rod. 


2. Consider a system of material particles subject to ideal holonomic 


constraints. Let the position in space of this system be determined by 
holonomic coordinates q,, ... , and let it be acted on by generalized 
1} Tn y g 
forces Q,, ..., Q. 
l n 


If, in addition, we impose on the system under consideration a certain 
number of ideal holonomic, linear nonholonomic or nonlinear nonholonomic 
constraints of the Chetaev type [3 |] 

(2.1) 


>) Anjo 


] 


(A 
gives us the equations of motion. 
The last equations can briefly be written in the 
bq, a on Gin, {) 


and the equations of motion can be obtained if, and only if, the matrix 
(a; 5) is of rank a, 


If the forces of reaction R,, aie R are added to the forces acting 


on the system, then the system can be considered as unconstrained. The 
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equation R,5q, + ... + R,5q, = 9, together with Equations (2.2), then 
constitute a system of m+ 1 equations in 6q,, ..., 5q,, the rank of the 
corresponding matrix being m. Consequently, R,,..., R, satisfy n—- am 
linear equations which are obtained by equating to zero the n — m minors 
of order m+ 1 of the matrix 


Let these equations have the form 


fea Ile + ..0s + tah 


They determine the "directions" of the reactions in the space of 
Vi l t. 

Differentiate twice with respect to the time the first r equations of 
constraints and once the remaining ones. Next, replace the 1; by the 


expressions obtained by solving the equations 


for the ly. Then equations 


are obtained, where < d. are functions of q., q t. Equations (2.3) 


, 


ip 
4) determine the reactions as functions of Ihr eee, 


f () 
1? Ty) s+es Qn, i Be 


) 


together wi th (2. 


Let us notice that Equations (2.3) are obtained from the equations of 
constraints as a result of a certain operation. They are linear with 
respect to the reactions and do not contain the forces acting on the 
system. 


3. Suppose now that the constraints (2.1) are not ideal, i.e. the re- 
actions are not perpendicular to the quantities determined by (2, 2). 
Assume, however, that they possess the property that in every admissible 
State q ] } 


proses I), , a., t, 1.e. consistent with the constraints, 


pe “ 
1)» +++» 9, are uniquely determined by the state of the system and the 


active forces Qe tee n* It can be shown that this assumption is equi- 
valent to the supposition that RK, ‘ewe R. are uniquely determined by 


the admissible state of the system and the forces acting on it. 


This means that the reactions, the admissible state of the system and 


the forces acting on it must be subject to n m relations 
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which are such that (3.1) together with (2.4) determine the R. in terms 
of the state of the system and the forces acting on it. The relations 
(3.1) have to be determined empirically. 


These equations will be said to express the "axiom of reactions" for 


nonideal constraints (2.1). 


If only the motion of the system is to be determined, and we are 
interested in the determination of the reactions, then equations 


(} 


’* 


together with those of the constraints (2.1) constitute the system of 
equations sought and do not contain the reactions. 


If the axiom of reactions does not contain the active forces and the 
equations of constraints (2.1) are holonomic, it can be proved that the 
above set of hypotheses is equivalent to the set of hypotheses considered 
by Painleve’ 


4. Consider a mechanical system with ideal constraints, the equations 


of which have the form (2.1), and the axiom of reactior 


(q,,.-+,9n t) Ry + 00 + Din (Gay. ~~ > Qn» t) Rn n (4.1) 


is linear with respect to the R., the coefficients b,° depending only 


on the coordinates and the time. Suppose also that the system of equa- 


tions 


Ay q1 asa Aen qn { +.2) 
obtained by equating to zero the minors of order n n+ 1 of the matrix 


fi: 


is a completely integrable Pfaffian system, the independent integrals of 


which are y,‘q), ean 5, ee ae ( wate 7 t 


n n’ 
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As long as any row 5q,, ..., 5q,, satisfying Equations (4. 2), possesses 
the property that R,5q, + ... + R.5q, = 0, it also has the property 


og i) (4.3) 


Thus, Equations (4.2) can be considered as giving the definition of 


“virtual displacements" corresponding to the axiom of reactions (4,1). 


Let q, -++» 9, denote new generalized coordinates which are such 


that q), 


pendent, twice-continuously differentiable functions 


+» 7, can be expressed in terms of them in the form of inde- 


q PilTir y+ ++ so Qn vb) i, (4.4) 


> 


In addition, after expressing the q, in terms of the q,° by means of 


Formulas (4,4), let Yj» «++» Y_ QO Over into a yy eee : t), 


oO 


+> Ye (Gn mar tee» Ty t) depending only on the last m new coordi- 


nates and the time. 
It is easy to see that system (4.2) is equivalent to the system 


OY) oe Ym 0) 
together with the system 
89n—m+1 mee bgn = 0 (4.5 


If now T° : (qs, noes Ya q\: an q,., t) and the Q.° are the general- 
ized forces corresponding to the new coordinates, then by virtue of (4,5) 
Equation (4,3) assumes the form 


OT nT 


-_ dt dq 079; 
j=1 


Since 5q), .-., 5¢)_, represent arbitrary quantities, it follows 
necessarily from the last equation that 


d al a1 


0 ( 
} / 
at Aa 07"; 

1; 


V4 


Adjoining to these equations those of the constraints expressed in 
terms of the new coordinates 


i (MQ, 


{ 


we obtain the equations of motion in a form which does not contain the 
reactions. 


It is necessary to note that the reduction of the order of the system, 
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using the equations of the holonomic constraints, can be carried out only 
after all the operations indicated on the left-hand sides of Equations 


(4.6) on the function T° depending on q,°, 7,°, t, have been performed. 


If, in the above-mentioned examples, as the Lagrangian coordinates are 
taken the Cartesian coordinates x, y of the particle in its plane of 
motion, the origin being at the point O, the x-axis directed horizontal- 
ly to the right and the y-axis downward, then in the case of the first 
and the second example the axiom of reactions for N. and N, respectively 
is ; 

zr 1/ Gs Vx/y 
Equations (4,2) reduce to xdx + ySy = 0 in the first and to Wy — ydx=0 
in the second example. The integrals are x? + y* = r? and x/y=u= tana, 


respecti vely. 


The definition of virtual displacements can be taken in the case of 
the first example in the form dr 0 and in the case of the second ex- 
ample in the form da = 0. No wonder, therefore, that if T°= | 2(r? 4 


a*r*), then Equations (1.1) and (1.2) will be 


d a7 aT 1 a7 
., 


Note. If the axiom of reactions is linear and does not contain the 
active forces, then by means of operation (4.2) it is possible to intro- 
duce a linear, and from the active forces Q., independent definition of 
*virtual displacements" [4 ] in such a way that this definition together 
with the principle of "virtual displacements" gives the equations of 
motion which are equivalent to (3.2). This can be done even if the 
coefficients b: depend on the generalized velocities. Since any defini- 
tion of "virtual displacements" which is linear and independent of the 
active forces leads to a linear axiom of reactions which is independent 
of the active forces, then the condition mentioned is also a necessary 


one, Such constraints must be denoted as constraints of the Beghin type. 


BIBLIOGRAPHY 
Painleve, P., Lektsii o trentii (Lectures on Friction). GTTI, 1954. 
Appell, P., Traité de mécanique rationelle. Vol. 2, Paris, 1931. 


Chetaev, N.G., O printsipe Gaussa (On Gauss’ inciple). Izv. Kazan. 
Fiz. Mat. Ob-va Ser. 3, Vol. 4, 1932/1933. 





G.N. Pozharitskii 


Kirgetov, V.I., 0 *vozmozhnykh peremeshcheniiakh" material’ nykh 
sistem s lineinymi differentsial’ nymi sviazami vtorogo poriadka 
(On "virtual displacements" of material systems with linear differ- 
ential constraints of the second order). PMM Vol. 23, No. 4, 1959. 


Translated by E.L. 





ON THE MOTION OF GYROSCOPIC DEVICES UNDER THE 
INFLUENCE OF RANDOM FORCES 


(0 DVIZHENII GIROSKOPICHESKIKH PRIBOROV POD 
VOZDEISTVIEM SLUCHAINYKH SIL) 


PMM Vol.: ~-3, 1960, pp. 463-472 


ROITENBERG 
(Mosco®) 


(Received 29 February 1960) 


The motion of gyroscopic devices under ship’s rolling nditions was 


usually considered assuming the roll sinusoidal. he rks of Sveshnikov 
[1] showed that the rolling motion of a ship can be nsidered a station- 


ary 


random process, and obtained the correlation function and spectral 


density for this process. The motion of some ship devices under these 


conditions was studied by Rivkin | 2). 


The present paper considers the motion of a powered gyrostabilizer, 


plane gyropendulum and a gyrocompass subject to irregular ship rolling; 


det 


ermines the dispersion of a stabilization angle for the powered gyro- 


stabilizer; and derives an expression for intercardinal deviation of the 


gyrocompass. 


1. Powered gyrostabilizer in the presence of irregular ship 
rolling. The equations of motion for the powered gyrostabilizer subject 
to 


ship rolling are of the following form [3 ]: 


(Dp 


Here a is the angle rotation of the gyrostabilizer frame about its 


axis, 6 the angle of rotation of the gyroscope about the axis of its 


housing, @ the angle of rolling, i, the moment of inertia of the gyro- 


stabilizer frame together with the stabilizer object and the gyroscope 


about the axis of the frame, B the equatorial moment of inertia of the 


gyroscope, 4 the angular momentum of the gyroscope, the current in 
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the amplifier circuit; l, ry the time constant of this circuit, ly the 
armature current of the unloading motor, |,/r, the time constant of the 
armature circuit, J the armature moment of inertia of the unloading 
motor, j the gear ratio of the transmission from the shaft of the un- 
loading motor to the axis of the gyrostabilizer frame (the number of 
axes of the gear transmission is assumed to be odd), ¢ the coefficient 
of viscous friction at the supports of the gyrostabilizer frame and ® 
the magnetic flux created by the excitation coil of the unloading motor 
with independent excitation). 


We shall limit ourselves to the consideration of gyrostabilizers whose 
time constants |,/r, 
their influence can be neglected. 


and l, r> in the control circuits are so small that 


In this case one can let l, ' 0 in the equations of motion (1,1) 
which then will assume the form 


Let D be the operator for time differentiation (D = d/dt), and intro- 
ducing matrices 


we shall alter the system of equations (1.3) by the matrix equation 
{(D) y = e(D)6(t) 


From Equation (1.6) it follows that 


Y (D)6(t) (Y (D) 


Here F(D) is the adjoint matrix for f(D) 


F(D) 
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and A(D) is the determinant of matrix f(D) 


‘ nm e e mm ° , : 
A(D) = D( BD 4 4 Db? + gD 4 7 q°) | 1.9) 
Here q is the frequency of nutational oscillations of the gyrostabhil- 


1zer. 


Matrix Y(D) is the matrix transfer function for the gyrostabilizer. 
In accordance with (1.7), (1.8) and (1.5) the matrix Y‘(D) may be ex- 


pressed in the following form: 


{ A 


A(D) 


Y (D) 


Ha 
ps 
AB 


The angle a of the rotation of the gyrostabilizer frame and the angle 
B of the rotation of the gyroscope housing, according to (1.5), (1.7) 


and (1.10) shall be determined by the following operational expressions 


1 a ’ 
f ‘ 6 
Y,, (D)4(t) cum ( D (t) 


1 (fla 
A(D) \AB 


Ys, (D) 9(¢) 0 (t) 


As was shown in[1], the irregular rolling motion of a ship can be 
which 


considered a stationary random process, the correlation function o! 


has the form 
R, (t) = Lye~*""! (cas et E e|+ 1.12) 


where L, is the dispersion of the angle of roll and » and« are character- 


istic coefficients for a given ship. The corresponding spectral density 


for the correlation function (1.12) is 


5S; (@) I i 


Deviations of the gyrostabilizer caused by the rolling of the 
be evaluated by the dispersion of the stabilization angle, 1.e. 
dispersion a? of the angle of rotation of the gyrostabilizer frame. 
According to (1.11) and (1. 13) 


\ Y,, (iw) 2S, wm) do 


where in accordance with (1.11) and (1.9) 
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Expression (1.14) may be transformed to 


fed 

g (i@) 

dw 
h (iw) A @) 


b, (iw)? t b, (iw)4 ; bs (iw)? + b, 


h (im) = ag (iw)® + a, (iw)* + a, (iw)? + a, (iw)? + a, (iw) 


and the coefficients of the polynomials (1.17) wll be 


m 


ay tY 


(1.18) 


The integrals of the type (1.17) were evaluated by Phillips [4]. In 


the present case 


(1.19) 


Agh, (Asa, — A245) + Agbs (aga, — a,a,) (1.20) 


2091445 — AggA34, + AgAs"d, 


2 (1.21) 
Q,°Ag" + 4,A9"d5 — A,42050,| 


o 


and the expression (1.16) for the dispersion of the stabilization angle 
will be of the form 


Zu VLM; 
Ns 


5 


(1.22) 


As an example we will consider a gyrostabilizer with the following 


parameters: 
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= §0 kg m sec’, B= 0.04 kg om sec’, H 30 kg m sec 


= 100 kg m, n= 250 kg m sec, a= 5 kg m sec’ 


Furthermore, as follows from (1.9), the nutation frequency of the 


gyrostabilizer is q 21.2 sec !; the nutation period is T= 2a/q 
0.296 sec. The roll correlation function parameters are p = 0.1 sec ', 


V 0.8 sec” !, 


Dispersion of the roll angle is L, 6g? 0.03; the average mean 


square value of the ship roll angle is y L, 0.173, i.e. about 10°. 


From this data we find the dispersion of the stabilization angle a? 
0.60 & 10°, and the average mean-square values of the stabilization 
angle and of the gyroscope housing angle 


, ~ p 
V a? = 0.777.10-°=2.77 V 6? = 0.332 = 19 


2. Plane gyropendulum in the presence of irregular roll. 
The equations of motion for a plane gyropendulum subject to irregular 
roll are of the form 


BB" + EB’ — Ha’ 


Here a is the angle of rotation of the gyropendulum about its axis, 
B the angle of rotation of the gyroscope about the axis of its housing, 
6 the roll angle of the ship, A and B the corresponding moments of 
inertia, H the moment of momentum of the gyroscope, /P the static moment 
of the pendulum, M the magnitude of the radial correcting moment, « the 
stiffness of the spring connecting the gyroscope housing with the outer 
Cardan ring, E and n the coefficients of viscous friction and r the dis- 
tance from the ship’s center of roll to the axis of the gyropendulum 
suspension. 


Limiting ourselves to the study of the precessional motion of the 
gyropendulum, we eliminate in the equations of motion (2.1) the inertia 
terms Aa” and BB*. Then Equations (2.1) become 


(2 3) 


Let D be the operator for time differentiation d/dt) and intro- 


ducing the matrices 
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e(D) : 


we replace the system of equations (2.3) by the matrix equation 


1(D) y =e(D)4(t) 
From Equation (2.5) it follows that 


F(D)e(D) 


4 (D) | 


y = Y (D)6(t) (Y (D) 


Here F(D) is the adjoint matrix for f(d) 


F (D) 


and A(D) is the determinant of matrix f(D) 
A(D) =(1+0)D? + 0D 


where 


nE LIPE  M : “lP 
Hi’ ~ A H ~ He 


Matrix Y(D) is the matrix transfer function for the system. In accord- 
ance with (2.6), (2.7) and (2.8) it may be expressed as 


Y (D) ATDi (2.10) 


The angle of rotation a of the gyropendulum and the angle of rotation 
B of the gyroscope housing will be determined, in agreement with (2.6) 
and (2.7), by the expressions 
B4+(o-+4 t 0 (t) 


Y dy f 
1 11 (D) 6 (t) ATDy | if 


. { a ‘ 
D om f » 2.11 
Y., (D) 6(t) AID) a ! ( ) 


The dispersion @ 2 of the angle of rotation of the gyroscopic pendulum 
and 8? of the angle of rotation of the gyroscope housing will be deter- 


mined by the following expressions: 


1 


\ | Y,, (iw)|? 8, (@) da, 52 Yo; (iw) |? S,(@)d@ (2.12) 
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Y,, (i@) 2 


In expressions (2,12), S,(@) denotes the spectral density of the roll 
angle @, which according to (1.13) is of the form 


» 
1 (@) (w? ya)3 j 


The expressions (2.13) may be transformed into 
x} y 
a*® = 4uv*L, 1, f . 4uv*] l VP 


g (i@) 
h (iw) h (— iw) 


dw, J, 


g (iw) = by (iw)* + 5, (iw)* + by (iw)* 
G (iw) = By (iw)* + B, (iw)* + B, (iw)* 


h (iw) = ay (iw)* + a, (iw)® + a, (iw)* + a, (iw) + a, 


The coefficients of polynomials (2.16) are 


ak \* ax \? 
— (Fr) b, *+ (ia) » 


In the case when all zeroes of the function A(D) are located on the 
left half-plane of the complex variable D, the integrals (2.15), accord- 
ing to Phillips [4], are 


M, J 
, ‘ 


After substitution of - 


and B., according t 
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(aE 


2 
a [2uk* + 4u*Ck? 


M, 
ax \3 


[42 , 
or (AF, 


is 


a "12 kA 
A)‘ 


hus (1 } a) {k* 


As an example we will consider a plane gyropendulum, the parameters of 


which are 


iP * —0.02sec™!, M 0.01 sec™!, 


H i H 


The distance from the center of the ship’s roll to the support axis 
of the gyropendulum is r 3m. Then according to (2.9) 


0.006 sec, . C = 0,01 sec™, 0.02 sec"! 
H 


The period of the gyropendulum is T = 2m/k 314 sec. The ship’s roll 
correlation function parameters are 


u = 0.1 sec"!, v= 0.8sec™ 
Dispersion of the ship’s roll angle L, 6? 0.03; the average mean- 
square value y L, 0.173, i.e. about 10°. 


According to (2.16) for the given data the dispersion of a and B will 


be as follows 


a? 37-10-29, 6? = 0.69-10-* 


The average mean-square value of the gyropendulum rotational angle a 


Va 2.09-10-° 


i.e. about 4.3 seconds of arc. The average mean-square value of the gyro- 
scope housing rotational angle # is 


V 8? — 0.83-10-8 
i.e. about 3 minutes of arc. 


Thus, during ship’s roll, oscillations with considerable amplitudes 
occur about the axis of the gyroscope housing. The amplitude of 
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oscillations about the gyropendulum support axis is small, since the 


average mean-square value of the angle a is extremely small. 


This result confirms the advantage of a twin gyroscopic vertical, con- 
taining two plane gyropendulums as compared with a single-rotor gyr 


pendulum under the conditions of ship’s roll. 


3. Intercardinal deviation of a gyrocompass. The equations of 
motion for a double-rotor gyrocompass in the presence of ship's roll can 
be expressed in the following form 


HU cosa 


IiP3 +/1P(i— pp) 


H 2B cose, A 2H sine 


Here a is the gyrocompass rotational angle in azimuth, § and y the 
angles of elevation, respectively, for the North and West gy rosphere dia- 
meters above the horizontal plane, 5 the angle of precession for the 
gyroscopes with respect to the gyrosphere, % the inclination of the fluid 
level in the hydraulic damper with respect to the equatorial plane of the 
gyrosphere, A,, A,, A,, A, the corresponding moments of inertia, B the 
eigen moment of each gyroscope, 2¢« the angle between the rotor axes of 
the gyroscopes, IP the static moment of the gyrosphere, « the stiffness 
of the spring connecting the gyro housing with the gyrosphere, U the 
angular velocity of the Earth’s diurnal rotation, ¢& the latitude of 


observation: Uy the Northern component of ship's veloc ity, " and W, the 


Eastern and Western components of translational acceleration for the 


gyro suspension point and R is the radius of the Earth. 


For the case of rectilinear uniform motion of the ship in the presence 
of roll we may set 
Ww, 
where @ is the roll angle, vs the ship's course and r distance from the 
upport point of the gy roscope to the straight line pa ine throug! the 


center of the ship's roll and directed parallel to the longitudinal axis 
of the ship. 
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Studying only the precessional motion of the gyrocompass we eliminate 
in the equations of motion (3,1) the inertia terms A,a’, Ap’, Ay" and 


A @ ", Then Equations (3.1) become 


k2 rsinw Oy 


U cose(a —a’ 
Pp | ) U cos 9 g 


k2 (4 - 
U cos 


»rFSIRY o 
fk 6 
g 


(C6”’ + n?6”) 


where 


lPU cos xlP 


- K? ’ 


sin 9 g* HU sin 


RU ce ' plP ‘ pl P 


in accordance with (1.12), that @ is a stationary random 


Assuming, 
for the generalized coordinates of the gyro- 


process we will define, 
compass, their mathematical expectancies, which we denote as 


1=—Mle—a’), 2=M([s—8'), M [> — 9°] (3.7) 


The value of these quantities for t + « we denote by x,*. 


For the coordinate y, as can be seen from the last equation of (3.4), 


the steady value of the mathematical expectancy is 


U 


The quantities X), X», x, satisfy the following equations 


(3.9) 


where 


(3.10) 


and R Ar) denotes the cross-correlation function for the random processes 


6” and y. 
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The quantity R (0) may be computed as follows. The spectral density 
S, for the roll angle @ and the spectral density S, for the random pro- 
cess 0” are, according to (1.13) 
 pv?L,04 
P44 3m 


S, (w) (3.11) 


(w? y2 + 4y ’ (w? y3)2 
And since according to the fourth equation of (3.4) 


(3.12) 


“oa d r 1. »2 
rcosy _ CD n - {p 
g D+tD+ni \ 


the cross-spectral density S_(w) for the random processes 0” and y may be 


expressed in the form 


(ifm + n?®) 
S ® e s\9 
(@) L. ifm +- m2) [(w? 2 t- 44222] 


(3.13) 


Noting that 
S. (w) e* dw 


one can transform the expression (3. 10) into 
r2 sin 2¢ I 
g? 
where 


(n? £2) w* + ntw4 


L £22} [(w? — v2)? 4 


Since the subintegral function is odd 


Therefore, the expression (3.16) becomes 


by (iw)® +- b, (iw)* 4- b, (iw) 


h (iw) a, (iw)*® + a, (iw)* 
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For the integral 


(3.20) 


Upon substitution of a, and b, from (3.19) this expression becomes 


4.2) n4 vt + 2ufy' 1262) mn? +- (y2? 4+ Qu) 


4 
5”) 


I, (3.21) 
The system of homogeneous differential equations resulting from (3.9) 


for E 0 has the characteristic equation 
D® 4. F D*® +- k®?D +- ok? F (3.22 


For p |, which is always true in gyrocompasses, all roots of the 
characteristic equation (3.22) will lie on the left half-plane of the 
complex variable D and the integrals of the above-mentioned system of 
homogeneous equations will asymptotically tend to zero for t + «, There- 
fore, during ship’s roll, a process of sufficiently long duration, the 
quantities x,, x,, x, will attain their steady-state values which in 
agreement with (3.9) will be as follows 


(3.23) 


In accordance with (3.15), the expression for x,* becomes 
zy’ = al,sin 2¢ 


where I, is defined above by the expression (3,21). 


The quantity x,* is the intercardinal deviation of the gyrocompass. It 
mo, 90°, 180°, 270° ) and 


attains its largest values for intercardinal courses (w= 45°, 135°, 225°, 


315 Ve 


vanishes for cardinal courses of the ship (uy 


As an example we will determine the intercardinal deviation for a 
gyrocompass with k 1,24 x 10 ; sec”! which corresponds to the natural 
period in azimuth T, 84.4 min, The latitude & of the point of observa- 
tion is assumed equal to 60°, so that U cos d= 3.646 x 107° sec™!. The 


distance from the gyrocompass support point to the straight line passing 


through the ship’s center of roll is r 2m. The roll correlation functior 
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parameters are pw = 0.1 sec !, v = 0.8 sec’, The dispersion of the roll 


angle is L, = 0.03, to which corresponds the average mean-square value 
of the roll angle 


VY L, = 0.173 


i.e. about 10°, 


The intercardinal deviation of the gyrocompass, in agreement with 
(3.24), is then determined by the expression 


z,* 0.186 J, sin 20 


where I,. in agreement with (3.21), depends upon the natural frequency na 
of the gyrocompass in y-direction. The values of the function I,(T,). 
where Tn 2m” /n, are given in the table. 


TABLE 


200 
300 
400 
SOO 
thik) 
700 
BU) 


000) 


‘ 
‘ 
i 
‘ 
‘ 
7 
~ 
Q 
M 
XQ 
~ 
S.« 
S 


As can be seen from the table, the intercardinal deviation is suffi- 
ciently small for gyrocompasses with the period 7) in y direction com- 
paratively large, of the order of 15-20 min, as is the case for double- 
rotor gyrocompasses. Thus, in the given example, for the case when 
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T 20 min, and sin 2yW= l, 


n 
only 0.04 minutes of arc. 


the intercardinal deviation consists of 


deviation is also small in the neighborhood of the 


The intercardinal 
zero of the function I,(n), located near the point n= v. Thus, for 


€ = 0, the function I, becomes zero for 


The relationship among the parameters for which the condition n= v 


is satisfied occurs in gyrocompasses with mercury ballistic vessels [5]. 
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This problem arose in connection with the study f the properties of 
helium II under rotating conditions. A disk under tors nal oscillations 
about its axis is known to yield valuable experimental information about 
the properties of liquid helium [1,2]. In this con: ion the correspond- 
ing hydrodynamic problem for a stationary flit 

the oscillating disk method has been employed 

rotation [ 4,5,6 | and it has revealed special 

juantum fluid [ 7 l. These special features are 

super-fluid components in helium II when, at the 

component of helium behaves like a normal quid, hen interpreting ex- 
perimental data it is essential to distinguis! 

effects of motion of super-fluid components 

the normal ones and the effects of classical] 

This is the reason why we study here the pr 


a disk about its own axis in a 


1. Formulation of the problem. Let an infinits 


fluid of density p rotate at constant angular velocity a. A circular disk 
»f radius R and thickness fh, the axis of which coi! les with that of the 


rotating fluid, rotates with it, and on that motior cillations about 
ame axis at frequen y {? are superposed. We cal here fore exp re 


; 


liisk motion in cylindrical coordinates as fo] 


I i 


We look for a solution of the hydrodynamic equations (Navier-St 


equation and equation of continuity) in this fo: 
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(1.3) 


is the constant pressure (pressure at axis with no oscilla- 

the Equations (1.2) and (1.3) terms containing functions u, 
the perturbations of the well known solution to this 
ase of pure rotation, which arise as a result of the 


Limit ourselves to the case of small amplitudes of oscillation 
linearise the system of hydrodynamic equations as applied to 
llation perturbations of velocity and pressure; 


i§2u, 20).U 


p, the kinematic viscosity of the fluid. 


functions u, and u_ we use Equations (1.4) and (1.5) 


nbined, yield 


2. Solution of the system. To solve the system (1.7) we use a 


method which was employed by Mariens and Van Paemel for solving the 


similar problem in a stationary fluid (8). Let us divide the space 


occupied by the fluid into three regions, as shown in Fig. 1 and we will 
tudy the motion in each of them separately. 
Clearly when h R and with small depth of 
penetration the most important region will 


be 3. Regions ] and are only incorporated 





in the discussion for approximate calcula- 





tion of corrections to the case of an in- 

finite disk. (Owing to the symmetry of the 

problem, the regions symmetrical to 2 and 3 

are not studied separately), 

Region 1. (R<r<«, /gh.). (1) 
Assuming h to be small we can neglect change of velocity with z 

this region. Then Equations (1.7) take the form 
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In terms of formlas (1.1) and .2), the nditions on the 


disk surfaces are of the fom 


At infinity 


With these boundary conditions we lowing expressions 


for the solution of equation (2, 1) f Hankel functions of the 


(9) . 
first kind of first order H,‘*’(¢)- 


where 


Region 2. this region (R 


solution » following form 
i(r)w, 


where A(r) and B(r) atisty Equations (2, ] 


for r mo, 


In other words a similar radial fluid velocity 


) 


supposed in regions | and 2 and this permits sol: 
ioined over the surface where they meet. The 
placing the absent boundary conditions of 


on the disk surface, are of this form 
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Qo,R { Hy (kyr) , H,') (k_r) 


( i - exp 
La, (k,R) H,") (k_R) 


Qe, R ( Hy” (kyr) Hy” (k_r) 
j P 4 e } , 


- - exp 
H,") (k,R) H,(k_R) 


fegion 3. < 2 h). To make an approximate estimate of the 
edge effects on the velocity distribution in this region we use the 
following method. We analyse the effect of viscous forces on a cylindri- 
cal column of fluid over the disk. For any element of this column at 
height z and of thickness iz, the moment equation takes the following 
forn 


j 


. 


3 
H\ 7 


2ryk? dz | 
i or 


Assuming that in region 3 the u functions are of the form 


and, transforming the moment equation, after linearising with respect to 
u and 4 we get 
r + 


ju_** 
dy (| o> 


R? or 


Qu 20),.u y — =f 


Now combine this equation with (1.4), and we arrive at the following 
equations of the Meyer type (cf (8)). 


(2.10) 


olution of these heterogeneous equations with boundary conditions 


QO (2.11) 


exp ik , 


exp | th 
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[fd 1 Hy (ker) 4 
(a. 
drr Hy (kh, R) 
It should be noted that expression (2.12) for C, is in fact an 
exact solution of system (1.4)-(1.6) for oscillation f an infinite di 
in an infinite rotating fluid. The expressions within the square bracke 


represent approximately calculated corrections (for) edge effects. 


It 1s easy to see that with z h 
- 
u\*? (R, SP. 


* 


us?) (R, z) transtorms to 


, 4 


In view of the fact that it is our intention to rk out the moment 
the viscous forces acting on the disk surface, the absence of continuit 
of our approximate solution in regions which are a long way from the su 
face is not really important. In view of this too, will not write do 
expressions for the other unknown functions u_, w_ and p, which do not 


enter the moment expression. 


3. Calculation of moment of viscous forces and comparison 
with experimental results. The moment of forces acting on the edge 


and face surfaces of a disk are determined by the I lowing formulas 


r 2dr 


from which 


Consistent with conditions q the second fon 


(1 


The upper sign in the second formula correspond 
and the lower, to the case 2 2 9° The depth of penetration A 


corre ponding to the two possible relative directior f rotatuior 


oscillation, will be given by 


following conditions are satisfied 


3) 


sk 
ts 


of 
y 
r- 


wn 
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R. 


(3 , St simplified using an asymptotic expansion of a 


) 
os 


expression 
Hankel function of rge arguments. The expression obtained in this 
) 


? 


manner m (M/d, Je “* is inserted into the known formulas 


mt Im(m) 


I 22 


(3.6) 


where Q,, 5, and @,96 are frequency, and logarithmic decrement of 
oscillation in vacuum and in the fluid respectively and J is the moment 


of inertia of the disk. It is assumed that damping is weak 


For the 
(3.8) 


} 3.9 
R Ri, \ 


The latter formula transforms to the famliar one for a fluid at rest 


Li€ 


incorporating the Landau correction for the case Wy 0) [ a 3,8 l. 


For the ci 


nal valid 1 instead o b. t SI, 


ny FAQ 
' 


been confirmed ex- 
periments I .S. Tsakadze and K.B. 


lesoyed, when studying the oscillations 


distilled 


water. 


In Fig. - ‘ -e CO } lete agTree- 
ment between formula (3.9) (full lines) 
and experiment. In the same graph we 
give results of calculation (broken 
line) without allowing for tl correc- 


tion 


Andronikashvili and 
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the cryogenic laboratory of the Tbilisi University for their inspiration. 
g 
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The problem of determining the motion of a vortex under the surface of a 
liquid, under the influence of gravity, for Froude numbers near unity 
(but larger than unity), may have two solutions, as has been remarked by 
Moiseev [| 1 . One of these solutions corresponds to a flow which tends to 
plane-parallel flow when the intensity of the vortex tends towards zero. 
The existence of this solution was shown by Ter-Krikorov [2 # The 
existence of a second solution is shown below. It corresponds to a flow 
whose free surface tends to a solitary wave form when the intensity of 
the vortex tends toward zer 


In the first two sections, an approximate method of solution of the 
problem is expounded. This approximate solution serves to clarify some 
particularities of the flow. At the same time, it is of use in the actual 


construction of the exact solution, 


l. Formulation of the problem. Consider the motion of a vortex 


of intensity y, moving with constant speed c such that the nondimensional 


«9 »] 
speed, or Froude number, F* c*/gH is near unity, but is larger than 
unity. The vortex moves in a canal of finite depth H under the surface of 


an ideal fluid which is under the influence of gravity. We will suppose 


that far in front of and far behind the vortex the fluid is at rest and 
that the free surface is then parallel to the bottom cf the channel. By 


reversing the motion we shall consider the flow of fluid past the vortex. 


Without loss of generality, we shal] suppose that both the speed of 
the vortex and the depth of the channel are equal to unity. 


The systen of coordinate will be chosen as 1S shown in Fig. l. The 


vortex occupies the point A4(0, a). Letting u wiz) denote the comp l ex 
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potential, the problem reduces to the determination of the function w(z) 
which is analytic in the domain D, has a logarithmic singularity at the 


point z = ia, and satisfies the following boundary conditions: 


~ l= "4. w¥ (2) const (1 =), q Q on (5) (1.1) 
| dz 2 


and the asymptotic conditions 


. , . du 9 
lim Y (x) | lim 7 for |r!|—> « (1.2) 
where Y = Y(x) is the equation of the a priori unknown surface of the 


fluid, and 


Ww (Z) (7, y) + id (x, y) 


Let us introduce the parametric domain D’, the strip of unit width 
O<>n 1. Let us map the domain D in the z plane into the strip D’ in 
the ¢ plane by means of the analytic function ¢ E(x, y) + in(x, y) in 
such a way that the points of infinity correspond, and so that the point 
A(0, a) in the domain D corresponds to the point A’! ) in the domain 
D’. The intensity of the vortex is not affected by the conformal trans- 


formation. 


Since the curves (L) and (S) are streamlines of the flow in D, it 
follows that the curves (L’.) and (S’) are streamlines in D’. Thus, in the 
¢ plane our problem reduces to that of determining the flow past a vortex 
in a canal of constant width. Hence the complex potential w(¢) may be 


written down explicitly 


sh [*/ox (€ 


sh ton (ft 


2 ~ 


w (0) In 


Im w (C) Im w (C) 


Inserting dw(¢C)/ddé - 1), we obtain 


Ar ia 


| * ™ » , 
f2(E)| =| + wy (&) = const f/@ =f 
az ° 
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Clearly, in the present problem we have; const 


In order that the speed on the free surface never vanish, it is 


necessary to require that 
% < 2ctg!/, x8 (1.6) 


The condition (1.2) now becomes 





lim y (&) — , for {é (1.7) 





axis y corre sponds to the 


we have 


y(s, VU) {) (1.8) 
However, the prol lem in question does not possess a unique solution. 


Ter-Krikorov [2 ] constructed an exact solution of this problem, which, 


as y » VU, tends to the plane parallel] flow. 


It may be expected that there exist solutions which, as y + 0, tend to 
a nontrivial solution of the homogeneous problem. The possibility of this 
nonuniqueness has been pointed out by Molseev [ ] l. The unique solution 
of this problem for ) 0 and the given asymptotic conditions at infinity, 


is a solitary wave. 


Consequently, let us pose the problem of determining a solution which, 


as y » 0, tends to the solution of the homogeneous problem which charac- 


terizes a solitary wave. Since a solitary wave exists for Froude numbers 
near unity, the quantity | — wv must be supposed to be small; correspond- 
ingly, the quantity y must also be supposed small, in the general case, 


of an order not less than that of 1 — vp. 


2. Approximate solution of the problem. Let us suppose that 
the equation of the free surface is such that the function j (€) 
varies slightly and that its curvature is small. Then, following the plan 


) 


of e solution in [ 3 |. let us replace dé dz in (1.5) by its approximate 


ex] ression 
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The solution of equation (2.2 ¥e supposed to | > form 
ul&) Uo &) 4 ,{¢ ). where Up 9 ¢ ) depends only « » ae be is a solu- 
tion of Equation (2.2) for » 0. The functions u, (. du, will be 


sought in the form 


where it is required that 


Yon (5) : > ; l for 


» 


Substituting from (2.3) into (2.2) and equating to zero the coeffi- 


cients of « and of y of u 


and of u,,(&) we obtain the equations 


01 


where 


@ | 


so that Equation (2.6) holds up to order «¢* 


The solution of (2.5) satisfying (2. 4) 


In order to integrate .6), 1t is necessary 








to know two solutions of mogeneous equa- 


tion 


These two sol ut ions are 


1e ronskKian o ese SOLUTLONS 
The W k f tl lut 


Hence the general solutio 
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Since 1 s |&| + wo, in order that the function u F) be bounded 


, 


in absolute value at infinity we must have c, 0 and 


Since the function , ~) is an even function, and the functions 


l ar ly} \¢ ° Py 4 » monotonic with respect to é the function has 
| ii i 


the general ippearance ' the graph in Fig. 3. 


From Fig. 3 it follows that ey) 0 only for Fo 0, This leads us 


to assume that the peak of the wave lies above the vortex. 


) 


Since y\é) 4 €Un, + €° Uns + ooo y(u,, > sce cca, 9 © OU Ue 
Ji < od ° 
wave tends to a solitary wave, which is a solution of the homogeneous 


problem, which is characterized by the terms 
13) 


In what follows, starting from the precise formulation of the problem, 
we shall prove the following theorem: 


when the speed 1 l is near unity (i.e. a 1s near zero), 
then for a vortex of small intensity y I*/ cH (where y a) there exists 


a solitary wave solution. 


3. Transformation of the fundamental boundary condition. 
For the further development of the exact problem and for the simpli fica- 
tion of the boundary condition (1.5) we introduce the auxiliary analytic 


function 


Let us substitute 2 into (1.5) and differentiate the resulting 
equation with respect f. Besides, let us observe that 


Oy 


ar 


Ime?®: (5) —* sin 8, 


Finally, instead of (1.5) we obtain the following equation 


inv f » . sin 3 
| / (S) | (3.2) 


f2 (E) J ) h ne cos TD 
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Let us set 


w (S) 


v inn (v< 1), A 
Condition (3,2) is then replaced by the following 
0 ssin Vv 
‘7, f2 (FE) 


Fron follows that 


where a and &# are the heights of the submerged vortl 


and in the parametric domains D and D’ respectively. 


tion it follows that 


y (x 3) t, Im \ [¢ 


Since y + l, andy + 1 as |&| + ~, we obtain 


Im \ [et 1} dt 


Condition (1.8) for wld), and also condition (1.7 
bec ome 


lim W®) (\) 


Consequently, from (3,3) 


The exact problem, therefore, may be formulated t! 
which 
is continuous along 7 0 and 7 ] 
(3.6) and ( 3.7), 


determine the function ald) 6+ uf is analyti 
O<n< ] 
ary conditions (3,4), 


(3.3). 


where 8 


ring in 


As was remarked in Section 1, the problem pose 


solution which tends, as y + 0, to a nontrivial 


eous problem, characterizing a solitary wave. 


We will suppose that 0 ; l andy < l, 


) 


The condition 0 < fp l the vortex does 


that the 


means that 


surface, and the condition v < 1 means vortex 


critical spead, which is near the critical speed. 


1. Green’ s function. The fundamental boundary 


} 


be rewritten as follows 


Fy 


moves at a 


given a andy, 


the strip 


tisfies the bound- 


functional occur- 


es a nonunique 


homogen- 


»f the 


t lie on the free 


super- 





reduce the 


ie Green’s function 


boundary conditions 


0H 


OT 


—_ H U: for 7 


, : 
Such a Green’s function 


employed by Friedrich: 


Lemma 4.1. Suppose that 


the ra | 


plane, together with 


negative half of the plane. 


Then the Green’ 


The Green’s tion 


\<Sn l, O-« < lin 


Lemma 4.2. 


the 


The Green 's 


sented in forn 


where 


and, 


function 


nay 


, 
such a 


function G(Z, ¢€*) 


to a nonlinear integral equation, we 


*) for the strip 0< 7 l, satisfying 


0 for 7 H = ReG(C, 


C) 


G(C, €°) was first obtained by John [6], and 


and Hyers [3 ]. 
c 18S a contour consisting of the real 


axis in 


a loop around the origin of coordinates in the 


function G(c, €% 


for 0<« 


remainder of the domain 


hold. 


be continued to the 


way that conditions (4, 2) 


may, for n” repre- 


etn (i—2’) 


| 


c 


dis 


p chp —shp 


F(6, + 


inte eral 


continuous on 
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\ G(C, G') F(@, t, a, 7, Bd 
is an analytic function on the open strip 0 < n < 1, 
closed strip 0< 7» <1, and @ satisfies the boundary 
(4.1), in the sense that 


lim (0. 0) F (£) 


5. Reduction of the problem to a system of 
gral equations. In order to obtain an equivalent sy 


integral equations, let us introduce the operators 


+0 


GF (GG EF @) ae, G(x) F (GCs 


—o 


The constructed solution of the nonlinear integral 


(4.9) 


continuous on the 
nditions (3.6) and 


nonlinear inte- 
tem of nonlinear 
)F (e) de’ (5.1) 


yuation 


(5.2) 


for the functions @ andr on the boundary n i. furnishes the solution 


of the problem under consideration. Indeed, according t 


solution @ + ir of (5.2) is an analytic function old 


values satisfy the first condition (3.6) and conditior 


Let us study the asymptotic character of the functi 


Formla (5.1), relative to the second condition (3.¢ 


According to Lemma 4.2 we have 


G, (5, § 


If F(E) is such that the integral (4.8) exists, 
Lemma 4, 2, G, (n) Fo 0 as |é » o, But Gc, es 1 
polynomial in € and €*, so that the convergence to 


€| + « 1s not obvious, unless F(&) is required to 
tional restrictions. But, since from (4.5) 


it follows that 


G (4) f 


Lemma 4.3 the 
whose boundary 


4.1). 


lefined by 


according to 
he square of a 
f G \n FF as 

0 


fy some addi- 
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Lemma 5.1. Suppose that F(&) is an even function, continuous and de- 
infinity in such a way that the integral (4.8) exists. If, 


creasing at 
the integral (5.8) equals zero, then Gy (n) Fo 0 as |&| + o and 


besides, 


The proof is immediate. Since 


readily obtain (5,7 


that the wave is symmetric, i.e. that 


Suppose 
and then 


view of this we shall 
even function of & and that @ is an odd function of é, 


F(E) F(é, Fr, @, ¥; fp) will be an odd function of &. 


Thus, if 0(€) andr (&) satisfy (5.8) and (5.2), then by Lemmas 4,3 
3.6); 


and 5.1 the function w(C) will satisfy the second condition of ( 
consequently, will be a solution of the problem under consideration. 
of this paper will be devoted 


+e ie 


and, 
The remainder 
functions @ andr from equation 


to the determination of the 


For convenience, separate the operator GF into real and 
i 


maginary parts 
GF = (7, )F (9.9) 


Then the integral equation (5, 2 on account of (5, 5.7) and 


.9), may be written as follows 
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4), T ,| F (8, «, a, x, 3), 


where 8 is the functional appearing in (3. 


\ EF (0, t, a, 


Suppose that the function k = k(&) is odd and such that 


Let us introduce the auxiliary function 


® = O (6, +, a, x, 8) = F (0, «, a, x, 8) 


Then the equation 


\ E@ (6, t, a, x, 


is identically satisfied. 


Instead of the system (5.10) we shall solve the modified system 


T’,| © (6, «, a, x, 3), eo I.) OD (8,7, a 3) 


6. Properties of the operators. Let us introduce the classes of 
continuous functions R, and A,, consisting of odd functions @(€) and even 
functions r(&) respectively, defined on the axis — ~ < é + oo, and 

? 


£ » £ > . 
such that | e75@(€)| and | e2°r (€)| are bounded for « and consider the 


norms 


sup e*> | 9 (5) |, sup é t (6) 


Let us denote by R the space of pairs u = | @, r} f functions @ andr, 


s 


defined on the axis — « . + co, with the norm 


We now prove a number of lemmas. 
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Lemma 6.1. If F(&)e€ R,, 
following inequalities hold 


then 2 0 FER,, 2 Fe R,, Q) oFER,, and the 


] 


Proof: Since 


From this, ||Q,F || < 3/8 F. The last two inequalities of (6.1) are 


proved in the same way. 


Lemma 6.2. If F(E) R,, then TF R 
equalitie hold 


, and TF R, and the following in- 


é 


sh u 


du | F (E’) dé 


Using Euler’s formula and the oddness of F(&) it may be shown that 
J, + J,, where 


‘) 








, consider the contour C. in the A 0 half plane, and 


by deforming C, around the poles of the integrand 
n 


sh 
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Estimating the inner integral in (6.5) we obtain 


Let us put 


K, (u, &) 


Then, letting n seen that 


whe re 


Since 7 ‘ ' 2 . ' follows that 


By addition, using (6.8) for all m, we obtain 


follows that 


J; 


Now let us estimate J,. The inner integral of » ma e -d thus 


? 
é 


\ in wer 


Let us put 
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fol lows that 


17. F 


{ is complete. 


Now, % 14), the fundamental » be 


quations, may 
written in the form 


Lemma 6.3. The operator H defined by (6.13) transforms the space R 


into itself, and possesses, for finite a andy, and for arbitrary ow=R, 


a Frechet differential. The operator H is continuous with respect to w, 


y, B, and the differential 5H is continuous with respect to , a, 


aaa} 
hen these variables range over bounded domains or intervals, 
se may be. 


) i » 
Proof: Suppose that u r} varies in an arbitrary fixed sphere 


> | 9 » fe . 
R, where y 2.cotan(7 8/2), anda lies in a finite interval l. 


Since the function F(&é) is given by 


= sin 
(c) . (7 (ec) 


f= (-) 


is obvious that F(&) , 1S an entire functior 
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is continuous in w, a, y, 8 under the restrictions | 


laced on a and y; 
and that | F(é) |< ec. 


Further, from (5.12) it is clear that ®@@, r, a, y, f) 


is also bound- 
ed and uniformly continuous with respect to o, a, 


y, B; and that O¢ R,, 
i.e. ||®|| < c for w= M, where a, y, B are finite. 


From (6.13) and (6.14), together with Lemmas 6. | 


it follows 
that HER. 


In order to prove the continuity of Hlw, a, y, notice that 


H, (w’, a’, 7’, B’) H, (w, a, x, 8) 
(0° — 6) + (Q, —7,) {OD (¢, <', a’, 7, 8’) — O(6, = 


» 8. FI } (6.15) 


Further, using Lemmas 4.1 and 4,2 we see that the norms of the first 


and second terms of (6.15) may be made small, provided that || 0°~— @ 


r°—ri\|, ja a|,\y’ - y|,.|B° — B| are small, and hence H, is umi- 


formly continuous in all its variables. This assertion also holds for 
H,. Putting 


s@ F 86 


we have that 


6H, 86 ? T,| 5D (a, a, ¥ 


$H, = 8 2 +72) 8® (0, a, 


The proof that 5H, and 5H, are uniformly contir 


5q@ is similar, and the theorem is proved. 


7. Existence theoren. In order to prove the existence of the 


solution w= 0+ ir of the equation Hla, a, y, f) , which satisfies 


is the approximate sol ution 7 the case 


Then Equation (6,13) becomes 


I] {Wy 





I.G. Filippov 


R, 


where 5H is the Frechet differential of the operator H, and 6¢C¢€ 


Consider first the case y = 0. In this instance we have the problem 


of Friedrichs and Hyers. Putting & = a€ and carrying out the indicated 


operations in (7.3) for y = 9, we obtain 


h (E") Il (t 159, 


k (") IL (<o,89; 


11 (PF) | &F (de 


Put y =6r ;— 3 50, —5p,; then Equation (7.5) becomes 


g (toy) +- 9k (E) TD [(toy)') F, (y) 
with 


Fy) D (7190 6,40, - k (&) IL (to, 5p, T §,,5¢,)}, EF, (y) dé 


that is, F, is not an arbitrary element of R,. Integrating (7.6) we 


| 


obtain 


Gt, y + ckh(—E) = eG) O11 [(to.y)' J], o (6) = \ Fi (6) a 


Besides, it is readily seen that the function g(&) satisfies 


\ g(s)dé 0 


In{3] it is shown that Equation (7.7) has solutions in R, of the 
form 


M {g| —cM [K] (7.8) 


Y 


where M[h] is a linear bounded operator. Let us write 


VM [K) = u, (8), u, (&) = {—u, (&), a, (&)} 
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Lemma 7.1. There exists a linear bounded operator from R to R such 
that, for each real c and each 5 J,¢ R: 


dw, = N, (6/,) — cp, (§) (@, = 9, +- it,) (7.9) 
is a solution of the variational Equation (7.5), that is 
8H (@po, 0, 0; dw, ) iJ, 


Returning to the variable €, Equation (7.9) may be written 


0 fora 
where 


{—a*u,' (a&),  a®u,(a&)}, 8 
Going back to the equation H(w, a, y, f) , let us write it thus 
H (w,, 0, 0) H (w, a, YX; | (7.12) 


Adding 5a, Q, U, z) to both sides of (7. 
obtain 


5H (wm,, 0, 0, T(z, a, ‘, 8 


where 
, B) 8H (m,, 0, 0, z) H (0. z, a, x, B H (ao, 
P (a, x, 9 H (@., 0, 0) H (@o, @, Y¥, 3) 


‘ 


A 


, 


7.2. Given « , . there exist positive numbers l 


The | ips hitz condit 1OI \ es 15) 1s a consequen e oOo! the f ac t hat, in 
view of Lemma 6.3, the function 6 Ha, , B, vy; b« is uniformly con- 
tinuous in the variables w, a, ff, y, So, and is continuous in the vari- 


ables G@, @, fo, Ve The assertion (7.16) also follow Iron Lemma 6.3. 
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Applying Lemma 7.1 to (7.13), we see that it is equivalent to the 


equation 


NP (a, x, 8) + NT (z, a, 7, 8) — ep (7.17) 
For a = y = 0, c = 0 we have the solution z = 0. Since, by Lenma 7.1, 
N is a bounded linear functional, it follows that the right hand side of 
(7.17) satisfies a Lipschitz condition with respect to z with a Lipschitz 
constant which is small for small values of a and y. Thus, when a, y, | c| 
are small, Equation (7.17) may be solved by the usual iteration method, 
and its solution is 


w (&, a, 1: B, Cc) y, 3 , >» (7.18) 

We note that the same can be said in relation to Zs since z 1s con- 
tinuous with respect to c and has a continuous derivative with respect 
to c, as is easily seen. 


It remains to show that c may be chosen, in its dependence on a and y, 
such that 


+x 
7. 


Ii (a, y, ¢) j 5F (6, t, a, x, B)d— = 0 


—_—OO 


However, since for y = 0 we have the problem of Friedrichs and Hyers, 
the function F(é) may be represented thus 


F (6) a’ Fy (w, a, Cc) (Ff (®, a, 
Hence 


Il (a, y, c) = Ip (a, c) + xl, (a, x, ¢ (7.19) 


' 
where 
+a P. 
II, (a, c) =a \ EF, (a, a, c) dé, Il; (a, y,¢) = \ SF, (@, a, y,B)d— (7-20) 


* 


Since @,” = z,” exists and is continuous, (7.19) may be differentiated 


with respect to c. Consequently 
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F,. % . 1 Be [Fip' | 6 i F y9 


Further, (7.11) implies that 


c,! tn, (E } 3. (E Q , 
4 a*o, (§, 4, Y, | a"$2 (5, a, Y, 9), | a2 


where &, and d, are bounded functions, and v is a finite number. Thus 


] 2 


Il,.” a* [A (a, x, F . for a—0) 


Therefore 


a*y[A (a, 7, 8) -+ es (7.21) 
“que 7 2S i. =. &. ‘ é “ 0 . 
Equation (7.21) implies that il. (0, 0, 0, that il. > 0 in the 

neighborhood of a = 0, y 0, c = 0, provided that |y! < a. Thus, under 

these conditions on y, the bifurcation equation (7.19) may be uniquely 
solved for c. In view of this 


w (E, a, 7, B, c) = wo (E, a, c) + 2 (5, a, ¥, 


gives a solution of the problem satisfying the condition (7.1). 


From the nature of the solution of Equation (7.12) it follows that 
for small, but fixed, values of a the solution (7.22) tends, as y + 0, 


to a solitary wave solution. 


This concludes the proof of the theorem formulated at the end of 


Section 2, and our problem has been solved. 


In conclusion I wish to thank N.N. Moiseev for his help and advice. 
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The papers [1,2,3,4 } investigated gas flows whose hodograph whicl 
generates into a self-similar manifold or into a manifold of degree 
smaller by one than the number of independent variables. The papers 
2.8 } investigate double waves in the case of potential flows. In the 
present note consideration is given to double waves without the assump- 
tion that the flow is potential. The flows [1,2 5 | 


“, 


are obtained as a 
special case. 


l. As is know, the equations of spatial motion of a polytropi: 
for the adiabatic case have the form 


Ou 
i 


u, are the velocity components along the coordinate axes 

Kir Xan 2X (summation is carried over repeated indexes); a is the velo- 
city of sound; y is the ratio of specific heats. In what follows, unless 
stated otherwise, as in the preceeding case, the indexes will take the 
values 1, 2. 

Using a variation of the method presented in [4], we shall consider 
a case where the hodogr aph velocity degenerates int 1 two-dimensional 
surface, 1.e. 


(1.2) 


It follows that the functions Bean cose mn ti same two-dimen- 


ional surfaces. Let us examine the case where no Se ir fae es are planes, 
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Tp -+ OnkYn Ook 


where a,, and ao, are functions of u,, 


direction located on the surface of an arbitrary function flu,, coe, UG 


equals zero, we obtain 


Of 
PVn, 


ank 


Using (1.2) and (1.4) and eliminating the functions 
from System (1.1), we obtain 


vatives with respect to x,, t, 


Ou 
i 


42x) Oz O 
A 


Ayu 


Ay, ww; + ayy! 


a, Diu 


In what 
valent system, which is obtained in the 


Ou 
z 


B, = dias i; Aj U 


Ou { 
¢ A; (wt 
bsep dz, 1; (wu : 


} Ou, { 

Daal = s ww 

4ap 0x, t ( i 
k 


oO; 


Ou 


Ox 


follows instead of System (1. 
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(1.3) 


(yy 3, Ye t) 


Us.» Since a derivative along any 


u,) 


(1.4) 
Us, Uy and deri- 


a 


an 


5) we shall 


following manner: 


investigate equi- 


hw) 


6;) 


Since Equations (1.6) have to be satisfied for any y, it 1s necessary 


to add to the system of Equations (1.6) the equations 


a Ou, 
bias 5 = 
4 c Za 


(1.7) 


1, 2) 


Taking the partial derivative and applying relationships (1.4), we 


obtain 


Taking into account (1.6), 


0a... Ou 
bia 3 = : U 
OZ 8 O7 k 
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Taking into account that 


we obtain 


OB, 


— J (1) biag 2? me — SLs 


yr 
CO’, 


” OU; OUg ___ Fy Og (1.10) 


~ Oaty Os OF, OF; 


In the future we shall assume that J 4 0, as J reduces the flow 
2 


to the simple wave type. Those flows were investigated by Ianenkd 3 }. 


We shall show that the relationships 


oR 
iat, atewkhen! (1.14) 


s 
Oy n 


do not yield new equations. Indeed, using (1.4) an 1.6), we transform 


for s odd 
for s even 


Thus, the system of Equations (1.10) determines w(u,, u,) and @lu,, 


u,), 1.e. the two-dimensional surface, into which the velocity hodograph 
degenerates. 


2. We shall investigate the matrix, which consists of the coefficients 


of the system of Equations (1,6) 


' 
AW, 7%) 
4, 
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Depending on the rank of (2.1) we will obtain various flows. The case 


4 leads to u; const. Let r 2. Then obviously the solution will be 


In that case we will arrive at a system of two equations tor the hodo- 
graph surface, which were initially obtained by Ryzhov [5 ]. 


Indeed, from (2.2) and (2.3) we obtain 


Aix ok = Uy — ww, — 4, (2.4) 


In that case, when the rank of the matrix (2.1) is equal to two, the 
system (1.10) will contain only four independent equations. When (2. 4) 
is substituted into Equations (1.10) two of them will become identities, 
while the remaining two will yield the desired equations. 


In the most general case the requirement that the rank of the matrix 
(2.1) shall be equal to two leads to four algebraic equations for the un- 
knowns n, and ¢,- Determining the roots of this system, for example 


1)" "6, k 6,0], ‘sk U 


1 (6,6, : v’)) 


(1 WW) = 

we find a_,. Substituting a_, into (1.10), we obtain the system of equa- 
_ nk nk ’ 

tions for the functions w(u,, u,) and @(u,, u,). 

3. Let the rank of the matrix (2.1) be equal to three. Then the system 
of Equations (1.6) will be dependent. Let us arrange the equations so as 
to make the first three equations independent. Then the System (1.10), 
or the equivalent, System (1.8), will contain two dependent equations 


with index 1 4. 


Let us investigate three equations of the System (1.6) together with 
any Equation (1.8). Then the determinant of 4th order will be equal to 
zero, Ll. @. 

Gay, Ong da, las rim’, % 3\ ¢e 
Dy birg aa Dybirg 7128 @ -Dybirg ‘ { = (3.1) 


OL 


B 8 e) =i» “ 


where D, are determinants of the 3rd order, obtained from matrix (2, 1) 


minus the last line, by means of delating the t-column. Otherwise 


const. From (3.1) we obtain 


Dybi, — D bine T Dsbis, D bie U 
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Using identities (3.2), we rewrite System (3. 1) 


da.) da,» 
at — gi) + Didn 
Ox, OX, 7 


(Dy bi; + Dsbie;) 


ona {i 


IZ, 


ra 
+ (— Debi _ Dy dia: ) j 


We investigate this system for n = const with respect to 


Ol, 
We shall find its determinant A by computing 
4 = — (D,D, — DD)? (3.4) 
On the other hand, from System (1.6) which contains the first three 
equations, we obtain 
J =¢°(D,D,— DDs) (3.5) 
where y is an arbitrary function of u, and uy. 


Hence, if A= 0, we obtain J = 0, i.e. the propagation of a simple 
wave; if A# 0, then 


Oa da da 1a ne 22 
ni ail Ty ni ra 2 (3.6) 


, 
Or, OXe Ors 


In that case a two-parameter family of two-dimensional manifolds will 


intersect along a common straight line. 


4. Now, let the rank of matrix (2.1) be equal to unity. It is easily 
established that this is possible only for 


1 


shall investigate this case. From (2.2) we obtain 


ox - Up — Ay, Nk W (Wy lik) 


Then the System (1.10) will yield two independent equations 


0a 


-B se f é 
(—1)**" (84g + 4g) = — 


U, QiaWa 


Substituting the value a,, from the second equation into th 


we determine a,, ™ terms of u 
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( O2u 
r - = | Wkm 
W971) — 2WyWeW 2 + W2Wee 


9 9 
ju,du..’ Dp? = Wig) — Wy, Wee ) 
\ c K m 


— WyWe2 + WeW 12 + wD 
Qi = 





(4.4) 

For the a, selected in this manner only one independent linear equa- 

tion of System(1.6) with two desired functions u, and uy has to be 
satisfied, 


which is easily accomplished. If we assume, for example, that 
uy 1s an arbitrary function of x, and x, 


, then for u, we obtain the 
linear inhomogeneous equation 


Ou, 
We - 
“ OF, 


which is easily integrated. 


Using the values a, determined as functions of u, and u,, and also 
the equations of the two-dimensional surface (1.3), we find the flow in 
the physical space. 


shal] 


investigate the special case of steady gas flow, i.e. 
From Bernoulli’s equation we obtain 


6, u WU (5.1) 
Since do, 0, it follows, that nb ~ Bethe 


in this case the 
equation of (1.6) becomes an identity. 


The 


last 


requirement that the rank of matrix (2 
to two independent equations for ¢, 


equal to two, leads 


The simplest solution ¢ 


0 leads to the equation of the hodograph 
surface, obtained by Nikol’ skii [| 2 


g3. 


The other solutions of Equations (5.2) have the form 


where the notation is the same as in (2,5) 


with consideration 
. 9 
The expression for w* may be simplified 


1) (1 WeW.) 
where M is the Mach number, 


angle between tl 


he gas velocity and 
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the normal, to the surface of the hodograph at the corresponding point. 


From (5.4) it follows that only supersonic flows are possible. 


Determining Qi, from (5.3) and substituting it into (1.10) we obtain 
a system of two quasi-linear equations of the 2nd order for the surface 
of the hodograph. 


The case when the rank of the basic system is equal to three does not 
yield new flows. Indeed, from Section 3 it follows, that for A= 0 we 
obtain the flows of simple type wave, while A# 0 applies to conical 


flow. 
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The problem of explosions above surfaces of liquids is studied under the 


following assumptions: 


the effect of the external explosion on the motion of the free 


surface of the liquid can be simulated by an appropriate unsteady pressure 
distribution over a time-varying area; 


(b) the motion of the liquid is linearized, which can be justified by 
the large difference between densities of liquid and gas; 


(c) the liquid is considered as incompressible. This assumption in- 
creases in validity as the ratio of the speed of sound in the real 
liquid to the propagation speed of the shockwave over the surface in- 


creases. 


These assumptions make it possible to reduce the problem at hand to a 
problem of infinitely small surface wave disturbances over a heavy incon- 
pressible ideal liquid. Apparently, this conceptual setting was first 
used by Lamb [4 ] in connection with problems of long surface waves. In 
modern times, wave motion from this point of view has been studied in 
some detail by Finkelstein [2 F A similar approach was also used by 
Voit [3 a Cherkesov [4 *- and others. 


From the results for explosions above heavy liquids, it is easy to de- 
rive the motion of free surfaces of weightless fluids by letting the 
gravitational constant g approach zero. This condition corresponds to the 


initial effects of the explosion when the pressure forces dominate the 
gravitational forces. 


|. General expressions for the potential. Let a given pressure 


P,\x, y, t) be applied to free surface of a liquid extending to a depth 
h. The velocity potential in the liquid d(x, y, z, t), satisfies 


©» 


’ ; 
Laplace’s equation, Ad= 0; the system of coordinates is chosen as 
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usual in the theory of surface waves* and t is time. If ¢(x 


, 


yresents the displacement of the free surface from the plane z 
f f f 


can derive the boundary conditions at this surface from the Cauchy- 
Lagrange integral, utilizing the basic assumptions of the theory of 


finitesimal waves 
for 2 (1.1) 


One step of this derivation leads to a relation from which we may find 
the disp] a ement C(x, y, to 


gf (2, y, t) 
At the bottom we obviously have 


for vA — fl 


Oz 


In dealing with an explosion over an initially cain sur face we 
as initial conditions: 


U for ft 


By means of Equation (1.2), the initial conditio1 
follows 


A two-dimensional Fourier representation is used for the desired 
potential function: 


where 


ch x (z 
{—t) dt 
po ch xh 


sinc {i 


V ex th =! 


and the asterisk denotes the Fourier transform. 


x, y axes in the undisturbed 


opposite to gravity. 
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2. Point-explosion above a body of liquid with finite 
depth. In this case the effect of the explosion on the fluid begins 
when the spherical shockwave touches the surface of the fluid. Sub- 
sequently, the effect is felt on the free surface in a region of imposed 
pressure variations. Evidently, this region is a circle, the radius of 


which is a known function of time, Jenoted by r,(t). 


Assuming that the pressure is always finite, the axial symmetry of the 


problem leads to the expression for the velocity potential: 


r,(0) 


\ ap, (a, 0) J, (a&) da 


* sinc (t 


} . 7 ~ 
J. (re) dé \ J, (a&) da 


V géth th 


Here J (u) is a Bessel function of order q is the radius a 
| 
cylindrical coordinate system, and Poa, r) represents the disturbing 
pressure. 


In the expression (2.1) the function p,(a, r) differs from zero only 


, 


inside a circle of radius a ot), and is identically zero outside. 


Hence 


J, (a&) da = ap, (a, t) J, (ak) da 


so that Formula 2.1) 1s easily reduced to 


f rs 
- . 


Jo (76) dG \ cos o (¢t — x) de\ apy (a, *) J (ag) da 


U) 0 


Let us find the expression for the shape of the free surface of the 
liquid. Clearly, we must evaluate the limit 


de { ‘ 
lim a lim \§ 


J lim | th & E 


z> 


tT) Ji 15) da 


ch &/ 


Keeping in mind that the integral in the first part of this expression 


LS equal to | , we are led to the following form of the free 
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surface: 


C(7, j= 


sins 


. ; cl j . » 
lim \ &* th &/ : J, (ré) dé \ 


Let the function p,(a, r) be given as a series in even powers of the 
radius a on the surface 


(2.3) 


where At ) are known functions of time. Using 


\ a®"+1/, (ae) da 


series expression for the free surfa 


n 
, , 


Zanmenm (7, ft), 


. 


ti(t) dtlim\ Eth & 
0 3 


In the expressions for « the order of integrati 


; is inverted. 
nia 


3. The shape of the free surface in the case of infinite 
depth. In this case, the limiting process fh yiée 


> = 


; 


Gam (7, ¢) \ hn (=) 79™ mt (ct) dt lim \ & 


70 © 
Let us seek the limiting value of the integral S 
a 


sin i g: if 
= 


Ve 


Using Parseval’s theorem for the Hankel transfon f first order 


Exo (8) de 
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sin V gé (t 


d* (u) \ Ge*J, (r&) J; (u§) 
; . V gf 


We note that for m 0 the conditions for the applicability of 
Parseval’s theorem are not satisfied. Hence the preceding transforms are 
0, the limting value of the integral (3. 2) 
0. We 


valid only for m O, For m 
is obtained differently, namely by analytic continuation from m 
*(u) represents a known Sonine integral [6 ] 


note that for U, x 
In order to evaluate W*(u) at 2 we first note 


sin V gé (t 


V gé 


- 


ie) 
> 


Let us seek the limiting value of the integral, which is to be differ- 


entiated with respect to u. We apply Parseval’s theorem to the Hankel 


transform of zero order 


oa ¥ 
. { J, (rE) Jg(uE) sin Vs 


\< J, (r§) J, (u§) =re° x i—8 
: V 4 5 . Ves 


where 5 is a parameter between zero and unity which will be made to 


app roac! zero. We have 


\ wy,” (w) d,° (w) dw 


0 


fo) 
\ 70 (ré) Je (ue) Je (we) &!-*dé 
0 


co 
sin V gé (t ‘ : ; Fae » SINV gE(t{—t) oc - 
) , \ e759 (ws) u © dé 


ane Ves 


¢ e) 
71 (©) 


The conditions of applicability of Parseval’s theorem are ful filled 
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only for 5 > 0. However, inasmuch as the left-hand side of (3.4) repre- 
sents a continuous function L, which is independent of 5, we deduce the 


following equality by letting 5 approach zero 


oo 2) 
lim \ wy, (w) >," (w) dw \ @ X10 (w) di.” (w) du 
8~+0 

U 


Here 


Xio (w) = \ J, (r&) J, (uk) J, (we) Ede, ,,.” (w) ett, py Sin V eS (¢—*) 
. V gf 
Since x;,°\w) represents a generalization of the Beber-Schafheitlin 


integral, 


Yio (u } 
zV[(r 
For the evaluation of Wr, 9°\w) at 2z » take the relation 


\ cos (wé sin 9) dé 


. e , 1 # . sin ge tt 
din (w) > \ a \' cos (w§ sin 9) b 


Further evaluations will be carried out for z = 0. The correctness of 
the interchange of the order of integration in the formulas below is 
easily justified [7]. We carry out this interchange in (3.5) with the 


aid of the relation 


Esin 6 


We also introduce the parameter ' : Now, 


wsinv 


Vig (Ww) 


Elementary manipulations yield 


F (8) \\cos v* sim 262 dv 


VU 


In this manner, 
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! 1/7 
1 r u dd 


Tt) . L 
d) Sin . 
\ \ sin0 sin 0 


Let us introduce an ew variable of integration v into the second 
integral of the last formla 


sin 0 


Yio (u ) 


Once more we change the variable of integration 


and we obtain 


Finally, writing the desired expression 


— -M (r, u, t, t) (3.7) 
V ((r + u)? w?| [w? i V2 


difficult to find the limiting value for S, at the surface, for 


r 
i 


lu2du (3.8) 


For the é . we obviously have 
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The re fore - 


for the expressions |‘ 


OM (r, ro, t. t 


u*)" 


surface is then given by 


OM (r, ro. 


OM ir, u, ft, 


Ou 


It can be shown that this formula can be reduced 


OM (r. ro, 


) 


where p, is the function given in a series form in (2. 


1. Evaluation of the function M. The function Mr, 
defined through (3.7), can be represented as follows 


U (r, rp. 
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2 


(a? — k®) V (1 —a?) (z* — k*) 


k2K (VY 1 — k*) 


where K and E are the complete elliptic integrals of the first and 
second kind. 

When the motion of the free surface outside the region of the applied 
pressure is considered, then r always exceeds or Les k > ky # 0. The 
integrals ®(A, k) and VW(A, k) can then be found by numerical integration 
as functions of parameters A and k; these functions do not depend on the 
actual form of Po. However, the above formulas lead to excessive computa- 
tional difficulties when the motion of the free surface within the region 
of applied pressure is considered. Since in that region the effect of the 
explosive pressures will tend to dominate, it is meaningful to study the 
problem of explosions above the surface of weightless incompressible 
fluids. Letting g = 0 in Equation (4,1), we obtain 


k) 
for r<fro 


These formulas make it possible to determine the displacement of the 
free surface for arbitrary values of r. For instance, we find €(0, t) of 


a weightless fluid when the applied pressure is independent of r, Po 
Flr ). It ls easy to see that 


Ficyit t)dt 


Po (tT) 


lf H stands tor 
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explosion occurs, ty for the time between the explosion and the first 
arrival of the shock at the free surface, and if Ry\ tp + tr) designates 


the spread of the shock in the gas above the liquid, then 


To (t) = V Re (ty + t) H* 
For small values* of r 
ro(t) = tV 2H, (ty) + O(t) 


It follows that the displacement of the free liquid surface directly 
| 

under the center of the explosion is always finite for arbitrary pro- 

pagation rates of the shock in the gaseous medium above the liquid, pro- 


vided F(r ) satisfies suitable conditions. 


Incidentally, let us remark that in the case of explosions above 
ponderable fluids, it is possible to take advantage of the smallness of 
the ratio A/k for the evaluation of the free-surface displacements out- 
side the pressure-affected region even when k is small. Developing the 
product of the Bessel functions, occuring in (4.1) in the integral for 
MMA, k), into a series and keeping only its first two terms, we find 


the expression for M(r, re, t, r) 


E(V1— Rk) 


Partial differentiation of M(r, ro t, 7) with respect to the para- 
meter r) provides the remaining information necessary for the evaluation 


of the surface displacements. 


to A. A, 


In conclusion the author expresses his sincere appreciation 
Nikolskii for guidance in the present work. 


Undoubtedly, the prime in Ry” represents the derivat 


O(7 ), terms of orderr or smaller. 
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The paper deals with the problem of the explosion at a point in an ideal 
gas. The properties of the gas are close to one whose isentropic exponent 
y 7. The unknown functions are written in the form of power series in 


, 


time, and the terms of the series are determined up t an arbitrary order. 


l. Sedov [1] has shown that the problem of a strong explosion in an 
ideal gas whose isentropic exponent ) 7 possesses a simple, exact solu- 


tion. The solution can be written 


He re p, denotes the density of the gas at rest ahead of the shock 


front, E denotes a quantity proportional to the total energy E, of the 


explosion, so that the radius of the spherical shock 


“| 


The corresponding linearized problem (when the linearization is per- 
formed around the solution (],1)) has been studied LI 2-4 } under a 


number of additional assumptions. 


We shall base our solution on the fornmlation of the problem given i 
) 
1] and will assume that the explo s10n occurs at a pol in a gas whose 


internal energy is described by the relation 


Np 
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Here Po and Po denote certain constants whose dimensions, are those 
of density and pressure, respectively. The symbols D, denote arbitrary 
constants, / is an integer, and the series is convergent. It follows 
from the argument in[ 1,4] that the equation of state of the gas under 
consideration can have a more general form than Cl apeyron’ s equation, 
Equation (1.2) imposes a limitation only on the isentropic equation which 


must have the form characteristic of an ideal gas with an exponent )» 


The temperature and entropy have the forms 


Re 


4) 


@M('Y) 


arbitrary function. 


seek a solution of the above p robl em in the fornr | Z 


G (hk, t), 


Assuming that the functions F(A, ; , and H(A, 7+) can be ex- 


‘ries in powers 


H (h, 7) 


Substituting (1.3)-(1.5) into the equation of motion, we obtain the 


following nonhomogeneous system of linear differential equations (Euler’s 


equations) for the functions f,\A), A), and hy \A) 
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hn (8i — 7k) gyi] — BMy's 


(he 


It is easy to verify that the right-hand sides of tuations 
F,{9() are of the form 


nst) 


Assuming that the constants B b and » , are know i making use of 


Equations (1.8), we can find the solution of the system of Equations 


(1,6) 


are constants of integration 


are the adjoint s of the determinant D be 


The relations in (1.7) and (1.8) show 


ota point-explosion by the method of success 
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itself to the determination of the constants B » ‘? and Y~- Hence, the 


t) 


y ( 
constants C, can be determined for the boundary conditions which cor- 


respond to the numerous individual problems mentioned before [ 2-4]. 


2. We note that for the first approximation (k = 1), Equations (1.6) 
represent a homogeneous system, so that in Equations (1.8) it is neces- 


sary to put [2,4] 
(2.4) 


It is easy to verify that the functions F,' Ny ), fp{A), ge, QA) and 
k k k 
h(a) can be assumed to be of the form 


FO (r) 


» (Ll) 

The functions fg A ), Beg A), hyo (A) and Pei (A) can be written 
down at once for arbitrary values of k from Equations (1.7), assuming 
that in the relations (1.9) all a" O (vu > 4), 1.e. taking into 
account only the solution of the homogeneous system (1.6). Hence, making 
use of Equations (1.8)-(1.10), where » ranges over the interval from | 
to @,, we write down the expressions fp, A), Bir?) hy, A), and, 
making use of these functions, we write down F, etc. It is seen from 
the formulas in (1.7) that this process will come to an end with p = k - 1 


We shall assume that the following relations are valid: 


, 
} S 7] (1)), “pt P : ’ S'9 (3)) i 
r Z| “pi : , p Le Mui ’ ip ui . 


A uu 


(i) 
Here, the summation extends over p very 4} t) sand 


( ( ( 
(i b= », * ©? 0, @, e 3; the quantities y 5, O {) are known. 


bs 


Substituting equations analogous to (2,3) into the relations for the 
functions F, (l (l 
p 


‘((), we shall obtain for every function Pip a closed 


expression in terms of known quantities. 


We now enumerate the indices and the corresponding coefficients which 
enter into the expressions for the functions i 


It is possible to verify that the functions Pip 1) are given by 


Fin = >) Bug" l= 4, 2, 3; secey RM) 


» 





Motion of certain ideal gases 739 


Here the summation extends over p = 1+ @ WOR cscs Wy 4 , 


P 
numbers w (k) _ «& (h) as well as the constants Yuk? Bur ) for these 


end the 


+ 1 
values of p will be determined. 


Making use of Equations (1.8)-(1.10), we write the corresponding ex- 
pressions for the functions fpp'A?: Bap), hy, A) 


ta $6 (1) 7p 
Try ) Pua pe 


Here the summation over p is analogous to (2,4). 


In this manner it is possible to determine (at once for all k’s) the 
corresponding parts of the solution consecutively for p = 0, l, 
k— 1. Hence, for every p, we have found the solutior fA), gpa), 
h (A). 
p 


We note that the same method can be used to write down the solution 
which corresponds to a more general form for internal energy (A,(R) de- 
note arbitrary functions). 


na + » Pi nk A, (R) (2.6) 
k=] 


We shall refrain from writing down the corresponding expressions for 
temperature and entropy owing to the complexity of their expressions; for 
the case A, = 0 (k > 1) in Equation (2.6), the corresponding expressions 
can be found in[4]. 


(2) 


3. We now determine the constants C, In order to satisfy the con- 


dition at the center of symmetry (particle velocity equal to zero) [2,4], 


(3) 
= 0. The expression for the dimensionless 


it 1s necessary to put C, 
radius of the shock wave in terms of time can be assumed to be in the 
form of a power series 1n?T 


l 


(2 ret | Ds 4 (3.1) 


We can determine the constants A,, C, , from the shock con- 


ditions 
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It turns out that these constants are determined by a system of linear 


equations, the right-hand sides of which contain the parameters of the 


problem as well as the constants A_, C (1). C (2) where q < k, which 


have already been determined from the solution of the preceding system. 


4. We now determine the behavior of the solution (1.9) in the 
neighborhood of the center of symmetry. Assuming that in a certain inter- 
val O<T R« R, we have 


A, (R)=D,R7"™ 


and retaining in the expressions (1.9) only the leading terms Ot) 
k 


(i 1, 2, 3), we can write down the following solution of (1.5): 


@,A 
K 


G (h, Tt) i+ >; of r*. H (), *) 


and the constants (' 4! have the form (a, = a,(n)) 
“k 


1 


@ 


k 

Y ptt) Seq: o (2) 

>; 0M }[12ni — Bia 8] 95, 
t 


t=1 


. tious ) - ) 
>> 1305) 0” 4 [(7k — 8i) a, + 4n (8i - 
1 


ao t*o@ 
i k 
l 


(1) 
Oo. r i[(iae - 


The Formulas (1.3), (1.4), (4.1)-(4.3) determine the asymptotic be- 
havior of the solution. This solution is identical with the solution 
given in [2,4] for the form applicable near the center of symmetry and 
based on the linearized formulation of the problem of a point-explosion. 
This shows that the reasoning in [4] concerning the behavior of the 
characteristics of the motion near the center of symmetry in terms of the 


magnitude of the parameter n and of the sign of the constant c= is 
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correct. Furthermore, the conclusion concerning the emergence of a second 

 4¢ 
shock wave for D, Q (k 0, 1, 2) for a series of values of n and c* 
and its propagation from the center of symmetry behind the first shock is 


also correct. 











The diagram represents the field of integral curves for the equation 


tof) [3aek (F 0 1) (127 : t>F)] 
TF (Uf 10) (12n 
6agz? [9 (127 12s 


TF GU 10) (12n 


(z 7 G/H). The solution near the center of explosix n 2,4 ] for the 
case 0.66978 n <1 can be reduced to the qualitative investigation and 


to the integration of the preceding equation. 


’ 9 
When a < 0, the solution of the problem under consideration is 


continuous, the integral curve which gives the solution of the problem 


emerges from point B(F = 1, z = 7, x = 0) which corresponds to the 


’ ’ 


appropriate self-similar case, and enters point A(F 10, z= 0, x = w) 


which corresponds to the center of symmetry. When C,‘*’ > 0, the integral 


curve which leaves point B reaches point B, which turt out to be a fox al 


point. Point B, lies on the parabola 


on which the parameter x reaches an extremal value. Consequently, on 
approaching point B,, the integral curve intersects the parabola (4,5) in 
an infinite number of points and a continuous solution of the problen 
proves to be impossible. If in Equation (2.6), in the neighborhood of 
R Q, it is possible to put \, (R) 0 for all k's, then a solution with 


a shock wave can be obtained (the state in the gas ahead of the shock wave 
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is described in the diagram by point M, which lies on the dotted curve 
entering point B,; the state behind the shock wave is represented by 


point M, which lies on the curve entering point FE for which z = » and 
2 
x 8 


In the interval 0 n < 1 under consideration it is possible to 
obtain analogous results for other values of n, The second shock wave is 
obtained as a consequence of the fact that the integral curve of interest 
to us passes through a singular point which lies on the parabola, (4,5), 
and that the latter is a focal point. 


9. Sedov demonstrated that the solution of any problem of self-similar 
motion of a perfect gas can be reduced to the qualitative investigation 
of an ordinary differential Equation cae 1), [ ] l, p. 171 and to the 
determination of the relevant integral curve; when the values of v and y 
are fixed, the equation depends on two parameters 6 and x. 


There exist examples of self-similar problems, and of problems which 
can be reduced to self-similar problems in which a second shock wave does 
appear. 

The coordinates V of the singular points of Equation (2.1) [1], which 
are obtained at the points of intersection of the curve along which the 
integral curves are horizontal with the curve along which the integral 
curves are vertical, satisfy a given cubic equation. It is possible to 
show that the latter can be decomposed into a quadratic and a linear 
equation 


[1 —x—w]V | ,— 4) (5.1) 


case of two-dimensional symmetry, the foregoing cubi¢ equation, 


} 


seen tron Equ at ions (5, ] - reduces to a quadrat ic. 


We write down the coordinates of the respective points 


the singular points (V,, 
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real if the parameters 5 and « satisfy the inequality 
1)* 


If 5 > 1, the inequality is always satisfied; 1 
fied when 


and when 


is easy to verify directly that the singular points (V,, z,) and 


z,) lie on the parabola z (V = 5)*, on which the parameter 


attains an extremal value. 


The singular point V,, z,) lies above the parabola z (V—~ 8)* when 
the following conditions are satisfied 


We shall examine the first case in more detail. It is possible to 
show that the following inequalities are satisfied ,< ¥, Vi; in 
addition, if 8 - «x > 0, all integral curves, wit > exception of 
one, have at point (V,, z,) a smaller, and at point z,) a larger 
slope with respect to the V-axis than the paralx la 2 §)? does at 
the same point. Consequently, the direction of motion along the integral 
curves towards increasing A’s is such that if at the first instant of 
time, the velocity, the density and the pressure are described by certai 
step- functions, the a cylindrical or spherical ; ton moves out- 
wards (r. A, bt’), there will appear a second s! in a certain 
interval of A, and the second shock wave will fol! first one. 


Equation (4, 4) repre ‘ a spe 1 al case of } ] 


when 


\’ 


The special result of th m a point-¢ 


Sections 1-4 consists in | 


| Secon 


found in exam! e when " s not sel f- 


imilar only in the neig 
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ON THE CALCULATION OF FLOW PAST 
AXISYMMETRIC BODIES WITH DETACHED SHOCK WAVES 
USING AN ELECTRONIC COMPUTING MACHINE 
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SCHETNOI MASHINE) 


PMM Vol.24, No.3, 1960, pp. 


O.M. BELOTSERKOVSKII 
(Moscow) 


(Received 1 February 1960) 


In solving the title problem the majority of authors have assumed the 
shape and position of the shock wave, after which the inverse problem 
was solved; a detailed review of existing methods is given in the paper 
{1 5 The method of Dorodnitsyn [2 ] permits the direct problem to be 


solved with the necessary degree of accuracy, in its exact formulation, 


Such calculations have been carried out at the Computing Center of 
the Academy of Sciences, USSR, on the electronic computing machine 
BESM- 1. 


The problem is posed of treating the calculation by a method that 
would be equally suitable for handling both plane and axisymmetric bodies 
of various shapes (smooth, with corners, combinations) with detached 
shock waves, for different values of the adiabatic index x(x > 1) and 
of the free-stream Mach number (1 < Me < o). The plane problem was con- 
sidered by the author [3], and calculation of flows at a 1 was 
carried out by Chushkin [4 l. The calculation scheme and also results of 
computations for certain simple shapes (ellipsoids, pheres and disks) 
are given below. 


l. We consider flow with a detached shock wave past a body possessing 


axial symmetry. Let a supersonic stream of ideal gas flow with constant 
speed w, past such a body at zero angle of attack. A shock wave forms 
ahead of the body, whose shape and location are initially unknown. 


It is required to carry out the calculation of the mixed rotational 
gas flow in the minimal region of influence. 


We introduc e dimensionless variables, referring the speed w to the 
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the density p_, of the free stream 
of the shock wave by the index oo), 


dimensions to the characteristic 


. the density p to 


maximum speed wu 
mn 
(we will denote all quantities ahead 
the pressure p to p_ u 2 and linear 
oo max 
dimension of the body; then the system of gasdynamic equations will, in 


dimensionless form, be the fol lowing 


rol w 


Henceforth the system of Equations (1) will be written for axisyn- 
metric flow in spherical (r, @) or Cartesian (. —rcos @, y r sin @) 
coordinates (Fig. 1). We introduce the Bernoulli integral and the stream 


function Ww; then the full system of equations, for example in coordinates 


(r, 0), will have the form 


pu*) sin 6] iv) P 
a ov-)sinY 
or I ) I 
0 (rtv sin 8) 1 1) 
"0 | }sin, 


ov 


1s the entropy function (entropy s c. Ind), and u, v the components 
The unknown functions are u, v, « 


«) 
of the velocity w along r and @. 
As boundary conditions we have the following. 


uw. 


On the body r r,(@) 


const 
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On the shock wave r 


S in* () 


Here « is the distance along the arc 0 const from the body contour 


to the shock wave, og is the angle of inclination of the wave to the free- 


stream direction (Fig. 1), and w. and w, are the components of the velo- 


city w along x and y. 


From (4) it is easy to obtain boundary conditions 


from the relation dy/dx tan v on the shock wave we 
(To ¢) cot (c 0) 


2. The method of Dorodnitsyn reduces the integrati 
partial differential equations to the numerical 
approximating system of ordinary differential equations. 
integration is here divided just as in 


mediate lines are introduced between 


rj ro (8) | ie (9), 


after which all the partial differential equations 
are integrated along 0 const (or y const) fror 
the boundary of each of the strips, and the remai: 
or finite relations of the system are written along 
lines. Replacing the integrands by interpolation ~ 


we obtain an approximating systen where t 


grating, inknowns 
values of the dey endent variables on the boundarie 
lenote al yuantitie on ¢t 

hock wave (1 l) 

pproximating syste 


schematically as 
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Here E,, E_, U., E. are definite holomorphic functions in the region 


0? 


of integration (the form of the functions depending on N), D is a known 
9 


function | D 0 in the neighborhood of Wo (x — 1)/(x + 1)], whereby 


111 boundary conditions on the body and on the shock wave are satisfied 
exactly in any approximation. In x, y coordinates the approximating 


system will have an analogous form. 


Ihe problem is thus reduced to finding the numerical solution of a 
boundary-value problem for the system (6) of ordinary differential equa- 
tions, where part of the boundary conditions are given on the axis of 
symmetry 


U ¢ 9, (VU) for 6=0 


and the remainder on the singular line*, where we must have 
0 for D E,=0 for w2 = (x—1 + 2u,*)/(« +1) 


Otherwise this singular line would be a limt line, and the solution 


would not have physical sigmi ficance. 


On the singular line the N equations of the system have N movable 
singular points of saddle type. The investigation is carried out analo- 
gously to the plane case (the Puisot diagram has just the same form). In 
the neighborhood of each singular point there exist two and only two 
solutions passing through the point, since both solutions are holo- 
morphic . One of these solutions is "pasted together" with the solution 
up to the singular point obtained in the usual way (the number of past- 
ings 1s equal to the degree of arbitrariness in the singular point), but 
since both solutions intersect only at the singular point, the pasting 
condition uniquely determines the integral curve passing through the 
given singular point. Some equations of the approximating system have 
singularities also on the axis of symmetry. However these are fixed 
singular points of regular type, from which it is possible to proceed 


with the use of power series in @ or y. 


It is possible to show that in the axisymmetric case the formula for 
the angle of inclination of the line const to the free-stream direc- 


tion at points on the shock wave has the following for: 


When D 0 and E, 0, then also E_ 0 automatically. 
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[m (u u 
= w 


(PF; m cot co) 


{ 
~ 1) sin? oJ? } 


. 1 
sein . . ... on a 
{= °, ; c+ sin? o m.. = M. , 
where y = y,(x) is the equation of the contour of the shock wave. 
Although in contrast to the plane case ®, depends also on the curvature 
and cannot be tabulated in advance, Formula (7) is 
a possibility for estimat- 


of the shock wave, 
nevertheless very useful, because it provides 


ing the accuracy of the solution. 
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3. We give some results of the calculations. Solutions were carried 
out on the electronic computing machine BESM-1 for the flow 
oids of revolution (with ratios of vertical to horizontal 


past ellips- 
semi-axes 
b/a 0.5 and 5 = 1.5), spheres (8 1.0), and a flat-faced body 
co) at various free-stream Mach numbers (M, 3, 4, 6, 10, o) 


’ ’ 


1.4, and in various approximations (N L, 2). 


The computing scheme for bodies with finite values of 5 was construct- 
ed in r, @ coordinates (the origin was located at the 


center of curvature 
of the nose of the body, and all linear 


dimensions referred to the radius 
of curvature of the nose), whereas for the flat-faced body (disk) 
Cartesian system of coordinates was used 
to the diameter of the disk). 


a 


(linear dimensions being referred 


In Figs. 2-4 are given the distributions of pressure P_(9)/p, (0) 


over various bodies: in Fig. 2 for the 


ellipsoid with o 0,5, in Fig. 3 


for the sphere with 5 = 1.0, and in Fig. 4 for the disk with 5 co, with 


M 3, 4, 10 and o, where comparison is shown with experiments carried 


out by scientific colleague Shull’ gin. 


In Fig. 5 are shown the shock wave and sonic line for the sphere at 
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Fig. 


3, 4, 6 and o (with W 1 and 2). The angles f intersection of the 


sonic line with the shock wave agree well with the 


les btained from 


Equation (7). 








Figures 6 and 7 illustrate the convergence of with t 


legree of approximation, n Fig. 6 the curves haracter 
f the first and second families, and curve C the 

is given the pressure distribution on the shock 

surves) and on the body (lower curves), 


sarried out by Shul’gin. In Pig. 8 it 
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body to the shock on the axis of symmetry varies for different 56. 





Numerical] results are tabulated below for the solution for flow past 


a sphere at M 4.0 and xk 1.40 with WN 2. One table gives values of 


the velocity components u and v, the density p and pressure p at five 
points on the arcs @ const the distance from the body to the shock 


along a ray was divided into four equal parts 


— 1 O{ body), 0.25, 0.50, 0.75 and 1.00 (shock) 
e (0) 
At é 1.0, aside from these quantities, values are also given for e«, 
J 


o, the stream function vw, the entropy function p, (entropy s; C, Ing) 


and the vorticity function f d In dy, d Wy. 


The vorticity at the shock wave is determined by 


The stream function on a ray 6 = const can be found by integration of 


the ordinary differential equation 
rpv sin 0 


Also shown in the tables are the coordinates of the sonic line and of 


he limiting characteristics for this same case. 


The solutions for the body with & = o were carried out by scientific 
colleague Shulishnin. All preliminary calculations and processing of 
results was performed by Mel’tsis, Bykov and Vasil’ev. I take this 


opportunity to express thanks to these colleagues. 
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Plane and axisymmetric hypersonic gas flows are considered with shock 
waves of very great intensity that have a power-law form, On the basis 
of an investigation of the portions of the flow with high entropy ad- 
joining the surface of the body (not necessarily for a shock wave of the 
given form) it is shown that the use in the flow problem of the exact 
solution for the corresponding unsteady self-similar gas motion requires 
a supplementary refinement of the thickness of the high entropy layer. A 
method is shown for introducing such a correction and constructing the 
shape of the body contour, on which is to be applied the pressure dis- 


tribution obtained on the basis of the theory of small disturbances. 


l. According to the theory of small disturbances in a hypersonic 
stream the problem of flow past a plane or axisymmetric body of smal] 
thickness ratio is equivalent to the problem of one-dimensional unsteady 
gas motion under the action of a plane or cylindrical piston[1]. In 
this analogy the class of self-similar motions with very intense shock 
waves propagating according to a power law[2] corresponds to a class 
of steady flows with shock waves of power-law form 


y= Cx® (1.1) 


with the Mach number of the undisturbed stream M_ + . Values of the ex- 
ponent n lying in the interval 2/(3+ v) <n< 1, where v = 0 for plane 


and v | for axisymmetric cases, correspond to flows past convex bodies 
of power-law form [3 ] 
(1.2) 
The case n = 2/(3 + v) is singular and corresponds to the problem of 
a strong explosion [2]. Since c/C = 0 in this case, its interpretation 
as a flow problem consists in the assumption of a finite drag force 
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acting on the leading edge of a body of vanishing thickness. In other 
words, there is an analogy between the appearance of a strong explosion 
and the effect of blunting the leading edge of a slender body at large 
distances from the bluntness [4,5,6 ]. 


2. The theory of small disturbances of a hypersoni tream is invalid 
in the neighborhood of the vertex of the shock wave ‘| ] l), since for 
n< 1 the velocity disturbances are finite there. The value of the 
entropy on stream lines that intersect the shock wave in that region 
varies rapidly, and on the surface of the body (Ww the ent ropy be- 
comes infinitely large, so that the density there becomes equal to zero. 
As a result, the region of inapplicability of small-disturbance theory 
comprises all high-entropy portions of the flow, bordering the surface 
of the body. We consider in more detail the flow in that region. 


3. The equations of plane or axisymmetric gas flow, after the von 
Mises transformation from independent variables x, y to independent vari- 
ables x, Ww (where Ww is the stream function), can be written in the form 


(3.1) 
(3.2) 


(3.3) 








u® 4 

Here u, v are the components of the velocity vector, p the pressure, 
p the density, and y the ratio of speci fic heats of the gas. Here and 
henceforth the index « refers to conditions in the undisturbed stream, 
where we neglect the static pressure. The boundary conditions on the 
shock-wave surface (1.1) have the form 


p 


I 
n2*C2z,2"—2 ) nCx”™—! 


’ Vee (1 a“ 2(°2,2%—2 “ ‘ o2 .2n—2 
Y+1 4+4-n2C2,;2"- is wt. 1+ a*c*z * 


The corresponding relations in the small-disturbance theory are ob- 


tained by taking u = U_ in Equations (3.1)-(3.4) and taking 


Mion 
Ll + n*C*x2"-! l in the boundary conditions (3.6) for w, v, p and op. 


’ 
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4. The exact relations of Paragraph 3 are used for an estimate of the 
pressure change across the entropy layer at the surface of the body. We 
define this layer as the flow region comprising the stream lines that 
intersect the shock wave surface near its vertex, where the angle of in- 


clination of the surface to » free-stream direction is not smal] 
(4. 


This condition together with (3.6) for w gives the following estimate 


change in stream function across the entropy layer 


Ad ~ 4.2) 


At suf fic tently large distances from the leading edge of the body the 
transverse velocity component v 1s proportional to the local angle of 
inclination of the shock surface (7), and the pressure to the square of 


this angle 


(4.3) 


Substituting these estimates into Equation (3.1) we find that the 


relative change in pressure across the entropy layer Ls 


Therefore 


Since, as 18S easily seen, the small-disturbance theory involves just 


accuracy, the change in pressure can be neglected. 


Hence it follows that the relationship , Ww) obtained on the basis 
theory (but not, as we see, p(x, y)) is, for the range of n under 
consideration, valid in the whole flow field except for the neighbor- 
hood of the vertex of the shock wave. 
For an estimate of » relative thickness of the entropy layer, 
Equat ions (3.2) and (3. are used, From the condition of constance of 
entropy along stream lines (3.2) and the boundary condition (3.6) for 


p and p we find that along the entire entropy layer 


we obtain the following 
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estimate for the density 


9 


o~» Ko. <¥ (9.2) 


Taking u~ U_ and using (3.3) we find that the relative thickness of 


the entropy layer is 








It is negligibly small only for 


2.4) 








This means that in the range of values 
Fig. » ‘ 
of \ of practical interest there exists a 
definite interval of values of the 
exponent n, 2/(3 + v) <n<n* (Fig. 2), where proper consideration of 
the thickness of the entropy layer is necessary, for example, in deter- 
mining the body contour for a given shape of shock wave. Then in the 
solution of such a problem on the basis of the approximate small-dis- 
turbance theory, the region of entropy effect often proves to be thick 
and the corresponding body contour is found with large error. Thus for 
determining the relative thickness of the entropy layer we use in this 
case, together with the condition (3.6) for P, the approximate relation 
on the surface of the shock wave of the form 


pP 


This, together with (5, 2 , leads to the following estimate for 


density 


The result of integrating Equation (3.3) across th ntropy 


Ay 


Estimates analogous to 
ly obtained in the work 





(9.8) 


The factor N increases with reduction of y and n (Fig. 3), so that 
the thickness of the entropy layer determined on the basis of small- 


disturbance theory may 1n many cases exceed its actual thickness. 


vl 


6. Thus the use of exact solutions for self-similar gas motion [ 2 ] 
in the case of flows with n < n* requires special refinement of the 
entropy layer which (for a given shock wave shape) should lead to a cor- 
responding correction of the contour of the body. The pressure distribu- 
tion on the surface of the body obtained with the use of exact sel f- 
similar solutions should, in accordance with paragraph 4, be applied to 
the new body contour. The practical determination of the body shape cor- 
responding to a given shock wave shape (3.1) is conveniently carried out 
by integrating Equation (3.3) across the entire flow field for a series 
of fixed values of x. In so doing the function p(x, W) is known from the 


self-similar solution for a given shock wave, and the relationship 
2 (Y) (6.1) 


1s found from the exact boundary conditions (3.6) for w, p and p. The 


velocity vector component u appearing in (3.3), which was above assumed 


to be u~ U_ in carrying out estimates, must now be made more precise. 


Since everywhere except in the neighborhood of the vertex of the shock 


wave v/u r, we have on the basis of the energy Equation (3.5) 
(6.2) 


with a relative error of order +r“. Substituting here the estimates ob- 


) 


tained previously (4.3) for p and (5.2) for p, we obtain 
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Hence follows the incorrectness of the hypersonic equivalence prin- 
ciple ("law of plane sections") in the entropy layer, and the necessity 
of using Formula (6.2) for the determination of u (with the necessary 
degree of accuracy). This equation completes the system of relations 


necessary for the solution. 


7. The usual results of integration of the equations of self-similar 
gas motion appear in the form of the relations 


Vs(2)7 (A), f 0s (A), Ps (x) h(r) { 


where index s refers to conditions on the shock wave. The stream function 


of the self-similar motion necessary for the calculation, which satisfies 


the differential equation 


is easily found in the fom 


, 
Ys (Z) H(A) H(A) = exp,— (1 | 
4 
i 


This determines the function p(x, 7) which we ca) now write, using 


(5.5), in the fom 


entropy distribution function is found from the conditions | 
p and p and may, with consideration of (7,3 put put in the 


Eliminating p from the last two equations we find and then using 


Equation (6.2) we determine u; then we obtain 


where 


With the replacement of the independent variabl« by n, Equation 
(3.3) is put in the fom 





(7.8) 


Substituting here the determined functions p(x, 9), u(x, m) and inte- 


letermining the shape and 


grating for fixed x, we obtain an equation 
location of the stream lines in the flow under consideration 


the s determined by this equation if the 


The new contour ot 


upper limit of integration set equal to zero. 


result obtained we consider 


(8.1) 


r we re irried out for functions 


taken from the tables given in 10 * | I I sults of 


itions are given in Figs. 


tained + relative thickness 


determined on tl | s of mation (7.9) 
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is negligible only in the region of very large values 
measure for x we take the radius of curvature of the 


vertex). 


Thus the pressure distribution ascribed on the basis o > analogy 
with a strong explosion to a cylinder with a blunted : section is in 
actuality realized on a body of significantly large re » thickness. 
It appears that this may explain the serious quantitative disagreement 


thus obtained for the pressure distribution on the su » of a cylinder 


Method of 
x characteristics 
Analogy with strong 
1, explosion (2nd 
+ approx 


with a hem spheric al nose section with the results of numerical calcula- 
tions |7 |] for a Mach number M 


20, reproduced in Fig. 6, where the 


abscissa is the relative ar length along the body, measured from the 


critical point. 


In conclusion we note that the self-similar solutior in all cz 
certainly retain their significance as asymptotic representations 


exact solution for x + ~, 


The author thanks M.N. Kogan and G.I. Taganov for valuable discussion 


of questions raised in this work. 
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l. The steady flow of a viscous incompressible fluid in the presence of 


a magnetic field H is described by a system of magneto-hydrodynami« 


equations 


(vA) Vv ’ : f vAv + roth 


div Vv (0), : rot (v h) 


Here vis the "magnetic" viscosity, o is the conductivity of the 
medium, c is the velocity of light in vacuum, Py is the pressure at any 
given fixed point of the flow; the remaining symbols are conventional. 

The system (1.1) serves for determining the velocity v, the quantity 


h, having the dimension of velocity, and the quantity (p, — p)/p. 


In the case of motion in a plane, the independent variables would be 
the distance from the origin of coordinates r, and the polar angle @, and 
the basic parameters would be the coefficients of kinematic and magneti« 


Viscosity v and ve 


We assume that the flows considered are completely letermined by the 
indicated set of parameters, several dimensionless constants €, and also 
Qir veer QD having dimensions 


Vil 


Then, by use of the relations of the theory of similarity and dimen- 
sions [1], the quantities to be determined : vg, h., hg; and (p,—p)/p 


r? 
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expressed as 


Here p, is the pressure at infinity; the functions f, ¢ 


depend on the dimensionless quantities @, v 


) 


Just as in the book [ | a we assume that P; + 2 q ; 0. Then the 
dimensions of the quantities Q; consist of some power of the dimensions 
coefficient of kinematic viscosity v, and the functions f, 4, y, 
not depend on r. Setting the Equations (1.2) into the System 


»btain the following system of ordinary differential equations 
const. 4 const, }3 
2/ 
Integration of the last equation of the Systen 


onst) 


ing F, we obtain a system of the third order for determination 
tions f\@) and WvWA@) 


Eliminating f(@), we can reduce the System (1.5) to one nonlinear 


equation of the third order with respect to the function wW(@). 


| ing the generalize 1 Ohm’ s law, it 1 possible to show that the type 
of flow considered has an electric field vector equal to zero. It is 
} 


ie motion as the flow of a liquid in a magnetic field 


possible to treat t 
I 


with a source at the origin of coordinates flowing perpendicularly to 
the piane es Tf, @. In this ca e€, accor ling to the law of Biot-Savart, 


47 h,/r and the constant h, has the dimension of the coefficient of 
kiner atic viscosity. 


2. We consider the flow from a source (or sink) between two plane 
walls tilted with respect to each other at an angle a (diffusor). We 
assume an infinitely conducting medium. The magnetic field induces a 
current [,, flowing along the vertex of tl hiffusor angle. If the circu- 
lation velocity v, vanishes, the proj e liquid into the 


region occu ( ne field 1 mp - fol lows tron the econd 
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equation of (1.5): since 1 " 0, By # 9, do 0, we 


assume the possibility of the circulation velocity having the value 


obtain f’'= 0. If we 


Up ['/ 27r (for example, in the walls of the angle ! ‘Ss are made so 
as to permit liquid motion normal to the walls), then flow from the 


source (or out of the sink) can take place. For the function f(@) we ob- 


tain from the System (1.5) an equation of the second order 


/* (3, So") / 
To solve this equation and determine the constant C, the condition is 
used that the liquid sticks to the wall, and also the discharge Q through 


the diffusor is specified 


} 


The solution of the problem is give » formu] 


/ (9), ’ - f (6), 


The quantities B, and ¢, which enter Equation (2. ire expressed 


through the current I, and circulation [° 


Equat 1oOn 4 1) becomes espec ial ly Sir ple 


4 


and is easily integrated. For he velocity and 


the expressions are obtained 


As is evident from (:; . the vectors of velocity a nagnetic field 


strength are collinear. 


4 The flow of a fluid with finite electrical conductivity into a 


diffusor with opening angle a is described by the system (1.5) in whicl 


{ ) 


it 1s necessary to set & (there is only radial \ yeity 


solution of this system of the third order, and determination of the 


ror f 


constant C which enters into Expression (1. 4) he determination of 


pressure, four conditions are necessary. Three em are adherence 
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the flow to the walls and the specification of the discharge rate (2. 2). 


For the fourth condition, imposed on the induced magnetic field ¥, it is 
possible, for example, to assume that the component H of the magnetic 
field is equal in magnitude and opposite in sign on the line r 


constant, 
at th 


e points where the line intersects the diffusor. 


introduce the designations 


R,,, a 


iv 

" 
Here R has the meaning of the 
magnetic Reynolds number, 


that for the 


hydrodynamic Reynolds number, r. is the 


M is the Hartmann number. In view of the fact 
quantities f(@) and W(@) which enter the System (1.5), it 
proper to set f(@) R, WW@) BOR, it 1s convenient to go over to the 
according to the formulas 


is 


functions u(@) and A(@) 


i, (9) Ru (9). (6) R, 5h (0) 


Equations boundary conditions are then reduced to the 
fors 


In the last expression of (3.1) the upper sign corresponds to a source, 


and the lower one, to a sink. The velocity, magnetic field, and pressure 
are computed by use of the formulas 


H 2M?R 


Finally the case will be considered of small conductivity R. 
where in the first equation « 


»f (3.1) and the relations (3.2) it is 

) 
possible to neglect terms with the coefficient RM. Now the magnitude M* 
in the case of strong external fields 


can be large. The motion is 
described by the systen 


and the pressure is expressed by 
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Equation (3.3) is integrated in terms of elliptical functions. We are 
restricted to the simplest cases. 


4. We consider the flow of a fluid where the Reynolds number A is 
small. Equation (3.3) is simplified and transformed into the Equation 


M?)u D (4.1) 


For M? < 1, we obtain for the function u(@) and the constant D the ex- 


pressions 


(w* d 2 ™ / @) 


1, the solution of Equation (4,1) has the f 


l, the solution of Equation (4.1) is given by the formulas 


The function u(@) for different Hartmann numbers, for the angle 
a 7/2 is shown in Fig. 1. The magnetic field, exerting a drag on the 
flowing liquid, produces a flatter velocity profile. In the limiting case 
2 


of strong magnetic field forces (My? > 1) from (4.4) and (3.4), we obtain 
for the core of the flow approximately 


(Pp — Po) 


We notice that the expressions (4.5) are kernels of he solution of 
the system 


Actually, by virtue of the inequality R l the inertial forces may 
be considered negligible compared with the viscous torces;: and by virtue 
of M* l, the viscous forces in the kernel of the f w are less than 


the force of magnetic drag. 
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Now the induced magnet1< fiel ! may not be 


considered in view of the 
assumption R l. 
. 7 


In the immediate proximity of the wall, where the 


forces of triction are considerable, the speed decreases toward zero in 


conformity with (4.4). Diverging flow in the case 


considered is charac- 
terized by a large pressure gradient that is 


negative; converging flow 


is characterized by a large positive pressure gradient. 


Pig. 


2». From the theory of the motion of 


a nonconducting gas in a diffusor 
it 1s Known that 


a symmetrical diverging flow is possible only for 

Reynolds numbers less than some critical value R R., for which friction 
on the walls of the diffusor is reduced to 
ducting fluid with the magnetic field 
critical Reynolds number. 
tion (3.3) 


zero. Interaction of a con- 
leads to an increase in the 


For determination of the number R_ from Equa- 


> 
omitting a cumbersome calculation, it is possibl 


e to obtain 
=) (1 — k?)] (5.4) 


Ihe parameter k is found from the equations 
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The dependence of R, on the Hartmann number MH’ for three values of 
the divergence angle a, obtained from (5.1), is shown in Fig. 2. The 
velocity profile for a = 7/4, y? 14.6 {R, 43.3) is shown in Fig. 3. 
The critical value of Reynolds number increases with increase of the 
Hartmann number, and is reduced with increase in the angle. 


Pig. 2. 


6. Symmetrical diverging flow, which does not occur at large Reynolds 
numbers in the absence of a magnetic field, is possible for large 
9 
Reynolds numbers and Hartman numbers: R >> 1, 


Investigating Equation (3.3) for the given assumptions, and omitting 
a long computation, it is possible to obtain an expression for the velo- 
city profile and the pressure 


VY (1), 


The indicated flow is possible if 6a(M*—1)/R>3 _ . From the ex- 


pression (6.1) it is evident that the flow has a negative pressure 


gradient, and the velocity of almost the entire current is equal to the 


value O ra, falling toward zero only at the wall. The result for the core 
of the flow* 


* Por large Reynolds numbers the flow in the diffuser in the framework 


f the theory of the boundary layer was investigated by Gaylitis [3 - 
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is a solution of the system 


dp oH,” 


: i 
ar c“p 


re 


since the 
9 
consequence of M* > Me 


field and the inertial 


viscous 


of the magnet1¢ 


magnitude. The expression for the velocity 1 . 


and in view of the relation y? 


forces in the core of the flow may be negl ec ted as a 


R the 


in fl uence 


terms have the same order of 


in (6.1) gives the distribu- 


tion of velocity in the boundary layer formed. Figure 4 shows the velo- 


) 


for R= 400, y = 4, 


city 


Fig. 4. 
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l. Outgoing and incoming s! 


changes in a weak shox k wave 


city ve ind magnetic field H 


} 


the angle between the characteristics and the liOw 


wave, 


in | 2 


and by 07 the correspor ling angle shind tl 


1, o, 0. », tnat is, 


the characteristics. It is evident that 


incoming, in rel atior to the streamline 


whi ¢ h 


pagate 


run into the wave come from below, 


> alor ge them, are not letermined 


the portion of ti lepen is on 


going. 








Now let the field vector H = Hy make an angle a with the velocity 


vector V, ahead of the wave (Fig. 1). To go to this case from the one 
considered above, it is sufficient to add to the flow a velocity V, 


parallel to the wave, such that V, +V Vou . Evidently, V, ~ V, Vii y 


V, AV). In [2] it is shown that, to an accuracy 0)”, 
AV V 2 1 1) 
AV ~ uae 


x 


> w the angle @ is negative, i.e. the con- 


@ the flow does 


It is evident that for a 
vex side of the streamline AO,B, faces upward. For a - 


not turn at the shock wave. 


Let us investigate how the character of the approach of the charac- 
teristics to the shock wave changes with a change of the angle a. Denote 
by a. the angle of inclination of a characteristic of the oncoming flow 
to the velocity vector V,. In the case of flow with parallel velocity 
and field vectors, the corresponding characteristic has inclination oy 
and the corresponding velocity is Vi, which are determined by the 


relations [ 1 ] 


V go, go, +tg 
(1.2) 


cosatge +iga 


Vo 
V7 (1 — M2) 2 
- | (1.3) 


(1 — M,2) (N? — M,?) 


where M) is the Mach number corresponding to Vi , and p, is the pressure 
in the oncoming flow. On the other hand, 
N? (4 


0 
cos a '2 5%) tga Lg % M 9 *)(N? 


J 


For small @, evidently, o_) = 0 5 +r, and M Moy + € 
, c 0 0}! , 


where 6, r ande are quantities of order 6. Putting these expressions in 
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(1.2) and (1.4), dropping terms of order 07, and eliminating « with the 
help of (1.3), we obtain 


? 1)? (M,,? 


0 | 
+ N? (4 — M,,2)] | 9) 


r 
on / 


For r/5 < 1, the characteristics going out from the streamline AO,B, 
run into the shock above the streamline, and the wave going out from the 
body goes upwards; for r/5 > 1, conversely, the characteristics from the 
streamline AO,B, run into the shock below that line, ind the wave goes 
out from the body downward. 

Let 4 0 and My < 1. In this case tg a, O([2). Fora 
evidently, + 0. The characteristics from the streamline AOB approach 
the wave from below. With increasing a, the characteristics continue to 
approach from below, but the angle between them and the wave increases 
until, at some angle a = a., they become perpendicular to the wave. For 
still larger angles the characteristics approach the wave from above. 


The critical value a = a, corresponds to 1/5 + — ~, i.e. 


(N2 
(N?—M,)*)(M,)? 


tg so, (4 M, *) 


Equating this expression to (1.1) we see that a 
teristics "reverse themselves" for smaller values of a tl! loes the 
streamline. Thus, for a. <a<w, shock waves go out om a convex corner. 
For — tg oo > tga > tg w the wave goes out from a concave corner, cor- 
responding to @< 0, For tga> — tg Oy, it is evid hat r/é & 
This situation obtains also for MoI » 2 


An analogous analysis shows that for expansion waves of the Prandtl- 


Meyer type the points a a, anda = w also appear a ngular point 


(for 0, < 0). Ata a. the characteristic fan change ; direction to 


the other side, ata @ the de fl ec tion angle of the velocity ve tor 
changes sign. In the interval a. <a<w the turning of the flow u 
cave corner is of a Prandtl-Meyer type. 


2. Flow at small values of a. In[1 ] it was show that Fquations 


(1.2) give a parametric (parameter My); ) solution of the fourth order 
equation which determines the inclination of the characteristics. A lgn- 


ing a and My, we find M, and tg a, 


In accordance with the « lassification in | ] re 


\ 


are four real characteristics are called hyperbol 1¢ wd regimes with two 


real characteristics elliptic-hyperbolic. Knowing the relations between 
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double arrow indicates the character of the approach of the character- 
istics to the wave, and, it follows, its direction. In the case consider- 
ed the wave goes out from a corner at the point 0. Adding a velocity 
parallel to the wave we find (Fig. 2) that the velocity vector behind 
the wave, for a #4 0, must lie in the Quadrant 1’. From (1.5) it follows 
that 7/6 |. Therefore, the characteristics approach the wave like the 
arrows A’. It follows that the wave goes downstream from a concave 


streamline on the upper surface of the body. 


(A2) V (). () 


Since here | M 1, then in accordance with (1.1) the velocity 


vector after the wave for a = 0 will appear on the line OC (Fig. 2) and 


the direction of the wave is defined by the arrows B. In the correspond- 


ing flow fi the velocity vector behind the wave will lie on the 


line O’C’, and the direction of the wave is given by arrows A’, since 


here 7 /d l. Thus this wave has the same character as the preceding orfe. 
(A3) M , ga, tgo=—(1 kytga, 


From (1, 2 - und (1.1) we easily find that 0 te w te a for 
k l+ N* and tg @ te a tor k l 4 N? It follows that the velocity 
vector after the wave (Fig. 3) must lie on the line 0’C’, and the wave 
goes out, from a downward bend at 0’, in the direction of arrow A’, 
since for a U it was in the direction of A, and r/d l, 

igo 

The velocity diagram is given in Fig. 4. Since M l, the end of the 

velocity vector wil] appear Quadrant 2°. In accordance with (1.5) we have 


r/o l, and, it follows, the wave is again in the direction of arrow A’, 


since in the corresponding flow with a 0 the wave is inclined in the 


direction of B, 
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flow parameters along characteristics [1], it is possible to construct, 
speaking in a general sense, the full solution in hyperbolic flows or to 
separate the hyperbolic part of the solution in elliptic-hyperbolic 


flows [ ] ae 


This is most simply done within the framework of linearized theory. 
But even to construct flows on a linear theory, it is necessary to 
clarify the possible shock wave configuration, since to calculate the 
flow it is necessary to know along which characteristics disturbances die 
out toward infinity. In the general case, disturbances can propagate up- 
stream as well as downstream; therefore, to answer the above question, it 
is essential to clarify which of the characteristics do not actually go 
to infinity but run into the shock wave. In going out to infinity along 
these characteristics in the linearized approximation, disturbances need 


not die out. 


Characteristics are shock waves of vanishing strength; therefore, 
there may exist as many shock waves as characteristics. However, some of 
them may be incoming waves, not dependent on the body. Evidently, such 


waves should not exist in the undisturbed flow at infinity. 


Below, using the example of a thin airfoil section and with the help 
of the results in Article 1, the character of the flow for a < 1 mll be 


investigated. For small a@ all the flow types exist, and at the same time 
the analysis is substantially simplified. 


3 llyperbolic flows. Hyperbol ic flow occurs for M > M, 


[ l—- 1/2(] - N?) tea | sec a. Let us examine several regimes separately. 


(A) M> V1-+ N*esca 
Here there are four waves [1 | 
(A1) M,< . 0O>tgo, > tg a, g -ige>0 


On Figure 2 is shown a velocity diagram, corresponding to these para- 
meters. In accordance with (1.1), the end of the velocity vector behind 


a wave with inclination o, > 1/2 7 will appear in the Quadrant 1. The 


the following it is not essential to distinguish between o 
c 


0 


0 


and Oy: MY and M,. Below, for each of these 


use 0, oy, and M,, respectively. Instead of M, we 


simplicity. 
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Thus, the last two waves can go downstream from a concave stream-line 


on the lower surface. The general character of the waves on the airfoil 
section in the case considered is shown in Fig. 4a. 


V4 ZA a 
s+ Re NS 


0 


Pig. 4. 


(B) Vy 1 V2/(.N cos a) - 


Here there are again four waves [1 | 


(131) 


wave of type 


V 


> lor 


For the case (B4) the velocity diagram is shown on Fig. 5. It is easy 
to see that the velocity vector after the wave must lie in Quadrant 1’ 


Furthermore, it may be seen from (1. 1) 


M) » o, Let us find the value of M 


and (1.3) that 


tg we 
for which @ 


~ when 
a. We have 
2(1 V2) V2) (M 
V2 y2 
It is evident that for M 


1+ O(a?). 


| this equation can be fulfilled if My 


Dropping terms of higher order, we obtain 


M,=1 V*)tgay” 


It is easy to show that these values correspond to the point M 
where the curve M f(M 


M;, 


) has a minimum [1]. It in the 


follows that 
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range of values of M being considered we have w > a, and the end of the 


vector behind the wave lies on the line 0" (Fig. 5). 


velocity 


it is easy to show that along the curve in question r l. 
arrow A°. Thus, the general 
4a) will be the same as 


Furthermore, 
Therefore, the wave has the direction of the 


picture of the waves on the airfoil section (Fig. 


in case (A). 


(\) V cosa 


In this case there are three waves (Cl), (C3), (C4) which are the 


as waves (Bl), (B3), and (B4). The wave (C2) differs from (B2) or (A 
only in that here k 1+ N*, and therefore, in accordance with what was 
said above (case (A3)), tg w> tga. It follows that the end of the velo- 
city vector (Fig. 3) behind the wave lies on the line OD’, i.e. at the 
wave the turn is through a positive angle @. Thus, this wave can go down- 


stream from convex corners on the lower surface of the airfoil section, 


and the general flow picture will be that depicted in Fig. 4b, where 


tg ao 
5°, 


(1) 


Waves (Dl), (D2) and (D4) 


respec tively. 


(13) 


The corresponding velocity diagram is given 


case , was shown that on tl 


of 


Abo ve 
und r ) 
the left of th 


velocity vector 
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*, 
wave goes from a concave corner in the direction of arrow A’, the flow 
picture being again as in Fig. 4b. 


4. Elliptic-hyperbolic flow. These flows occur[1] for M, > M> 
M,, regime (E), and for 0<M<M,, regime (F). In each of these regimes 
there are two characteristics’. 

In [1] it was shown that in this regime it is possible vo divide the 
flow into a hyperbolic portion which does not die out at infinity and an 
elliptic portion which dies out. The non-decaying disturbances propagate 


along characteristics, running into shock waves. 


In regime (E) there may exist waves of type (Cl) and (C2). The flow 
picture is shown in Fig. 7a. 


In regime (F) there are al so two waves 


(F1) (wave of type (B1)) 


(F2) 


From the velocity diagram (Fig. 5) it may be seen that the end of the 
velocity vector behind the wave must lie in Quadrant 2’, and, since 
according to (1.5) we have 7/6 l, the wave is in the direction of arrow 


B, 
The general nature of the flow in this case is shown in Fig. 7b. Here 


also, an elliptic flow (dying out at infinity) is to be superimposed on 
the discontinuous hyperbolic part of the flow. 


i 
ae 
6b 
Fig. 7. 


De (Quasi-hyperbolic flow. These flows occur[1] for M <M; M,. 
Here again there are four real characteristics. The curve M = f (My) ) for 


a 
tg 0 < 0 has a maximum at the point M, and a minimum at the point M,. 


For small a, the values of M) corresponding to the points M, and M, lie 


in the neighborhood of M N/V 1+ N* and M, = N, respectively. 


Let My)? N? — k? te’a. For k = 0, evidently, M=N sec a. For k 


The values M, and M, are given in Article 5. 
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It is easy to prove that the point M, corresponds ¢t 
2(1 — N* we again have M N sec a. 


Let us investigate the nature of the flow in tlw 


point M, 


(Us) V seca « V/ Vseca[t */e(4 


It is obvious that the waves (Gl) and 
(C2). 


(45.3) Vil 


for which tg oy and tg o are determined by 
2(1 — N*). 


The velocity diagram is given in Fig. 3. For suf 


along the portion of the curve M f(M ) (with te « 


the quasi-hyperbolic regime, w> a. Substituting (5 
t 


easy to prove that 7/4 1 to the left of the point . It follow 


the wave under consideration is inclined in the dir f arrow A, and 


can go upstream from concave comers on the upper » of the airfoil 


section, 


The wave (G4) differs from the preceding ones 


0 k< (1l—N*) andr/d l. Therefore, in accordar 


wave must be inclined in the direction of the arrow 


‘ 


stream from convex corners on the lower surface o 
flow picture in this case will be as on Fig. 8a. 


Let us now investigate the neighborhood of the 
t 


N*( 14+ NE? and tg a k tg a. Then, 





Then 


Vi, N (cosa V 1 +N? ',(Btga)’) [i (B tg x) ”] :' 


(H) M,<M<Nseca 


The waves (Hl) and (H2) are identical with waves (Cl) and (C2), It is 
easy to prove that to the right of point M,, we must have r/d < 1, and 


the wave (H3) has the same character as (C3). 
(HA) M, <i, tgc. >0O, 


The velocity diagram here corresponds to Fig. 5. Since here 7/6 < 1, 
and the end of the velocity vector behind the wave must lie in Quadrant 
’ therefore the wave is inclined in the direction of arrow B’, and the 


flow picture has the form shown in Fig. 8b. 


We may note that the flow picture depicted in Figs. 4, 7 and 8 is 
constructed with the assumption that at any corner the turning of the 
flow by every wave is in the same direction. Generally speaking, this is 
not always the case, an example of this being given in[1]. It may 
happen, for instance, that in the first shock wave the flow turns through 
an angle larger than that of the body, then following it there may be an 
expansion wave instead of a second shock wave. This question has to be 
decided separately for each particular case. In the present investigation 
what is important is that along characteristics which coincide with shock 


waves, disturbanc es need not die out. 


We also note that if the contour does not have a corner then a 
detached shock wave will be formed at a certain distance from the air- 


foil section. 
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1. Getting solutions in the hodograph plane. The flow func- 
tion W'of a plane steady-state vortex free motion of a nonviscous gas 
subject to the adiabatic law satisfies the equation of Chaplygin 


k is the adiabatic exponent, v is the velocity, v. is the limiting velo- 


city in the gas, r. is the value of corresponding to the speed of sound, 
6 is the angle between the velocity and the x-axis, and K is the 
Chaplygin function. We shall seek a solution of Equation (1.1) in the 
form 


0 P, (c) L. O° Py(a) 


where the P.(@) are functions of o only and n is an arbitrary non- 
negative integer. 


For Equation (1.1) to hold the function P, must satisfy the following 


system of equations 


IV AP, ty ' or ‘on P. Lae | (1.4) 


2n 


The equations of this system yield two independent systems of equa- 


tions for P| with even and odd indices. Integrating these equations we 
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where the functions F,, and G,; and the functions F,;_ , and G,;_ , 
1, 2, ..., m) which are indispensable in the sequel are given by the 
formulas 


G, 


3 
\ Fy ,d6 ) K (s) F : (s) ds (1.7) 
a 
\ 


a 


| 


Ll, , (1.9) 


a, and 6, are constants of integration. a, is the value of o correspond- 
ing to an arbitrary value of r = r, in (1.1). From Chaplygin’s equations 


(1.10) 


00’ 


we find an expression for the velocity potential ¢ in the form 


(1 14) 


It mght seem that this solution is not new and that it could be ob- 
tained by the well-known method of Bergman when one takes as the 
"generating" harmonic function a sum of homogeneous harmonic polynomials. 
However, this is not so for the Bergman method would yield an infinite 
rather than a finite series in @ as the exact solution. 


2. Some properties of the flows corresponding to the ob- 
tained solutions. By assigning different values to n and to the inte- 
gration constants we obtain arbitrarily many different solutions. Since 
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the Syscem (1.4) splits into two independent systems, the Solution (1. 3) 
may be regarded as the sum of two solutions, one with even indices and 


the other with odd indices: 


U0 
If a,,,, 1s the only non zero constant in (1.5) and (1.13), then 
there roneie only the functions P, = (-1)"a,,, ,, G, Gy, Q, 
=i” "* a ~a. In this case the first solution in (2.1) and 


Equation (1.11) yield w aGy, d= - a@, i.e. the gas flow is of the 


vortex point type. 


In the sequel we assume everywhere an 0, the value corresponding to 
critical velocity. It is clear that this assumption is no restriction of 
generality and is convenient for the study of sonic motions since in the 
case of a sonic flow the functions F and G with different indices other 


than F, = G_,= 1 vanish. 


If we then put all the 6, in (1.5) and (1.6) with the possible excep- 
tion of b,., equal to zero then all the functions P,, other than P. 
(~1)") 

2n+ 1 


separating the subsonic and supersonic flows and this line is a flow 


+ | 
vanish on the Mach line. Hence wv const on the Mach line 


line. Thus in this particular case the flow has the same property as a 


flow due to an isolated vortex. 


Similarly, if in (1.6) and (1.12) we put all the coefficients other 
than bs, equal to zero, then the only non zero functions are P, 

b, Qo f bF . In this case he second solution 

and Equation (1.11) give w = 60, & bF, .e. a solution for 


source in the gas. 


It is well known that in case of a shock free transition through the 


Mach line it rs necessary that dv) /d 0 0 on that line. (1.3), (1.5) and 
(1.6) imply that on the Mach line 


Ao» 


It follows that the transition of the gas throug! ve Mach line is 
possible only for those sections for which not all of the coefficients 
vanish simultaneously. In the opposite case continuation of a vortex free 
flow beyond the Mach line is impossible. This agrees with the well-known 


property of a gas flow of the source type. 


3. Computations. The functions F and G are not ubject to any 


specific conditions and can be computed in advance for all problems. 


In the sequel we put « 14 so that A 2.5. Then | ‘oe 
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The substitution r 
the integrable forn 


where A is the value of the variable terms for z 


The functions F, and F, can be obtained by direct computation of inte- 


grals. On the basis of (3.1) and (3.2) we get 


Fy 


Integration by parts enables us to express all the functions G, ;_ 


in terms of the other functions, namely, 


Thus we need only determine all the other functions F and the func- 
tions G with even indices. To tabulate the values of these functions one 
can use formulas for approximate evaluation of integrals or other methods 


(e.g. the Taylor expansion about o 0). 


1. Transition to hodograph plane. Substitution of (1.3) and 
(1.11) in the Chaplygin formulas 


(4.1) 


and integration yeild the coordinates of 


the hodog rapl pl ane 


integration constan ind S are functions of 
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o and @ defined by the formulas 


where a, and b, are the same arbitrary constants as before and the 


func = 


tions e, and a have the form (4.4) and (4.5) below (depending on whether 


k 2mor k 2m+ 1) 


The functions f, are obtained from the expressio he e, by 
pl a ing in the latter the functions G by the functior F with the s 
index. In the same way one gets the functions 


the Ep. Al so 


Finally, in (4.4) and . is necessary to 


G, 0. 


ao. Examples. We consi ler gas flows correspond 4 ) so | itior 
first type | 2.1) for n l and ly 0 and of cond pe | 
n 0 and b, 0. In the first case the dime le flow fur 


takes the form 


and in the second c: 


in j ‘ 


met 1oOns 


h, from the expressio 


re- 
ame 


n tor 


tior 





Tonmilow 


.I. Mikuta and L.A. Donskaia participated in the computations and 


the determination of the form of the flows. 


To obtain dimensionless coordinates we divided in the first case by 


b,/v, and in the second case by Qy/V,. It then turned out that the Mach 
: 


line coincident with the limiting line had the form of an evolute of a 
. U, y? 7/vyr 


circle of radius q Vr starting at the point x 
> 


* > 
where gq. andr. correspond to the critical velocity. The lines of flow 


issue from the points of the limiting line in a direction orthogonal to 
that line on its convex side and bend in the same direction as that line 
for subsonic velocities and, weakly, in the opposite direction for super- 
sonic velocities. To the vaiues @ 0 and @ < 0 there correspond two 
limiting lines symmetric with respect to the y-axis. Only a flow associ- 
ated with one of these limiting lines is possible since the lines of flow 


corresponding to two different evolutes intersect each other. 


The flow corresponding to (5.2) turned out to be more interesting. 
Here one obtains a flow symmetric with respect to the x-axis whose 
qualitative features are represented in Fig. l, At infinity to the left 
the velocities are zero. Then the flow gradually picks up speed and the 
flow lines converge very slowly and end on the segment BC of the x-axis. 
At B the velocity is equal to the velocity of sound and it decreases as 
we go from B to C. On AB vw 0, 


In this case the Mach line consists of two evolutes of a circle of 
radius l/r, which originate at x" l/Vr., y 0 (the point B in 
> 


Fig. 1) and are branches of the line of flow vw” 0. The limiting line 


also issues from B in a direction perpendicular to the x-axis. In this 
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case an unsymmetric, mixed gas flow depicted in Fig. 2 is possible. Here 
ABE is a line of the flow wv” 0 which appears on the segment BE of the 
Mach line and BD is the limiting line. Below and to the right of ABE 
is the flow with subsonic velocity and the lines of flow gradually con- 
verge as a result of increased velocity along these lines. In the region 
DBE the flow has supersonic velocity. Reflection in the x-axis yields 


another such flow corresponding to negative values of @. 


Finally when we pass to the next sheet of the Riemann surface we ob- 


tain a pure supersonic flow whose qualitative features are represented 


in Fig. 3. Here the flow can be assumed to be symmetric. The part of the 


x-axis to the right of B is a line of the flowy = 0. 
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One of the problems of magneto-hydrodynamics is the study of the flow of 
a conducting viscous fluid in a tube located in a magnetic field. Its 
solutions are known for plane and round cylindrical tubes [1-3 }. The 
general problem treated below of the steady flow in an infinitely long 
tube of arbitrary cross-section reduces to the successive solution of two 


linear boundary value problems. A result of a similar nature was obtained 


earlier [4] for a limited class of externally applied magnetic fields. 


The equations of magneto-hydrodynamics for an incompressible medium 
have the form | 2 | 


the remaining notations are conventional. 


We shall consider a cylindrical tube, the generating lines of which 
are parallel to the z-axis; the cross-section in the plane z 0 is a 
singly connected region B, bounded by a piecewise smooth closed contour 
2. 

In the case when the flow lines are parallel to the generating lines 
and the outside magnetic field does not vary along the z-axis, the 
system (1), (2) has a solution of the form 


H{H,(P), H,(P), H,(P)}, F p’(P,z) (p in region B) 
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where the unknown functions, obviously satisfy the system 


x (H. 


oH, 
H. 


oy 
Denoting by primes the quantities related to region B’ which is out- 
side B, the boundary conditions for v and H may be formulated in the 
following manner: 


H. BD ul. u’ HH’, H, fil n contour > 


: 


We shall also consider as given the values H,’, H.” at infinity and 


the flux of fluid Q through a cross-section of the tube. In the genera] 
case we shall add to the System (4)-(7) the equations of the plane field 
in the outside stationary medium, which by virtue of the assumption of 


invariance of H’ along the z-axis will have the form 


OH 
H, U, A4,! , (R) 


Ox Ov 


We shall introduce the vectorial potentials of a plane field, assunm- 
ing 
ia. sg 


oy 


j 
iY 


Then from (6) and (8) we obtain Poisson’s equations for A and A’ in 
which the right hand sides will be the constant vector ymponents of the 
stream density w and w’. with opposite signs. The quantities w and w are 
not determined from the solution of the derived equations and must be 
given, 


Thus, the first step in the solution of the problem msists of find- 
ing H, and H,, proceeding from the system of two Poisson’s equations 
with compatibility conditions at the boundary and the ndition at in- 
finity 


Note that in classical electrodynamics problems of imilar nature for 
w 0 (the problem of the magnetic field of a current carrying con- 
ductor) and for @ = 0 (the problem of bodies with magnetic proper- 


ties in a magnetic field) are often encountered. 
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With the help of (10), Equations (4) are easily transformed to the 
form 


Hence 


where it is not difficult to establish that p and C depend linearly on 
Therefore in Equation (5) we shall assume 


0p" Oz Op Oz const 


Ze 


Consequently, the second step in the solution of the problem consists 


of finding v, A. and Op*/dz from linear system 


Assuming 
uy v + ABH,, . ASH, () V x / 73) 


we obtain symmetrical expressions with separable unknowns: 


Ou 
Zo 


The solutions of this elliptical system, evidently, may usefully 
represented in terms of functions of a complex variable. 


In a particular case, namely if in the outside medium and in the 
fluid, currents do not flow in the direction of the z-axis, i.e. @ 
w 0, and also if the magnetic properties of both media are the same, 


i.e. p = p’, then System (10) has a trivial solution H H.’.= Hs 
x x zoo 


y 


const, H. ea Ay 00 const. Then the coordinate system may be chosen 
so that the x-axis will be coincident with the direction of the plane 


vector tH, H., 0}, and from (11) the equations are obtained which were 
derived by Shercliff in[4]. 
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If the region B is rectangular it is expedient to apply Schwartz 
Christoffel transformations. For circular regions the solution is repre- 


sented effectively in the form of trigonometric series. 


In conclusion we shall note that all the preyious considerations are 
readily applicable to the case of an infinitely long vertical tube with 
free heat convection at constant (including zero) vertical wall tempera- 
ture gradient in addition to the forced flow. 
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l. The phenomena accompanying the motion of shock waves 1n media with in- 


finity conductivity [1,2], are sufficiently well known. These phenomena 
have an important significance in astrophysical problems, in which the 

, : 
magnetic Reynolds’ numbers in front of the shock waves attain very large 
values because of the extremely large characteristic linear dimensions. 
In papers [1,2 ] it is assumed that in front of and behind the shock 
waves the electric field achieves equilibrium with the induction field: 


vx<H 


Here E and H are the intensities of the electric and magne ti¢ fields; 
and « are the material velox ity and the velocity of light. Accordingly 


0 


“re are no currents outside the wave. 


In aerodynamics, high speeds lend interest to the consideration of 
strong shock waves in media in which the conductivity in front of the 
shock wi is zero, whilst behind the wave it achieves high values as a 
result o » loni zation caused by the wave. These phenomena occur, for 
example, in the motion of a body at high speed in the earth’s atmosphere 
or in the motion of strong shock waves in pipes in the presence of an 
electromagneti« field. In these cases there are no currents in front of 
the shock wave even if condition (1.1) is violated, since the conduct- 


ivity in front of the shock wave is equal to zero. 


well known tl al insulators do not exist in nature, and any 
ra l ilways to some extent ionized and conse mently possesse a certain 
conductivity. The phenomena considered below occur in those case when 


the magnetic Reynold nl in front of and behind the shock wave 
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satisfy the conditions 


R 


" 


where U, and Us, L, and L,, 0, anda, are respectively the characteristic 


velocities, linear dimensions and conductivities before and after the 
shock wave. We notice that here too an important assumption is made con- 
cerning the smallness of the inertial forces in front of the shock wave, 
1.e. 
H,? 
- -R, , 
imp U y* 

With these assumptions we consider the motion of a strong stationary 

shock wave in a gas with a given electromagnetic field in front of the 


wave. 


We shall assume that there are no currents in front of the shock wave 
on account of the small conductivity, whilst the electric and magnetic 
fields may be arbitrary. In the wave itself, due to the tenization, the 
conductivity is considerably increased and gives rise to currents which, 
according to our assumptions, rapidly die out; far behind the shock wave 
the electric and magnetic fields are connected by condition (1.1). 


In order to obtain the connection between the parameters of the gas 
and the field at the passage of such a wave, let us consider the equa- 
tions of motion of a gas in the presence of an electron agnet 1¢ field. 
The gas will be assumed inviscid and non-heat conducting, and radiation 
will not be taken into account. The coordinate system moves with the 
wave itself, and the x-axis is perpendicular to the wave. 

Under these assumptions the equations of conservation of mass, 
momentum and energy can be written down respectively in the form [1] 


div pv - : livg 


Here p and p are the density and pressure of the gas, Vv is the 
velocity of the gas, 7., is the tensor of the density of the stream 


momentum, g 1s the vector of the density of the stream energy 


Hoi 


where h is the spec ific enthalpy of the gas. To the equations of motion 
of the gas | 1,2) it is necessary to add also Maxwell's « yuations for the 
electromagnetic field 





dere j is the current density, p, is the charge density yl 


The Equations (1.2), 1.5) and (1.6) must be satisfied whatever the 
value of the conductivity and therefore are applicable both on the left 
and on the right of the shock wave. Appl ying Equat ions (1,2)-(1.5) to 


the shock wave, we obtain 


Here and in what follows the square brackets carry the significance 


that [A] i.=wWf where A, is the value of A in front of the wave, 


) 


‘ 2’ | 
whilst 4 is that behind the wave. Equations (1.6) determine the density 


of the suri wce current and charge at the shock wave and the change in 
the components of the electric field normal to the shock wave. These 

quantities do not enter the other equations and will not be considered 
further in this paper. Making use of condition (1.1) behind the shock 


wave, the relation (1.10) can be written in the fom 


H H H 


For shock waves under consideration the dissociation and ioniza- 
tion of the gas are consideral le, so for determination of the spe i fic 
enthalpy behind the shock wave it is necessary to take account of these 


processes. In the general case it can be assumed that 


where h is a known function of pressure and density. Equations (1.7)- 
(1.9) and (1.11) form a closed system for determining the parameters of 
the gas and the field behind the wave. This system of equations differs 
from those considered in the papers|[1,2] relating to a discontinuity 
in a medium with infinity conductivity, in that the electric field in 


front of the wave is assumed to be independent of the magnetic field. 


2. In certain cases the Systen (1.7)-(1.9), (1.11), (1.12) admits of 


simp] ttication. 
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l. When 1 UV, 0 (tangential discontinuity) we have the motion 


lz 2x 
of a nonconducting medium relative to one with infinite conductivity. In 


this case the following conditions are ful filled 


H? 
[H HolH 


H 


If H. 0, then also EY E. 0. Moreover the magnetic field and the 


velocity permit an arbitrary jump on passing through the discontinuity. 


If H_ 40, then (H.] 0, (H.) 0, [p] 0. Qhoosing the coordinate 
x y 


system so that there is no electric field tangential to the discontinuity, 


we find that 1 t U, whilst the velocity in the nonconducting 


be fulfilled in flow 


«Zi ei - 
medium can be arbitrary. The conditions (2.1) must | 
of a medium possessing infinite conductivity past a nonconducting body. 
When i. %# 0 we can always choose a coordinate ystem such that the 
thi coordinate 


electric field tangential to the wave vanishes. In 


systen 


Fron he two last equations ut follows that > nd the shock wave 


veloc ity vector 18 collinear wi th the vector of memnevie field 
tensity. 


The coordinate system can always be oriented 1 h a way that 


following condition is ful filled 


iH. 


‘ 


In fact, let the angle formed by the vector V,_ H ,- ve equal to 
0, whilst the angle formed by H,. with the axis of z 1 equal to © \V,. 
and H. are the projections of v, and Hi, on the plane 2 0). Then the 


condition (2.3) can be expanded in the fom 
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In the new coordinate system behind the wave the following relations 
apply 


H 
H H. 


From this system it follows that either 


H 2/4n 


and v,_ and A,, may be different from zero, or else 


H .?/4z 
and v, = A, 


Zz 
In the first case the velocity normal to the wave behind the shock 
wave will be equal to the Alfven velocity. It is not difficult to show 


that in this case 


in front of the shock wave the velocity vector and the vector of 


field intensity lie in a plane, normal to the wave, whilst be- 


1.e. 


magneti¢ 
hind the wave the velocity vector may depart from this plane. This case 


is analogous to Alfven’s wave. 
In this case the vector of velocity behind the shock wave lies in the 


, () 


3. With H, = 0 it follows from Equation (1.9) that the velocity tan- 


de 


gential to the wave is continuous. The coordinate system can therefore be 


so that 1t is, in general, zero; the axis of y is directed along 


the electric field tangential to the wave. In this coordinate system the 


relations at the shock wave can be written down in the form* 


An analogous system of equations is considered in the paper [ 3 * 
published after the submission of the present paper to the press. The 
paper [3 ] also contains the Hugoniot adiabatic analysis for the case 
in which, as proved in Section 3 of the present paper, a stationary 


wave does not exist. 





Fundamental relations across a strong steady shock wave 


3. In the foregoing paragraphs it was assumed that the interaction of 
a strong shock wave in a gas with an electromagnetic field could be re- 
duced to a stationary wave. However, for an arbitrarily specified 
electromagnetic field in front of the shock wave, in spite of the exist- 
ence of a solution of the System (1.7)-(1.9), (1.11), (1.12), satisfying 
the condition of increase of entropy, a stationary wave is not always 
realized. In order to demonstrate this, let us consider the following 
example. Let 

H, =H, 

As conductivity only makes its appearance in the shock wave, then 

according to Ohm’s law the current arising is 


VxH 


Making use of Maxwell’s equations and assuming that 


inside the wave 
all quantities depend only on x, we have 


dH 


0 when x > oo, then it follows that 


H(z) 
Hy, 


i.e. in this case there does not exist a steady solution of the equations 
of the structure of the shock wave with H, # 0, in spite of the fact 
that there exists a solution of the System (2.4). 


A similar state of affairs occurs in the case wher 


H, =H, 
In this case the inductive field always increases the 
electric field when v. > 0, and therefore the electri 


original 


urrents do not 
die out in the shock wave as x + o. 


The examples given prove that the electromagnetic field in front of 
the shock wave must satisfy certain special conditions. These conditions 
can be obtained only from consideration of the equations of the 


ture of the shock wave. 


struc- 
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ON THE QUASI-ONE-DIMENSIONAL STEADY FLOW OF A 
COMPRESSIBLE CONDUCTING GAS IN A PIPE OF 
CONSTANT CROSS-SECTION IN THE PRESENCE OF 
TRANSVERSE MAGNETIC AND ELECTRIC FIELDS 


(0 KVAZIODOMERNOM STATSIONARNOM TECHENII CZHIMAEMOGO 
PROVODIASHCHEGO GAZA V KANALE POSTOIANNOGO SECHENIIA 
PRI NALICHIT POPERECHNYKH MAGNITNOGO I 

ELEKTRICHESKOGO POLEI) 


PMM Vol.24, No.3, 1960, pp. 546-547 


B. CHEKMAREV 
(Leningrad) 


Quasi-one-dimensional steady flow of a compressible conducting gas in the 

presence of transverse magnetic and electric fields was considered by 

Resler and Sears in their papers[1,2]. In the present note the equa- 

tions of quasi-one-dimensional steady flow of a conducting gas are inte- 

grated in the particular case when the intensity of the external electric 
eld 1s proportional to the intensity o ve magnetic field. 

field port l to tl t ty of tl gnet field 


Let us assume that the gas moves parallel to the axis of x, the mag- 
netic field is parallel to the axis of y, and the electric field to the 
axis of z. Viscosity and heat conduction of the gas are neglected. The 
intensity of the external electric field is proportional to the intensity 


of the magnetic field and varies according to the law - 7 ui, where 


u, is the constant coefficient of proportionality. For the units of velo- 
city of the gas u, pressure p, density p, temperature T and intensity of 
0? H, at the 
section x 0. For the unit of the coordinate x let us choose the charac- 


the magnetic field H let us choose their values u,, p,, py, 7 


teristic dimension of the pipe L. Then the basic equations of the problem 


in dimensionless form are 
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The dimensionless boundary conditions have the form 


u r 9 l H 1 when 2 


From (1) we obtain two integrals of the system: 


SH? 


Multiplying the first of Equations (1) by u and adding it to the 


of Equations (2), we obtain 


where the temperature T and the pressure p have been eliminated with the 
help of the second Equation (2) and the first Equation (4). Multiplying 
third Equation (2) by H and using this to transform the right-hand 


we find yet another integral of the system 


1) 


Integrating the third Equation (2), have 
H exp| &, 


Eliminating the intensity of the magnetic field from 


obtain the equation 


Introducing the characteristic velocities 


let us transform Equation (8 


R 


exp 


Taking logarithms and differentiating (9), » find that 


Uy) (ub 


4 } 


Integrating (10) and making use of the boundary condition for velocity, 


have 





Quasi-one-dimensional steady flow 


For the intensity of the magnetic field H, on taking account 
and (9), we obtain the formla 


H | . 
‘ Attu 


The pressure p, density p and temperature T are found respectively 


from (4) and the second Equation (2). When u, = 0 btain the exact 


solution of the problem of one-dimensional steady f] of a compressible 


conducting gas in a transverse magnetic field. 
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THE AUTOMODELLING (SIMILARITY) CASE OF 
HYPERSONIC FLOW PAST AN AXISYMMETRIC 
BODY OF A VISCOUS HEAT - CONDUCTING GAS 
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OBTEKANIIA OSESIMMETRICHNOGO TELA 
VIAZKIMN TEPLOPROVODNIM GAZOM) 
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(Received 3 February 1960) 


This paper describes an example of flow past a thin axisymmetric body of 
a stream with highly supersonic velocities (M>> 1), when the external 
flow is appreciably influenced by the boundary layer. 


In his paper [1] Stewartson showed for a flat plate, and in another 
paper [2] it was shown for the general case, that the region of flow 


between the surface of the body and the density discontinuity is divided 
into two zones, with rather clear boundaries: the viscous zone, where 
the boundary layer equations hold, and the nonviscous zone, the flow in 
which is described by the equations of motion of an ideal compressible 
gas, simplified on the basis of the law of plane cross-sections. It was 
shown also that the transport of mass through the boundary layer is 
negligibly small in comparison with the total transport of gas through 
the perturbed region, so that approximately it can be assumed that the 
impinging stream flows round a certain fictitious body, the surface of 
which coincides with the surface of the boundary layer. 


Inside the boundary layer high temperatures are possible, so that in 
discussion of this region the thermodynamic relation is given as general 
a form as possible. Outside the boundary layer we can assume a perfect 
gas with a constant adiabatic index. 


The equations of the hypersonic boundary layer on a thin axisymmetric 
body at the coordinates xL, yL, where x is measured from the nose along 
a generator of the body, whilst y is measured from the surface of the 
body along the normal to it, have the form [2 ] 
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\ 


Oy / 


Ou 


Op 
Oz 


O(pru) 0 (rpu) 


Or ' Oy 


Here ul, vl are the components of the velocity along the x and y 


axes, respectively, iU,?, pe,” , PP.» HH, are the enthalpy, pressure, 


density and viscosity of the gas, o is the Prandtl number, rl is the 
distance of the point from the axis of the body. The subscript « relates 
to the homonymous dimensional quantity in the impinging stream. For a 
thin body r r (x) + y, where r (x) is the form of the generator. 


Let us make a transformation of the variables from x, y, to x, r, and 
introduce subsequently Dorodnitsin’s variables generalised to the axisym- 


metric case 


Then Equations (1) take the form 


Ou du 1 dy; 


u vy 


on p a 
dp .M*@a 
dé R 


CF 


» - 
On, ' u pp 


Or ir ' w. : pM? 


Let us assume that the equation of state has the form p/p = Flr). We 


shall assume also that f ando are functions only of enthalpy. * 


It is evident that f l and F [(x —- 1)/e]i. Close to the surface 
of the boundary layer r r. and outside this F = [ (« L)/e Ji. On the 
surface of the boundary layer t = tg ~r .. inside it 1 1, Consequently, 


without any particular error in the final solution we c: take i, = 0, 


In actual] fact, for dissociated air the functions f, F and o depend 


weakly on the pressure, but this dependence will be neglected. 


Since the functions f and o vary only slowly anyway they are usually 
taken as constants), when i, 0 they can be regarded as constants, 


with their respective proper values. 





It will be shown below that the solution of the System (3) in the case 
under consideration has an asymptotic character and that the quantity rs, 
has therein a finite limit as 7 + «o.On this basis let us take for the 


System (3) the following boundary conditions”: 
when 
ynst or when 7 


seek conditions under which the solution will have the forn 


V Rr 
2M 


Substituting (5) in (3), we find that the functions d(d) and 1(d) 


should in this case satisfy the conditions (4) and the systen 


(Y/¢ 


Here the function Y according to Formulas (2) has the form 


1M 
V Rr ap” \Fo 


Analysing Fquations (6)-(7), it is easily seen that the functions ¢” 


, » »@ 
and . decrease as ¢ + » not more slowly than exp(—/h<*), where the con- 


stant A is equal to the value of the quantity o/2Yf at the surface of 
the boundary layer. Consequently, the integral J(¢) in Formula (8) con- 
verges rather quickly, and the use of the above conditions for a finite 


value of r, as ¢ + w is indeed justi fied. 


The solution in the form (5) will exist, evidently, in this case, if 


the following conditions are ful filled 


The condition is 0 was used by Stewartson in his solution « the 
problem of an infinite plate in a gaseous space suddenly set in motion 
with a high supersonic velocity [ 3 $ He showed that the use o 
condition does not involve an essential error in the determination of 
the parameters in the bottom portion of the boundary layer and the 


pressure on the plate. 
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Expanding the relations (9) and (2), we obtain (a and 6 are constants) 


(7 


Accordingly, for arbitrary values of the quantities n, a and 6 under 


the assumptions which have been made, there exist automodelling (simi ar- 
ity) solutions of the equations of the axisymmetric boundary layer. We 


notice that when k << 1 the existence of automodelling solutions requires 


. 9 
only the single condition ¢ bx**, 


Let us introduce the formula for Vo v + os p= ti omponent of velo- 


city in the boundary layer along the axis of r. t variables x andr 


, 


Va 
yk 


Determining the derivative dé/dx re obtain the formula 


Letting ¢ + « in this formula, we have Vy 
Hence, from the condition of continuity of the | ity field, it 


} 


follows that in our problem the surface of the boundary layer is, as has 


already been mentioned above, a streamline for the external flow. 


case the solution of the equations of the nonviscous region are, as is 


well-known, automodelling with ry, = const x x” and the pressure at the 


) 
, 


surface of the boundary layer is given by p = cr,”*, where c depends only 


on n. Comparing with (10), we have 


For k 1.4 according to the paper [4] the constant . 0.91, Accord- 
ing to Newtonian theory « l. 


Accordingly, for flow at highly supersonic velocities past thin axi- 
symmetric bodies with generators a const x x°/* the solution of the 
problem of the interaction between the boundary layer and the external 
flow 1s automode]l ] ing (sel {-sin ilar). We notice F in tne plane case 
the equation of the profile leading to automodelling solutions is also 


$/4 
r const x xX ° 
u 


Equations (6)-(7), in contrast to the pl ane case, are integro-differ- 


ential equations. The parameter k entering the equations is determined 


according to Equations (8)-(11) by the relation 





3V ¢ (M%a* VR 


kVi+kJ (co) (12) 

Since the quantity J(0) depends on k, then Equations (6)-(7), general- 
ly speaking, must be solved simultaneously with (12). If in Equations 
(6)-(7) we set f = const x (i)*, o = const and F = [«x/(x — l)Ji, then 
according to (12) the solution of the problem in the case under consider- 
ation in agreement with the similarity law[2] is determined only by the 
parameters y and Ma. 


For small x the solution indicated above is not valid, since then the 
condition u 1 is not fulfilled in the nonviscous region. Moreover, in 
the vicinity of the nose the shock wave is detached, and the gas behind 
the portion of it determined by the condition r,*.> 1, forms in the ideal 
gas at the surface of the body a high entropy layer, the mass flow in 
which is Wy, p,tUL? (aa)®, In this layer [5] we have i l, and as long 
as the boundary layer, the mass flow in which y - PUL? ka? a* x, develops 
inside the high entropy layer, the automodelling solution will not hold. 
When & >> W, and, consequently, when x >> a°a*/k, the high entropy layer 
will obviously not influence the characteristics of the boundary layer 


and the solution obtained above is valid. 


Footnote (added in proof). After submission of this note to the press 
the author became aware of the paper [6]. In it the same problem is con- 
sidered by means of the increase in thickness of the body by the thickness 
of the boundary layer formed (with o l and in the absence of heat con- 
duction), which in turn is bound up with the pressure by means of the in- 
tegral relations. In this paper it is deduced, strictly speaking in- 
corrently, that there exist, besides the case n = 3/4, automodelling 


solutions when r, = const x x << rs, where k > 0 is arbitrary. 
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ON THE PROBLEM OF THE EXCITATION OF STANDING 
WAVES BY A WAVE GENERATOR IN A CHANNEL 
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(Received 1 March 1960) 


The problem of the excitation of standing waves by a wave generator ina 
heavy incompressible fluid in a channel of rectangular cross-section is 
considered. Principal attention is given to the resonating case in which 
the frequency of oscillation of the wave generator is close t yne of 

the natural frequencies of oscillation of the fluid in the channel. For 


the solution of the problem a scheme suggested in [1] is used. 


1. Statement of the problem. We shall consider a rectangular 
channel with vertical walls (Fig. 1). One of the walls (the wave gener- 
ator), moving in a direction normal to its own plane, is performing the 
harmonic oscillation 


Here w is the frequency, and« is the amplitude of the wave-generator 


oscillation which is considered to be sufficiently small. In dimension- 
? 


less variables the problem is reduced to finding a function lx, z, t) 


, 


harmonic in a region r with the conditions 


Here z z\x t+) is the equation of the e surf ac e, the depth A is 
; ] ' 
taken is the c} 


aracteristic dimension, and the potential is referred to 


ny gn. 


let the natural frequencies which correspond to the linear problem be 
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We shall seek periodic solutions with the period 27”/@ which for « = 0 
reduce to the trivial solution of the free oscillation problem. 


2. Oscillations far from resonance (wa ¢ o,). We seek a solu- 


tion in the form 


Tn’ 


S' ."- 
es - 
1 


Considering the oscillations to be small, we can write (z 1) 


ie - 
Oo! ; O01 . 

~2 
Of Oz . 


The functions ?; and Cy satisfy the conditions 


ODe 


From the first condition of (2.1) and the first condition of (2.< 
obtain 


Let us assume that ?, %,; cos wt + dio, where the function @,, 18 


harmonic in the region r and satisfies the conditions 


The function ¢ s also harmonic in the regionr and satisfies the 
conditions 


In order to construct the function $d,» we shall add the region r’ to 
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the regionr (Fig. 1) so that the condition 


is fulfilled. 
Let us assume 


\ 


Expanding 5(z) into a Fourier series in terms of (nmaz)/2, we find that 
I 


From (2.4) we have for 2; » 


assume 


\) 


I 


Here d,* is the normalized eigenfunction of the linear problem. Ex- 


. 
k 
panding ch[1/2 na(x — a)]. into a cosine series, we obtain the equation 


Consequently, 


It is not difficult to see that each subsequent approximation can be 


obtained by iterating these calculations. 


3. The case of resonance. The solution in the form (2.5) loses 


meaning if w- O;- In order to study the character of the oscillations 
2 to be small, 


. 9 
in this case, we will consider the "mistuning" of O° - @ 


9 . 
2 — w* = ep. We seek a solution in the forn 
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Io determine d; and G; again have the conditi 
and also the conditions 


Assuming 


find that 


where the constants A anda are subject to determination. The functions 


b, and €, are determined analogously; we obtain 


Ss} 


Here A, and a, are new unknown constants. For the 


we obtain the condition 


condition on the boundary 


seek a function ?, > , ) wt + ,9, where 


satis- 


¢,, 1s determined in Section 2 ( harmonic in a region 


fying the conditions 
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Then 


Assuming 


and substituting in (3.1), we obtain 


where 


For the existence of the periodic solution (3.2) it is necessary and 


sufficient that 


P cos a PP sina 


where C, is determined from Formula (2.5). Hence 


Therefore, we obtain a relation between the value of the amplitude of 
the oscillation of the wave-generator and the value of the amplitude of 


the resonance oscillation which was sought 


Example. Let 1, then (Fig. 2) 


Pp 0.00015 
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ON THE UNSTEADY MOTIONS OF A HEAVY FLUID 
AT A SLOPING BEACH 
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Waves on the surface of an infinitely deep fluid, and also on the sur- 
face of a fluid of finite constant depth, have been investigated in many 
papers. In this connection Fourier transformations were used for the most 
part for the solution to the problem. 


We note that in [4 ] and [2 ] a system of standing waves at beaches 
of one surface slope were investigated. In the work of Keldysh [3 ] 4 
solution of the non-stationary problem for a beach with a slope angle of 
45° was obtained with the help of an integration with respect to a para- 
meter of the solution of the standing wave problem and the construction 
of an inversion formula, 


In an analogous manner the linear problem of the unsteady motions of 
an incompressible fluid at a sloping beach is considered below. A simpler 
inversion formula is obtained with the help of the generalized Fourier 
transformations. As an example the problem of Cauchy-Poisson waves at a 
beach with a slope angle of 45° and also with a small slope in the 


shallow water approximation is examined. 


l. We will consider the planar case. Let the fluid be bounded by the 
free surface which coincides with the x-axis and by a rigid wall which 
makes an angle § with it. We will consider that the motion begins from a 
state of rest. Therefore, the velocity potnetial d(x, y, t), which satis- 
fies the equation 


in the region of flow, exists. 


On the free surface ¢ satisfies the equation 





Unsteady motions of a heavy fluid 


Og 1 #¢ 1 Ofo(z, 0; t) 
dys gg «Ot * pg ot se 

where fy isa known function which describes the pressure distribution 
on the surface as a function of time. On the rigid wall the condition of 
no through flow 


must be satisfied, where n is the direction normal to the rigid wall. 


The function 4 can satisfy initial conditions 


4 0@ iz, VU; VU) 
F (x), at 


2. Henceforth we will consider only the problem of Cauchy-Poisson 


waves with the initial conditions (1.4) and we will assume that for 

t > 0 no external pressure forces act on the fluid (f, 0 in Expression 
(1.2)). As is known from general theory, it is sufficient to solve the 
problem for the case f(x) = 0. We will seek a solution of Equation (1.1) 
in the following form 


j F,(m) cosy mg t D(z, 


where F Am) is an unknown function and ®(x, y; m) is a function, harmonic 
) 


within the angle 8, which satisfies the conditions 


om 
@ m@= 0 npm > 0 on the solid boundary 


on 
The problem of finding the function ®(x, y; m) for the Conditions 
(2.2) has been solved [2] for the angles B = 7/2n, where n is an 


integer. For n = 2 this solution has the form 


(x, y: m) Re 


+ @ 


( ait, —m(x-+iy) 


J 


We will choose the function F,(m) so that lx, y; ¢), defined by 
Formula (2.1), satisfies the initial Condition (1.4). Substituting (2. 1) 


into (1.4), we obtain 


(<.4) 


Thus, for determining the function F,(m), a Fredholn integral equation 


of the first kind with the kernel ®x, 0;m) is obtained. Its solution 
for arbit rary n has a comp | 1¢ ated form [ 4 B There fore, we will confine 
) 


our attentuior he case n 2, i.e. to a slope angle of the beach equal 


to 45° (for n 1 (2.4) becomes the usual Fourier transformation and the 
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problem reduces to the reflection of waves from a vertical beach or to 
the problem of Cauchy-Poisson waves on the surface of an infinitely deep 
fluid). In this case (2.4) has the form 


co 


) 


{ 7: : 
F (xz) 1\ Fy(m)(e ™* 1. cos ma sin mx) dm 
t ‘ 


where A is for the present an undetermined constant. 


We will show that the kernel of Equation (2.5) is a Fourier kernel. 
For this it is sufficient [4] to establish that it satisfies the func- 


tional equation 
K (s) K (i1—s | K (s p | (2.6) 


Here K is the Mellin transformation of the function d(x). Substitut- 
ing the expression (x) 1/2 7 A(c”* + cos x — sin x) into (2.6), we 
prove to ourselves that this equation is satisfied for the value of the 
constant A = 2/7\V/m. Consequently, in this case the Expression (2.5) re- 
presents the generalized Fourier transformation and its inversion has 
the symmetrical form 


co 


i ¢ ' 
Fy(m) \ F (x)e—™* +- cos ma sin mx)dzx (2.7) 


Substituting (2.7) into (2.1), we obtain the solution of the problem 
of Cauchy-Poisson waves (for the angle B 45°) 


co 
™ T j ‘ 
y; t) \ cos V mgt [e—”(cos my + sin my) + e™”(cos mz — sin mz)] X 
U 
oo 


\ (é , sn” in mx) F (x) dxdm (2.8) 


© 


3. We shall pass on to the consideration of spec ial cases. Let F(x) 
J& (x), where 5(x) is the Dirac delta-function. This corresponds to an 
instantaneous impulse in the quantity J which is applied in the neighbor- 


2,3) 


hood of the origin of the coordinate system. Formula (2 in this case 


acquires the form 


2J 


a4) 


\ cos VY mg t [e~ "(cos my e""" (cos n y dn (3.1) 


Multiplying (3.1) by 1/g, differentiating with respect to t and assum- 


ing y 0, we obtain the elevation of the free surface 


sinmarjadn 
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By the same arguments it is easy to obtain the solution which corre- 
sponds to an initial elevation of the free surface concentrated near the 
origin of the coordinate system. Designating by Q the volume of fluid 
contained between the profile of the initial elevation and the x-axis, 
we obtain expressions for and 

(3.3) 


co 


dm 


20 Ve 
n ym 


; = 


\ sin VY mgt [e~ (cos my + sin my)+ e™%( n sin mz)] 
0 


a 
2Q ; mx 
7 (x, t) _ j cos V mg t(e—™* +- cos mz— sin mz)dm (3.4) 


v0 


The integrals obtained can not be evaluated in elementary functions. 
We will calculate the value of (3.4) at large distances from the origin 
of the coordinate system. Expanding the integrand into a series and 
carrying out the integration, we obtain 


5 ) 
WwW )” 17) 


| 4 
, ot) x . qi 1i'! 17!! 19 } { ) 


where w = gt*/2x. To obtain a formula which describes the form of the 


surface for the case of an initial impulse, it is necessary to calculate 
the integral (3.1) or (3.2). However, it is easy to see that this can 
also be obtained directly by differentiating (3.5) with respect to ¢ and 
multiplying the expression obtained by J/Qp g. The power series (3. 5) 
gives good agreement only for small values of w An asymptotic expression 
for n can be obtained for large w. Evaluating the integral by the method 
of stationary phase, we find 


‘) / 


“Ve V 


4. We will consider the problem of Cauchy-Poisson waves arising from 
an initial elevation of the surface at a distance x, from the origin of 
the coordinate system. In this case 


F (x) Volz ry) 


Using formula (2.8), we obtain an expression for t) 


An analogous formula is obtained for the case of an intial impulse in 
, 0). The integral in (4.1) con- 


verges very slowly. Therefore, for making calculations with this formula 


the quantity J applied at the point (x 


1t 1S necessary to use computing machines. 
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in idea of the phenomenon of the origin of the waves and their 
the sloping beac} » a calculation was ; arried out on the 

ine "Arrow" with the aid of Formula (4,1) for values of 
; and for t 0.5, 4 and 8 sex . The initial elevation was 
he form of a tep function equal zero for x 1 m and for 


ind equal to unity for 1 , x 1.1 m. 


ult » caluclation are represented in the form of graphs 


where 7 7) /. An analogous calculation was pertormed for 


of an initial impul se he same forn tor the » values ol 


irameters. The corre pon iw er: s have ‘nm constructed in Fig, 2, 


r+ ee _— af T 


LD} t-& 

Oe’ ya. a — a 
10} May 
ny i fs 7, 


Pig. 2. 


expression for ( » J tor large values 


- Applying the me stationary 


re Lope angle of the be I ~ mal | f according to [ 2 1), 


w wave theory mn be applied at not vers large distances fron 


i the coordinate system. In the work .« [2] there is ob- 


rresponding system of st nding wave 


angle Ot the be ach and Vy LS the Besse] function of 


truct amore general solution. multiplying (5,1) 


iry function F,(\/m ) and integrating wit! 
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ai 
al 
j cos ) mg t J, (2 Vv mz /q) Pi (y mjam 
0 


Setting t 0 in (5.2), making the substitution of variables m= o 
and using the initial condition (1.4), we obtain an integral equation for 


determining F, (a) 


As we see, F(x) is the Hankel transformation of zero order of the 
») 


; 


function F,(o). Using the inversion formula and substituting in (5. 2 
: 


we obtain 


ox 


J edo F (x)J, | 2c = Vid Vz 


z 


q 


& 


0 


We shall calculate the elevation of the free surface which arises 
under the action of the initial impulse of the quantity J, concentrated 
in the neighborhood of the origin of the coordinate system. From (5.3 


with F(x) J& (x) we find 


(5.4) 


} “ge pqx 


The corresponding formula for the case in which the impulse is applied 


at a distance x) from the origin of the coordinate system has the fom 


cose VetJ, 20 | 


It is easy to calculate the displ a ement of ti ri » § * Origin 


of the coordinate system as a function of time. Assuming x ), 


we satisfy ourselves that the formla coincides in form with (5.3) for 


the case considered above. Consequently, the desired dependence is given 


by Formula (5.4), where it is necessary to replace x by x,. 


for 


In conclusion I want to express deep gratitude to N.N. Moiseef 
valuable advice and also to take this opportunity to thank E.P. Boris 


for assistance in carrying out the computer calculations. 
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The equation of planar isothermal filtration of a gas has the form [1 | 


Op / At = a® @ p* / Azx* (1) 


For this equation there was found a series of self-similar solutions 
and, in particular, a solution of the form exp (ax,) f(x, exp(8x,)), 


where x and x, are independent variables [2]. The latter solution has 


been obtained on the basis of a special group of continuous invariant 
transformations r+ €G 1, 2), apart from the similarity transfom- 


ations. 


The derivation of the indicated self-similar solutions based only on 
the concepts of similarity theory (without transformations of the form 


x, + €.) is given below. 


} 


We will first consider the case in which the conditions for Equations 


(1) are given in the form [ 2 | 
p(x, — oo) , ye (2) 


Introducing the variable u p,e *, Equation (1) and the boundary con- 
ditions (2) take the form 

ap 12\ 9tps 
p(z, 9) 


a ' ’ 
Ou °) ox? 


From the equation and boundary conditions (3 ollows that the 
9 


pre ure [ depends on three quantities x, u, a . limensions 


as follows 


{z] 
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According to the [l-theorem [3] we have p uf (a*u/ox) or, in the 
previous variables, 
V a2poe*'s 1 


which coincides with the result [2]. obtained in another way. The solu- 
tion is obtained in an analogous manner when the initial pressure dis- 


p: poe f (y - (5) 


tribution is given in the fom 


p(x, 0) = poe™ (6) 


We introduce the variable 1 poe: Equation (1) and Condition (6) 
take the form 
Op ‘ 0? p*® 


a?*82, 


at dv? ’ P (», 0) (7) 


The three independent quantities v, t, and (af)* have the dimensions 
[vy] = [Pp], [t])=7 [(a3)?] = [p}-* 7 (8) 


Hence, dimensional analysis gives 


p vf (a*B2vt), or p poe ?*f (a2B* poe Bx») (9) 


which also coincides with one of the results of the work of [2]. For the 
more general equation of filtration of a polytropic gas in a porous 
mediun 

(10) 
oP g2p" Ax 
ot b Ox? for P(z,—)=0, P (0, t) ; for P (x, 0) = Poe” 
by means of the substitutions u e Us Pt respectively, we 
obtain the solutions 


——s ( 
0 / V b*P," 1,(n ijat, r | 


zx 
or P Pye *f (b282P,™—1 L)PXe) (11) 


From the examples cited it follows that for the solution of the prob- 
lem new variables are chosen such that Conditions (3) and (7) do not 


contain dimensional constants. 
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We deal here with a transient problem which occurs in filtration theory, 
namely the spreading of a so-called lens in which there is fresh under- 
ground water, whilst the lens is located on the surface of underground 
soil waters of higher density (Pig. 1). 


Solutions are derived for the plane and the axial-symmetrical problem; 
the following assumptions are introduced; the filtration coefficient k is 
the same for both regions; the density of the fresh water is Po: the 
density of the salt water is Py and py < Pp). 


We are going to assume that in the plane parallel problem the filtra- 
tion velocity in the lens in the direction of the x axis is considerably 
greater than that in the y axis direction, i.e. v,(0) >> v(0); in the 
case Of axial symmetry v (0) >> v (0). 


Additionally the filtration velocities in the underlying strata 
occupied by the higher density subterranean water, on the surface of 
which the lens is situated, are considerably less than those within the 
lens. We therefore have: 


For the plane problem 


For the axial-symmetric problem 
v,\9) > > v MD), 
It can be concluded from the foregoing that the velocity potential 
within the lens, Po» will be a function of x (or r) only, whilst the 


velocity potential in the underlying region occupied by the subterranean 
water is zero. 


In this case, with $) = 0 the velocities vanish, i.e. 
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Cy 


With these assumptions the change in level of the underlying waters 
in the lower-layer due to the lens formation above, and its influence on 
the spreading is not taken into account, Besides it is assumed that 
underlying water of one density completely displaces underlying water of 


another density. 


It follows from the above assumptions 
that in region I, at the outside bound- 
ary where it impinges on the outside 


medium (at point C) 


P , y =h(z) (1) 


Therefore, in view of the fact that 


Po — kh (x) 


Let us determine the conditions at the boundary between regions I and 
II. In region II the potential ¢@ 0; besides, we assume that the equa- 
tion of the line which divides region I from II is of the form 


th (x) 
Then the conditions on the boundary between regions I and II are 
—kh(zx), — ah (x) 


The pressure at a point D on this boundary will be determined from 


ndition that 9, 0. From an expression similar t 2), assuming 
0, we find 


Because the pressure changes smoothly when going across the line 


view of (2), we will have at point D 


gah (x) 


y 
06 


Therefore the condition for the boundary between region and II will 


be fulfilled if 
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During the spreading therefore the ratio of the length ED to EC remains con- 


stant. 


Thus the liquid which was above the x axis at the start always moves above 
this axis. The assumption that k(h)x, leads us to the fact that v. 0 d/dx- 
kh’(x). In this case velocity v. is independent of y, i.e. it is constant along 


a vertical segment. 


Suppose, at the initial instant the lens has the shape shown on Pig. 1. The 


equations of lines ACB and ADB will be respectively 
th (x) 


The total quantity of water enclosed by the lens will be (a is the porosity 


of the medium): 


To study the motion of the lens it is sufficient to observe spreading of a 
given region occupied by underlying waters over an impermeable bottom surface. 


This region (Pig. 2) will correspond to the portion of the underlying waters 


which is above the abscissa. We will assume that when 
h(x) (zr) 


It is known that function h(x, t) satisfies 
the Boussinesq equation [1]. For the one 
dimensional and axial-symmetric cases we have, 


respectively ; 
(1) 


We will give the solution to the problem of spreading of underground waters 
for the case where the quantity of fluid remains constant. Let us consider the 
one dimensional case. The first of the equations (10) in non-dimensional vari- 


ables is as follows: 


for * 


Here function u)(€) is given over intersect — 1 < €< 1; outside this inter- 


sect it is zero. One can form the conclusion, evidently, that the required solu- 
tion will tend to the solution which will prevail for impulsive starting condi- 
tions. This problem was dealt with by Barenblatt [2]. In this article these 
results are obtained by a different method in which several inaccuracies appear- 
ing in{2] are corrected. 
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We will look for a function u(&) for which we have initial values 
uo (E) + for * 


During motion we have 


3 (t) [a* (t) — & (13) 


As the quantity of liquid within the lens remains constant, from the above 
have 
ait) 


2 | 3 (t) [a® (+) — E*) dE 


Because the integral in question must remain constant we have 
3 (t) a® (+) 
In accordance with (13) we have 
u (8, *) a* (t) [a* (t) "| a(t) 


Inserting the expression obtained into the initial equation (11) we find 


Ou Fut [ { 
3 /(- ‘i- 
a: ata [4 — a* (t) @’ (t)] a 


(t) 


From this we have 


Because a(r ) 1 when r O we have 


(From (15) we have 


(16) 


On introducing the foregoing variables for the curve which bounds the upper 
part of the lens 


ho Okh 


; | ; t 
(Gkhe / mag*)t ma,* 


h (zx, t) 


The equation of the curve which bounds the lower part of the lens, because 
of (4), is 


Po 


h (z, t) 
Pi 
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The coordinate of the extreme point of the lens, located on the abscissa is 
1 
6kho 3 


; (19) 
ma,* 


Now let us consider the axially symmetrical 
case (Fig. 3). The fundamental differential 


equation in polar coordinates will be (10) 
Ou 
0 we have the initial condition 
for the interval — 1 i] is 


assume that 


Maintenance of constant volume of liquid leads us to equations 


3 (tT) a*(r) 


from which [(r ) «= 


Inserting this expression into Equation (20) we obtain 


The equation 


Bearing in mind the initial condition a(r ) 0 we get 


We now transform back to the previous variables and find an equation for 


surface which bounds the upper part of the lens 
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The equation of the surface which bounds the lower part of the lens is of the 
form 


hy (t, r) 


The coordinate of an extreme point 
the lens will be 





To confirm these results experiments 
were done with a slotted vessel (1 230 mm, 


b= 1.5 mm, a 100 mm 


The denser liquid (p, 1.225) was simulated in the first experiment by a 


mixture of glycerine and brine, 75 ml glycerine to 25 ml aqueous salt solution, 


; 
the latter obtained by dissolving 30 gm cooking salt in 1 of fresh water. 


In the second experiment the denser 
liquid (p, 1.27) was simulated by 
salted glycerine, 100 m] glycerine to 


10g cooking salt. 


The less dense liquid in the first 
experiment (p, 1.18) was simulated by 
a tinted aqueous solution of glycerine, 
25 ml fresh water to 75 mn? glycerine. In 
the second experiment the less dense 
liquid (p, = 1.23) was simulated by 
tinted glycerine. 


About 100 ml of the denser liquid was 
poured into the "slotted vessel". After 
its surface had levelled out, between 2 
and 6 ml of the less dense liquid was 


poured on, 


Results were worked out for two ex- 
periments and the law of displacement of 


the edge of the lens was established. 


Figure 4 shows results worked out fron 
formula (19); the upper curve correspon 
to values Po Py 0.964, the lower one 
Po P) 0.969; experimental 


indicated. The agreement in both cases allo 
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assumptions, which form the basis of the solution, are confirmed. 


Figure 5 shows photographs of three successive lens shapes which confirm the 


results of calculation qualitatively. 
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1. We shall consider the problem of natural convection in a horizontal 
pipe whose cross-section varies harmonically along the axis, the vari- 
ation being small. The tube forms a cavity in an infinite, solid mass, 
and in it, at infinity, the horizontal gradient of temperature normal to 
the axis of the tube is prescribed. 


Let the axis z be directed along the axis of the tube, the x-axis be- 
ing directed vertically upwards. The equation of the tube surface is 


assumed to be 


a? + y? = R*(1 + ef)’, (f(z) =sinewz, @ ——, " =< (1.1) 


Here R denotes the mean radius of the tube; A, the spatial period of 
the wave on the tube; a, the greatest absolute departure of the radius 
of the tube from R (all succeeding derivations remain valid also in the 
general case when f is an arbitrary periodic function of z, on condition 
that it possesses continuous derivatives up to order two). 


The equation for natural convection can be written [1] 


- 7 p’ i vAV a Beryl’, div V 0 (1.2) 
0 
) yAT, AT,"=0 (1.3) 


Here V = iv., Vy v4 denotes the velocity vector in the fluid, T and 
T respectively, denote the temperature of the fluid and the solid both 
measured with respect to a mean temperature To. averaged over the cavity; 


p’ is the pressure measured with respect to its equilibrium value Py and 


833 
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o we introduce the following notation and contractions 


%/ Pol, 


They are, in order, the viscosity, the thermal conductivity, coefficient 
of thermal expansion of the fluid, specific heat of the fluid at constant 
pressure, kinematic viscosity and thermal diffusivity of the fluid. We 
shall assume that all these parameters are independent of temperature. 
The symbol g denotes the gravitational acceleration and Yo is a unit 
vector in the direction of the acceleration of gravity. 


We shall solve Equations (1.2) and (1.3) subject to the following 
boundary conditions [ 2): 


V.ls =1Vzs 


In the solid mass, at a large distance from the cavity, a constant 
temperature gradient 


{ oT. 


OZ 
is prescribed. 


The heat flux and the temperature are constant across the boundary of 
the cavity, which gives 


[7 T A \s x -~% : : (1.6) 


where «kK, K, denote, respectively, the thermal conductivities of the 


fluid and the solid mass, and n denotes a normal to the tube surface. 


2. The waviness of the surface of the pipe causes considerable 
mathematical difficulties when an attempt is made to satisfy the bound- 
ary conditions. It turns out that the problem can be solved more easily 
if transformed coordinates are used. Instead of x, y, z, we shall use 


y P 
t+ ef (z)’ (2.1) 
It is easy to see that x, y, z as well as x, y, z are mutually inde- 
pendent, and that in the new system of coordinates, the equation of the 
surface transforms into that of a circular cylinder of radius R, 


Performing the transformation of coordinates (2.1) in Equations (1.2), 
(1.3) and in the boundary conditions (1.4)-(1.6), we introduce dimension- 
less quantities, taking the mean radius R as a reference length. In this 
manner, in the equations as well as in the boundary conditions, it is 
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necessary to perform transformations according to the following formulas: 


(l= R[i + ef (2))) 2.2) 


AR®@, 


Here, u, v, w, 6, 0. p are functions of &, n, ¢. 


In these transformed coordinates, the equation of the surface of the 
pipe whose cross-section is variable becomes identical with that of the 
surface of a circular cylinder whose radius is equal to unity. Further- 
more, Owing to the transformation (2.1), the interior points of the 
cavity transform into interior points, and those on the boundary, equally, 
transform into points on the boundary. 


If the waviness of the pipe can be assumed to be small, we can show 
with the aid of simple calculations that it is possible to derive an 
approximate equation of the problem in the new form, with an accuracy up 
to terms which appear multiplied by « to the first power, and the same 
applies to the boundary conditions. 


3. The problem considered is "of the type without a threshold" [2,3 l. 
Consequently, in solving it we can use the method of successive approxi- 
mations, assuming a solution expanded in powers of the Grashoff number y. 
In order to solve the resulting linear differential equations, each cor- 
responding to a power of the Grashoff number, we shall in turn use series 
expansions in terms of the wave amplitude of the tube «, and once again 
use the method of successive approximations. 


We are now looking for solutions in the form of series in powers of 
y. i.e. 


Substituting the series (3.1) into the equation of the problem, we 


shall obtain equations for the successive determination of the functions 


, “7 eA 
, Uo, Vor Wor Po» 2° 2 ’ 


, , 


Doe Gyo s Bye Myr Me Pye Fy, F, 


Restricting ourselves to the first approximation in terms of y, we 
shall in turn seek solutions for these functions, in the form of the 
linear parts of series in terms of €: 
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The coefficients of the truncated series (3.2) and (3.3) are functions 
of &, n. ¢. They are determined by linear differential equations of 
second order, each provided with suitable boundary conditions. 

| Ty , a 
00° “oo * “10* “10 "10" Pio’e “10° 
Ss > known he eau: ons for @ | Wy , 
19 @re known, The juations for 01’ 01° @"11° "ane Baa Pia 6.) 
f 


Exact solutions for the functions @ 


a have been solved by us. In this manner we have determined the zero- 
order and first-order approximations with respect to both parameters y 


and « for the temperature, velocity and pressure functions. 


4. In every approximation for temperature and velocity in the expan- 
sion in powers of the Grashoff number, the zero-order approximations with 
respect to the wave amplitude « the equations are identical with the 
known results for the pipe of constant cross-section [2,3 ]: the first- 
order and higher approximations in terms of «€ represent the effects of 
waviness on the processes of convection. The first-order approximation 
for velocity in the expansion in the terms of Grashoff number together 
with the first approximation in the series in terms of ¢€ represents the 
motion of the fluid and shows that it differs from that in a circular 
tube by the presence of longitudinal and radial non-zero components, in 
addition to the aximuthal component. The additional components depend on 
twice the angle. The variation along the axis of all components of velo- 
city is sinusoidal with a period equal to that of the tube. The first 
approximation in the expansion in terms of the Grashoff number for 
temperature together with the first approximation ine depends on three 
times the angle (in the case of a circular cross-section such type of 
dependence appears only in the second terms of the series in Grashoff 


numbers); the temperature varies along the tube harmonically, but is 


phase angle is displaced by a quantity which vanishes for k K os 


Higher-order terms in the expansion in terms of ¢€ constitute small 
scale motions; for example, the second term for velocity varies period- 
ically along the tube with a double period compared to that of the tube 


cross-section, 


The results obtained during this investigation can be generalized and 
used for the study of temperature distributions in horizontal pipes 
whose cross-sections vary along the axis according to a more complicated 
law, because at each step the equations are linear and hence the equation 


of the surface of the tube can be expanded into a Fourier series. 
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We consider the nonlinear system of differential equations 


if 
a 


where the functions w ¥ t, 2), «++, *,) defined in the region R(— oo < 
t + oo), zi ¥ co) are continuous in t and satisfy the Lipschitz 
condition relative to the variables Eps sees Eye Under the specified 
conditions the system (1) has a unique solution satisfying the initial 


conditions , (9), 


Let us now consider the sequence of systems of differential equations 


{ ) 
where the functions w? Ct, Byer wees x) satisfy the same conditions as 


the function mw. Let us assume that in every bounded interval of t the 


s 
( . , . 
functions @. tend uniformly (in t) to the function @, aS p goes to in- 


finity. Suppose, furthermore, that the initial values xP) (0) of the 
solution (2) tend to the limit x, (0). Then the solutions of the systems 
(S,P?) will tend uniformly in every founded interval to the solution of 


the system ams 


t 


assume, further, that the functions w(t, Bir coer By) 
periodic (in the sense of Bohr) in t, uniform with respect to 
i.e. for every given 0 one can find functions 


; (s) 
id a real constant A,* such that 
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It is known [1 ] that if the function @(t) is almost periodic in the 
sense of Bohr, then the family of functions |d(t + A)! is compact in the 
sense of uniform convergence on the entire real axis. It is not difficult 
to show that under the assumptions made on the functior De Xi. 

), the family of functions la, (t + h, 2), «++. #,)} is compact in the 


n n 
sense of uniform convergence on the entire axis. Let us consider al] 


possible sequences of real numbers that for which there exist the follow- 


ing limits which are uniform in ¢t 


lim @, (t 4 — ) =o, (t, %,..., 
k-0o 


Along with the system (1), we shall consider the 


We shall say that the systems (S,, h converge to e system (S,°), 
and we write A 


lim 


Selecting different sequences Lh, obtain the set of systems which 
we denote by ACS, h)- We note that if 


(S*) lim (S,,, . S, lim (S, 
f Trek . 7 


Hence, every one of the systems of the set A(S,, ,) is determined by some 


system (5,°). 


Let us agree to say that two systems (S,*) and (S, of the set 


H(S,, ,) differ from each other by less thane (€ > if 


In this case we write 
( S, ) 


Theorem 1. If some system of the set H(S,, ,? has an almost-periodic 
solution, then the same ching is true for every system f the set. 


Indeed, suppose the system (S,) has an almost-periodic solution x, (t), 


z(t) and suppose (S,*) is some other system of the set 
lim (S, 


For a set of various systems (Si, h,? (k 2, «+. ) we obtain sets 
k 
of solutions x(t + h,) (s Be Be coon & B. cocokds BOO 0 Tae 


hy. each solution z(t + hy) fe 3, Be eses s st of almost- 
periodic functions, In this manner we obtain n sequences of almost- 
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periodic functions 


hy), w, (t + Rg), 020» x, (t + hy), ..- 


But since the almost-periodic functions x,(t) are normal [1 - it 
follows that one can select from the given sequences uniformly convergent 
sequences x(t + l,), a. + l,), soon ,(t + ly), coe 408 E caste We 
i.e. 


00) 


Since 8, Cts is a solution of the system (S,*) the theorem is proved, 


(1) (2) 


Note. If x. and x. are two distinct almost-periodic solutions of 
the system (S,), then one can determine in the same way two almost- 
periodic solutions of the system (S,*) which will also be distinct. From 
this it follows also that if some system of the set H(S,, h? has a unique 
almost-periodic solution then the same thing is true for each system of 


the set. 


Theorem 2. If each system of the set H(S,, h) has a unique bounded 


solution then this solution consists of almost-periodic functions: 


Indeed, the bounded solution s,* u(t) of the system (S,) is deter- 
mined by its initial conditions u (0). Suppose (S,*) = lim (S,, h, + One 
may always assume that the numbers u (hy) converge to the limits 
lg lim u, (hy). Then the solution u,*(t) (of the system (S,*°)) which 
for t = 0 takes on the system of values a,” is bounded and the conver- 
gence of u(t + h,) to u,*(t) will be uniform on every interval of finite 
length. In order to prove the theorem one must show that this convergence 
is uniform on (— o< t < + o), i.e, that the bounded solution u(t) con- 
sists of normal functions. 


Let us assume that the convergence is not uniform on — 
Then we can make the following definitions 


(a) a@ is a positive number; 


(D) tye toy woes tp, +++ is a sequence of numbers which increase in 
absolute value; 


Rin Ror oe proces sees tcp eee are two sequences 


of indices; 


the function u(t) is one function out of the n functions 


Ui (tt), ws. i < 8) such that 
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Out of each of the sequences of numbers u(t, 


and from each sequence of the system 


one can select sequences which have the properties that they converge to 


and _"s and to cs{)) and cs'?)). respectively. 


the limits — 


In order not to complicate the notation, let us assume that the above 
sequences themselves have these properties. The sets of numbers ate 


and Sie represent then the initial values of the bounded solutions of 
the systems csi?) and (s*?)), But it is easy to show that the systems 


gl) 


. ) ~ . , 
(s@ ) and (s'?)) coincide. Under our conditions the system ( ) has 


only one bounded solution; but we have found two different systems of 


| 

initial conditions for the system (S 1)) and its unique bounded solution. 
9 

Because of (3) we must have w <0? _~ a °°? >a. This contradiction 


proves the theorem. 


Consequence. Let us consider the autonomous syster 


In this case the set H(S,, h? consists of one element. Hence, the 


following theorem has been established. 


Theorem 3. If the system (4) has a unique bounded solution, then this 


solution consists of almost-periodic (in particular periodic) functions. 


Note. Theorems 1 and 2 are extensions to nonlinear systems of theorems 


that were ‘given by Favard [2] for linear systems of differential equa- 


tions with almost-periodic coefficients. 


' 


In Favard’s theorems certain definite conditions have to be satisfied 
by the entire set of systems of differential equations. Levitan intro- 
duced a new class of almost-periodic functions [1], the so-called N- 
almost-periodic functions. He showed that if one seeks N-almost-periodic 
solutions of linear systems of differential equations, then one does not 
have to require the fulfilment of certain definite nditions by the 
entire set of the systems. A similar situation prevails 
linear systems. It is not difficult to verify, 

Levitan, that the following theorem is valid. 


Theorem 4. If the systen (S,) has a unique bour j lution, then this 


solution consists of N-almost-periodic functions, 
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Rumiantsev in [1] investigates the influence of viscous friction on the 
stability of vertical rotation of a gyroscope on gimbals. In [2,3 ] the 
respective authors investigate the vertical rotation of a gyroscope 
taking into account dry friction in the suspension. The latter problem is 
further investigated in this paper. 


Consider a gyroscope on gimbals as in Pig. 1. 


Let ie Yur 2 be the fixed coordinate 
system and xyz be the moving coordinate 
system attached to the casing (inner ring). 
Let the xs-axis be along the axis of the 
casing, the z-axis along the spin axis. Let 
w be the rotation angle of the outer ring, 

6 the rotation angle of the casing in the 
outer ring, @ the spin angle of the rotor; 
let L denote the center of gravity of the 
casing together with the rotor, P their 
weight, A, B and C the moments of inertia of 
the gyroscope about the moving axes x, y and 
z, respectively. A,, B, and C, the moments 
of inertia of the casing about the same 

moving axes x, y and z, respectively, J the moment of inertia of the 

outer ring about the z,~axis. Let the z,~axis coinciding with the axis 

of the outer ring be vertical, and let the distance OL equal ¢. 


Along the x-axis acts the moment of dry friction # . B, sign G, 


where B, > O, and along the z-axis acts the moment M, B. sign wi, 


2 
where By > 0, 
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Since the variables WwW, @ and @ are independent holonomic variables, 
we can write the equations of motion of the system in the form of 


Lagrange equations of the second kind 


2 sin 8 cos 8 ‘(9 + > cos 6) db’ sin®8 — PE sind=M, 
)* sin? 6 + Cy) cos? 6 + C (¢ )° cos 9) cos 6} M, (1) 
L° cos ¥) 


The last equation, corresponding to the cyclic coordinate 4, yields 


the first integral 


Let us introduce a unit sphere whose center coincides with the fixed 
point O and investigate trajectories of the point of intersection of the 


axis of the rotor with the surface of the sphere. 


According to Painleve [ 4 ], the value of M, when @ 0 lies in the 


interval] [-B,, +B, I, and the value of M, when w 0 lies in the interval 


[. B,, +B,|. Purther 


Each of the first two inequalities (2) corresponds, according to (1), 
to the presence on the trajectory of one point 6 0 for which 6 4 0. The 
third inequality (2) gives 6 0, which corresponds to the part of the 
trajectory lying on a parallel of latitude. From the system (1) follows 
that the first two inequalities (3) imply that w 4 O and the third in- 


7 


equality (3) leads to Ww ='0, which corresponds to the part of the tra- 


jectory lying on a meridian, 


take the segment < ie trajectory which lies on the parallel 


the initial point « the segment) 
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B,) sin® 0, ( 1 cos* 0,) 


_ 


The last inequality gives yy « wy : °°, where wb : y “© are roots of 
equation lf, 6.) | = B, (See Fig. 2). The angular velocity is a linear 
function of the time ¢t 

Byt 
B,) sin® 0, + C, cos? 0, 
Bot 


B,) sin? 0; C, cos*@, 


Let us assume for the sake of simplicity that the initial instant of 
time t = 0 occurs at the initial point of the segment (w,, 0,). that is 


Ww Wy. at ¢ = 0. It can be easily shown that the trajectory could lie 
on a parallel of latitude only in a final interval of time [0, T, | where 


rT; B,) 5 C, cos* 0, 
When ¢ T, the gyroscope falls into a 

"stationary zone", Beginning from this instant 

of time, the axis of the rotor occupies a cer- 

tain fixed position in space (Ww constant, @ 

constant). It means that in such a case the 

regular precession, which is possible when the 

forces are conservative, is absent. Thus, when 

dry friction is taken into account, the class of characteristic motions 

becomes smaller. We shall now investigate the trajectory segment along 

the meridian 


; are at the initial point of the segment) 
which is represented by the equation 
1,)0 Pe sin 8 +- By, 


Let us designate 


1 


We shall demonstrate now that after a finite interval of time T, the 
gyroscope will fall into a *stationary zone", meaning that the velocity 
0 vanishes when ¢ T.. Let 6, > O. We shall replace in (6) 
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We obtain then 


a root of the equation 


S Uy 


Then the desired value of T, could be expressed in the form 


We shall investigate now the vertical rotation 


The system shows that such a rotation is possible, and on the 
strength of 2), 3) and (4) 


Vv, upn 


We shall study the stability of this motion. For this purpose we shall 


investigate as usual the perturbed motion 


On le strength of the above considerations, we shall study separatel 


the behavior of the perturbed trajectories lying on the three segments 
3. 


For each segment, we could construct a sign-definite function in the 
form of a linear combination of integrals, obtained from the correspond- 


ing equations of the perturbed motion, 


1. On the first segment we have a relation similar to the law of con- 


servation of energy when the forces are conservative 


i- 


7,0 V/ 
The equation of the perturbed motion yields two integrals 


W, » We 1, 


The angle denoted previously by Ww is marked here by the letter n, in 


order to indicate that we do not investigate stability with respect to v/ 


J, 
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We shall introduce the function 
Q, 2(Myn 
and construct the combination 


V,=0,+W, 


When € < 0 the function V, is a positive-definite quadratic form, The 
time derivative of Vy, equals, on the strength of the equations for the 


perturbed motion 


and since 


it is negative. 


2. The equations of the perturbed motion for the second segment are 


as 


given by (5), that is 
B, sin? 1 


In view of the fact that the friction Mw on the considered segment 


7] 6, does not do any work, the equations of the perturbed motion admit 


the integral 
Ws ; i ! ! s*0, ; . Ms 


The integral © remains unchanged. We shall construct the combi- 


nation 


The time derivative of Vo is, on the strength 
@®. Ms, 


3. The equations of the perturbed motion on the third segment are 


and admit the integral 


i 1 


Under the condition ¢ < 0 the combination 


Ds 
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is a positive-definite function, whose time derivative is, on the 
strength of (10), negative 


dV. dWM.- 


é ME) . 
dt al 


In this way, to every segment of the perturbed trajectory there cor- 
responds a function which becomes positive-definite when the following 
condition is satisfied: 


(11) 


The time derivative of every function is negative on the strength of 
the corresponding system of equations for the perturbed motion. The in- 
vestigated motion (7) is stable under the above conditions, and we have 
asymptotic stability with respect to é 


and f,. This requires additional] 


, 
explanation, 

We must show that for any chosen number ¢« > O we can find such a 
number 5 > 0, that if the initial perturbations are inside the sphere 6 


2 


ne a 2 
then the motior of the perturbed trajectory 
will always be inside the sphere «. 


Uy) 31 s2° 


From the above considerations follows that 
the perturbed trajectories caused by small 
initial perturbations can be of two types 
(Fig. 3). The trajectories are projected on 
the plane tangent at the North pole to the 
unit sphere with its center at 0. The initial 
points are ES and EY The velocity é, 


vanishes at the point BE}. &, vanishes at ES and the gyroscope falls into 


2 
the "stationary zonet!. 


The trajectory segment EY ES coincides with a parallel of latitude. 
At the point EY € vanishes at the point Ey é, vanishes and the gyro- 
scope falls again into the "stationary zone". The trajectory segment EY 
EY coincides with a meridian. 


For a given «€ > O we could construct 5, > O, 5, > O corresponding to 


the two types of trajectories. Then, the desired value of 5 is 


min (4, 52) 


Using the functions V,, V we make an estimate of 5 and obtain 


aie” _} 


Kok 
Ky Kk, 


min 
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where 


K, max (A A, « » &, C). Ks min (A ~ J 


K,’ max (J a . min (J (,, ¢ 


K,’ max (A . c-, »” <= min(A m G&G. 
It means that the investigated motion is stable. 


The result which we obtained could be generalized. Let us consider the 
motion 


which represents constant rotation about an axis at an angle @ G te 
the vertical. With friction absent (MH, = 0, M, 0) such a motion is 
impossible according to (1). The conditions (2) and (4) show that under 
the condition 


PE sin 0,| =< B, 


such a motion is possible. Therefore, the inequality 
condition for the existence of the motion (12). 


Investigation of stability of this motion could be arried 
similarly. The sufficient condition for stability could 
inequality (11). 
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Chetaev [1 ] has investigated the motion of a heavy unbalanced gyroscope 
on gimbals with the vertical axis of the outer ring. The stability of 
certain stationary solutions of such a motion has been investigated by 
Skimel [ 2 l, Magnus [3 ] and Rumiantsev [4 ]. Similar investigations for 
the horizontal axis of the outer ring have been carried out by Rumiantsev 
[5 }. Bogoiavlenskii [6 ] obtained in the latter case a particular inte- 
gral of the equations of motion. This paper investigates the motion of a 
symmetric unbalanced gyroscope on gimbals when the axis of the outer 

ring makes any angle with the vertical [7 l, examines stability of cer- 
tain stationary solutions and derives a particular solution when the axis 
of the outer ring is horizontal. 


1. Let us introduce two fixed coordinate systems, O0&n¢ and Ox,y)2). 


the origin O coinciding with the fixed point of the gyroscope. The €-axis 
is vertical, directed upwards, the €- and n-axes are in a horizontal 
plane. The z,-axis is along the axis of the outer ring, and without any 
loss of generality we shall assume that the z,-axis is in the n C-plane 
making an angle a with the c-axis. The x, -axis is also in the n C-plane 
making an angle (7/2 — a) with the €-axis. We introduce also a moving 
right-handed coordinate system Oxyz attached to the inner ring, the 
x-axis being along the axis of the inner ring, the z-axis along the axis 
of the gyroscope. 


The orientation of the gyroscope is determined by three angles, the 
rotation angle of the outer ring Ww, the rotation angle of the inner ring 
(casing) in the outer ring @ and the rotation angle of the gyroscope with 


respect to the Oxyz system (angle of spin) ¢. 


Let l be the coordinate of the center of gravity of the gyroscope 
together with the inner ring (casing), m their mass, I the moment of 


850 
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inertia of the outer ring about the z,-axis, A°, B° and C° the principal 
moments of inertia of the inner ring (casing) about the axes x, y and z, 
respectively, and A, B= A, C the moments of inertia of the gyroscope 
about the axes x, y and z, respectively. Using the above notation, the 


kinetic energy of the system (vis viva) is 


A°) @? +- [J - (, B° — C°) sin? 6] Y? +. b? cos 6)? 


If we assume the absence of friction in the bearings and that the 
gravity force is the only active force, then for the force function we 
obtain the expression (correcting a certain inaccuracy contained in [7]): 


mel(sinasin@sinyg 


As the coordinates 0, Ww and d are independent and holonomic, we can 
write the equations of motion in the form of the Lagrange equations of 


the second kind. We have 


* cos 8) d' sin @ 


n gl (sin a s¥sinv os asin U) 


v' cos 9) cos 8 lsinasin@cos¢ 


cos 0) 


The above equations yield the two first integrals 


rsintw 


The first of the two is the kinetic energy (vis viwa) integral, which 
corresponds to the cyclic coordinate & If the axis of the outer ring is 
vertical (a > 0) then Equations (1.1) have one more first integral 


corresponding to the angular coordinate w. 


2. Let us investigate the stability of the particular solution 


of Equations (1.1). In this case, the axis of the inner ring is hori- 
zontal, its middle plane is vertical and the gryoscope rotates with con- 
stant angular velocity ro about its vertical axis of spin. Whena n/2 
(the axis of the outer ring is vertical or horizontal the corresponding 
solutions have been investigated in [4,5 a In what follows, the angle a 


will not be zero. 
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For the perturbed motion, we shall assume 


@=-a+h, O=—€ Ure 
The equations of the perturbed motions yield the following integrals 


V; =(A + A®) m? + [/ + C° + (A+ B? — C°) sin* a] Ho? + 


+ C3" + 2C rons magl (E,? + E,* sin? a) 
Ve Nia const 


where the first of them is written up to the second-order terms inclusive. 
Let us consider the integral 


V =V, —2CrV_=(A+ A°) m? + [1 + C? + (A + B°—C°) ain® a] 72" 


+- Crs — mgl (E,? + &,? sin? a) +... = const 


When 1 < 0 anda # OO, this integral becomes a sign-definite function 
of the variables 1. os. Nis Noe 13 hence, under our assumptions and on 
the strength of Liapunov’s theorem on stability, the motion (2.1) is 
stable with respect to 0, w, 6, wu. r, and also with respect to 6, Ww.’ r. 
Besides, the stability, as it can easily be demonstrated, is secular. 


When | > 0, the function V is no longer sign-definite and the degree 
of instability is even. Therefore, the solution (2.1) could have only 
gyroscopic stability in this case. Let us find the condition for the 
latter kind of stability. The equations of the first approximation have 
the following form: 


. . 
af, =i 


> 


and yield the first integral, as given by Chetaev in [3s ] 


1 ae bd 


2 (bd EE, aeE,"Es) ec (dE,? 4 +- dE, — e£,*) = const 


A+A a, 1+-C°+(A+ B C°) sin* a = 


Crasina =, mgl = d, mgl sin* a = ¢ 


Let us consider the second integral 


bd + ¢ 
2 


@¢ bE? — 2bdEs Es + 


When | > 0, this integral becomes sign-definite if the following 
single condition is satisfied: 


c (ae + bd 4 2) abde) 
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Hence, if the integral I’ is a continuation of the integral of the new 
equations of the perturbed motion, the condition (2.3) becomes the 
sufficient condition for stability of motion (2.1) with respect to @, yw, 
6, Ww, r. Using the original notation, the condition (2.3) becomes 


C*r,? sin? a — mgl [J + C° + (2A + A® + B° — C°) sin*a + 


+ 2sina V(A + A®) [7 + C* + (A+ B°—C*) sin* aj] > 0 


and for the case when the axis of the outer ring is horizontal, (a = w/2), 
it coincides with the condition, obtained under corresponding assumptions 
in[{s]. 


We shall demonstrate the necessity of the condition (2.3). To achieve 
this, we shall examine the characteristic equation of Equations (2.2) in 
variations. It has the following form: 


ab) +. (c? — ae — bd) A? + de = 0 (2.4) 


If the motion (2.1) were stable, then all the roots of the above equa- 
tion would have negative real parts. If | > 0 and a/# 0, then Equation 
(2.4) cannot have negative roots, and the roots would be pure imaginaries, 
with negative squares. The negative squares of the roots require the 
following inequalities 


c?— ae— bd > 0, (c? — ae — bd)* — 4abde 


to be satisfied, which in turn requires satisfaction of (2.3). Thus, 
(2.3) becomes the necessary condition for stability of the motion (2.1) 
when a # 0. For the case a = 7/2, the necessity of the condition (2.3) 
was shown by Chzhan Sy-in [9 }. 


3. Let us consider one more particular solution of Equation (1.1) 


In this case, the middle planes of the outer and the inner rings co- 
incide and are vertical, and the axis of spin coincides with the axis of 
the outer ring. 


In the perturbed motion we shall set 


. 


re 
Ze 


The equations of the perturbed motion written up to the second-order 
terms inclusive are 
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The characteristic equation of the first approximation can be reduced 
to the form 


mgl cosa 


(mgl sin a)* 
(A + A®*) (J + C°) 


Ae A2 


Whence 


In our case of unbalanced gyroscope (1 4 0), the above formula shows 
that when a is in the interval 0 < a < w/2, the characteristic equation 
has one positive root. Hence, the motion (3.1) is unstable (on the 
strength of Liapunov’s theorem on instability in the first approximation). 
From these considerations follows the instability of motion (3.1) at 
a m/2 and also in the case 1 > 0 anda 0. 


4. In a special case, when the axis of the outer ring is horizontal 
(a 7/2) it can be easily shown that Equations (1.1) have the following 
particular solution: 


( ro ( ro 


The middle planes of the outer and the inner rings are vertical in 
this case, the middle plane of the inner ring rotates with constant 
angular velocity about its vertical axis and the gyroscope spins also 
with constant angular velocity about its axis.of spin. Thereby, the para- 
meters of the system are related to the angular velocities through the 
formula Cd™ agl. The motion (4.1) has a character of regular preces- 
sion with the nutation angle equalling w/2. 
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1. We consider the system of linear differential equations with constant 
coefficients 


dz, 
Te = Parti t+ ++ Penn 


Suppose that the quadratic form 
n 


Zs Mii t* 5 
1 
with constant coefficients has a derivative which, with the aid of (1.1), 
can be written as 
dV 
dt 


n 
’ 
S' b, 2.2. 


1 


The connection between the introduced coefficients has the following 


matrix form: 
AP + (AP), = B (A= | a1, B = 15, » P=| Pi; ) 
Here cc indicates the adjoint (transposed matrix). 


Let us take the system (1.1) in the particular form to which many 
systems of equations in mechanics can be reduced 


dz,, 


dt ($= 1, e+e By Hoy 4 9) 


The characteristic equation of the system (1.3) has the form 


2% _ 7,y%-2__, . ._—-T, =0 


Let us set ourselves the problem of finding for the system (1.3) 
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integrals (solutions) of the type 


From (1.2) one obtains the equation for the determination of A 


AP 4 (AP). = 0 


T'y4oyq + 


of the matrix A is most easily accomplished by the 


The determination 
we obtain 


direct use of the table (1.6). Taking into consideration (1.5), 


0 ay 
T 3409 T2033 T’ coe t 
U 


— T3433 + Tou 
0 


k+17 
(190 T1241, ea 


(1.7) 
Introducing the notation a. = (— 1)Ja one can express the equations 


for the determination of these remaining unknowns in the form 


Tya5,,- T8545 . T4544 =0 (j 4.8) 


By means of these equations the unknowns a)» a, can always be ex- 


pressed in terms of the remaining eae 
The matrix A will take on the following form 


Go, which remain arbitrary. 


Opis 


It breaks up into two Hanke] matrices which are easily constructed 


from the rows and columns of A 
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This corresponds to the breaking up of the integral V into two inde- 


pendent forms with even and odd subscripts on the variables 


V =V,+V+2, V; S (i, j odd ) 


- yi 

Vs= QD he i+ i747) (1.11) 
2 

Let us now return to the solution of Equations (1.8). For these equa- 


tions one can obtain a fundamental system of solutions after one has 


assigned k systems of values to Op, a» S42 ++ Go, arranged in a 


matrix of the following tyep, for example 


| 


. a,‘ 


(k) 
| *k+1 
In accordance with this we obtain k linearly independent quadratic 
integrals yt). eves yk). every other integral will be a linear combi- 
nation of these integrals of the form 


V=AvM+.. +2,V% (A; = const) (1.13) 


The absence of nonlinear relations among the integrals yd) follows 
from the fact that a certain Jacobean does not vanish, i.e. that, for 
example 
1 
if fg. ..-=Zy_, = 0, S, = 5 


2. It can be easily seen that Equation (1.8) can be satisfied by 


setting 
a=) (j =1,..., 2k) 2.1) 


m 


where #, is the square (yu, = K?) of an arbitrary root x, of the character- 


istic equation (1.4). In case of the absence of multiple roots Ky, we 
will have a fundamental system of solutions of Equation (1.8) if we 


select the matrix A’ as 
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Let us make the change of variables 


7 re 


oA . 


= 
8 *ok—2s+1° 


Then Formulas (1.10) and (1.11) take on the following form in terms 
of the new variables: 
k 


Ss) cE ee _ 4 
tok j+1 71>)’ Vs LZ) *2k- i—j-+ (<.4) 
1 1 
In the case under consideration, when one selects the values (1.14) 


for the a, one obtains 


hk 


Sut 
a m 


u 4 uw _- 
m a | rm>2 


which is nonsingular for simple roots Ke leads to differential equations 
for the functions ua Y, which have the Hamiltonian structure 


du,, OK OK 


dt Ou,, 


2K 


We note that if the individual integrals V‘"’ for real variables ci 
n;, are complex numbers, then (for real T., which «ill always be assumed 
to be the case in the sequel) the integral K will take on only real 


values for arbitrary p.. 


We shall give a more explicit form to this integral. Introducing the 
usual notation in the Newton sums 


we obtain 
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The integral K is closely related to the problems on the stability of 
motion [1,2 ]}. If the equations of the first approximation of the per- 
turbed motion have the form of the system (1.3), then one can easily see 
that it is necessary and sufficient, in order to have stability of the 
first approximation, that the integral K be positive-definite (> 9). 
Indeed, since the elementary divisors of the system (1.3) are always re- 
latively prime, stability implies the pure imaginary nature and simpli- 
city of the roots of the characteristic equation (1.4), and, hence, in 
view of (2.8), the positiveness of K. The converse of this statement 
follows directly from the generally known theorem of Liapunov on the 


stability of motion. 


As could be expected, Equations (1.8) for the determination of a. in 
the construction of the integral K lead to some of the algebraic formulas 
of Newton 


k 


. t, k-4 oop ak —i 


r=] 


which must be augmented with the remaining equations 


') 


The conditions for the positive-definiteness of K are equivalent to 
own algebraic conditions [3,4] on the simplicity and pure imaginary 


nature of the roots of Equation (1.4). 
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(Received 8 February 1960) 


We propose to find a new estimate of the characteristic constant of 
Liapunov [1 ]. for the system mentioned in the title when the functions 
on the secondary diagonal of the coefficient matrix are of definite and 
the same sign. 


1, Let the equations of the first approximation of the perturbed 
motion of a dynamical system be given in the form 


dz, 1X 
; ay, (t)2z Iya (2) Ze, leg (ft) Le 
dt au 0°) Sa “ras WO) Se dt 


where a; (t) (i, j = 1, 2) are real, integrable, sectionally continuous 
periodic functions of period w We introduce the notation 


eo sa 

| an (2) a = a, | ans (t)dt 
and, without affecting the generality, we assume that a > B. If a+f> 0, 
the unperturbed motion of the dynamical system for which the equation of 
the first approximation of the perturbed motion has the form (1), is 
stable by a well-known formula of Liapunov. In the sequel we shall assume 
that a + 8 < 0, which, in view of the fact that a —- 88> 0, can be written 
in the form 


a 
Making the change of variables 
xy x exp \ ayy (t,) dts, 2 y exp \ ge (ty) 


. 
0 
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we transform the system (1) to the form 


d VY 


rT q(t) 


t 
aa (t) exp J [a2 (¢2) ty (ty 1} dt, 


t 


q (t) aaa (t) exp \ [443 (43) gq (ty) 1] dt; 


The characteristic equation for the system (3) has the form 


(4 =sp X(o) X (0) =), 


where X(t) is the matrix of the system (3). The characteristic constant 


A, in the sense of Liapunov [1 BD can be represented by a converging 


power series 
1, r 1. 


The formulas for the coefficients A, were derived® in | 2). 


where 


By means of an orthogonal transformation with periodic coefficients 


(see [3 )) one can reduce the system (1) to a form in which the functions 


@;> and ay, (and hence the functions r and gq) are of a definite sign. 


In [4 ], the functions r and q were assumed to be of definite but 


opposite signs. 


always assume that r and g are of definite 


2. From here on we shall 
t<@, because other- 


sign on |0, w] (furthermore, r(t)¢(t) # 0 for 0 


wise the system (3) can be integrated over intervals). 


constant A stood fo 
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In this case it follows from (5) that A, > , » 2, coe) Rd the 
series (4) is positive-definite. 


In [2] it was shown that if a + 8 <0, the unperturbed motion of the 
dynamical systemk for which the equation of the first approximation has 
the form (1), is unstable if |A| > (e~% + ef /2. Since A > Ay here, it 

2 


is sufficient to require for instability that Ay > (e ~ )/2, which 
in view of the first formula of (5) can be written in 


(1 e *) (1 


Recalling (2) we conclude that if a > 0 then the last inequality is 
satisfied. Hence, we have proved the following theoren. 


Theorera. Suppose that in the equations of the first approximation of 
the perturbed motion (1) the functions @19 and @,, are of definite sign 
(i.e. retaining the same sign, they may become zero but in such a way 
that their product does not vanish identically on (0, w) and is of one 


sign). If, furthermore, the mean value of one of the functions a ora 


ll 22 


is non-negative, then the unperturbed motion is unstable. 
Consequence. If in the equation 


s(t)2+ pit)z isit 


the periodic coefficient p(t) is non-positive for all values of 
¢t(0< t<q@), then the trivial solution of Equation is unstable 
irrespective of the behavior of the second periodic efficient s(t 


For the proof it is sufficient to write Equation (f in the form of 


the system 


a2 az 


alt at 
and to apply the established theorem. 


3. The case that remains to be considered is the 
In this case the undisturbed motion will be stable 


and it will be unstable if the inequality sign is re 


In [2 ] there were proved certain inequalities whi can be written 


for the terms of the series (4) in the following way 


1. : 1; 


4. Because of the first of the inequalities (8) wit 
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we have that 


1, < 


Hence, we find 


Under the condition that 


1 
e”) mam Ay in 


the inequality (1: will hold, and, hence, the unperturbed motion will be 


stable. 


5. Let us now apply to the above estimates the second inequality of 


(8) 


1;*, 
; 1 


We thus obtain 


function of an imaginary argument. 


1,(2) 


then the unperturbed motion is stable.** The inequality (10) is prefer- 
able over (9) when a = 6 < In 4, 


In the last formula on p. 136 of [2 ] the denominator of the loga- 
rithmic term should be dropped. 


In Equation (11.5) of [2] the right-hand side should be written in 


the form 


and the index of the exponent of the left-hand side in the forma -— ff. 
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If we begin the estimates of the terms of the series (4) with A,, 
find that if either one of the following inequalities 


holds then the undisturbed motion is stable. 


6. In [4] there was proved an inequality which for the terms of the 
series (4) can be written in the form 


If we set n 1, 2, 3 we obtain, respectively 


Ay _ 1 As » As 1g 
i; 2 Ae’ As = 3 A,’ As 


Making use of the products of the last inequalities, we obtain the 
result for the sum of the series (4): 


(14) 


The sum of the series within the brackets is less than A/3, and hence 
we have 
1 A; 
=» 


If A, > 3 Ao. then the last inequality is obviously valid. If, however, 
3 Ay , then 
Ae? ; 1, 1, ’ 
|Ag— 2A; 
and under the condition 


] 1; lo 
3A 1; 


the unperturbed motion is stable. 


Let us now select from the right-hand side of the inequality (14) all 


terms up to and including A, 
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We thus obtain 


1; \ 3 
i<, ! - 
A Ao / A ) F (16) 


which, obviously, will be true i > . ‘ then, under the 


condition that 


we 1, 1, 
tAy Aly 


the unperturbed motion is stable. 
7. In regard to the sufficient conditions for instability, it can be 


said that they can be found more simply. Indeed, A > A, and, there- 


on R 
m4 oe” Dime 


fa R 
fore, if Ay + A, > ¢ *+ @e” )/2 we have also that A 


Hence, if the inequality 


Ay ; 1) (4 


is valid, then the unperturbed motion is unstable. 


Starting with the inequality A > Ay + Ay + A, we find that if 


(4 — ¢ ) - Ay 
then the unperturbed motion is unstable. 


It is now obvious how one can obtain other sufficient conditions for 


stability or instability by the indicated method, 
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In the solution of certain problems of elasticity theory dealing with 
axially symmetric deformations of bodies of revolution, use is made of 
analytic functions of a complex variable. One utilizes Weber’s [1 ] idea 
on the transformation of Airy’s function into the stress function of an 


axially symmetrically-stressed body of revolution. 


1, In case the deformation is symmetric with respect to the y-axis, 
the components of stress and of the elastic displacement in terms of 
cylindrical coordinates r, 6, y, are expressed, as is well known, by the 


following formulas: 


oyor 


Here v is Poisson’s ratio, E£E is Young’s modulus and uw is the radial 


displacement. 


The function d(r, y) satisfies the biharmonic equation 


Let us introduce the operations So and S, by setting 


@ (A, y) aAJ9 (aA) cos a2 rid) 


. y) aAJ; (aA) sin artd? w, (rl y) 
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Here Jp t) is a Bessel function of the first kind. 


Let us find the operations sy" and sx" which are the inverses 


and S). We multiply Equation (1.3) by dt/y 1 _ ‘? 
gration over the interval (—1, 1). We thus obtain 


and carry out an 


1 , 
* wirt, y)at 


V1 t? 


oa 0 


da o (A, y) Jo (ad) Ja (ar) d? y S,-1 (w) 
; 0 


The last step was accomplished with the aid of Hankel’s formula under 
the assumption that the function d(r, y) satisfies, for example, 
Dirichlet’s conditions and that it is continuous in r at the point (r, 
y). In an analogous manner we obtain 


tw, (rt, y 
= di 
y 1 t? 


Setting rt = «, we note 


From this we obtain the equation 


9 
i) 


or? 


This equation (1.5) shows that the operation — 


Laplacian in the plane into the Laplacian in space (in case of axial 
symmetry). The operation 3" accomplishes the inverse transformation, 


transforms the 


Harmonic functions are transformed into harmonic functions, and bi- 
harmonic ones into biharmonic ones by means of these operations. In 
general, So transforms the operator 

\! 


k 


into the operator 
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Let us transform Formulas (1.2) and (1.1) with the aid of the opera- 
tions So and S)- We thus obtain the following formulas: 


/ Arn 


a 
j 


(1.6) 


The function w(x, y) is biharmonic in the xy-plane and can be con- 
sidered as the stress function of some planar state of stress whose con- 
ponents are found by means of the formulas 

an gr 


oy? Or* 


In this notation Formulas (1.6) take on the form 


or in complex notation 


iS, (u)] (1.9) 


Making use of the well-known representation of stresses by means of 
the two analytic functions of Kolosov-Muskhelishvili [ 2 - we obtain 


/ 
iv) [@ z) @D | | zd’ | Ss - [So (v) 


In an analogous manner we find 


Formulas (1.10) and (1.11) make it possible, for a certain class of 
problems, to reduce the solution of axially symmetric problems in elas- 
ticity theory to the solution of auxiliary problems in the planar theory 
of elasticity. One can solve in this manner fundamental problems (the 
problem with given stresses or displacements on the boundary of a region, 
the mixed problem in which the stresses are given on a part of the bound- 
ary and the displacements are given on the rest of the boundary) for the 
half-space, for a thick infinite plate, for space, for an infinite 


cylinder and others. 


Formulas (1.10) and (1.11), or (1.11) and (1.12), can be used for the 
construction of the integral equations of the problem of elasticity 
theory of an arbitrary body of revolution if one knows the conforma] 
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mapping of an axial cross-section of the body on to a half-plane. In this 
case one can determine the form of the functions ®(:2z) and WY(z). For 
example, for the exterior of the paraboloid r? 2(y + 1) they take the 


form 


2 


Here I’ is the parabola «x 2(y + 1) traced out from left to right. 


By satisfying the boundary conditions, we derive the integral equa- 
tions for the determination of the real and imaginary parts of the func- 
tion f(a). 


2. Let us apply the presented results to the solution of the problem 
of an infinite elastic plate situated between the planes y —1 and 
y 1. 
Suppose that on the boundary of the plate we have the known stresses 
1) 


Let us make use of Equation (1.11). The right-hand side of this equa- 
tion is a known function when y = + 1; namely 


~ 
Formula (1.11) thus makes it possible to reduce the problem of a plate 
to the boundary-value problem of the strip | y| < 1 in the xy-plane. 


It is known that a function y(z) which is analytic in the strip 
y| < 1 can be represented in the form y(z) XK, (2) + Xe (2), where 


X, (2) is analytic in the half-plane y< 1, while y.(z) is analytic in 
the half-plane y > —1. 


Formula (1.11) can therefore be represented in 


We note that the solution of the problems on the elastic half-spaces 
y < 1 and y > —1 can be reduced to the solution of the auxiliary problems 
in the half-planes y < 1 and y > 1. But these problems are easily solved. 
We shall seek P, (2) and Wy, (2) in the same form in which they are obtained 
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in the solution of the mentioned auxiliary problems. They will have the 
form 


Substituting ¢, (2) and Wy, (2) into (2.2) and making use of the bound- 
ary conditions (2.1) we obtain the system 


Further developments will be omitted because they would be almost 
exact repetitions of [3 ] in which there were solved problems in the 
theory of elasticity for an infinite strip. With the aid of the found 


p,(¢) and a(S) one finds (2), Wy (2) and S,(o,), 3)(9 ). By in- 


ry 


version one finds o. and T py The remaining components are expressed in 


terms of p, (2) and Wy, (2). 


The problem with given displacements on the boundary of a plate is 
solved by the same procedure. 


The preceding results can be applied to the solution of the mixed 
problem for a plate. This problem can be reduced to the finding of the 
stresses on segments where the displacements are known, One is hereby 
led to a system of singular integral equations with kernels of the Cauchy 
type. 
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A method is presented for the solution of some systems of linear differ- 
ential equations with periodic coefficients by the use of the Laplace 
transform. The obtained results are used to find the characteristic ex- 
ponents of the solutions of systems closely related to the given ones. 


A criterion is given for the stability of the solutions of a second- 
order equation with periodic coefficients for the case of resonance. * 


Of the classical methods in the theory of linear differential equa- 
tions with periodic coefficients that are most closely related to the 
present work there must be mentioned the method of Ince [1] (p. 32) for 
the solution of Mathieu’s equation by means of continued fractions (see 
Section 9). 


l. In the sequel, capital letters will be used to denote matrices; F 


will stand for the unit matrix. The matrix A(p) = ||a_ (p)||i* will be 


holomorphic (meromorphic and so on) in the region > if the a, ;(p){s, j 


1, ..., m) are holomorphic (meromorphic and so on) in the region 2. We 
denote the norm of a matrix by 


m max!a;,| (j, 8 »eee, mM), {A (p) pP—sz sup | A (p) 
* The author expresses his gratitude to N.N. Krasovskii whose review of 


the paper contained an important suggestion that was utilized in the 
final version of this article. 
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By the residue of the matrix A(p) at the point p = py shall mean the 
matrix of the residues of the elements and we wil] denote it by resA(p)). 


Let us apply the Laplace transformation [2] to the matrix Y(t)(t > 0). 
This means that we apply the Laplace transformation to each element of 
the matrix Y(t)(t > 0). The correspondence between the original Y(t) and 
the image F(p) extended by means of analytic continuation over the entire 
region of existence, will be denoted by 


(1.2) 


Many properties of the Laplace transform can be carried over to 
matrices. We note that if R is a constant m x m matrix with character- 
istic numbers Pys sees Pa, then 


(1.3) 
The matrix (pE - R)~' can have poles at the points Py, «++, P, only. 


2. In Sections 2 and 3 we consider the general form and some proper- 


ties of the Laplace transform of the solutions of a homogeneous and of a 
nonhomogeneous system of linear differential equations with periodic 
coefficients. 


Let us consider the homogeneous system of differential equations with 
periodic coefficients of the form 


< A(t)Y =0 (A(t) =Jag™, A(t + 2x) = A (0) 

c 

where the matrix A(t) is a complex function of bounded variation on [0, 
27]. The fundamental matrix N(t) of the solutions of the system (2.1) is 
representable in the form[3] (p.90) 


N (t) P (t) e® (Pp (t) >) P,ei* } 
k ‘ 


Here R, P, are constant mx m matrices. The characteristic numbers 
P,, «++, P, of the matrix R are the characteristic exponents of the solu 
tions of the system (2.1). 


If N(t)<—F(p), then (1.3) yields 
F(p)= >) Px (Ep— R — ike)" 2.3) 
k 00 


Since the order of |P,| is not higher than k? [4], the series (2.3) 
converges. Hence we have the following result. 
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Lemma 2.1. The image (Laplace transform) of the fundamental matrix of 
the solution of the system (2.1) of linear differential equations with 
periodic coefficients is analytically extendible over the entire plane 
of the complex variable p, and is a meromorphic matrix p whose poles can 
be only at the points 


Psk Ps — ki (s 


where the p.(s = 1, ..., m) are the characteristic exponents of the 
solutions of system (2.1), Denoting by > the entire plane of the complex 
variable p except for the regions |p — p,,| <« (« 0), we obtain 


\F(p)|+0 as p> cowithpes, 


Note 2.1. Let the poles of the matrix F(p) lie in the left half- 
plane, or if they lie on the axis Re p= 0, then let them be of the first 
order. Under these conditions the solutions of the system (2.1) are stable. 
In the opposite case, they are unstable. This follows from the relations 
(2.2) and (2.3). 


3. Let us find the particular solution of the nonhomogeneous linear 
differential equation 


dY 
ai 


A(t) Y ® (2) (3.1) 


The left-hand side of the system (3.1) coincides with that of (2.1). 
Let us suppose that 


®D () = Q (Pp) 
It is assumed that the image Q(p) exists and is holomrphic when 


Re p> = 6, = const. In our particular case we assume that 


A A 
D (t) > Ctr mi* Q (p) >; Cyl ; (3.3) 
j=1 j=1 
where C. are constant matrices, v; 18 a negative integer, @; 1s a com- 
plex number. We have [3] (p, 86) 


Y (2) \N (t) N™* (x) @ (x) dt 


The matrix N'(r) can be represented in the fom 


> Me 


ny 


Substituting (3.5) and (2.2) into (3.4), we obtair 
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P_,s, exp {((t —t)(R+-ikE)} M_,@(t)dt (3.6) 


By the use of the theorem on multiplication and translation [ 2 ] 


(p. 474), we obtain on the basis of 3.2 the following result. 


Y (t)<- Dy B, (p) Q(p + ri) (3.7) 


where 


B, (p) >) Py (Ep — R — ikE)-' M_, (3.8) 


Lemma 3.1. The matrices B (p) can be extended over the entire plane 
of the complex variable p and are meromorphic matrices of p. Their poles 
can occur only at the points p,, (2.4). In the region 


5 
Le (| Pp — Par 
we have 


B, (p) O(r-") (r — +00), B, (p)| > when p=, 


po 


For the proof of this lemma it is sufficient to note that | M 


k 
0(k-?), 


Note 3.41. Let us consider the equations in the B.(p) with Q(p) from 
(3. 2) 


5! B. (p) Q (p | i (3.9) 


- 


where the matrices B (p) are bounded and holomorphic when |Re p| > 6, = 
const. Let us substitute Q(p) in this equation in the particular case 


when 


Q (p) = E (p — po)? > Ete™, 7: (3.10) 


Since the series (3.9) converges when p Po ~ rhs B (Po — rt) 0. 
Because of the arbitrariness of Po and of the holomorphness of B(p) we 
have B(p) = 0. Hence, the image of Y(t) in the form (3.7) (where the 


B.(p) are bounded and holomorphic when | Re p| > b, const) is unique. 


Lemma 3.2. If ®t) has the form (3.3), then the image (3.7) of Y(t) 
can be extended over the entire plane of the complex variable and it is 
a meromorphic matrix whose poles can occur only at the points p,, (2.4) 
and at the points 
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W ik ®; ki 


In the region 


Le (| P — Poe 28, | P — jn 
(e = (i, ,m;] i, ,A; &=0, +1, 


the series (3.7) converges absolutely and uniformly and 


F (Pp) | —+ Q when p~« and péxd 


The proof follows from Lemmas 2.1 and 3. 2. 


4. Let us consider the system of linear differential equations of the 


particular form 


ett], (d) Y (t) @ (2) 
where the L {d) are linear differential operators 


n 


L, (d) 


The Re are constant mx m matrices. Let us suppose that 
Aon EB. > | Agn 
~1 


qo 


1 


For the sake of simplicity we assume that / is finite. If l = ~, 
is sufficient to require that the following conditions be satisfied: 


We are looking for a solution of the system (1.1) with the initial 


condi tions 


Applying the Laplace transformation to the system (4.1) with ¢ > 0, 


we obtain a system of linear difference equations for the image F\(p) of 
the solution of the system (4.1) with the initial conditions (45) 


l 
’ 


— 
q I 


L, (p + qi) F (p + qi) Q (p) >; ' qi) (4.6) 


where 
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1'q (P) 


h 


Let us introduce the notation 


§2 (p) Ly (Pp) V (Pp) ; >; Yq (p 


Lo! (p) Le (p + Qi), t (p) 


(4.8), (4.2) and (4.9) it follows that 
Q (p) > when Rep . ,(p)- Aon when p—--x (q 


The system (4.6) of difference equations takes on the form 


F (Pp) $2 (p) 4 >; K, (p) F (p qt) 
“eee 
Suppose F(p) is a solution of the system (4,11) when 2(p) 
suppose that this solution is bounded and holomorphic when Fe p > by = 
const. From (4,10) and (4.3) it follows that there exists such a number 
b, > 6) that sup r(p) < 1 when Re p> bj. 


Let | F(p)| ,. p>b a(0 < a < «), Then it follows from (4.11) that 


l 
| F(p)| a, i.e. F(p) = 0, 


Re Pm b, ; 


The existence of a bounded solution F(p) of the system of equations 


(4.1) when 2(p) #4 0 follows from Lemmas 2.1 and 3. 2. 
We have thus proved the following lemma. 


Lemma 4.1. If F(p) —» Y(t)(t > 0), where Y(t) is the solution of the 
system (4.1) with the initial conditions (4,5), then F(p) satisfies the 
system of linear difference equations (4.6), (4.11), which has a unique 
holomorphic solution bounded when Re p > by, where 6, is large enough. 


Note 4.1. Many systems of linear differential equations with 
isolated regular and nonregular singular points can be reduced [5,6] to 
the form (4.1) by means of a change of the independent variable. 


We give a few particular cases of finding the original from the image, 


and of the construction of the representation. 
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5. In the particular case, when ®t) has the form (3.3), it can be 
shown that 


Y (—d)¢< 4 , <- F (p) (t > 0) 


From this it follows that 


Y¥(t)=-tv.p. | etF(p)dp+scv.p. | etF(p)dp (5.4) 


where 6, is sufficiently large. From Lemmas 2.1 and 3.2, we obtain 


Y(t)=v p.») res F (p;) ei" (9.2) 


se 


J 


where the summation is carried out over the poles of the matrix F(p). 

For finite | in (4.1), the series (5.2) converges in some strip along the 
real axis t. If in (4,2) the matrices A, = O(q = +1, ..., t 1), then 
the series (5.2) converges absolutely and uniformly in an arbitrary 


finite region of the complex variable t. 


Let us consider the characteristic equation of the system (4.1) aver- 
aged with respect to time, 


Det Le (p) 0 (5.3) 


Here, and in the sequel, we denote byp,, ... ax n the roots of the 
equations 


Pik = Pj pene MXM, . +4, +2...) (5.4) 


(a) When Lp) = 0 (q=t1,..., +t D), we have a system of linear 
differential equations with constant coefficients. Such equations are 
usually solved by the use of the Laplace transform. 


(b) Let L (p) = 0 (q=- 1, ..., = 1). In this case one can find the 
needed solution of the system of linear difference equations by the 
method of successive approximations from the recursion formulas 


F; (p) = Q (p) 


so that F s(p) —» F(p) as j —» «, where F(p) is a meromorphic matrix and 
its poles can occur only at the points P ik (5.4) and aT (3.11) for 
negative values of k. 


In the given case this method is similar to the method of Frobenius 
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for the solution of a system of linear equations of the Fuchsian type 
with a regular singular point [3]. 


6. The sections 6 and 7 are the most essential ones in this wrk. In 
them we study the properties of some auxiliary matrix functions. These 
functions are then used for the construction of the analytic continuation 
of the solution of the system of linear difference equations (4. 11). 


Let ro, Tyr «+> ..+, Rk, be integers. We introduce the 


matrix functions 


) ¥ , . , 
>) Kaka: Ko, 
o=1 qi---Qg 


- Kg, (p + (ko + q1) i), 


(othe wth. pggebhed (6.1) 


Here the superscript prime (“) at the summation symbol indicates that 


one takes only those terms whose indices q,, ..., satisfy the addi- 


q 
0 
tional conditions 


i ailinale: ro 
’ ka} i] {ko T ’ ko Qy+ + *y ko 
{r,,---+,7p} C {Ko + Gi, Ko + 91 + Gar -- +> ko + 91 + 92 


Here, and in the sequel the following notations are used: |...} indi- 
cates a set; |!) denotes the intersection of sets; C is the inclusion 


sign for sets; A is the empty set, [null set]; K (p) is the matrix in 


(4,9). 


If for an arbitrary o > 0 there does not exist a set of indices 
qq; -+1,..., +1, j = 1, ..., o) such that the conditions (a), (6), 
(c) are simultaneously satisfied, then we set 


5 (p) = 0 (6.2) 


Let us consider a finite closed region = of the complex plane p. We 
take notice of those values of k for which the points p,, (5.4) lie in 


the region >, and we denote these values of k by k,, cosy Res 


Lemma 6.1. If kpc ik,, ..., k,} then for sufficiently small | aj" 
l@e2 hwo, 2 Lie .++, m) the series (6.1) converges 
absolutely in the region = to a regular matrix with an arbitrarily small 
no rm. 
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Proof. Let us denote by x the sup r(p'+ ki) with k # ky, ..., kh 
p=. From (4.9) it follows that if the |A | (q=71,..., +1, 
j=0, 1, ..., nm) are sufficiently small, then the r(p) (and with it y) 
will be as small as we please when |p - p ;| > ele > 0, J eee, Mx rn). 


a 


Since 


(41 
where 


= Ky, (p + koi), & K,, (p (ko gi) t),... 
Ka, (p + (ko + 4 oo + H G—;) t) 


the norms of the terms of the series (6.1) will be dominated by the terms 
of a geometric series. The matrices K (p + ki) are regular in the region 

with ek # ki, «-+, ky. Therefore, the series (6.1) converges when x < l 

to a regular matrix whose nom is arbitrarily small for small enough 


values of y. 


Note 6.1. Since if follows from (4.9), (4.3) and (4.4) that 


! 

} 
lim t (p) = >) 
poco . 1 


q+0 


we have (for Re p > 6b, where 6 is large enough) that the series (6.1) 
converges absolutely to a regular bounded matrix. Furthermore, we assume 
that the matrices S, determined by (6.1), are continued analytically from 
the region Re p > 6 over the entire region of their existence. 


Note 6.2. Let > be bounded region of the complex plane p. From (6.3) 
it follows that there exist integers ky < ky such that the series (6.1) 
for the matrix 


ky (P) when ko = [Ay, he 


converges if p= Bea 

Note 6.3. If in the lemma 5, ky S(k), ose» ha), then the series 
(6.1) will have terms containing the factors K (p+ k,i) (4.9) which can 
have poles in the region >. If one wants to eliminate these singularities 
it is sufficient to multiply the series (6.1) on the left by Lo(p + kyt). 


From this it follows that the matrix 
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Peo Pas Tp , 
Lo (p j koi) Sy. ie cecil (p) when Pé > 


is regular and arbitrarily small in norm for small enough | Agjl (q = 1, 


t 
so 2h ge 4, ces and the series (6.1) converges when p © > 


but pA p; — kgi (j = econ OX B)- 


7. At the beginning of this section, we give a geometric interpreta- 
tion of the matrix functions S(p) defined by (6.1). This interpretation 
is convenient for the study of the properties of the matrix functions. 


Let us consider the first quadrant of rectangular coordinates (Fig. 1). 
To every diagonal (straight line y = x + k, where k is an integer) there 
corresponds the argument p + ki indicated at the upper right corner. In 
Fig. 1 we construct the broken lines which consist of the vertical and 
horizontal segments whose lengths are integers not greater than the 
number 1. 


The beginning of a broken line is a 
point on either the x-axis or the y-axis 
with integer coordinates. We place at 
this point the initial point of the first 
segment in such a way that the segment is 
directed either vertically upward or 
horizontally to the right, and so on. 


The broken lines may consist of one, 
two or more vertical and horizontal seg- 


ments. 








We consider two broken lines to be 





distinct if they do not coincide along 
all of their segments. If the beginning 
of the first segment lies on the diagonal 
i, then we shall say that the broken line begins on the diagonal 
; if the end of the last segment of a given broken line lies on 
the diagonal p + Roi, then this broken line is said to terminate, or end 


on the diagonal p + rpi. 


0 


Suppose that a given broken line consists of o > 1 segments. If at 
least one of the ends of the segments l, ..., o — 1 lies on the diagonal 
p + si then we shall say that the given broken line intersects the 
diagonal p + si; in the opposite case we shall say that this broken line 
intersect this diagonal. 


We associate with each of the described broken lines an expression. 
This expression shall be the product of the matrices K op + st). To every 
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Property 7.1. Let s be an integer. Then 


S (p) 


‘J 


1° (Pp) 


Property 7.2. If some of the number ky, ion ea one Tyo see, Pe are 


equal, then S(p) = 0 because it is impossible to satisfy simultaneously 
conditions c and d of Section 7 (or conditions 6 and c of Section 6). 


Property 7.3. Let ky # ro. Let us lay off on the real axis the numbers 
Ro, Ry, «+++ Raroe If between ky and ro there will lie at the integer 
points not less than | numbers of the numbers ky, or k (a > 1), then 
condition (6.2) is satisfied. 


Property 7.4. Let s be an integer and s (k,, 


then 


iB (P) = Sy." 5? (Pd 


For the proof we take from the series standing on the left-hand side 
of Equation (7.2) an arbitrary term, that is, a matrix product 


K,, (p + koi) Kg, (p (ko + qi) i)... Kg. (p + (ko q2 ~ + de) 0) 


For a given ky, this term will be completely determined by the indices 
Gye very Io; S Be soon 2. 5 l, .«., @). We separate the set of 
different sequences of the indices q,, ..., 4, satisfying conditions (a), 
(b), (c) and (d) into two nonover|apping groups. (The terms of the series 
(6.1) are hereby also separated into tw nonoverlapping groups.) The 
sequence of indices q,, .--, 9, 18 put into the first group if 


{ko qi, ho 
and into the second group, 
{ kro qi, h 
Conversely, from the conditions (a), (b), (c), (6. it follows that 


every term of the series on the right-hand side of (7.2) is also contained 


in the series of the left-hand side of (7,2). 


In the geometric notation this property implie I all admssilt le 
broken lines are divided into two classes: those which intersect the 


diagonal p + si, and those which do not intersect 1 


Property 7.5. From the definitions given in Sections ( and 7 it 
follows that 
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jth segment there corresponds a particular factor K (p+ s.i)(j=1,...,o). 
Here |q| is equal to the length of the segment (q = + 1, ..., + 1). If 
the segment is directed upward, q > 0; if it is directed to the right, 

q < 0. The number p + s.i is the argument of the diagonal on which the 

jth segment of the given broken line begins. The order of succession of 
the segment determines the order of the factors which are multiplied 


from the right. 


We call attention to the fact that a given factor corresponds to 
different segments in Fig. 1, which differ only in a translation parallel 
to the bisector of the principal angle. 


Example 1. To the broken lines of Fig. 1 there correspond the follow- 


Lng expressions 
Ky (p) K.1 (p 4 i) Ke (p), K_>2 (p) Ki (p 2i) Ki (p — i) K-1 (p) 


Definition 7.1. Let k k k 


0? l? allied 2? ro: 
select the broken lines satisfying the conditions: 


ri, «++» Pg be integers. We 


(a) The beginning of the broken lines is on the diagonal p 


(b) The end of the broken line is on the diagonal p + rot. 


(c) The broken lines do not intersect the diagonals p + k)t, 
p+ Rot, «-+, p+ kit. 


(d) Each broken line intersects the diagonals p + r,t, 


p+r wee, P+ Pal. 


The sum of the expressions that correspond to all possible distinct 
broken lines satisfying the conditions (a), (b), (c), and (d) we denote 
by 


Pan F 


Deas kis oo Kq (P) = 5 (p) 
This definition agrees with the earlier given one (6, 1). 


From the condition (d) it follows that o (the number of segments 
making up an admissible broken line) cannot be smaller than 8+ 1if 


1p «ees Pg are distinct. 


On the basis of our geometric interpretation, let us consider the pro- 
perties of the introduced matrix functions when Re p > 6, where 6 1s 
large enough. Since the series of the type (6.1) are absolutely convergent 
when Re p > b (Note 6.1), one may change the order of summation and re- 
arrange the terms of the series. Because of the uniqueness of the analytic 
continuation of a function, the properties listed below will apply also 
to the analytically extended matrices. 
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The superscript prime (’) indicates that we have omitted the terms 
which do not satisfy the additional conditions 


In the last sum there stands out one tem which corresponds to the 
single segment of length |r — ko : 


Property 7.6. In analogy with property 7.5 we may write 


One may also write down relations analogous to (7 
case 6 # VU, 


Property 7.7. Ifr, # ky, ..., ka, then 


Ka (P) = Si ha cons hq rs (P)S | (7. 


Proof. We denote by q\ neon a and 9)» .-+, @.", the indices 


4 


which determine the terms (see property 7.4) in the first and second 
series on the right-hand side of (7.5). From the definition (6.1) it 
follows that the following conditions are satisfied 


From this it follows that the sequence of indices 


9 ecco, €” a satisfies the conditions 


that is, the product of two arbitrary tems in the series on the right 
of (5.7) enters also into the left side of (7.5). Conversely, from (6. 


5) 


1) 
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it follows that every sequence of indices q,, ..., 9,, which determines 
a term on the left side of (7.5), can be broken up in a unique manner 


into groups 


” 


c) 


so that gq,” and q.” satisfy the conditions (7.6). From this it follows 
that an arbitrary term of the left side of (7.5) can be uniquely repre- 
sented as the product of two terms which enter respectively into the 
first and second factors of the right side of (7.5). 


The property 7.7 is thus established. In the geometric interpretation 
this property follows from the fact that each admissible broken line must 
intersect the diagonal p + r,t at least once. The part of the broken line 


which precedes the first intersection with the diagonal p + r,t corre- 
sponds to the first factor in (7.5). The essential role is pl ayed by the 
circumstance that the translation of the broken line parallel to the 
bisector of the principal angle does not affect the form of the expression 
corresponding to the given broken line. Analogously, by separating the 
broken line into parts preceding and following the intersection of this 


line with the diagonal p+ r,t, we obtain 


x, (Pp); on (P) 


ifr, # k,, 


Proper ty t,- From the properties 7.6 and 7.7 


we obtain 
ke (P) + Sk, k, (P) 
k, (P))o (Pp) 
Property 7.9. — . In analogy with property 
have 
r\P) _(P) 
(p)) 


Property 7.10. ) : . From the properties te 


and 7.7 we obtain 


Hence, 
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k_, then in analogy with Formula (7.10) we obtain 


(p) = (E — Ski, x, (p))" (7.11) 


Lemma 7.1. Let & be a bounded region of the complex plane. The pro- 
perties 7.1 to 7.10 make it possible to continue analytically the matrix 
function —— (p) in 2, that is, to express the given matrix 
function by means of a fimite number of operations in terms of other 
matrix functions for which the series (6.1) converges in the region 2. 


Proof. From Notes 6.2 and 6.3 it follows that it is sufficient 


, \p) in terms of matrix functions with an addi- 
a 


<¢ Or 
to express ~~ eee, 
tional subscript y(y # ky, a pak k). Let us consider the possible cases. 


(A). Let y ky 4 ki, from the properties 7.8 and 7.10 we 


obt ain 


k,. ke (P)) “O .. k& AP) 
(B). Let y = 200 ; from the properties 7.9 and 7 
follows that 


r(pyU kr (py? 


‘Ar, ko, ye tee ai from the properties 7.9, 7.10, and 


it follows that 


(p)(/ 
so that 
, \P) (7.15) 
In each case it was possible to express ite, a in terms of 


matrix functions with an additional subscript y. 


8. Lemma 8.1. A solution of the difference equations (411) is given 


by the series 


So” (p) Q(p +- ri) 


Proof. Let us substitute the series (8.1) into Equation (4.11) 
and equate the coefficients of 02(p + rit). We obtain 
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(8.2) 


Sy (Pp) . ya : . I b, Kg (p) (r= 0) (8.3) 


From the property 7.1 we have 


Sq(P), Sy ‘(p T qt) 7 Sq’ (p) (r =0) (8.4) 


and Equations (8.2) and (8.3) are satisfied identically on the basis 
of property 7.5. 


The series, which determine Sj(p), diverge, as a rule, in the neigh- 
borhood of the points p,, (5.4). Making use of Lenma 7.1 one can ana- 
lytically continue the series (8.1) over the region of interest, and thus 
study the behavior of the function. From the properties 7.1 to 7.10 we 
obtain 


So(p) = (E — Sho (p))~ So.0 (Pp) (8.5) 


Si(p) = Sir (p) (E —S8.0(p + ri) 


Making the appropriate substitutions in (8,1) we have 


F (p) = (E — Soo (p))“*| Q(p) + Dd Si.0 (p)Q (p 4 ri) | 


T 


\re0 


St. (p))!Q(p)+ > So (p)(E—Sro(p + ri) Q(p 4 


r+0 


Definition 8.1. Solutions of the system of linear difference equations 
(4.11) of the form (8.1), (8.7) and (8.8) we shall call solutions of the 
first, second or third fom respectively. 


In the particular case when ®(t) has the form (3.3), the locations of 
the points Os (3.11) are known and, hence, one can compute the particular 
solution of the system of equations (4,1) by the use of Formula (5. 2) 


without knowing the solution of the homogeneous system of equations (4. 1). 


9. Let us consider the determination of the characteristic exponents 
of the solution of a system close to the stationary system of equations 


(4,1). 


From (4.8) and Note 3.1 it follows that 
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B, (p) = (E — So(p)) Lo" (p), Be (p)= Sh (p) Lo* & ri), -4 (9.1) 


For the computation of the characteristic exponents P., it is suffi- 
cient to find the poles of the matrix B (p). Let us consider the matrix 
By(p). 


Lemma 9.1. The roots of the equation 


Det (Le (p) Le (p) S° o (p)) 
are the characteristic exponents of the solutions of the system of linear 
differential equations (4, 1). 


The proof follows from Formula (9.1), Lemma 3.1 and from the fact 
that 


(E + So (p)) Lo" (p) (L, (p) — Ly (p) So.o (p))™ 


Let us consider the case when the Aa j'9 
., n— 1) contain a small parameter yp, 


uB,. (q 


where the B are constant mx n matrices, while the 4,9 ; 


n— 1) are matrices and continuous functions of p. The characteristic 


exponents p., (2.4) depend on y (we shall write p.,(u)). One can select 


mx n characteristic exponents (we shall denote them by p,(y)) such that 
p (0) p(s lL ..., mx n) [see (5.3) ]. Let us list some know pro- 


’ 


perties of the P Au ). 
Property 9.1. The exponents pp) are continuous functions of pz. 
Property 9.2. According to Liouville’s theorem 


mxrxn 


> P, () 
Property 9.3. If 


Im Ag, 


2) A ‘ (g 


then the p.(yz) are distributed symmetrically relative to the axis 
lm p = 0. 


Property 9.4. In canonical systems of linear differential equations 
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the p Ap) are distributed symmetrically relative to the axis Re p = 0. 


Let p, be some characteristic exponent of the solutions of the system 
(4,1) under the hypothesis (9.4) with p = 0. 


We consider the sequence 


Det Lo (Pp, 7 ki) u . 2 , +1, +2,. (9.5) 


The difficulty of finding p.(u) close to p, depends on the number of 
vanishing terms of the sequence (9,5). 


1. Suppose in the sequence (9.5) only one tem is zero (vanishes) 
when k = 0, Then the series for L, (p S9 9(P) converges for snall enough 
p in the region |p—p.| <e (e > 0) and for an arbitrarily small nom 
(Lemma 6.1; Note 6.3). Since the broken lines that correspond to the 
term in Sp. o(P) deviate from the diagonal p and return again to it, we 
have 


0 


Lo (p) So. o (Pp) ft © (9.6) 


According to a theorem of Pouche, the number of roots of (9,2) that 
are near to Py when mn is smal] enough, is equal to the multiplicity of 
the root p, of Equation (5.3). 


Consequence. Let p,, «++, Pp, , be the roots of Equation (5.3) 
and let 


then p,(u), ..-, p,m) are roots of Equation (3.2) for small enough 
9 


u. If p, # P;- ki (R= 0, +1, t+ 2, ..., j ., mn), then p,(p) 


9 
p, +u°()..., that is, the characteristic exponent p,(u) is (to within 


the accuracy of small orders of ») a characteristic exponent of the 


system (4,1) averaged with respect to time. 


2. Suppose that in the sequence (9.5), there vanish two terms and we 
have Equations (7.14) with k = 0 andk = —y (y > 0). From Lemma 7.1 
and Equation (7.14) it follows that 

(p) — Lo (p) Soo (p) = Lo (p) — Lo (p) So, (p) 
Lo(p) So.o. + (p) (Le (p 
Lo (p ¥ ) (p)) ‘le G = P (pP) 


From Note 6.3 it follows that for small enough values of w ande, the 
series of the type (6.1) on the right side of (9.8) converge when 
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|p — p,| <«. In more complicated cases, when in the sequence (9.5) the 
zeros occur for three or more different values of k, one can apply Lemma 
7.1. From Note 6.2 and Lemma 7.1 it follows that for the finding of 

the characteristic exponents of solutions one can use Lemma 9.1 also 
for finite matrices A eo 2A cece, 24, J oD, oco, BF CORD 
out proof we remark that Equation (9.2) constructed for Mathieu’s equa- 
tion [1] can be transformed with the aid of Lemma 7.1 into a continued 
fraction. This fraction will converge on the entire complex plane p, 
and coincides with the equation for the characteristic exponents ob- 
tained by the method of Ince in the form of a continued fraction [1 ] 
(p. 32). 


Example 2. Let us consider the system of linear differential equations 
with periodic coefficients 


u Bt) Y 


Let Pir sees Py be the roots of the characteristic equation (averaged 
with respect to time t) of the system (9.9) with p { 


Det (Ep A) 0 


Suppose that ifp < Lp), eees P,! the following conditions are satis- 
> 
fied 


We have 


Equation (9.2) takes on the form 


ub, Sy’ e 


The roots of this transcendental equation which are near p , for small 
> 
values of pw, will be characteristic exponents of the solutions of the 


system (9.9). 
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10. We shall give criteria for the stability of the solutions of a 
second-order equation, with real periodic coefficients, of the form 


d?1 adi v2 
Pt pig) —e + (4 @(t))1 (10.1) 


di* al ‘ 


where y # 0 is an integer, 


Im? 


Im ¢ 


Let p, and p, be the characteristic exponents of the solution. Then it 
1s necessary for stability that the following conditions be satisfied 


Re (pi + p: (10.3) 


In the considered case we have by (4, 2) 
Le (p) = p? + rop 


Let us introduce the notation 


ai (p) = Lo (p) — Lo (p) Soo» (p), bi (p) = Lo (p) So (p) 


az (p) = Lo (p — yi) Lo (p — yi) So.o.~ (Pp yi) (10.5) 
bz (p) = Lo (p — yi) Soo, (Pp — Yi) 


Multiplying the expressions (9.2) and (9.8) by a,(p) we obtain 


ai (p) az (p) — by (p) be (p) 0 (10.6) 
Let p = iy/2+ iz, Retaining only the linear terms of the expansion 
(10.5) in powers of z, rp» I,» we obtain 


(10.7) 


From (10.7) it follows that Equation (10.6) indeed has two roots 
z,, Z, near to zero for small values of q, and r,. If bi (po. )b, (po) # 0, 
where Py is a root of Equation (10.6) near iy/2, then a,(p,) # 0 and the 
passage from (9.2) to (10.6) is: valid. 
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Because of the property 9.1, the roots of Equation (10.6) which are 
near to ty/2 will be characteristic exponents of the solutions (to with- 
in a precision of ki) of Equation (10.1). 


Because the coefficients of Equation (10.1) are real, we have the 
following relations on the boundary of the region of instability where 
at least one of the characteristic exponents is equal to ty/2: 


a, (+) - a (+), 9 = Dg| J (10.8) 


Equation (10.6) takes on the form 


|a, (+ yy by ( 


“I 2 
‘ 


» 


9 2 VU for Po ) T (10.9) 
If ro is increased, we find that a, > 0, and vice versa. From this 
follows the next lemma. 


Lemma 10.1. For small enough c,, c,, ro, and gy the equation of the 
boundary of the yth region of instability, with r, > 0, will be 
Equation (10.9), a, = 0. If r,> 0, and a, > 0, we have stability, while 
for r, > 0, a, < 0, we have instability for the solutions of Equation 
(10.1). In case r, = 9, a, = 0, we have p, = p, = ty/2 (mod i), and the 
question on the stability cannot be answered without some auxiliary in- 
vestigation. 


The criterion is convenient to use in the selection of the parameters. 
From Lemma (10.1) it follows that the quantity | a,(yi/2)| serves to 
stabilize, while the quantity | 6,(y1/2)| serves to unstabilize the system 
described by Equation (10.1). Equation (10.9) is applicable also for 


large values of r,, g,. In these cases it is sufficient to apply Lemma 
7.1 to (10.5). 


In the testing for stability it is necessary to ensure that the 
characteristic exponents do not take on the values + (y + 1)i/2. 


We have the following relations which are exact to within infimtes- 
imals of the second order in g, and r,: 


(10.10) 
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Example 10.1. (Taken from the work of [7]). Let us find the boundary 
of the region of instability of the solution (when yu? = 4) of the equation 


pt 4, <9 ses ; (10.11) 
dl? dt 


When ue 4, we obtain 


Solving Equation (10. 


(10.12) 


Example 10.2. (From the work [8s ]). Let us consider the equation 


y1 yl 


From (10.10) and (10.9) we find the approximate equation for the first 


and second regions of instability. 
14) 


For this equation the quantities 6, (ty 2) 0 if y is an even number. 


In the plane of the parameters () 5) there are, therefore, no even 


l ’ 
regions of instability which touch the points Y) n*. re) 0, 


ll. Let us consider the system of differential equations of the type 


d*y 
ii? 


ul (6t) — (C + uP (9t))} (11.1) 


where C (w,? *) is a diagonal matrix, @,* 


P (t) ; pe, nz.“ I,™. © (11.2) 


By means of the substitutions @t / » reduce the 


system (11.1) to the fom 
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a*y 


Let A(p) Ay + (...), p(w) (s er 
exponent of the system (11.3). If » = 0, then p ,(0) iwAs, 


2m) be the characteristic 


Pm +68 (0) <a y LW Ag (8 * 
We shall find the p.(m) with a accuracy up to smal! orders of x. 
(0) 


Lo (p) Ep? + pAN™ p + VC + ur? 7 


L, (p) = WA NC@ pP- pA? p' q) (a ( (11.4) 


If for all h¢ j, or y 4 0 fy is an integer) the following conditions 
hold for the given ; 


oO; + Op, - yGo = nr (11.5) 


/ 


then we find on the basis of Section 9 that Pp ;\p) is a root (within the 
required order of accuracy) of the equation 


p* ; Av; ;( p ' Mw ;* | A, 22055 (11.6) 


Suppose that the relation (11.5) is not satisfied for the given, and 
only for the given, j, h, y‘j > Ah). Setting Po w A we find that two 
terms, for k = 0 and k = — yly > 0), of the sequence (9.5) will vanish 


(become zero) if p = poi. Let us set 


p ipo + i (11.7) 


in Equations (9.2), (9.8). 


Furthermore, instead of the words ‘the element standing at the inter- 
section of sth row and rth column’ we shall simply write«.. Let us de- 
termine the order with respect to p» of the elements of the matrix (when 


A« Ay O(n), z O(n) ) 


Lo (p Le (p yi) So 


OV (1) 
< (po y) z ’ (11.9) 


Avy,» (po — y) i + pAtn O (uw) 


Then the order of the elements of the matrix which is the inverse of 
(11.8) will be 
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O(1)=O(p-"), es = (sth, rh) 
From (6.1) and (11. 4) we obtain 


Lo (poi + So, 0, ~y (Poi + iz) pAN'” (po — y) i —pa? P™ + u*(...) +... 
Lo (pot i + iz) Sr, o, —y (poi + iz) (11.11) 
= —pAN' “pei — Ts pt 2 mere Cee 


Let us determine the order of the elements of the matrix (9. 8) 
O (p), bes. s=j)s Gr =O) (sr) 


If we multiply both sides of Equation (9.2) by «€,, we obtain, just as 
we did in Section 10, 


[(A® — dg?) w;? + pAgy; poi + pag? — 2poz] [(A* — Ag?) wa? + 


+ pAgvnn (po — y) i + pAg’strn — 2 (po — y) 2] 
7A,” (V5n' ! (Po — y) & - Norn 0) (Ynj‘— Dot + AoTnj— ) (11.12) 


Let us introduce the notation 


: (2m;)~" (2 (A — do) w 5” ; ULAov,;;( wjl 4 Aor ; 5 ) 
= (2 (@; — y§o0))~? (2(.— ho) wo” t LLAov) pi”? (w ; yo) i +- Aor py ®)) (11.13) 


(w; (w ; — y8o0))~? (vjn\? (w; yo) t+ Typ‘ )) (vajf wl ; Mp, ; ") pA," 


Taking into account (11.7), we obtain from (11.12) the values of the 
characteristic exponents which have merged at the point p = ip, when 


yp = 0: 


P1.2 (VU) ipo t ; i (ai + 2 + V (a — a2)* + as ) (mod i) (11.14) 


A necessary condition for the stability of the solutions of the system 


(11.1) is 
Im (a1 + az) Im V (a1 — az)? 4 (11.15) 


The case when the condition (11.5) is violated for several values h 
andy, has to be treated separately. 


Example 11.1. Let us consider the canonical case [ 9, 10 |] of the system 
(11.1) when N(t) = 0, P*(t) P(t): here the asterisk denotes the adjoint 
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matrix 


» 


— ” ° . 2 . ( 
a (<@ 5) (2 (A ho) w* , pon ; ) 


ay = (2 (@; — yO)? (2(4 — Ag) @,? + 


(y) ( 


a3 W; (@; — yU,))™! w?A,? 
@; (@; Yo)) * b*Ae*a Th j 


jh 


From (11.14) it follows that if @; - y9, > O, that is, if @- (w, _ 
@,)/Y, then the characteristic exponents are pure imaginary and distinct; 
namely, we have the case of stability. This follows from the theorem of 
Krein [9,10]. If @; — yO, < 0, that is, if 0) = (w,; + @)/y, then on 
the boundary of the region of instability the characteristic exponents 
must coincide; namely, 


(ai - 


0 
we obtain the equation of the boundary of the region of instability 


[ 10 ] (the formula of Malkin) 


By means of the substitutions A = ar and eo; = y@, Gy» » 


In conclusion, I thank A.I. Lur’e for his help and his attention to 
this work. 
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ON THE STABILITY OF ROTATION OF A TOP WITH 
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In papers [1,2] there was given the formulation and the solution of the 
problem of the stability of relative rotational motion of a symmetrical 
rigid body with a cavity, partially or completely filled with an ideal 
liquid, with respect to parameters, characterizing the motion of the 
rigid body and the projections of the moment of momentum of the liquid. 


In the present paper the problem of the stability of motion of an 
asymmetric heavy rigid body with one point fixed is solved in an 
analogous formulation, The body has a cavity, completely filled with a 
viscous liquid. Using the second method of Liapunov sufficient condi- 
tions are found for stability of rotation with respect to the vertical 
of the rigid body with a liquid. 


l. Let O&n¢ be the fixed rectangular system of coordinates, having 
their origin at the fixed point, with the axis O¢ directed vertically 
upward. We introduce also a moving rectangular system of coordinates 
Oxyz, whose axes coincide with the principal axes of inertia of the 
rigid body at its fixed point 0. The principal moments of inertia of the 


body with respect to the axes x, y, z are designated by A,, B,, C,, re- 


spectively. Let M, be the mass of the body, x,, y,, z, the coordinates 


of its center of mass. 


We assume that the body possesses a cavity of arbitrary shape; for 
the sake of simplicity we assume that the axes x, y, z are principal 
axes of inertia of the volume of the cavity. Let the cavity be filled 
completely by a homogeneous, incompressible, heavy viscous liquid. 


Let M, designate the mass of the fluid, x, y,, z, the coordinates of 
its center of mass, p the density, A,, B,, C, the moments of inertia of 
the fluid with respect to the axes x, y, z, p the coefficient of visco- 


sity, v = p/p the kinematic coefficient of viscosity. 
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It is assumed that no external forces are acting on the rigid body 
and the liquid, with the exception of the forces of gravity and the re- 
action at the fixed point. 


The rigid body and the liquid-filled cavity will be regarded as a 
single mechanical system, for the derivation of the equations of motion 
of which we shall use the theorem of angular momentum. The angular 
momentum of the system with respect to the fixed point is compounded 
geometrically from the angular momentum of the body G, and the angular 
momentum of the liquid G,. 


If p, q, r designate the projections on the moving axes of the vector 
of instantaneous angular velocity of the body, then the projections of 
the vector G, on these axes will be equal to A,p, B,q, C,r, respectively. 


Let us designate by Vee Vy v, the projections on the moving axes of 
the velocity of the liquid in its motion with respect to the fixed axes 
O&nm¢. If we introduce also the vector of the relative velocity of the 
liquid in its motion with respect to the axes Oxyz, whose projections on 
these axes are designated by u, v, w, then the following formlas will 
be valid: 


gz | , r - g+v v, = py — qr +w (1.1) 


The projections of the moving axes of the vector G, which represents 
the angular momentum of the fluid are 


Geox o \ (yv, zv,) dt, Gos p\ (20x xrv,) dt, Ge, 


where r designates the volume of the liquid- filled cavity. 


Using Formulas (1.1) we easily obtain 


gi p \ (yu zv) dt, 2=p \ (zu zw) dt, g3 = >» — yu) dt 


tT 


designate the projections on the moving axes of the relative angular- 
momentum vector of the liquid. 


The theorem of angular momentum of the system expressed in terms of 
projections on moving axes leads to the following equations of motion of 
the rigid body with a liquid- filled cavity: 
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- B)qr + 82 = Mg (Zo%2 — Yors) 
C) pr + ~ P8: 13 — 2071) 


~ LoY2) 


B= B, + Ba, 


designate the moments of inertia of the system with respect to the moving 
axes, M = M, + M, is the mass of the system, g is the acceleration of 
gravity, X9, Yo, Z9 are the coordinates of the center of gravity of the 
system, where 


Ma = Min + Mere, Myo Miyi + Mey2, Ma Miz + Meze 


¥,» Yo» ¥3 designate the direction cosines of the axis O¢ with respect 
to moving axes which satisfy Poisson’s equation 


q%1 - PYe (1.4) 


To obtain the complete system of equations of motion, Equations 
(1.3), (1.4) must be supplemented by the Navier-Stokes equations for the 
motion of a viscous incompressible heavy liquid, with respect to moving 
axes, together with the incompressibility equation 


d . 
qi (u+ qz—ry)+ q (u 


ry) 


OP, 
Oy 


pz) q(u + qz 


Here p, designates the hydrodynamic pressure. 


The solutions of Equations (1.5) must satisfy at the walls S the 
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boundary conditions 


U on (1.6) 


while in the case of an ideal liquid only the normal component of the 
relative velocity of the liquid should be equal to zero at S. 


We pass now to the derivation of certain relations which we will need 
in the sequel for the solution of the stability problem. 


We first multiply Equations (1.3) by p, q, r, respectively, and add 
them; the first three equations (1.5) are multiplied by u, v, w, respect- 
ively, and are added; the result is multiplied by pdr and integrated over 
the volume r of the cavity and then added to the first sum. 


Taking into account the incompressibility equation and the boundary 
conditions (1.6) for the liquid, as well as Poisson’s Equations (1.4), 
we obtain after simple manipulation the following equation: 

(1.7) 


9) 


r 


Ou 


Oy 


where T = T, + rT, 


kinetic energies of the body and the liquid being, respectively, 


designates the kinetic energy of the system, the 


2r Aip* Big t Cir? 


2T2 Aop* Beq* 'e “s t _ u » dt 


2p\ lu (qz — ry) 4 + w (py — qx) dt (1.8) 


Me (Zoy1 + Yoy2 + ZoY3) (1.9) 


designating the potential energy of the gravity force. 
From Equation (1.7) it follows that 
r+V< 7T.+Vo (1.10) 


where the subscript (0) designates the initial value of the correspond- 


ing quantity. 


For an ideal liquid » = 0 and in relation (1.10) the equality sign 
will apply. 
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Let us now multiply Equations (1.3) by Yi» Yor ¥3, Pespectively, add 
them, and obtain the integral of the areas, taking into account Equations 


(1, 4) 
(Ap + g1) y: + (Bq + g2) y2 + (Cr + gs) y const (1.11) 


It is also obvious that Equations (1.4) admit a first integral 


Yi" (1.12) 


We shall now consider the case when the center of gravity of the 


system is located on the principal axis of inertia Oz of the rigid body 


and the liquid, i.e. when x, Yo = 9. 


Equations (1.3) through (1.5) then admit the particular solution 


0). G G Cow (2.1) 


y! 0 


which describes a uniform rotation of the rigid body with a liquid- filled 


cavity about the vertical. 


Let us study the stability of the unperturbed motion (2.1) with 
respect to the projections of the instantaneous angular velocity of the 
body p, q, r, the projections of the angular momentum vector of the 
Liquid Gy. Gy, G,, and the direction cosines of the vertical y,, y>, 


In the disturbed motion we set 


while the remaining variables retain the earlier notation. If these 


values for the variables are substituted into Equations (1.3) through 


(1.5), we obtain the equations of disturbed motion; we will not write 


them down explicitly. 


Before passing to the solution of the stability problem, we transform 


the kinetic energy expression of the liquid. During motion of the system 
the quantities p, 4, Tr, 8), &» &3 Will represent some functions of time. 
In place of Gy Gy, G,. we introduce new independent functions of 


time @,, @», @, defined by the equations 


i | o 
. | ol 


W - Ges, 
Ay a 
If the velocities of the liquid v., v., v, are known, the functions 


w(t) l, 2, 3) will also be given. We also consider the quantities 
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v(t, x, y, z), defining them by the formulas 
Vv; ~ + Wy WoZ, Ve Vy + W142 — W3%, Vg = Vz + Wer — wiry (2.3) 


It is then easily seen that on the strength of Equations (2, 2) 


0 \ (yvs Zv2) dt o | (20 - £v3) dt p\ (xv» — yvi)dt = 0 (2.4) 


Conversely, if w(t), v(t, x, y, z)(i= 1, 2, 3) are known, then 


Formulas (2.3) permit the determination of Vi» VU, v 


. 
Using Formulas (2.3) and (2.4), the expression for the kinetic energy 
of the liquid may be represented now in the form 


p\ (r1" +- Vg" + vg") dt 


From here, among other things, there immediately follows the inequal- 
ity 


2T2S > G.x* + Ge,? + G.,' S = max (Ae, Ba, C2) 
established by Liapunov and used in papers [1,2 ]. 


Let us note that the functions w,(t), introduced by Formulas (2.2), 
may be interpreted as projections on the axes x, y, z of the instantane- 
ous angular velocity of such a rigid body with a fixed point 0, which 
possesses the same shape as the liquid, consists of the same material 
particles as the liquid, and whose angular-momentum vector is geometric- 
ally equal to the angular-momentum vector of the liquid. The functions 
v(t, x, y, z) may then be treated as the projections on the moving axes 
of the velocity vector of the liquid in its motion with respect to the 
rigid body [3]. 


Passing to the study of stability of the unperturbed motion (2.1), 
we note that there 


W1 we = VU, W3 w, V1 Ve Vs = UV 


For the perturbed motion of the system, on the strength of Equation 
(1.7), we will have 


dVi/dt < U0 (2.6) 


where 
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Vi Aip* Big? + Ci (2wE 
2a ‘ew 1) 2M g2f 
It is also easily seen that the equations of perturbed motion admit 
the first integrals 


Vo = (Aip + Gey) yr + (Big + Gey) ye + Cié 4 tr Ci (@ 
(Cow + ") 6 const 


r2 “or 


Vs yi." r ¥2 rs T <\ 


Let us consider the function 


Vi 20V2 + (Cw* - 
= A;p" 2w (Aip + Gox) 71 
+ Big? — 2w (Big + Gay) ¥2 
4+ Crib? — 2w (Cik 


pS (yn" 


~ 


where the constant p > Mgzp. 


In accordance with Sylvester's criterion of a positive-definite func- 
tion V, it is necessary and sufficient to satisfy the following inequal- 
ities: 


(C — A) w* — Mgw >0, (C — B) w* — Mgw > 0 


If one assumes without loss of generality that A > B, the second of 
these conditions is obviously satisfied if the first is satisfied: 


(C — A) w® —- Mg >0 (2.10) 


The derivative of the function V, taken for the equations of perturbed 
motion, will be nonpositive as a consequence of inequality (2.6). 


Hence in condition (2.10) the function V satisfies all conditions of 
Liapunov’s stability theorem, which proves the stability of the unper- 
turbed motion (2.10) of a rigid body with a cavity, filled with a 
viscous liquid, with respect to the quantities p, gq, r, 


G,~ G, G,,. 


Yi» Yor Vy» 88 well as Vir Vg, Vy. 





V.V. Rumiantsev 


Thus it is proved that condition (2.10) is a sufficient stability con- 
dition of unperturbed motion (2.1) of a rigid body with a cavity filled 
with a viscous liquid. 


Let us note that condition (2.10) is of the same form as the stabil- 
ity condition for rotation about the vertical of a heavy rigid body of 
weight Mg with moments of inertia A = A, + A, andC = C, + C, 


For a single elongated rigid body, for which A, > C,, a condition of 
the form (2.10) is not satisfied. However, for a body with a cavity it 
may be satisfied for a sufficiently large angular velocity w, if the 
shape of the cavity is chosen in such a manner that the inequalities are 
satisfied 


It is of interest to point out that the stability condition (2. 10) 
does not depend at all on the viscosity of the liquid and is thus valid 
also for an ideal liquid. 


In the case of a nonviscous liquid, and if at the initial instant the 
motion is irrotational or if the liquid is at rest, then, in accordance 
with Lagrange’s theorem, the motion of the liquid will remain irrota- 
tional at all times. 


The kinetic energy of the liquid will then equal 


2T: = As’p? + Brg? + CrP 


where A,*, B,°, C,* designate the moments of inertia of an equivalent 
rigid body in the sense of Zhukovskii [4], whereby 


Az > Ae’, B. > B?’, Ce >C2 


In the case of the rotational motion of an ideal liquid, the stabil- 
ity condition of an irrotational motion (2.1) will thus be of the form 


(C, + C,* — A, — A,*) w? — Mgz, >0 (2.14) 


We note that if the cavity is axially symmetric with respect to the 
axis Oz, then C,* = 0, and if condition (2.11) is satisfied, then con- 
dition (2.10) will also be satisfied provided the following inequality 


holds: 


The stability of rotation of a rigid body with a cavity filled com- 
pletely with an ideal liquid which is in a state of irrotational motion 





The stability of rotation of a top 


was first studied by Chetaev [5 ]. 


In the case of an axially symmetric cavity Chetaev obtained the 
necessary and sufficient stability condition of unperturbed motion with 
respect to the variables p, q, r, y,; Y2 Y3 in the form 


C,*w* — 4 (A, + Ay") Mgz, > 0 


The problem of the stability of a symmetric top with an axially sym- 
metric cavity filled completely with an ideal liquid which is in a state 
of vortex motion was studied by Sobolev in linear formation [6 }. 


In particular, Sobolev proved that if the following inequality is 
valid: 


> as 
~ Be <= Dh « 18% > 0 (2.12) 


w?2 


Bt 


then the operator e*”*, characterizing the perturbed motion of the 


system, is bounded. 


It is obvious that condition (2.12) on the boundedness of this operator 
coincides with the stability condition of unperturbed motion (2.1) with 
respect to p, q, Ir, Gay Gy Gy Yir Yor Y3> 


We note finally that in the case of inertial motion of a rigid body 
with a liquid about the center of gravity of the system (z = 0) condition 
(2.1) takes on the form 


C—A>0 


Hence, the permanent rotations of a rigid body with a liquid- filled 
cavity about the small axis of the central ellipsoid of inertia of the 
system are stable. 


This result may be considered as a certain supplement to the well- 
known theorem of Zhukovskii [4] on the motion of a rigid body complet- 
ely filled with a viscous liquid. 
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We consider the interaction of an infinite plane with an infinite vortex 
filament passing through the origin of coordinates normal to the plane. 


As a physical model of the problem under consideration we may con- 
sider a plate pierced by a slender rotating rod of great length. If the 
plane is absent, the fluid motion is determined by the laws 


where % is the tangential component of the velocity vector, P.. the 
pressure at an infinite distance from the vortex filament. The vertical 
and radial components of velocity ¥, and v. will vanish. 


Friction of the stream at the plane leads to secondary flow, the study 
of which is of interest in connection with the hydrodynamic processes in 
vortical or cyclonic combustion chambers. The problem may also be of 
interest for dynamic meteorology. 


The origin of the secondary flow may be understood as follows. Fluid 
particles near the plane lose their circulatory velocity, and the centri- 
fugal-force field consequently disappears at the plane. As a consequence 
of the predominant action of the pressure field near the plane, a flow 
arises in the direction of pressure drop, that is, toward the axis of 
the vortex, and with a velocity that is determined by the appearance of 
a shear force that compensates the loss in centrifugal force. As a result 
of continuity, fluid particles must acquire a motion along the axis away 
from the plane. An analogous picture of secondary flow arises also for a 
fluid rotating at infinity like a solid body [1 ]. 


1. Mathematical formulation of the problem and reduction of 
equations. Assuming the fluid incompressible and the motion steady and 
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axisymmetric, we obtain the Navier-Stokes equations in a cylindrical co- 
ordinate system 


1 


p 


The boundary conditions are 


v, = VU 


Z 


P = P,.— 


the fluid is at rest at infinity, that is 
, P = P, at r 


and at r = 0 the component v, is finite and v, = 0 (the condition that 
neither sources nor sinks exist). 


We introduce the dimensionless functions 


Ou 0%u \ 

or 623, 
om®m o*@D 
Oz* 
/ 0*w 


(a5 


at 
at 


at 


We seek a solution of the system (1,2) having the following properties: 


(a) The functions u, ®, w, 7 should be continuous in the entire closed 


half-space except, perhaps, the origin of coordinates and the "point" 
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with coordinates r - 


(b) As the boundaries of the half-space are approached, these func- 
tions should tend to the limits determined by the boundary conditions. 


The dimensionless dependent variables u, 9, w, # should be functions 


of all possible dimensionless combinations formed from the quantities r, 
z, v and C,. From these four quantities it is possible to form two and 
only two independent dimensionless combinations 


_=—% 
- i 
The quantity 1/k plays the role of a Reynolds number. It can there- 
fore be asserted that any of the functions u, 9, w and cannot depend 
on r and z separately, but only on the single combination 7. The number 
k plays the role of a parameter. Thus the problem posed has been reduced 
to the class of self-similar problems [2]. 


We introduce 7 into the system (1.2), bearing in mind that 


z d Qo id _ # & 


Or r? dy,’ Oz ~=—srs': cd,’ 


Then we obtain the equations 


u’ (w — nu) — u® — @* = na’ 
®D’(w — yu) = k ((1 + n*) ©” + 3’) 
w’ (w — nu) = —an’ +k [1 + 1%) w”’ + 3yw’ 4 0) 


w’ = yu’ (1.6) 


In transforming the boundary conditions we note that by the introduc- 
tion of the single variable 7 the points (, z) and (r, 9) coalesce into 
the single point 7 = 0, and the points (0, z) and (r, ~) coalesce into 
the point 7 = «. (Here the argument 7 is indeterminate at the points (0, 


0) and (co . oo), ) Consequently 


u=Q=we= .7) 
u=w = QO, ®D = 1, ’ = : (1.8) 


We observe a certain relation between the functions u and w that is 
indispensable for what follows. It can be shown that 
. ig ~~ SU, 
lim (w — yu) = lim 
n--co r—-0 


z#0 


so that 
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>— NU = . (1.9) 


Because according to the condition (1.7), u= 0 at r = for all 
z # o, it follows that 


Ou 


. dw , P : 
lim — = lim yu’ = lim z = 


no n> 0 roo 
200 


at w’(0)=0 (1.10) 


We obtain from (1.5) the indefinite integral with respect to 7 
n= —w(w— nu) +k [(i+ n*)w’ + wo) + Ci (1.11) 


For the determination of C, we take 7 + «. Then in view of (1.7) and 
(1.9) the first term of (1.11) vanishes; we calculate 


M = lim (y*w’ + yw) = lim 4 (qw)’ = lim (x — Cy) = — —— Cy, 
Tr-eoco Yoo NH--oco 


so that the limit sought exists. We consider the limit 


, yyw 
L = lim j : 
Tr? 0o n q 


for the calculation of which it is possible to apply L’Hopital’s rule’; 
since the limit of the ratio of derivatives 


(nw)’ 


lim ; . 
(In ) 


7-00 


exists under these conditions, it follows that L = M. On the other hand 


L = lim > / liming = 0 (1.12) 


ro ~0 1-00 


since v_ is bounded at r 0. Thus M = 0 and C, == 1/2. 


We introduce a new variable and a new function 


= — so ‘= — 
soos 6s awa i nu) = V1 a | w Via *) (1-13) 


Then proceeding from (1.6) it is not difficult to obtain 


u= —(i — 2) y’ — zy, w= Vi — 2 (y — ay’) (1.14) 


For the conditions of applicability of L’ Hopital’s rule see, for ex- 
ample, [3 ]. Attention should be drawn to the comment on page 321. 
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where primes denote differentiation with respect to x. 


If (1.11) is substituted into (1.3), Equations (1.3) and (1.4) can be 
transformed into the form 


- = 


—k (1 — 2) y” = 1 — o —1 >= (yy (y2)’ + y? (4.45) 


yD’ = k (i — z*) (1.16) 
The boundary conditions are 
y (0) = 0, y (1) = 0, y’ (0) (1.17) 
® (0) = 0, ® (1) { (1.18) 
The first of conditions (1.17) follows from (1.13) and (1.7), the 
second from (1.13) and (1.9), and the third from the first equation 


(1.14) together with (1.7); the conditions (1.18) follow from (1.7) and 
(1.8). 


These conditions are just sufficient, because the system (1. 15)-(1. 16) 
is equivalent to one fifth-order equation. 


Differentiating Equation (1.15) gives 


—k (i — 2*) y'¥ + 4kz (1 — z*) yy” = —200 


Oo’ 


zx? 


—k (1 — 2%) y!¥ + 4kay” = —2,; 


We integrate (1.19) by parts 

"4. Qkay” — ky’ , dz — + + Cy (1.20) 
We then integrate (1.20) twice 
~k(4 — 2%) y’ — 2kry 2\ dz \ dx (| 2? C+ W204G 
Now setting x = 0 we find, by virtue of the conditions y(0) = 0 and 


y’ (0) 0, that C, 0, 


The constant C, is “*superfluous", since it originates from the fact 
that the order of Equation (1.15) was increased by differentiation. To 
determine C, we compare (1.15) and (1.20) at x = 0. In so doing it is 
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necessary to take into account the fact that xy”= 0 at x = 0, which is 
easily seen by differentiating the second equation (1.14) and using 


(1.10). 


Setting x = 0 in (1.15) and (1.2), we find 


—ky” (0) = 1— + y*”’ (0), —ky'"’ (0) = —>y™ (0) + C2 


Comparing these expressions we obtain C, = 1. Consequently, (1. 21) 


can be written in the form 


x 


=x x 
2k (1 —2*)y’ + 4kay -y = 4\dz\de\ Pde —2?-+-Ca= F(x) (1.22) 


' 


0 0 0 


To determine the constant C we use the second condition (1.17), which 
gives F(1) = 0. Thus reverting to the variable 7 and Equation (1.13) we 
find 


dy 


a nu) 


(1 — 2”) 


Hence in virtue of (1.8) and (1.9) we have that (1 - x”)y’ + 0 as 


n+ (x 1), 
Integrating (1.16) we obtain in succession 
x x x 
@’ = aexp Vrs @ =a\ exp |; ea oa (1.23) 


0 0 0 


The constant a should be determined from the last of conditions (1.18), 
We note that a = ©’(0). Further, let 


y 2k (1 a)S 


from (1.22) and (1.23) we have 


x 


, ae : 
| exp \ 2S dz dz} ; 


where the last condition follows from (1.17). 
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2. Analysis of the equations. In what follows particular signi- 
ficance is attached to the sign of the function 


F (zx) 4 \ dx \ dz \ 


0 0 0 


CO & i ss Ca (2.4) 


i— z* 


The function y(x) is continuous in the entire closed interval (0, 1). 
Therefore according to (1.23) ® (x) is continuous in the interval 

0 <x< 1. Also, ®% cannot change sign. Consequently the function (x) 
is monotonic. But since (0) 0 and ®(1) = 1, 


MD (xr)<1 for (0< 


We transform (2.1), using the formla for transformation of a multiple 
integral into a single integral, giving 


x 


’ o { (x—tP ; 
i (xz) yA \ a OO’ di 


Determining C from the condition F(1) , we 


(D2 4 2d i ; 
andl tees (2.4) 


The last two terms in (2,4) are strictly negative; hence if the func- 
tion ® is replaced in (2.4) by its upper limit ®= 1, the right-hand 
side of (2.4) is not thereby increased, that is 


Thus F(x) > 0 for 0 <x < 1; considering (2.5) it follows from (1. 25), 
on the basis of Chaplygin’s theorem on differential inequalities [4], 
that S > 0, and consequently also y > 0. 


Since 9 > 0, it follows from (1.16) that also ®’> 0. 
The results obtained permit establishing the inequality 


(PD (x) <: for 0 


In fact, (2.6) is equivalent to the inequality 
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H (x) = ® (x) —2<0 


The function H(x) has a continuous derivative and vanishes at the 
points x = 0 and x = 1; consequently, according to Polle’s theorem, it 
has at least one extremum in the interval 0 < x < 1. The condition 
®” > 0 establishes that there is only one such extremum, because between 
two extrema there must be an inflection point, which is excluded by the 
condition ®”> 0. Furthermore the condition ®”> 0 also shows that H(x) 
has a minimum. But a function having a single minimum in the interval 
[0, 1] and vanishing at the end points is necessarily negative, which 
also proves the inequality (2.6). 


From the inequality (2.6) follows in an obvious fashion the first 
paradoxical result 


{1 for arbitrary k (2.7) 


which contradicts the ideas of boundary-layer theory, according to which 
a~ 1/Vk so that as k +0 the quantity a should increase without limit 
(see [5], where a problem analogous to that considered here is solved 
by Pohlhausen’s method). 


The inequality (2.6) permits the inequality (2.5) to be made more 
precise. Replacing the function ®(t) by t in (2.4), we obtain the in- 
equal ity 


F (z)>(4 In 2 — 2) x + 22? — (1 — 2z)* In (1 r) (1 + 2)* In (1 + 2) 
Fy (2) (2.8) 


The function (2.8) is inconvenient for what follows; we therefore 
introduce 


(2.9) 


It can be shown that F,(x) > F(x) in the interval 0 <x < 1 (this 
follows graphically from Fig. 1). But, as is easily seen 


F. (zx) 
Fy (2) 


lim 0 


x—>] 


Therefore the inequality F,(x) < F,(x) is satisfied everywhere on the 
interval [0, 1], or taking (2.8) into account 


F (zx) Fe (x) for 0<; (2.10) 


We consider the equation 
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F(z) _ 
4k? (4 — 22)? 


(2.11) 


The solution of (2.11) satisfying the condition 7 (0) = 0 has the form 


‘ Fas (xx’/*) { 
a xVa * 


—s x= - 2.12) 
2 Jy, Cex’) 3k V2 
Comparing (2.11) with (1.25), in virtue of the inequality (2.10) we 
conclude on the basis of Chaplygin’s theorem on differential inequalities 
that 


S (x) >t (2) for 0<2- (2.13) 


But the inequality (2.13) cannot be 
satisfied for arbitrary values of the para- 
meter k. Indeed, (2.12) represents a mero- 
morphic function having poles at the points 


tn = (3kV 2u,)” (2.14) 


where »,, are the roots of the equation 
J_373\ )= 0. Since S(x) is a continuous 
function in the interval [0, 1 ] it is 
necessary, in order for the inequality to be satisfied, to require in any 
case that the first pole of the function (2.12) lie outside the interval 
[0, 1], that is 
{ 1 - 
=> (2.15) 
3 V 2y, 

If the condition (2.15) is not satisfied, S(x) cannot be a continuous 
function in the whole interval [0,1]. Thus a second paradoxical result 
is found: for Reynolds numbers greater than 8 the problem posed does not 
have a bounded solution. 


3. Proof of existence and uniqueness of solution for small 
Reynolds number. We prove that if 1/k < 4.8096 then: (a) under the 
condition y(0) = 0 the system of equations (1.22) and (1.23) has a solu- 
tion that is unique and continuous in the interval [0,1]; (b) as x+ 1 
the function y(x) has a limit equal to zero; (c) all the initial condi- 
tions for the functions - Vi, Uy and p are satisfied. We will solve 
the system of equations (1.255 and (2. 4) by the method of successive 


approximations based on the following scheme: 


} 
! 


®, =(\|exp \ 28 dx | da (\|exp \ 25 


0 
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x) 


As is evident, S,(x) is a continuous function in the entire interval 
[0,1], with S,(1) = (1 - In 2)/4k?. Thus all functions in the first 
approximation are continuous for 0 < x < 1. Let us assume that the func- 
tions S,|_,, F,_;, ®,_, also possess this same property. We prove that 
S Fo ® are then also continuous in the interval [0,1 ]. 


n’ 


The continuity of ® (x) and ®,*{x) follows immediately from (3.1), 
with ® (x) < 1 and ® *(x) <M,, where M, is the maximum value of the 
positive function ® (x). 


From (3.2) we have F_(1) = 0. We compute F.’ (1). 
n n 


F,,' (1) A lim | (1 


x—>} & 
i 


because ® (1) = 1. Using (2.1) we find 


: -D,O, 
fk Ay 4 \ : diz 


Substituting here the estimates obtained for ® and 7 we obtain 


F,’ < 2M, m1 —2 


l r 


Integrating this inequality twice between the limits x and 1, we find 


2 In (1 — z)} 2x In 2 
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Ota (2 In(1 +: x)? =! ii —2in(4 


Hence 


In virtue of the fact that ® (x) <1, it follows from (3.2) that 
F (x) > 0. 
n 


Substituting the estimates obtained for F(x) into (3.3), we find 
that S (x) is continuous everywhere in the interval [0,1], since accord- 
ing to (3.4) the expression F (x)A 4k?(1- x*)*] has an integrable 
singularity at the point x = 1. Hence by the method of induction we have 
proved the continuity of all approximations in the interval [0,1]. We 
prove their convergence under the condition l/k 4. 8096. 


In virtues of the facts that So Q and F(x) > 0 we conclude from 
(3.3) that 


We show that 


ence 
(Dp .-(D 


Here and henceforth we introduce the notation 


(7) exp \ 25 


> can write 


where 5(x) > 0. In this case 
exp \< ax 


where the functions (x) and W,_ , are continuous and positive, and more- 


over the function ¢(x) is non-decreasing, since 
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x 


@ (2) 26 exp \ 26dz 


0 


On the basis of the theorem of the mean we have 


\ > (t) dn— dl ¢ (9) \ dnd 


Considering this we find 


@ (A) ©(@2) Yn\*) 


M, » @, 
; : > (62) y,,(1) 


We prove that 6, < 6,. Assuming that @ = @(x), we differentiate (3.6) 


We have 


with respect to x. 


, dO) and dd /dé 0, we conclude that 


. 0, from which flO, )< 
7) 


In view of the fact that d(x) > 
d@/dx > 0; since x < 1, this proves that 0 
according to 3 


’ 


d(@,), and consequently also, 
Ge... (Dp 


Using the estimate (3.8) we obtain, according to (3. 2) 


aa 


Proceeding from (3.5) we find successively ®, “ ®, F, > F, and 
according to (3.3) S, > S,. We assume that S,>5,_ 1; then (3.8) and 


(3.9) are valid. Using (3.3) we form the difference 


Thus it is proved by the method of induction that all the successive 


approximations form the sequences 


But according to (3.1) the function ?, > 0. Therefore the sequence of 


functions (3.10) has a limit 
(3.14) 


(DP (zx) lim ©, (zx) 
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Again by virtue of the inequality ® > 0 we conclude from (3.2) that 


' | ' » ae 
PF. <1 r* =(1 (3.14) 


The bound (3.14) means that the sequence (3.11) also has a limit 
F (2) lim /, (2) -_ (3.15) 


: as aA 


Substituting (3.14) into (3.3) we obtain 


We consider the equation 


. 
3 (0) 


16k* (1 r) 


Solving (3.17) by the method of successive approximations, we obtain 


(3.18) 


We subtract from the inequality (3.16) the equality (3. 18) 


It is easy to see that in gene S and also 


Ue« oi ¢ O2¢ 


But according to Picard’s theorem o, converges in a certain interval 


I to the exact solution o, which is easily found by solving (3.17) 


b2 Jit) Yo (t) Jo (b)/ Yo (d) V1 
2t 1, (t) — Yq (t) Jo (6) / Yo (0) 


Noting that as x varies in the interval [0,1] the variable ¢ varies 
between the limits 0 < t < 6, we find the roots of the denominator of 
(3.20), that is, we solve the equation 


21) 


We solve (3.21) graphically. Figure 2 shows graphs of the functions 
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Jo(t)/Y,(t) and J,(t)/Y,(t). To determine the first root of Equation 
(3.21) we proceed as follows. We take the point t = 6 and find the value 
J, {b)/Y,(b). Then we draw a horizontal line corresponding to this value 
to its intersection with the curve J,(t)/Y,(t). The abscissa of the point 
of intersection gives the desired root t,. From examination of Fig. 2 it 
is not difficult to convince oneself that if b < Ai» where A, is the 
first root of the equation Jy) = 0, then the root t,, lies outside the 
interval [0, 6]. Consequently, for 


Aa 2.4048 (3.22) 


Equation (3.31) has no root in the interval [0,1 ]. 
This shows that under the condition (3.22) the function (3.20) has no 
singularities in the open interval 0 < x< 1. We investigate the be- 


havior of this function in the neighborhood of the point x = 1 (t = 0). 


Using for the functions Y,(t) and Y,(t) the representations 


Y,(t)~ 7 In ; Y,(t)~ 


we find that as t + 0 


Thus under condition (3.22) the function o(x) is continuous in the 
interval [0,1] and has a logarithmic singularity at the point x Re 
This result allows the assertion 
that the interval of convergence 
of the successive approximations 
a, can be extended up to the point 
l—e 


ing this we find 


where 0 < «€ < 1. Consider- 


’ 


for 


The non-decreasing sequence 
(3.12) is bounded from above. This 





means that there exists 
S (x) lim S,, (2) 


1 


( 1 { 
We consider the question of the behavior of the function S in the 


neighborhood of the point x = 1. From (3.23) we find that the expression 


s(x) 
in (4 r) 
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should be bounded everywhere, that is 
S,—, (x) < 0 (x) < A [1 — In (1 — 2)) (3.25) 


Differentiating (3.1), substituting (3.25) into it, and letting n+ « 
we find that ® (x) is bounded in the entire interval | 0,1]; that is, 
there exists a lim M, = M for n + o. Substituting (3.25) and (3.4) into 
(3.3) we obtain 


= 
S <\{a —in(i—2)}* + 2 : Pomee . tn (ff - z)|\ dz (3.26) 
at ' 4k ; aie 
0 
Letting n + o we find that the right side of (3.26) is bounded as 
x + 1, Hence it follows that the function S(x) is continuous in the 
entire interval [0,1]. Thus it is proved that the successive approxima- 
tions converge if 
; < 4.8096 (3.27) 
Furthermore, it is not difficult to see that the limiting functions 
S(x), F(x) and ®x) satisfy the system of equations (1.25), (2.4) and 
the conditions (1.26). The solution obtained is unique. Indeed, the func- 
tion F in (1.25) is represented analytically through S, because the right 
side of (1.25) satisfies a Lipschitz condition in the interval [0,1]. 
This guarantees the uniqueness of the solution. 


It remains to show that the solution found satisfies .17) and also 


very strong conditions of boundedness on v, and ve at r = 0. 


From the preceding, S(1) = N is bounded, and in conformity with (1. 24) 
y ~ 2KN (1 os 


Hence it is evident that (1.17) is satisfied. Using (1.14) we obtain 


pt 


~ 2kN 


which also gives a useful result. Finally, using (1.11) and (1.12) it is 
easy to find that lima = — 1/2 as + ow. 


Thus is proved: for Reynolds numbers less than 4.8096 the problem 
posed has a solution that is unique and continuous everywhere except at 
the origin of coordinates; for Reynolds numbers greater than 8 a bounded 


solution of the problem does not exist. 
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4. Approximate solution of the problem for very small 
Reynolds number. If k + «, then ®(x) + x according to (1.23). Thus 
(x) = x for very large k; then F(x) = F,(x) (2.8). According to (1.25) 


S’. = S* for k = «; this together with the condition S(0) = 0 gives S 4 0, 
and means also that y = 0. 


Let k 4 «, but sufficiently large that the 
term y” in Equation (1.22) can be neglected. Then 


2k (1 x”) y’ Gkary (41n2 2) x +- 22? (1 — x)* In (1 


— (i+ z) ln (1 + 2) 


r) 


The solution of (4,1) with the condition y(0) = 0 has the form 


J. 92 {+2 
(2 In 2 — 1) z? ; x In (1 — x?) | 


Thus y~ k and in the left side of (1.22) we have neglected a tenn 
of 0(k-?) in comparison with terms of 0(1). We introduce into considera~ 
tion the stream function in the meridional section 


lz (2 \In2 rin(1 -#)| (4.3) 


Bearing in mind that x = cos 6, where @ is the angle measured in the 
meridional plane from the positive Z-axis, and using (4.3), it is easy 
to construct the streamlines, shown in Fig. 3 for equally-spaced values 
of ¥: 0.1, 0.2, ... 1. As is evident, the character of the secondary 
flow corresponds to the ideas given in the introduction. 
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Korteweg and De Vries[1] were the first to make an approximate invest- 
igation, in 1895, of long surface water waves degenerating into a 
solitary wave when the wavelength tends to infinity. Bhe equation of the 
profile of these waves is expressed by a Jacobi elliptical function in 
cnx. These authors dubbed these waves "cnoidal" because of the cn sound. 


Many studies, both theoretical and experimental, have been carried out 
on cnoidal waves in recent years. 


Lavrent’evym [2] in 1946 gave a formal proof of the existence of the 
solitary wave based on variational principles in conformal representation. 
In 1954 Friedrichs and Hyers [3 ] put forward a simpler proof which was 
based on the general theorems of functional analysis. Littman [4 ] de- 
monstrated the existence of a certain class of cnoidal wave. This class 
does not include those degenerating. into a solitary wave when the wave- 
length tends to infinity. Here we give a proof of existence which is 
valid over the whole range of cnoidal waves. 


l. Definition of problem. We deal with a steady periodic wave, of 


length 2L,, moving at constant velocity c in a channel with a smooth 
horizontal bottom surface and filled with an ideal incompressible liquid. 
It is assumed that the wave is symmetrical about a vertical axis passing 
through the peak. It is a well-known fact that the velocity of a wave 
moving over a smooth horizontal bottom surface is an indeterminate 
quantity. One can define the wave velocity c, for instance, as the mean 
velocity of particles over the bottom 


] 


(4.4) 
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Let us take a system of Cartesian coordinates which are tied to the 
wave as shown in the accompanying figure. The motion, with respect to 
these coordinates, will be a steady state. Put z, = x, + ty,. It is 


assumed that there is no turbulence. The velocity potential d, (x), ¥;) 
and stream function W,(x,, y,) will be conjugate harmonic functions, 

w, (z,) = d(x), y,) + tw, (x,, y,) will be a function which is analytic in 
the curved quadrilateral A,B,C,D, (Fig.). At the free boundary the follow 
ing condition of constant pressure should hold: 


{ du 1 


2gY , (2) = const (1.2) 


Here g is the acceleration of gravity, y, = Y,(x,) is the equation of 
the free boundary. Because the motion is a steady state the free boundary 
and the bottom should be streamlines 


Y; = U for yi - Y ‘ . (1.3) 


where Q is the discharge of fluid through a channel cross section. In 
view of symmetry about lines A,C, and B,D, the velocities are horizontal, 
i.e. O¢/0s = 0 along A,C, and B,D,. Therefore 


@, (Ly, /1) " Pp, | Ly. Ys) l (1.4) 


where d is some constant which can easily be expressed in terms of L, 
and c. In actual fact it follows from (1.1) that cL, i. 


We introduce non-dimensional variables 


Y (z) Yi (1)z L, 

It is obvious from this that the condition cL, i will be satisfied. 
We arrive at the following mathematical problem, namely, to find a func- 
tion Y(x) and a function w(z) continuous over the interval (— w/A, 7/A) 
which are analytic in region ABCD and which satisfy the boundary condi- 


tions 
vY (x) = const for y = Y (2) 


for ¥/ , \ 


for 2Z : . ‘ = ) — (1.8) 
, : A 


Condition (1.8) is equivalent to the requirement for periodicity in a 


solution. Now let us change the variable 
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x (w) L it i ln (v : (1.9) 


In the complex potential plane, rectangle 0 <wW~ <1, -a/AA<d<a/A 
corresponds to the flow region; and we denote it as (S). The problem (see, 
for instance [3]) reduces to a search for a function y(w), analytic in 
the open rectangle (S), continuous in the closed rectangle and satisfying 
the boundary conditions 


e-**sin8 —@ fory 
f QO 
y for q¢ 1 
Having solved the problem which was posed we can express the rel ation- 
ship between z and w in quadratures. Actually, from (1.9), it follows 
that 


dz vy 3 eix(Mdw (1.11) 


We integrate, bearing in mind that x = 7, y= 0 for d= a/A,~= 0, 
and obtain 


(1.12) 


Because z = — 7/A when w = — w/A, the following supplementary condi- 
tion should be ful filled: 


. se 
-y § j e* cos 6 (t) dt (1.13) 


0 


2. Green’s function for the linear problem. Let us consider 


the following boundary-value problem for harmonic functions: find func- 
tion @(x, y), harmonic in the open rectangle (S), continuous in the 
closed rectangle and satisfying the boundary conditions 


6, f(m) for » 1 (2.1) 


for ¥ 0, §— 0 for - = 2.2) 


(2.2 
A 


where f(¢) is an odd periodic function with period 2”/A. A solution of 
this problem is given in Littman’s article [4]. 


m4 A 


\G@ve/(@')dy, G 


2) Nl sinh nA sin nag sin nrg 


t_ njecoshn), —einhn) 
n=] 


(2.3) 
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where Gid, WwW, & ) is a Green’s function. 


If in Formula (2.3) we replace f(d) by e* sin 6 ~— 6, we find the con- 
jugate function r(¢) and put w= 1, the problem posed at the end of 
Section 1 reduces to nonlinear integral equations. Littman has shown that 
these equations have solutions which decay in a plane-parallel flow when 
A = 0. Littman’s result does not include the more interesting group of 
solutions which decay in a solitary wave. This is because an analysis of 
the properties of Green’s functions (2,3) is very much more difficult 
when A + 0 because in such cases the Fourier series degenerates into a 
Fourier integral. Below we give a transformation of Green’s function into 


a more convenient form for wW l. 


Let A, be the roots of the equation 


tcost—sini 
Theorem 2.1. Function Glé, 1, 6’) can be expressed as 
, x} 


\) 2sinh({ m/d) A, sims, @ 
A, simh( 2), A) 
\) Zsinh) @ sinh(¢ n 


Aj oinht TA , A) 





Proof. Note first of all that the following expansion in elementary 


fractions is valid: 


‘> 
~ 


— 


>> - : (2.6) 


A 


Replace z by nA to obtain 


o . 4 a 
sinh nA < ‘ 1 9° 
: : : - rs 3 y 
NAcoshn), —sinhn) \ A® 43 n*+ (A, / A)? \ ) 
k=] 


If we insert the expansion into (2.3) and change the order of summa- 
tion (the validity of this can be proved), we obtain 


cos nA (q ’) cos nh (g 


G 


2 rN (Ax 
a 
A=] n=] 


We now make use of the following trigonometrical expansions: 
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NI cos Nz 
pa) n® 
n 1 

It cosh ar 


2 sinh ax 


Replace x by x + 7 and x -— 7 in (2,10), to obtain 


It cosh a(z mt) ~ 
é sinh ar ; 
? I 
cosh a (x it) i a 
: y' . COS NZ 
sinh ait ; 4 n?+ a? 


n=] 


Inserting into Equations (2.9), (2.11) and (2.12) x 


A,/A, we then have 


o 


3 <4 cos A(g p’) — cos ni. (9 + —’) ‘ . ’ 
x) © np = 3| min ( , rat 
MA 4 n2 I (@, { ) 
n=] 
(Ay | A) [cos nd. (@ — G’) — cos nd (@ + @’)] 
n* A, | A)* 

cosh ((p’ gq m/ A) hy cosh ((p’ 
sinh (A,2 A) 


jot (p’ —@—2/A) Nn -cosh((p’ +- ¢ 
| sinh(A, /d) 


If we substitute Equations (2.13) and (2.14) in (2.8) we arrive at 


(2.5). Theorem 2.1 is thus proved. 


Theorem 2.2. 
sented as follows for w = 


§= — 38*/ + 3[1 — (A/a) 1 Lf 


The solution of the linear problem (2,1) can be repre- 
l: 
Af 


where L is a functional, S and A are linear operators 


L{/= \ 9/(9’)d¢9’, Sf= \ /(¢') 49’ 


0 


: { r mu r P , P ’ 
A -2 —___. |siah (qm — ——)), \sinhA,—p’7 (—p’) d 
y > Ae sin( 0A, | Y / " \ inh 1 (P ) 2G 


k=1 
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-+ sinh An sinh Aw | ¢  « - \; (g¢ ‘) dq 


A 
Proof. In accordance with Formula (2.3), for & 


A 


( G(q@, 1, 9’) f(g’) dg’ \G(@, i,@)/(q ) dg’ 
d ‘ 


\ G(q, R q ) d@’ (2.17) 


If we make use of Equation (2.5) for Gid, 1, ¢’) we obtain 


mua 


— q \ 7 (@) dq - 3g \ f(@’)d@’ + Af (2.18) 


jg \ J(q dp 


ra 


If we now notice that 


Sf =< ¢ \ } (q’) dg’ \ p/(g’) dq 
Theorem 2.2 is proved. 


Theorem 2.3. Function r, conjugate with @ when , can be repre- 


sented as 


(2.21) 
where B is a linear operator 


Cc _ 
4 


mf . ‘ , , * 
Bi 2 S| —— = - leosh ( ¢ Ak \sinh Ac® J (@ )a@ 4 
a Ap“ winb( TA, A) . J 
’ l 0 
TA 


cosh A, \ sinh ( @p’ 5 Ant (@’) dg’ \ sinh Ang i (p') dq" (2.22) 


whilst r(7/A) is an arbitrary constant. 


Proof: Functions r(dé)/@(d) are connected by Cauchy-Riemann condi- 
tions; boundary condition (2.1), therefore, can be written as 


I (@) 


If, instead of 0 we substitute its expression (2. 15) and integrate 
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between 7/A and ¢, we arrive at (2, 21). 


3. Integral expressions of the problem. First approximation. 
In order to reduce the boundary-value problem, posed in Section 1, to 
nonlinear integral equations, the following substitution mst be made in 
Formulas (2.15) and (2. 21): 


f (@) -* sin 9 — (3.1) 


It is well known that an important step in the study of long waves is 
that of "elongating" or "extending" the independent variable. In a com- 
pletely formal manner we select some parameter « and subject this to the 
extension. The physical significance of parameter « will be explained 
later. Let us assume 


\ ] (e@”) dg” = eS*/ 7 
k (3.3) 
S*/ = 6*S°?/ 


Substitute (3.3) in (2,15) and (2.21), and we obtain a system of two 
integral equations 


6 L 3 -)L°f? + QneT f 
°(K) +38°/° +-: , wire: one2V/ 


where 


\ q f \g ') dq 


A ( ps MM ae 
> ane sinh — | 
—_— ) ;, sinh A,K e) | \q K ) j ] (®@ ) sinh p dg 
k=] 
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° 
> 


oO 
{ A ' 
‘= > . "\ sish —" a 
i hy? winh(A,K / €) K) \ 7 (q°’)sinn— Pq 
k=1 U 


(3.6) 


K 


-K) de z \ oink — g ‘f (g ‘) deg?” | 


For simplicity, the sign *"0* will be omitted. in what follows. 


In first approximation we put « = 0, then Equations (3.4) yield 


~ 35*f/o + 


Ces 3 ri \3 , , ’ ‘ 
I 35*/, r 3 K \4 r yt ’ ) 3,4, 


It is easy to see that 6, =-1, - If we differentiate the first 
equation (3.7) twice, we obtain 


The solution of this ordinary differential equation is expressed in 
elliptical Jacobians (see [ 4 } ) 


to = 1a*| 2k? — 1 — 3k%en*(a 4g (3.10) 


In these expressions a and k are arbitrary constants, k is the 
modulus of the elliptical function, a can be chosen arbitrarily (t only 
affects the relation between « and the physical parameters which deter- 


mine the flow). 


For simplicity we assume that a = 2/3 and we then have 
to = + (1 — 2k”) * ken, k?—-1-k (3.11) 


Note also that the period K will be a complete elliptic integral of 
the first order in k. Below we will demonstrate that the system of Equa- 
tion (3.4) admits a solution which depends on the two parameters « and 
k’. 


4. Variational equations. Let us set 


Ho + 68, 
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Notice that Expression (3.1) for f can be represented as 


— TU e* fi 
when f, is a complete function of 0, r ande. We find df; 


bf 3 (tod8 Hodt) + e&7bf: 3 (to dt T9058) e* Sf; 


We vary Equation (3.4) and we find 


80 35757 +. 3( P\LOf + 2neTOf 


br = br (K) + 38%/ + 2K (1— 2) Lof — 2ne*VOf — 2 e*S0) 


If we separate the linear parts of the equations (4.4) and (4.5) and 
then invert the linear operator in this manner, the problem will reduce 
to a system of nonlinear integral equations for 5@ and4r, which can 
be solved by the method of successive approximations for small values 


ofe. 
Introduce variable y as 
bt 2ne* Vb : e*S of 
It then follows from (4,4) that 
66 2ne TO} 


If we insert this expression into (4.4) and differentiate, we obtain 


386/ x L of 
In this expression 
df =3(toy)’ + b0, 'o= e*5/1 — Gre [eto’ Vbf — twoTSf) — > e*t0’ Sf 


Equation (4,8) can be rewritten as 


y 


K 


L, (toy)’+3(Sdo0 +4 ; L do) 


9S (toy)’ 


, 


> (Toy) Tol ~ (TY eo K 


We insert these expressions into Equation (4,10) and obtain 
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A 
y” — 9toy 7 + u(p), u(p~) =3 (S de4 y Lie), c 9 \ =e de (4.12) 


0 


It is easy to prove that the number c can be chosen arbitrarily, i.e. 
the third of the Equations (4.12) does not impose any limitations on c. 
In fact, if we integrate Equation (4. 12) from 0 to K we arrive at 


y'(0)—y'(K) —9\ tydp=c +, (; 


However, because of (4.7) y’{0) = y” (K) = 0, and because of the 
second of the equations (4.12), j = 9, it follows that the third of the 
expressions (4,12) is fulfilled for any value of c. If we set 

3 Lée (4.14) 
it can only reflect on the way in whiche depends on the physical flow 
parameters. Equation (4.13) will then take the following form 


y" JToy 3Sé6o0 (4.15) 


and thus the problem of inverting the linear operator reduces to solving 
an ordinary differential equation. 


5. Solution of the differential equation. We are dealing with 
the equation 


Toy i (@) (5.1) 


where f(¢) is an even periodic function with period 2K. The problem is 
to find a solution which must also be an even periodic function. We find, 
first of all, linearly independent solutions of the homogeneous equation. 
One of the solutions is z,(¢) = r,°(¢d) whilst the second is found from 
Liouville’s formula 


»(p) = 21 (9) \- 


(oe) 
From Formula (3.11) we obtain 


Z1 (@) ch@ sng dng 
And, it follows that 


2 (?) cng sn dng \ 


4S 


cn®o sn*o dn®c 


It is easy to verify the following identities: 
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{ { | k? cn’ 
n*o sn’o dn*¢@ sn’o cn*o dn’o 


Introduce the definitions 


Then 


{ > o 
zz (@) cng dng sng ;D; za D2 (5.7) 


The integrals in Formulas (5.6) are evaluated in an elementary fashion 


cne dne q 


— \ an" a (5.3) 


DD, (q) 


- 


fsno dno 


— \dn? ede | 


ir : ,9 SN cne 
(a) =a [antear — 12 E22] 


Theorem 5.1. Function z,(¢) can be put in this fom: 


» (@) B zi (q) S (@) 
where B is a number, and €(¢) is an even function of period K. 


Proof: We note first of all that 


e , E(k) “ 
\ dn*tdi Ki > T X% (®) (5.10) 


where y(¢) is a periodic function and E(k) and K(k) are complete elliptic 


integrals of the second and the first kind. Then it follows from (5.9) 
that 


(5.11) 
%i(?), Ds 


Here x), Xo, X3 are periodic functions. Substituting these expressions 
in (5.4) we obtain Formula (5.9), and thus 


{ 


(5. 12) 
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and the theorem is proved. We will now demonstrate how to find periodic 
solutions to Equation (5.1). The general solution depends on two arbi- 
trary constants. The condition of evenness determines one arbitrary con- 
stant. Thus the even solution takes the following form: 


? 


Ze () \ f (t)z (2) di 21 (@) \ f (t) ze (t) ed cZ2 (@) (5.13) 


kK 0 


We will determine the arbitary constant c from the periodicity condi- 
tion. Because of periodicity y(¢ + 2K) — y(d) = 0. On the other hand 


y (@ + 2K) y (g) |. 2K) 


+ 2k 
ze(p)| \ fad 


B 
c [ze (@ + 2K) 
Because of (5.9) the equation holds 
Ze (q 2K) ze (@) 2BK 2 (q 


Owing to the fact that f(¢) is an even periodic function, whilst 
z,‘d) is odd, we have 


(Oa () dl t) : l Z \ ja dt 


\ 
Rg 


“K 
o+2k ? et2 ? 
\ fade \ fze dt Ze edt = \ fz 2K) dt — (5.45) 
0 A 
: : : : - 
- \ fzadt \ fzdt+ 2BK \ fzudt \ {ze fzedt+ 2BK\ fad 


h *K hk 


0 


? 


If we substitute these expressions in (5.14) we obtain 


2BK 2: fzrdt — x|2\ fzede + 2BK \ fadt| + 2BR 
h 0 1 


This identity will be satisfied if we put 





A.M. Ter-Krikorov 


Thus we prove the following theorem: 
} g 


Theorem 5.2. If f(d) is an even periodic function with period 2K, 
then the equation y” — 9r oy f(d) has a solution which will also be an 
even periodi< function 


Ni (5,18) 


where N is a linear operator, determined by an equation of the type 


, 


Ni ze (p)\ fz dé 1 (p) \ fz2 dé \ fzedi (5.19) 
b 


6. Functional spaces B, and B,. Let B, be a Banach space of con- 
tinuous odd periodic functions of period 2K, the nom of an element of 
which is determined by 


0 (@) 


(6.1) 


~4 dn q 


a space of even continuous periodic functions with nom 
! 


[ T (@) 
| 


sup 
K \ dn q 


(6.. 
Denote by B a Banach space whose elements consist of pairs w(@, r) 


where 0= B, andr & B,, whilst the nom is equal to 


(6.3 


Note that when k’-= 0 the spaces we have introduced degenerate into 
spaces which have been used by Friedrichs and Hyers in their proof of 
the existence of the solitary wave. In what follows we will always assume 
that 


0) [(Ma< — (6.4) 


We will now deduce several inequalities for elliptic functions which 
we will have occasion to use frequently. 


Note that when 0< dé <K 


2 K K 


cng dng : \ dn*t di \ dn*i dt \ dni dt 


Let w am &, we then have 
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@~ cn@ = cosy j 


? 
du 


siny 
cos ¥ 


dnu 


Furthermore, it is easy to see that k’cn*é 
this identity from 0 to K, we obtain 


kK K 


k’*K — k*\ entp dp>4 \ cntp sng dig 


Theorem 6.1. Whatever the value of k’ from the interval [0.1 
operator N acts both from and to B, and is limited, i.e. 
possible to find a constant c, independent of k*, such that 


Nfl 


Proof: Because | f| < fii dnd, then, from (5.19) we have 


K - K 
NI} SUPT 22 (@) \ dni dt Zi (p) \ | 22| dnt dt + = ,| Zg| dni dt 


Let us first of all evaluate z,(d) 
be represented as 


: dt 4 + ker 
Zo (@) cng sng dng \ sn? \ ch — 


Because the function dn ¢ is a decaying one, we have 


2 (@) cn@ sng dng 1) @, (@) 


2 ®: (o) 
dn*q ' 


where ®, and ®, are determined from the formulas (5 
of (6.5) and (6.6) 


cn@ sng dn@ | Di (@)! - x I 


Now evaluate ®,. First of all observe that 


\ dn? tdt \dné (dn kent) dt 


ni (dn 


dt ksnq 


> 


yé« 


(fh 


dn*é — k’*, integrating 


(6.7) 


it should be 


(68) 


.On the basis of (5.5) z,4d) cam 


10) 


In consequence 


11) 
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Further 


sn (dng ken@) k’*sngq Q 4° 
ksnq cng cn@ (dng + kcen@) (6.13) 


Therefore, because of (5. 8) 


(6.14) 
<D, (@) : oi ai \ dn de | = ¢ 


J 


sng { dni dt 
cng (dng ksnq@) t+ kent 
Therefore 


f 


Ds (¢) “4 cn @ dng 


If we make use of estimate (6.6), we obtain 
cng sng dn@ | Pez (@)| <1 +: (6.16) 


Inserting inequalities (6.16) and (6.11) into (6.10) we find that 


3(1 + x) 


= (9) dn’q 


(6.17) 


Insert now estimate (6.17) into (6.8) 


N/ 3(4 \ cnt snt dn*t dt 


{ 
dn*q 


7 K 
* dt 3(1+a)¢ dt 
eh a 
cng sng dng \ — BKadati \ —) 
But : , 


K 


b 9 
4 . i dn*q the " ° €. F du 
\ cnt snt dn*t dt = DK ; <> dn Q, \ = \ isin? u 


0 


Let us estimate, furthermore, the value of BK. In accordance with 
(5, 12) 


| BK | = Sy {(1 + Mt + kh’) EB — K (k? 4k’) 


But, when 0 < 2k’? <1 
kA +. h’4 


Therefore, on the basis of (6.7) 
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| 
‘ 6k'* , DA dn®¢ 


) { mR . 
| BK > za (1 4 k’?) (E (6.21) 


If we insert the estimates (6.19), (6.20) and (6.21) into (6.18), and 
take account of (6.6), we arrive at 


N f|<ff]dng 3 (1 + mt (6.22) 


Owing to the fact that the number inside the brackets is independent 
of k’, we have the confirmation of Theorem 6.1. 
Theorem 6.2. Operator Mf = d(Nf)/dé is bounded and acts from B, to B,. 


The proof is similar to that of Theorem 6. 1. 


Theorem 6.3. Operator Sf operates from B, to B, and from B, to B, and 
is bounded. 


Proof: by definition 


s/ \ j (@) dq 
h 
There fore 
x 


/\\\ dnidt 


But if 0 < y </2, we have 


2 4 1 ot \ 
siny >y|1 r\>y(i— 


tj 


If we take y = 7/2— am 4, we obtain 
am®@ -« cos amg ecng 


and hence it follows that || Sf || <2\| f||. 


Theorem 6.4. Operator T acts from space B, to B, and is bounded, i.e. 
| Tf || <«€C,|| f\|, moreover C, is independent of k’ ande. 


Proof. Remembering the definition (3.5) of the operator T we have 


) P 2 
t di -{-sinb ; ?\ din tain. —(K t) dt | (6.25) 


er 2 ; > Aen 
4 = = (A p) \ din teins - 


e€ 


0 
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We give an estimate for the functions 


a 
. 


A(9 \ dn {sion td t, q \ dn tein (K —t)dt (6.26) 


It is obvious that 


, Am € Baas 
A (9) - \ din t coen tdt i ding stnn— ve 


+ 
" 


) 

& ‘ 9 m 8 m 
2k*cng sngsinh— tdt < | dng sinn 

Am 7 & ; - 


™m * 


and from this 
dngsinnh),. / e@) 


1 e/ 


m 


It is even simpler to estimate B(d). Because dn ¢ is a monotonic func- 
tion we have 


K kK 


; 
B (9) < dng \si»  (K — t)dt < dng | com (K — 1) dt - 


g ; , € i ) , 
= dng ——sinn— (K —?7< +> > dngsinn—™ (K 
m > - 


If we bear in mind that 


we obtain 


(6.31) 


Let us evaluate the sum of the series. The quantities A, satisfy the 
inequality 


jf *) 


Am << mm+n/2 


1-— 1/2 = 1/2, and thus 
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Now from (6.31) it follows that 
THI 
In a similar way we can show that operator Vf acts from B, to B, and 
is limited. 


7. Existence theorem. It follows from the results of Section 5 
that Equation (4,15) possesses an even periodic solution, 


y =3NSéo, yy’ = 3MSéo (7.1) 


where the operator M is determined within the conditions of Theorem 6, 2. 
We then obtain from (4.7) and (4.6) a system of nonlinear equations for 
50 and dr 


60 — — 3MSéo + 2neTS/, dt = 3NSbo — 2ne*VS5/——e*Sdf (7.2 
where 50 is determined by (4.9). If 6B: and te Bo, we obtain 


fe RB, VfB, Theh, SSR, weh, ranch 


Then it follows from (4.9) that do €& Bi. Because of Theorems 6.1 and 
6.3 


MSéo & Bi, NSéo0 <& Be 


Equations (7.2) can now be written as 


66 E160, ét E2dw (7 o) 


where 5@ is in fact (60,5r) whilst E, and E, are nonlinear operators 
acting from B to B, and B,, respectively. Denoting by E the pair of 
operators 


1D {Ei1, Es} 


the system of equations (7.2) can be written as one functional equation 
in the space B 


dw Edo 


It is easy to show that this equation can be solved by successive 
approximations. Indeed ES w can be put in the fom 


Edw e (Gf + Gidfi) (7.6) 


where G and G, are linear operators acting from B, to B. We mst show 
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that there exists in the space B a sphere whose radius is such that the 
operator E maps this sphere onto its interior, whilst the magnification 
condition of the mapping is fulfilled, i.e. 


Eéw I < dw . Eéw1 — Edel < d bw _ dwe || (7.7) 


where d< 1, Denote by F and F, the nonlinear operators which relate 
5@€& B, df and of, i.e. 


Féw bf, Fidw bf; (7.8) 


The proof that the operator E gives a compressed mapping is equivalent 
to the following: to show that if 5@ varies over a limited set in space 
B, constants M,, M,, M, and M, of such a kind will be found that 


Féw | < M, &éw . la ow < M, & . Fido - Fido, | < M, | dw _ 1 | 
Féw - Fé S M,| dw —_ 61 (7.9) 


But inequalities (7.9) are easily proved, because df and df, are 
analytic functions of 5@ and dr. It follows directly from this that 
when « is sufficiently small operator E will give a compressed mapping. 
Thus we have been able to prove the following existence theorem. 


It is possible to find a number ¢,, such that the boundary-value prob- 
lem (1,10) will have a solution which depends on two parameters « and k’, 
if0O<ece sk’ <V/y2. 


0’ 


8. Relating of parameters «and k’ to the physical parameters 
determining the motion. It is known that steady wave motion is de- 
termined by two non-dimensional parameters. It follows from the results 
of Section 1 that v and 7/A can be taken as such parameters. It follows 
from (1.8) that the period in the physical plane coincides with that of 


the complex potential. From Equations (3.2) we have 
T (@) e*t® (@°), 8 (@) e*6° (@°) (8.1) 


Because period r° (@&) and 0°(¢°) equals 2K, period r(¢) equals 2k/e , 
and thus 
K (k) (8.2) 


Now observe that the period can tend to infinity in two cases; (1) k 
is fixed, « + 0. From (8.1) it follows that within the limits 7r(d) and 
6(d) give zero identically, i.e. the cnoidal wave degenerates into a 
plane parallel flow. This is in fact the case studied by Littman. 
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(2) « is fixed, k + 1. Within the limits a solitary wave is obtained. 


Relation (8,2) gives the relation between A and« and k’. Expression 
(1.13) gives the relation between v and « and k*. It can be written as 


4 


» 
; \ {e—#*"(")eos ¢°6° (9°) — 1} dp (8.3) 
0 
or, making use of (8,2) we obtain 
[1- e—***"(%") cos ef (¢ \j dg (8.4) 


If we make use of the theorem of implicit functions, it is easy to 
demonstrate that for small values of « Equation (8.4) can be solved in 
terms of «. When is small v is close to unity. It is easy to deduce 
approximate formulas connecting wavelength with amplitude and velocity. 
This is not done here because these formulas were derived in a simpler 


manner in [6 }. 


BIBLIOGRAPHY 


Korteweg and De Vries, On the change of form of long waves, advanc- 
ing in a rectangular canal, and on a new type of long stationary 
wave. Phil. Mag. Vol. 360, No. 5, p. 432, 1895. 


Lavrient’ ev, M.A., Do teorii dovkikh khvil’ (On the theory of long 
waves) Shirnik Prats’ Institutu. Matem. Akad. Nauk SSSR No. 8, 
13-19, 1946. 


Friedrichs, K. and Hyers, D., The existence of solitary waves. Coma. 
on Pure and Appl. Maths. Vol. 7, No. 3, 517-550, 1954. 


Littman,. W., On the existence of periodic waves near critical speed. 
Comm. on Pure and Appl. Maths. Vol. 10, No. 2, pp. 241-270, 1957. 


Moiseev, N.N., O techenii tiazheloi zhitkosti nad volnistym dnom 
(Plow of heavy liquid over a wavy bottom). PMWM Vol. 21, No. 1, 1957. 


Moiseev, N.N. and Ter-Krikorov, A.M., O volnovykh dvizheniiakh pri 
skorostiakh blizkikh k kriticheskoi (Wave motion at near-critical 
velocities). Trudy MFTI, No. 3, 1959. 


Translated by V.H.B. 





HEAT TRANSFER IN TURBULENT MOTION 
(PERENOS TEPLA V TURBULENTNOM DVIZHENII) 
PMM Vol.24, No.4, 1960, pp. 637-646 


L.H. LOITSIANTSKY 
(Leningrad) 


(Received 6 April 1960) 


1. A short survey of the development of the theory of heat 
transfer in turbulent flow. Prandt] [1] in 1910 and later in 1928, 
and independently Taylor [2] in 1916, proposed a "two-layer" — laminar 
sub-layer and turbulent core - theory of heat transfer for Prandtl 
numbers different from unity, when the Reynolds analogy in its classical 
form becomes inapplicable. The application of this theory proved to be 
limited to a narrow range of Prandt! numbers in the neighborhood of 
unity. 


To Karman [3,4] belongs the credit of giving in 1934-39 the first 
theory of turbulent heat exchange which takes into account the inter- 
action of the molecular and molar processes in the fluid. The range of 
Prandtl numbers for which the theory gave agreement with experimental 
results was noticeably increased. Rejecting the "two-layer" scheme Karman 
placed (Fig. 1) between the laminar sub-layer 1 and the turbulent core 2 
a new flow, a transition region, or, as it is often called, a buffer 
region 3, representing in this manner more than half of the old laminar 
sub-layer and part of the turbulent core. In terms of universal variables 


(1.1) 


where ris the shearing stress on a rigid wall, u is the longitudinal 


velocity, y is the coordinate normal to the surface, and v and op are 
respectively the kinematic viscosity and the density of the fluid; this 
transition layer appears for 5 < 7 < 30. The distribution of velocities 
of the flow is determined by the system of equations 


for 0 
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For the distribution of heat output from the wall, Karman introduced 
the Stanton number 


expressing in a most convenient fashion the simple non-dimensional 
numbe rs of Nusselt N a Reynolds R, and Prandtl P, 


Here q, is the rate of heat flux passing through the surface of the 


body, U, is the velocity of the unperturbed flow distant from the surface 


of the body, @, is the difference between the temperature of the surface 
and that of the unperturbed flow, » and A are, respectively, dynamic 
coefficients of viscosity and heat conductivity and c, is the specific 
heat. By means of simple computations Karman determined the formulas 


An analogous computation carried out for the two-layer theory of 
Prandtl-Taylor would give the following expression for the function g(P): 


P) 8.7 (P ! (f 


Comparing the results of the computations (Fig. 2) from Formulas (1. 4) 
and (1.5) with experimental material of Eagle and Ferguson [5], Karman 
showed the advantage of his theory. Whereas the formla of Prandtl-Taylor 
(curve numbered 1) gave indication for P = 2 of deviating from the experi- 
mental results of Eagle and Ferguson for indicated values of the number 
R, Karman’s formula (1.4) (curve 2) showed applicability up to P 15. 
Karman himself observed the increasing divergence of his theory with the 
experimental curve of Ditus and Boelter [6], beginning with P 15. The 
next development in the theory and in the experiments showed that the 
reason for this divergence appeared to be a deficiency in Karman’s 
theory — not taking into account the influence of turbulent pulsations 
in the neighborhood of the walls. The presence of such pulsations and 
their connection with the transfer of heat were confirmed in the experi- 
ments considered in the work of Del-Nunzio [7 |, going back to 1930-31. 
The experiments of Reichardt, Mutchfelder and Reichardt and Shuch [8] 
show the influence of the pulsations on the profile of the mean velocity 
near the surface of the body. This influence leads to a small but calcul- 
ably noticeable deviation in the velocity curve from the purely lamnar 
case, represented first by (1.2) (we see this again in Fig. 4). Analogous 
results were obtained in the later experiments of Laufer, Schubaver and 


Klebanoff [9 ]. Here in the Soviet Union Kapitsa, Landau and Levich [10] 
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Fig. 1. Fig. 2. 


turned their attention to this situation. Levich put it into the scheme 
of his theory of heat-mass exchange. 


The law of the decrease of turbulent shearing stress on approaching 
the wall, 


_ du 
” dy 


- pu'v’ (1.6) 
a question of great importance in the theory of turbulent heat-mass ex- 
change, has been considered by a number of authors. Reichardt [11], 
starting out from a consideration of the order of decrease of the puls- 
ations (u’ = y, v’ = y”), but not taking into account the influence of 
the correlation coefficient between them, arrived at the cubic law 


« = y*; this law was employed in the investigation of Lin, Moulton and 


Putnam [ 12]. 


In 1943, Levich [10], by considering the rate of decrease of the 
velocity pulsations, and also by using a supplementary hypothesis on the 
independence of the period of the pulsations from the distance from the 
wall, came to the conclusion that the coefficient of turbulent displace- 
ment, €, must decrease as one approaches the wall as the fourth power of 
the distance from the wall. As can be seen from the formula (1.6), one 
cannot immediately deduce the rate of decrease of « because the velocity 
pulsations are correlated, and the value of the correlation coefficient 
is rather difficult to determine. An argument given by Elrod[13], who 
determined that the power in the law of the decrease of turbulent visco- 
sity cannot be less than four, proved to be erroneous. Deissler dis- 
covered the law of the fourth power [ 14]. On the basis of a collection 
of wide-ranging experimental material on heat-mass transfer and also 
some partly empirical considerations he derived the formula 
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n*nf, 0,124 (1 7) 


The question of heat transfer for very small values of the Prandt] 
number is taken up in the work of Martinelli [15] and Lyon[16]. A 
systematic presentation of the results in this area can be found in a 
monograph of Kutateladze, Borizhanskii, Novikov and Fed’ inskii [17 ]. 


2. A generalization of the hypothesis of localness for the 


case of interaction between molar and molecular exchange. 

The hypothesis of localness of turbulent mixing, based on the semi- 
empirical theory of Prandtl-Karman, which disregards the influence of 

the molecular viscosity on the molar transfer of momentum, can be success- 
fully applied also in the case when molecular and molar processes quanti- 
tatively compare with one another and when it is no longer allowable to 
disregard their interaction. 


In the work of the author [18] this interaction was taken into 
account. With the idea in mind of producing a semi-empirical theory of 
turbulence the concept of a local Reynolds number was introduced. That 
number was at that time defined as the ratio of the kinematic coefficient 
of turbulent mixing to the kinematic viscosity, that is the ratio «/: 
where, as one could deduce from the content, « is understood to be the 
turbulent mixing coefficient which does not depend explicitly on the 
magnitude of the molecular viscosity coefficient; it is characterized by 
the usual formlas of the semi-empirical theory of Prandtl and Karman. 
The role of the characteristic length in the local Reynolds number is 
the "mixing length" 1, and the characteristic velocity U is the magnitude 
of the relative velocity between adjacent layers of the mean turbulent 
motion U = l(du/dy). This leads to the following quantitative definition 
of the local Reynolds number : 


R . (2.1) 
Vv » 4 


In the same paper, it was proved that the local analog of the Euler 


number is 


where r, the actual turbulent shear stress, containing in itself both 
the molecular and the molar exchange of momentum, must be a function of 


the local Reynolds number 


Attempts to define the form of the function F were at the time not 
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successful. In [19] the relationship in Equation (2.3) was written in 


the form 


di ‘ -_ 
1 — f (R), f (R)=— RF (R) 
dy 
In this case R was understood as the expression (2.1) and, more im- 
portant from the point of view of the hypothesis of localness, the ex- 
pression 
“2 (du / dy) 


R 


v (d*u dy*)? 


The form of dependence of f(R) in that paper came from purely intui- 
tional considerations, taking the form of a segment of an equilateral 
hyperbola outside the laminar sub-layer and a segment of a straight line 
to the axis of RA in the sub-layer itsel f. 


Considering the case of turbulent motion which is established parallel 


to an infinite, smooth, plane wall, we obtain 


du . du 


xy, Lb — uu f(R) = const - 


dy 


Thus we shall have 


Near to the smooth wall where wW n, according to (2.7) and the 
formula of Deissler (1.7), we get 


f(R)= n“vé .- ah* 


For k 0.4 and n 0.124 we have a 0.0092, 


Far from the wall it is possible to assume that the usual molecular 
viscosity does not influence the molar turbulent processes, so that the 
correct asymptotic (for large R) relation 


f(R)~R+1 (2.9) 


expresses a simple superposition of the molecular and molar friction. 


The establishment in this fashion of the asymptotic expressions (2. 8) 
and (2.9), which correspond to small and large R, can be taken as the 
basis of the approximate semi-empirical definition of the characteristic 
function of the interaction of the molecular and molar mixing f(A) for 
the whole range of R from 0 to «. Accordingly we observe that the func- 
tion F(R) introduced above must take the following form for small and 
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large values of the local Reynolds number by its definition (2.3) and 
because of the established equalities (2.8) and (2.9): 
a ; 


R ak, F(R) ~1 R (2.10) 


F (R) 
We start from the quantitative analogy between the local Reynolds 
number dependence of the quantity F, which represents the local Euler 
number, according to (2.3) and the dependence of the coefficient of 
resistance of a smooth tube on the Reynolds number of the main flow. 
Thus it follows from (2.10) that the function 


R (2.11) 


F, (R) F(R) 
will be together with all of its derivatives a bounded, continuous, 
smooth and monotonic function of R in the interval 0 < R < «. We note 
that since as R + « the function F,(R) tends to a limiting value equal to 
unity, it is possible to assume for large R 

dF, > \ ») ) 
= k 1 — fk ~ 12) 
dR ( ) \ 


where k and r are as yet undetermined positive numbers. 


Collecting the successive derivatives with respect to R from both 
sides of Equation (2.12) and using the boundary conditions imposed on the 
derivatives we realize that the relation r > 1 mst hold. 


Integration of Equation (2.12) gives 


Py =f IC + k(r — 1) RI (2.13) 


If it is required that the function F,(R) satisfy both of the limt- 
ing conditions (2.10), then the arbitrary constants C and k must be 


given by 
(2.14) 
and so 


(7 1) RR} (2.15) 


and also 
| 


M4 a(r—1)R) (2.16) 


F(R) 


And so in agreement with Formula (2.4) we obtain the following ex- 
pression for the desired characteristic function of the interaction 


/(R) {1 a(r 1) RR 
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The constant R in this case remains undetermined. 


"7 


Using (2.17), we construct an asymptotic expansion for f(R) (for 
large R) 


f{(R)~R _ | (2.18) 


We recall that the previously assumed condition (2.9) of the independ- 
ence of the molecular and molar processes of mixing on distance from the 
solid boundary gave as the leading members of the expansion the first 
two terms. We conclude from this that the third member of the expansion 
must contain R to a negative power, so that if we also take into con- 
sideration the previously mentioned inequality r > 1, we find 


f1<qr<2 (2.19) 


Returning now to relation (2.17) and inserting into it r — | l/s, 
requiring 1< s < «, we obtain finally the required function of the 


interaction 


1 


f (R) Ri1 Rt) (2.20) 
According to contemporary theories of turbulent mixing there is no 
basis for the rational determination of the constant s. However, for the 
determination of the quantity a it was necessary to employ experimental 

materials for heat-mass transfer for very large values of the Prandtl 

number or the Schmidt number. Analogously it is correct also to deter- 
mine s in this manner. It is necessary to compare the solution with ex- 
perimental material for very small values of the Prandtl or the Schmidt 


numbe r. 


We notice that the right-hand side of (2. 2)) depends weakly on s. For 


the smallest integer s 2, we have 


and with s = « we obtain the exponential law 
f (f) 1+ (1 — e-**) (2.22) 


Ihe full curves of Fig. 3 represent two forms of the function f(A), 
Curve 1 corresponding to Formula (2.21) and Gurve 2 to (2.22). As can be 
seen, they differ slightly from each other. On the same figure the 
dotted curves 3 and 4 correspond to Formulas (2.8) and (2.9), expressing 
the behavior of the characteristic function for very small and very large 


val ues oO f R, 
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3. Extension of the Karman theory to other values of the 
Prandtl number. We will retain the general scheme of Karman in parti- 


tioning the flow into three layers, with the principal difference that 


in the zone of the laminar sub-layer (0 < 7 < 9,) we take into consider- 
ation the existence of the turbulent oscillations. Correspondingly, we 


take f(R) 


1 in Equation (2.8). In the intermediate region 7, <7 < 7, 


following Karman, we give the distribution of velocities as a semi- 
logarithmic line, joining it smoothly with the new velocity profile in 





lag 1/9) 




















Fig. 3. 


the laminar sub-layer. In the turbulent core we use the usual logarithmc 
velocity law in the established turbulent motion along the smooth wall. 
This simplified scheme does not require knowledge of the behavior of the 
function f(R) for large R and besides, it is possible 


to obtain a solu- 
tion in closed fom. 


Assuming a flow of fluid in thermal equilibrium, we set 


ae £ de 


} , » A ) y 
h dy \! P—): ha, Ui I J Iw 


in universal coordinates 


where we set 
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The system of equations (2.7) and (3.2) allows us to obtain 


following parametric solution with the quantity R as parameter: 


Rf’ (R) + f(R) 
V RF (R) 
> = : ( Rf’ (R) + F(R) dR. 
an 
" [P 14 f (R) 1| J Ri (R) 


dk, 


V RF (RP) 


We use for small R instead of f(R) the expression (2.8) and 
duce a change of variables 


ak? i’ 


Ihe system of equations (3.4) leads to the following: 


For the calculation of the integrals we use an expansion of the ex- 
pressions in the integrand in a power series convergent for t l. 


For 
this case, the second integral of the system (3.6), 


besides the al gebraic 
part, will also contain a transcendental part B(P'/*t) 


where the symbol 
B stands for the function 


tabulated by Bakhmet’ ev [ 20 ]. 


With this form, for t < 1 andn 0.124 we will have 


8.06 (1 30° — 0.29109 + 0.2647 


8.06 1(2.é 220° + 0.097% ) 


0.16252) 


me) P*B(P™4)| (3.8) 


1 8 O62 (4 {4 8.06 (/ 


Using this result for the region (0< <n), 0<t < t,) we determine 


the values t, andy 9 from the condition that the tangent to the velocity 
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profile (3.8) at the point 7 = 7, in the semi-logarithmic scale (¢, 
log @) goes through the point (y, = 30, ¢, 13.63) on the semi-loga- 
rithmic line 


9.75 log n + 5.24 


This corresponds to the velocity distribution of Nikuradse in this 
region, at a distance from the solid surface. Simple calculations indicate 


that for this to be true it is necessary to take t 0.68, No * 6.07. 


0 
The equation for this tangent will be 


11.3 log 9 


6.07 < H « 40) (3.10 


Finally, for 7 > 30 the velocity profile will become the semi-loga- 
i Pp 
rithmic line (3.9). The proposed velocity profile is shown in Fig. 4. 


of 














For this choice of approximate velocity profiles there correspond 
simple analytical expressions for the temperature profiles, consisting of 
the second relation of the system (3.8) for 0 <t <«< t <7 <7, and 


the following equality for 7 6.07 
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Here by y¥, we will understand w calculated according to the second 
equation of (3. 8) for t = t) = 0.68, and for ¥, the value of w calculated 
for the first equation of the system (3.11) for 7 = 30, We exhibit 
the expressions for these quantities: 


20.15 9.068 6.549 


; res na )P'*B(0.68 P'*) (3.12) 


1.91 \ 


11.3 log 25.09 . 11.3 log ( 1 16 


(3.13) 


/ 


After this it is not difficult to find a new expression for the Karman 
function g(P), which is required for the definition (1.4) of the Stanton 
number S|. Taking, as before, the index m as the designation for values 
on the axis of the flow, we have from (1.3) and (3.3) 


(3.14) 


For this, according to (3.9), and the last equation of the system 
(3.11) it is possible to set 


5.75 log 


Besides this, we have 


From this follows 


(d, — 13.73) (3.15) 


Comparing expression (3,15) with (1.4) and using (3.13), we get a new 


expression for the Karman function 


4 of (3.16) 
P 
20.15 9 O68 6.549 .’ j t/, 
— * B(0.68 P 
7 na) P'* B(0.68 P) 


g(P) 


correct for all values of Prandtl number P > 1. 


Constructing the Nusselt number No containing as characteristic 
temperature the temperature difference between the solid wall and the 


axis of the flow and assuming 


() O4 ad 
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we obtain 


. Rp 0.04R,, * p 
m d, m 


So, for example, for R. 10* and Prandt! number / 100, from (3.17) 
we find 2 212, The calculation from an empirical formula of Ditus and 
Boelter [6 ] 


0.0254R,,°* P* 
gives N. = 200, The difference undoubtedly lies within the limits of error 
of the formula of Ditus and Poel ter. 


From Equation (3.16) comes the following asymptotic (for large P) ex- 


pression of the function g(P): 


g (P) = & OTP: 6.26 — ; {S) 
pP ‘ 


For practical calculations it is generally acceptable to make use of 
mean values: velocity u and temperature @. 


We observe that 


Therefore, changing » characteristic mean values, we will have 


20) 


(9,,/9)+ 2V2 VAg(P 


For larger values of the number P it is possible to take ¥, = w, and 
also, from the known empirical relationship of Nikuradse 


4.08 — 141V) 3.21) 


. 2 Q 
Using these approximate relations and the asymptotic expansion (3, 18), 
Stanton 


we get from (3.20) the following asymptotic relation for the 


number: 


y ~ 0.040"P~ — (0.0124 - 0.01754") P 
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Fig. 5. 


Figure 5 exhibits an empirical curve from Deissler’s paper quoted 
above; it shows the dependence of the heat S, and consequently the Stanton 
diffusion number Sip on the Prandtl number P and the Schmidt number Ss. 
for flow number R = 10%, The full line expresses the limiting law of 
Deissler, which agrees with the first member of the asymptotic expansion 


(3.22); the first three members of the expansion give exact agreement 
with the calculated results. We have good agreement with the experiment 
in a broad range of Prandtl numbers even for P < 10, 


In the preceding there remains untouched the problem of the value of 
the ratio of the coefficient of turbulent mixing of the heat content and 
the momentum. From the experiment of Ludwig[21], this ratio increases 
from the walls to the axis of the tube, and according to the experiments 
of Sleicher [22 ], on the contrary, it decreases. The contradictory 
experimental results have led us to take the value unity for this ratio. 


The investigation of the heat transfer for small values of the Prandti 
number has certain computational complications in the calculation of the 
mean temperature. Besides, apparently, there is a lack of adequate accurate 
experimental material for very small values of the Prandtl number which 
are necessary to establish the value s for the formla (2.2). 


The preceding considerations related to the heat transfer for turbu- 
lent motion have validity also for the phenomenon of mass transfer. The 
difference is only that the Stanton and Nusselt numbers have to be re- 
placed by their diffusion analogs and the Prandtl number by the Schmidt 
number. 
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(Received 10 October 1960) 


We assume that a semi-infinite plate, set in a uniform flow of fluid of 

velocity V_ has started to heat up according to a law T.(t) (T., is the 
oo fo wO 

initial temperature of the surface). The problem consists in determining 

the temperature distribution in the boundary | ayer. 


Assuming the kinematic viscosity v constant over the velocity field 


and vi, we have the Blasius solution for the boundary layer as follows 


(We. | 
(S/ h), 


- 
The heat-flux equation has the following form 


00 00 00 vy &0 
-v 1 » : 
ie Y dy P dy* 


6 H + */ev 


20x 


vii 
In this equation H is the enthalpy, P the Prandtl number. 


We write down Equation (2) in variables t, x, ¢€, using (1), thus: 


r 00 ae * 20 1 #0 . f d = 
. = + re 3) 
VV. ot XZ} Oa » at P ar so) P }) dt UV] ) \ 


, 
2 a 


The boundary conditions and initial conditions for Equation (3) are 
fol lows: 


6 (t, xz, 0) Hy (t), ) (4, x, oo) Boo const, 6 (0, z, | 


In this expression 6 (f*) is the stagnation enthalpy profile for 
steady flow with T, const. It will be evident from what follows that 
0 
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the change in enthalpy on the wall can satisfy the more general law 
Hy (t,x) ado (t) + ai (t) et + a2 (t) a 


We will assume the solution to be of the form 


6; (t, z, $) 


For 6, we arrive at the following homogeneous equation: 


, 


Ov; f d0, { 070, 
i amy : 


5 s ? ra 
OL & a@& I Oo 


which has the following initial, and boundary, conditions: 


01 (tf, z, UV) “ | 6; (t, 2, 0 ) % (O, 2, 6) 
Now if we write the boundary condition on the wall in the form 
Hy — Hoo LAgl” 


we can seek a solution in the form of a series 


in which functions ¢, x, ¢€) satisfy the equation 


, Fn jf OD, 


and conditions 
(5) 


It follows from dimensional analysis considerations that the functions 


d, only depend on two dimensionless variables & x Vt and ¢. 


Equation (5) then takes the following form 


89, =f Pp 


AL 5 ar 


(6) 


neq, b2 __* =f’ 


Series solutions to the latter equation can be obtained for both smal] 


£ 


and large values of the variable é€. 


It is easy to show that for large values of ¢ the solution for ¢, can 


be represented as follows: 
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tC V&) 


where functions y,(z) satisfy the equations and the boundary conditions 


i” (Q), yo (VU) 


The solution for y,(z) can be put in the form 


Yo (2) Collen | : izV P) Zon | : zVP,« 


- 


(2) Hon+-sk ( : iz} P| \ exp | ; Px*) |Hon+s 


| exp _ @2P) Honssx (2 it VP) hy (t) de 


eH, tak (~ iz} P)\ exp | : rP) \H. 


t 


Here H 
m 


are Hermite polynomials of degree m 
H* (Ww) 
; aPt*y;" (t) ~ aPt 


a*Pt*y, (t) SatPye (2) 


a*Pt vi 
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: aPt*y3" (t) = 2Ptys (t) - a a*Ptye (t) 


33 1875 


2°Pt yy, (t) - = a*Pt'’’ yo’ (t) ms 23 P ty,’ (t) 
[Hon (O)Zen (0, c0)]-' for 2n even 


i [Hen’ (O))-' for 2n odd 


Coefficients c, are found from the condition y,\9) 0, 


To find the solution for small values of & it is desirable, in Equa- 


, 


tion (6), to transform to the variables & and f’: 


, 
» O2q 

pee OV n 

> 


neq E(f’ 5) 


Then, for the function Y,(f*) of the series 
De Ye (1) 


we obtain a system of ordinary differential equations of the form 
kf'Y, (n 1) Y;, 
with boundary conditions 


Yo (0) ; Yo (1) = 0, Y, (0) (1)—0O for 


The solution to the equation for Y,(f,) corresponds to a quasi-steady 
temperature variation in the boundary layer; it can be found, for 
instance in{ 1]. 


It is easy to obtain an approximate solution for the subsequent func- 
tions Y, using the method of integral expressions. In such a case it is 
desirable to represent solutions Y,(f’) as mth degree polynomials in f°" 
the latter having to satisfy the boundary conditions 


Y, (0) for k 


: nd ; 
Y:"(0)=—, Y,"(0)=0 for k 


and, additionally, m— 2 conditions obtained by integrating Equations (8) 
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multiplied by f°") , 2, «ce, @-— 3) from 0 to 


By representing Y,(f°) as polynomials we obtain a system of linear 
algebraic equations for the coefficients. 


For instance, for m 3 


Y, = a,f 
and from the integral relations for P 


(k n) 


iA m7 “ Oo J 
From the abo ve, we derive 


{A 
ay 


The series for \d d,/d f*) converges for é 8/15. If we make use of the 
expression for ¢, for small and for large values of we arrive at an 
approximate solution of the problem over the whole range of variation of 
this variable. 


The solution obtained here can be used for the case where, instead of 
incompressible fluid, we deal with a gas which obeys a viscosity | aw 
pp const. It was shown |2] that for this case the variable ¢ should be 
replaced by 


{ : 


V ve vo) ¥ 
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In the construction of mathematical models which have to describe the 
motion of different types of media (water and other liquids, elastically 
and plastically deformable materials), the basic relations of these 
models are frequently formulated without referring t the law of conserv- 
ation of energy, i.e. the first law of thermodynamics. The system of 
equations of a model becomes closed, and different problems are formu- 
lated and solved. Nevertheless, a model established without the use of 
thermodynamical concepts cannot be considered to be mplete, and the 
question arises if this model can be justified thermodynamically, i.e. 


if it does not contradict the basic concepts of thermodynamics. 


On the other hand, in order to formulate the system of equations de- 
scribing the motion of a medium, it is necessary to be able to generalize 
the thermodynamical relations of a medium which are valid for reversible 
processes without macroscopic motions to processes with macroscopic 
motions, usually complicated by dissipative (irreversible) factors. Here, 
the question arises if the thermodynamics of reversible static processes 
may be preserved for the problems of motion, or if it should be essen- 
tially changed. Obviously, the possibility of preserving the thermo- 
dynamics without changes is of considerable interest. It is necessary, 
therefore, to investigate in each specific case if such a possibility 


exists. 


In this note, a discussion of these problems is given (as it seems 
that a clear analysis of them does not exist in literature) because they 
currently have acquired a certain timeliness, especially in the mechanics 


of deformable solid media. 
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l. Consider an ideal fluid whose equation of state has the form* 
t (0) (1.1) 
where p is pressure, and p is density. From the rel ation 
TdS pd (1.2) 


which is a consequence of the first and the second laws of thermodynamics 
of reversible processes|1] (with T being the temperature, S and E being 
the entropy and intemal energy per unit mass, respectively, and V= l/p); 
the following relation is obtained on the basis of the integrability of 


dS 
(1.3) 


Substituting here the equation of state (1.1), we obtain 


OE 
al 


p=- soe. Ba) \i >) al L 4 (T) 


where A(T) is an arbitrary function of temperature. But 


él > 2a 
A’ (7 

OT jy \ ) 
where C) is the heat capacity at constant volume, which thus proves to 
be dependent only on temperature. Therefore, we finally obtain the 
following expression for the internal energy of the medium 


E (T,V) \O (T) dT \ FI 


{ 
j ) dl 

This medium is called the medium with separable internal energy 
(energy separates into the part dependent only on temperature and the 


part dependent only on specific volume). 


Substituting (1. 4) into (1.2) and integrating, we obtain the expres- 


sion for ent ropy 


* Cy(T) 


i d7 


* The discussion of thermodynamical properties of the medium of this 
type is given in [ 2 l. Here, this case is considered for the complete- 


ness of presentation and in order to exhibit some additional details. 
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which proves to be a function of temperature only. Similarly, the ex- 
pressions for all remaining thermodynamical characteristic functions may 
be obtained. In particular, for free energy ¥ we have 
ads oe Cy (T) 
i (7-)a +\Cv (1) a7 "a (1.6) 


i 
« 


i.e. 1t also separates. Furthermore, because 


aS 


50 = TdS T qT dT =CdT 


all the heat capacities coincide and depend on temperature only. 


Finally, the coefficient of thermal expansion a of this medium is 
equal to zero, because on the basis of (1. 1) 


(1.7) 


Conversely, if the coefficient of thermal expansion is equal to zerm, 
then the medium possesses only one coefficient of thermal capacity, 
separable internal energy, and the equation of state of the type (1.1). 


It is interesting to note that, in a medium of the type considered, 
the isotherms and the adiabatics coincide, and it is impossible to com- 
plete a Carnot cycle for this medium. 


The equation of state of the type (1.1) is frequently used for the de- 
scription of motion of water with compressibility being taken into 
account (see, for example, [3]). In this, the system of equations de- 
scribing this motion is closed without the use of the equations of 
energy. We see, that the thermodynamics of reversible processes may be 
constructed for this medium accoding to the presented scheme. If we 
assume that viscosity and thermal conductivity are absent, and that the 
processes occurring in the fluid during the motion are also reversible, 
i.e. the thermodynamics of equilibrium is applicable, then the model is 
thermodynamically complete and correct, and the equation of energy 
assumes the form 

T = Cy (T) © = 0 (1.8) 

In this, the mechanical problem is entirely separated from the thermal 

problem. The system of equations for the determination of the velocity 


field, the pressure, and the density is closed without Equation (1.8), 
and they may be solved independently from the latter. After the velocity 


field is determined, it is possible, if necessary, to solve Equation 
(1.8) and to find the temperature field. 
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Another, more frequent case of a medium of the type considered is the 
model of am incompressible ideal fluid without thermal conductivity. The 
above statements apply also to this case. 


The model of an ideal elastic Hookean solid is an example of the model 
of a deformable solid medium, which is thermodynamically similar to that 
considered previously. Considering small static deformations of such a 
medium as reversible processes, the thermodynamics may be constructed in 
the following form[4]. The first and the second laws of thermodynamics 
reduce to the rel ation 


TdS dE — oj; de, (1.9) 


where S and E are the entropy and internal energy per unit volume, re- 
spectively, (because deformations considered in this model are small, 
these quantities correspond approximately to those taken per unit mass); 
o;; are the components of the stress tensor; ¢ ,, are the components of 
the infinitesimal strain tensor. Temperature T and ¢ ,, are considered 


here as the parameters of state. 


If the relation between the components of stress and strain tensors 
is given by Hooke’s law 


2G (ej; — ; €,104;) (1.10) 


(repeated indices denote summation), and the elastic constants K and G 
do not depend on temperature, then from the relation 


0 ij | 


l\or), (1.11) 


(which follows from the integrability of dS and is analogous to (1.3)), 
the relation is obtained 


Integrating it and using (1.10), we obtain 


— K . 
E(T, e%j)= (€1)° + G (ej 


2 3 


€:04;)° + A (7) 


If the heat capacity at constant strain will be denoted by C, 


n tJ 
analogously to Cy, then we have from (1. 12) 


OE \ 
“tj OT le 


? 


0 


this heat capacity depends only on temperature. 
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The internal energy assumes finally the fom 


> “7 K ; | “3. fp , 
E (7 , 85) == (€,,)? + 6 ( &4; 7 Bri + \¢ €4j (T) dT (1.13) 


Substituting (1.13) into (1.9) and integrating, we obtain the expres- 
sion for the entropy 


(1.14) 


which is analogous to the expression (1.5). 


Similarly, as in the previous case, we prove that all thermal capa- 


cities coincide (the index « ij may be therefore omitted in C, (T)), that 
, tJ 
the coefficient of thermal expansion is equal to zero, and consequently, 


thermal stresses cannot exist in this medium, etc. It is possible, using 
(1.13) and (1.14), to write the expressions for all remaining thermo- 
dynamcal characteristic functions. In particular, we have for free 
energy, analogously to (1.6), 
. - . : . cry 
T G ( &i; 3 &110;;)" T (¢ (T) d7 -7 \ T 


iT (1.15) 


In this way, if the elastic constants in the Hooke’s | aw (which plays 
the role of the equation of state analogously to (1.11) do not depend on 
temperature, then the complete thermodynamical model of the medium proves 
to be a model with separable energy and with entropy depending on tempe- 
rature only. 


Assuming, as was done previously, that deformation of the medium in 
the process of motion is reversible and is described by the same Hooke’s 
law, and that the thermodynamics established for the statical reversible 
processes is valid also for motion, we obtain a model of the medium which 
is suitable also for the description of dynamical processes. In this 
case, the system of equations is also closed without the equation of 
energy. The equation of energy reduces here to the simple rel ation 


cH 


dil 


uC (1.16) 


It has been shown in the examples considered that the construction of 
a closed system of equations without the law of conservation of energy 
does not, in general, contradict this law, and a thermodynamics can be 
established for these models. But in these examples we had only revers- 
ible processes. In the majority of cases, the motion f a medium is 


accompanied by irreversible, dissipative phenomena. 
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In establishing the thermodynamics with these phenomena being taken 
into account, the question arises what is the system of the parameters 
of state. Is it the same as for the reversible processes, or should new 
parameters be added, according to the characteristics of dissipative 
factors? The examples which will be considered in the following show that 
in some cases the system of the parameters of state and the forms of 
thermodynamic functions may be retained without changes; in other, more 
complex,cases thermodynamical functions depend also on additional para- 
meters which, however, are not the thermodynamical parameters of state 
in the ordinary sense. They characterize the irreversible changes of 
properties of a medium which occur during irreversible, dissipative pro- 


cesses in this medium. 


2. It is generally assumed that, for the model of incompressible vis- 
cous heat-conducting fluid, the above thermodynamics with only one para- 
meter of state, temperature 7, is valid, that the closed system of 
mechanical equations (with a temperature-independent coefficient of 
viscosity) remains preserved without the use of the law of conservation 
of energy, and that the law of conservation of energy gives an additional 
equation, i.e. the equation of heat flux (or input). Integrating this 
equation, the temperature distribution and its changes in time may be 
determined. From the assumption that the relation 


TdsS dk C (T) dT | dv 0) 


remains valid, and from the equation of heat flux which has a general 


fo rm 


Loyey — ( ey = - ) (2.4) 


) 


(where 5Q/St is the external heat-input rate per unit volume, o;; are 
the components of stress tensor, andé¢ ,, are the components of strain 
rate tensor), we have for the case being considered 


o sam 62 - 5 « 
pt (T) =  Weijeis + div (x grad 7) 2.2 


The above relation contains the assumption that the external heat input 
is due only to heat conduction (y and« are the coefficients of visco- 
sity and thermal conductivity, respectively). After the mechanical prob- 
lem is solved independently from (2.2), and the velocity field is deter- 
mined, the temperature distribution may be found from (2, 2). 


The possibility of this generalization of the model over the cases 
with viscosity and heat conduction is confirmed by the fact that the 
results obtained in this way agree with experiments. 
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We can proceed in the same way also in the case when the fluid is com- 
pressible, and the equation of state has the form (1.1). Assuming that 
the thermodynamics is valid also for motions with viscosity and heat con- 
duction, i.e. that the relations (1.1), (1.4) and (1.5) remain valid, 
and viscosity is of Newtonian type, with the coefficients of visosity 
being independent of temperature, we obtain from Equation (2. 1) 

r 
it 


pt ; (7) : 


. Hes 504) ; wu (div V)* + div («grad 7) (2.3) 


The system of dynamical equations remains closed independently of Equa- 
tion (2.3), which is utilized for the determination of the temperature 7, 
after the fields of density and velocity are found from the solution of 
dynamical problems. Similarly, as in the previous case, the validity of 
the constructed model may be checked by experiments. The model itself is 
correct, dynamically and thermodynamical] y. 


As a third example, let us consider the model of a viscous heat- 
conducting gas, which is the basis of modem dynamics of gases. It is 
assumed for the construction of this model that the system of the para- 
meters of state and the form of thermodynamic functions of a moving gas 
remain the same as for reversible quasi-static processes, i.e. the equa- 
tions of state remain unchanged, the thermodynamical identity is 


{ 


Tds dk pd . 


and the equation of heat- flow (2.1) assumes the fom 
u (div V)? — pdiv\ 


Experiment confirms the validity of these assumptions. * 


Finally, in a similar manner, the complete model of a linear visco- 
elastic solid may be constructed, retaining the introduced thermpo- 
dynamical relations and functions. In so doing, the law of conservation 
of energy obviously reduces again to the equation of heat flux, which is 
used for the determination of the temperature field. 


In fact, the relations determining an isotropic visoo-elastic body 


have the for [ 4] 


* A detailed and very good discussion of these problems may be found in 
[5] (Chapter II). 
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where 0. .© are "elastic" stresses, related to strain, as previously, by 

Hooke’ s lew (1.10), and» and ¢ are the coefficients of viscosity. Sub- 

stituting these relations into the equation of heat flux (2.1), and con- 
sidering (1,10) and (1.13), we obtain 


r= < (div V)? 


~~ a ioe 
C(T) = — + nei — Feud: i (eu) 


or, assuming 6Q/d5t = div(x grad T ) (isotropic heat conduction) 


_ + 
/ 


: 17 ° 2 : ‘ 2 
( (7) =, 1 (e; ; €1;0;3)" > (e),)* div (x grad 7) (2.6) 
- ‘ ” 1 
If, in addition, the coefficients of viscosity are assumed to be in- 
dependent of temperature, then the system of dynamical equations is 
closed, as in previous cases, without the use of the equation of heat 


flux. 


The application of the introduced concepts to the theory of plasti- 
city is of essential and principal significance. The existing theories 
of plasticity have been developed without the use of the law of conserv- 
ation of energy and without thermodynamical considerations in general. 
Therefore, the question of thermodynamical correctness arises also in 
relation to these theories. It is necessary to note that, on the one 
hand, the opinions are expressed that the thermodynamical considerations 
should be the essential basis in the construction of the theory of 
plasticity, while on the other hand, the complete ignoring of thermo- 
dynamics may be observed in the majority of books and papers on plasti- 
city. Both of these points of view are, as we shall see, extreme. 


The existing schemes describing the plastic behavior of metals may be 
completed to full thermodynamical models in the similar way as it was 


done in the previous examples. 


3. Consider, for example, the model of an ideal rigid-plastic material 
of Saint Venant, Levy, and Mises [6,7 ]. The basic relations of this 
model are: 


The relation between the deviator of stress tensor Oi; and the 


strain rate tensor eij 


Sj, 
The yield condition, having usually the form 


2k* 
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(yield condition of Mises), which makes possible the determination of m 


/ - é 
Lh r (2/ je (3.3) 


The condition of incompressibility of the material 
~ = 0 (3.4) 
Substituting these relations into the equation of heat flux (2.1), and 
carrying out elementary transformations, we obtain 


sQ sedi 
él al 


-—kVI (3.5) 
(here and in the following, E and S are referred to unit volume). 


The last term in this equation expresses the dissipation of mechanical 
energy in plastic flow of the material. Entirely analogously to the case 
of an incompressible fluid, it may be assumed that the only parameter of 
state in this case is also the temperature T and, consequently, 


E —E(T) \c (T) dT (3.6) 


where C(T) is specific heat capacity of the material, 


+ , = 
5s =| (7) a7 ete. 
7 


Equation (3.5) reduces to the form 


dT 


C (T) 7 kV J + div (xgrad 7) (3.8) 
and may be used for the determination of the temperature field in the 
flowing plastic medium. If the plastic constant of the material k does 
not depend on temperature, then the system of mechanical equations proves 


to be closed without (3.8), and it may be integrated separately. 


Consider now the model of the ideal elastic-plastic material of 
Prandtl and Reuss [6,7]. The basic relations of this model are the 
fol lowing: 


The relation between the deviator of the stress tensor O55 and the 
deviator of the strain-rate tensor ij” is 





S.S. Grigorian 


e(u) ff (u > 0) (‘att step) 


3.10 
10 (@jw<0) function (3.10) 


and a dot over a,," denotes the derivative with respect to time, and 


(under the condition of small displacements, velocities, and strains) it 
is simply partial differentiation with respect to time. * 


The yield condition of Mises 


or, in equivalent form 


The condition of the elastic volumetric defomation is 
Sti 3K ey, 


Using all these relations, we transform the sum |/2 a 
equation of heat flux (2.1) in the following way: 


1194; ) (e;;' 


Je ug i ie 
ae az | is VW (3.13) 


The components of the deviator of the elastic-strain tensor « are 


here introduced; they are related to the components of the deviator of 
the stress tensor by the Hooke’s law 


2G6e;;" 


In (3.13), the relation er) de 1 ,/at is taken into account. 


Substituting the expressions (3.13) into Equation (2.1), we have 


* In cases of finite deformation, the determination of time derivatives 


of the stress tensor in the relations (3.9) 


of Prandtl and Reuss is 
not elementary, and 


it needs special considerations, as has been 


shown by Prager [8 l. See also paper by Sedov [9] on the same 
subject. 
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» 6 
at 
{ dJ ,’ 

~ 36 dt 


(e;;*e 


(3.15) 


If we assume now that the internal energy FE depends only on ¢ ;;, 
«,,°°, T (as in the case of an ordinary elastic body), and the elastic 
constants K and G, and the density p do not depend on temperature, and 
neglecting «¢,, as compared to l, we obtain for pE (internal energy per 


unit volume) the following expression: 


\C(T) aT 


. 


which coincides with (1. 13). 


For the entropy and the free energy we again obtain the expressions 
(1.14), (1.15), ete. In this way we again obtain a medium with separable 
energy and with thermodynamic functions of the same variables as in an 
ordinary elastic solid, i.e.the consideration of plastic deformation in 
the ideal elastic-plastic material of Prandtl and Reuss does not contri- 
bute new parameters on which thermdynamic functions would depend. 


In this sense the ideal plastic body is also "ideal" in the therm- 
dynamic sense; plastic deformation does not influence the thermodynamics 
of the medium. Plastic deformation causes only the dissipation of 
mechanical energy, which in the form of heat appears in the equation of 


heat flux which has finally the fom 


dl 
al 


div (x grad 7) +- « (W) e (Je 


C (T) 


This heat flux (the second component in the right-hand side of (3, 17)) 
is obviously always positive, and it exists only if plastic defomation 
occurs. The system of mechanical equations is here also closed without 
(3.17), and it is integrated separately while (3.17) determines the field 
of temperature. Note that for K + « and G+ o all the relations of this 
case transform into the relations of the preceding example (i.e. the re- 
lations of a rigid-plastic medium). 


Let us finally consider a more complex model of a plastic material, 
i.e. a model with strain hardening. 


In the process of plastic deformation, generally speaking, changes of 
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elastic limits occur, and also elastic constants change. This last 
phenomenon is accompanied by the appearance of anisotropy in the elastic 
properties of material. Therefore, all the changes of the elastic pro- 
perties of material, caused by plastic deformation, may be considered as 
strain hardening in a broader sense. 


The example of an ideally plastic medium considered above indicates 
that the thermodynamic functions for such a medium depend, in addition 
to the temperature, on the invariants of the elastic-stress tensor and 
the constant parameters which characterize the elastic properties and 
the yield point of the material. Thus, because these constant parameters 
do not depend on the characteristics of plastic deformation, the entire 
thermodynamics of the medium does not depend on the latter. If these 
parameters change in the process of plastic deformation, then also the 
form of thermodynamic functions changes, i.e. these functions will de- 
pend on the characteristics of plastic deformations. Using a simple model 
of a plastic material with strain hardening, we shall explain what 
thermodynamical consequences result from the consideration of these de- 


pendences. 


Consider the model of the isotropic strain-hardening material of 
Prandtl and Reuss with the yield condition of Mises[7]. The basic re- 
lations of this model may be written in the form 


3Key, (3.18) 


Ae) °F H (&)je(o°), ( H (2)J elo" 


where e is the previously introduced unit step function; H(é) is the 
strain-hardening function; € is the strain-hardening parameter, i.e. the 
measure of plastic deformation, introduced by Odqvist. It is necessary 

to notice that in order to determine the quantity €, which on the basis 
of (3.18) may be expressed in terms of the plastic-strain-rate tensor, 
its infinitesimal increments in the process of active plastic deformation 
have to be integrated; however, the introduction of € as a new parameter 
with a differential equation for € (see (3.18)) reduces all the relations 
of the model to purely differential relations, excluding thus the de- 
pendence of any element of the model on the "history of deformation". 

The possibility and the necessity of introducing additional parameters 
with corresponding differential equations to achieve the exclusion of 
so-called "history of deformation" from the model has been shown by 
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Sedov. In this case, € is such a (only one) parameter. * 


Substituting now the relations (3.18) into the equation of heat flux 
(2.1) we have to consider that, in addition to the temperature and the 
invariants of the tensor of elastic deformation, the internal energy may 
depend also on the parameter &. It is necessary, however, to keep in 
sight the fact that because the parameter € changes only if plastic de- 
formation occurs, i.e. only in irreversible processes, the thermo- 
dynamical equalities which are valid only for reversible processes should 
be written with dé = 0, In particular, for reversible processes we have 
the thermodynamical equality in the form (1.9), where the differentials 
of S and E are determined for € = const. Considering Hooke’s law and 
assuming that elastic constants do not depend on temperature, this re- 
sults in the expression for internal energy 


\C(T, §)d7 (3.19) 


and for entropy 
eC(T, &) 


5 =| ar +8, (3.20) 


(where E, and S, are arbitrary functions of €). The expressions (3. 19) 
and (3.20) differ from (1.13) (or (3.16)) and (1.14) only by possible 
dependence on €. Entropy, as well as heat capacity, prove to be functions 
of T and € only. Internal energy depends on € not only through £,(¢) ad 
C(T, &), but also through the dependence of the elastic constants, K(é) 


and G(é), on €, which is, in this way, admissible for the model. 


Assuming again that the relations (3.19) and (3.20) remain valid also 
for the cases of progressing plastic deformation and existing thermal 
conduction, i.e. for the cases of irreversible processes, we substitute 
the relations (3.18) and (3.19) into (2.1) and, after some trmsforma- 


tions, we obtain 


dT 


ae 


div (x grad 7) 


_¢ 
»§) 


Several parameters may exist in the case of a more complex strain- 
hardening plastic medium where the process of plastic deformation is 
accompanied by anisotropy of its elastic properties and the change of 
elastic limits (which is, in general, also anisotropic). The construc- 
tion of thermodynamics for this case may be accomplished essentially 
in the same way as in the simpler case considered here. 
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The first component in Equation (3.21) determines the heat flux due to 
thermal conductivity, and the second component determines the heat flux 
due to the dissipation of mechanical energy. 


It is interesting to note that not all the work of plastic deformation 
o° d&/dt is converted into heat, but only a part of it 


- d= OF dé 
" dt ce dt 


i.e. only the excess over the work which increases the internal energy EF 
in connection with changes of é. 


This increase of internal energy may be treated as the energy taken 
by the material for irreversible transformations (irreversible changes of 
structure) which occur during plastic deformation. Because dé/dt is 
positive (see (3.18)), the work of plastic deformation o° dé/dt is posi- 


tive. 


It may be shown that, in addition, the excess of this work over the 
energy of transformation should also be positive. 


Integrating the expression for dS/dt over a volume ©, and using (3. 20) 


and (3,21), we obtain 


dSo 


d ¢ : " dn r - - 
Sd > a " (ors 2dt 
ai \' T \ ] d> \ 7a (grad 7’) M 


2 : n 


at 


where q, is the normal component of the heat- flux vector. Considering 

that the surface 2, bounding the volume 1, is thermally insulated (this 
may be principally realized including into the medium, at the surface 2, 
a thin layer of an ideal insulating material) we obtain on the basis of 


the second | aw of thermodynamics 


- eP 4 a ir / ir 
\ ms (grad T)* de | : Ix + = oot (3.23) 


Each of the written integrals should be positive, because they repre- 
sent increments of the entropy in a finite volume caused by three in- 
dependent irreversible phenomena: heat conduction, heat evolution by 
dissipation of plastic work (second integral), and entropy increment 
caused by the irreversible increasing of the parameter & (third integral). 
The quantity (9S /d&)/(d&/dt) determines the entropy increment caused 
by irreversible changes of the material which result in the changes of é. 
Since this entropy increment is positive and df/dt > 0, then also 
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dS/d&€> 0. Thus, the third integral is positive independently of the 
others (this independence may be formally noted in the independence of 
functions EB (e) and Sy () ), The second integral should be also positive, 
it determines the entropy increment cased by intemal heat production 
in irreversible plastic deformation. 


Because the volume 1) is arbitrary, the following inequality should be 
satisfied in the region of deformation. 


which means that the excess of plastic work over the energy of conversion 


1S positive. 


The functions E£,(¢) and S,(¢) may be determined by establishing the 
relation between the changes of € and the microscopic changes of struc- 


ture for which the complementary energy of transformation £,(£) is used 


and which are accompanied by the existence of the entropy S, (é). 


[The last example considered shows that the dependence of thermodynamic 
functions on the parameters characterizing strain hardening, i.e. the in- 
fluence of plastic deformation on elastic properties of the material, 
introduces certain complexities into the thermodynamics of the medium, 
but 1t does not cause any principal difficulties. 


The aim of the discussion presented here was to show that the use of 
thermodynamics for the construction of different models describing the 
motion of fluids and, particularly, plastically deformable solid bodies 
results in certain relations and concepts which make these models therm- 
dynamically complete. Unfortunately, these concepts are of limited use- 
fulness in the construction of the mechanical parts of models, and they 
do not essentially simplify this main problem. Nevertheless, it is 
necessary to have always a clear picture of the thermodynamical meaning 
of the model constructed and to be able to complement this model themo- 
dynamical ly. 


Finally, I express with pleasure my gratitude to L.I. Sedov for his 
suggestion of dealing with problems of thermodynamics in the theory of 
plasticity ad his discussion, and also to G.I. Barenblatt for his inte- 
rest in this wrk. 
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If to a body in equilibrium under the action of a system of forces Qy an 
additional system of forces \ Qy is applied gradually at some instance 
and then removed, then along such closed (in regard to the variation of 
the system of forces) loading path the work of the system \Qy must be 
positive or zero. This is Drucker’s [1 ] postulate of the theory of 
plasticity. The significance and the vary validity of this postulate is 
limited to materials which exhibit stable strain hardening for al] 
possible forms of loading. The converse is also true, i.e. if some of the 
states are unstable then the work of \ Qy for such states is negative. 
Such states are encountered for some materials even under simple tension. 
As an example the “plasticity kink" can be mentioned, (the upper bound of 
elasticity range), observed for mild steel. One may expect the appearance 
of such states in polycrystalline materials under a complex system of 
loadings. Consider, e.g. an aggregate of grains which is deformed in 
various directions. Such an aggregate may be unstable in regard to very 
small shearing displacements, which change sharply their directions. 


Drucker’s postulate, for our purpose, is valid for all possible 
plastic deformations of material bodies, with exception perhaps of some 
singular points of the deformation path. In what follows we shall ignore 
these exceptional points. However, the coincidence of the plastic-deforn- 
ation increment vector with the normal to the yield surface, and the con- 
vexity of the yield surface do not follow automatically from this postu- 
late for a general case. It is necessary to stress these facts since they 
have been accepted so far as theoretically proved principles. But as we 
will see, this is correct only under the assumption that the plastic de- 


formation of a body subjected to an arbitrary loading is not accompanied 


by a noticable variation of the elastic properties of the material er, 


since the question of the deformational anisotropy, which appears during 
the process of plastic flow, is one of the cardinal questions, it is 


987 
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essential to obtain for a general case the strict theoretical conclusions 
following from Drucker’s postulate. 


We shall employ vector notation used in[2]. Let the stress vector of 
a homogeneously deformable body in the stress space o describe a path L, 
which is determined by a function o(t). At an instant t = t, let o, 
o(t,). We shall call the path L together with o, a point k. By the un- 
loading from the point k and then elastically reloading along various 
directions we can obtain points T of the yield surface f,(o7) = 0. Inside 
of this surface the plastic deformations remain constant, ‘and outside of 
it appear additional plastic deformations. In connection with Drucker’ s 
postulate consider an arbitrary fixed point M determined by a vector oy 
inside of f,,a point T determined by vector o7 on f, and a point P in the 
neighborhood of T outside of f, determined by vector o,. Consider next a 
closed loading-unloading path MTPTM. The process along the paths MT 
and PTM (without ternary passing beyond the elastic limt) is conservative 
provided that the elastic limit was not exceeded. This means that these 
processes do not depend upon the trajectories but only on the points 
(M, T) and (P, M). This is because the corresponding deformations are 
elastic. In order that all states along this path should be defined, the 
path TP itself must be well defined. The same applies to path L for 
point k. Let path TP be a segment of a straight line determined by a 
unit vector e, and let the magnitude of TP be s. For simplicity path MT 
will also be taken as a segment of a straight line determined by a unit 


vector e, and having magnitude s 


; Consequently, 


” 
(MT) ¢—c,—Ae @), 
(TP) ¢--¢ As 1; 


The hypothesis of linear elasticity consists in that the elastic 
of the total deformation satisfies 


is) 2 3! 
23° is a linear, homogeneous function of the strain 


(€) ¢ 


where the symmetric matrix («) of the elastic constants depends on the 
previous plastic deformations. It is constant inside of fy and is deter- 
mined by point k, it is also constant during the reversed motion along 
the path PTM and is determined by point P, (here point P is understood 


to represent point k, path TP and @,); along the path TP, however, (e) 


varies from (e« ly to (le ) and it 1s a continuous function of s’ 


Note that the hypothesis of linear elasticity is not satisfied exactly, 


and thus (3) should be viewed as an approximation. From this hypothesis 


it follows that 
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(MT) : da‘ (e).de (e)rde, de 


d » 4 

(TP) da = da! (e), de ; (e)ads’, 
ds 

(PT) da = da* = (e),de, de = eds 


(TM) da = da® = (e),de, de = e, ds, 


Drucker’s postulate asserts that the work is non-negative 


Vi \ Acda 
MTPTM 


In calculating the work W we omit small quantities of second and 


higher orders in s and of third and higher orders in s,. Thus in the ex- 
pansions 


= (e)| 
. I 


it is sufficient to retain terms which appear above. Obviously we have 
\ Asda . Asda’ 
PTM 

and therefore 


\ Acds! \ Agile), 
Tl M1 


\ Ae [(e), (e)p]de \ Ac 


Ti Ti 


Taking into account (1), (4) and (6), we conclude that the first in- 
tegral on the right-hand side of (b) is a small quantity of the order 
ss ,', the second of the order "8, and the third of the order ss,. The 
integral which appears on the left-hand side can be represented, with an 


accuracy to the order of s*s, as follows 


. aap 

\ Agda? = s,se, ( wt 

TP wat 

Retaining small quantities of the order ss, and ss,°, and dropping 
-, results in 
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The derivatives 


, 1 
(&)7 —— (£) 


as 


are computed at the point T along the path TP. 


The vector 


(3) 


JT 


is independent of the position of point M, i.e. of the direction of the 
vector e,. Let now point M be moved to the point 7, located on the sur- 


face f, at a distance s, from T. Approaching to the limit with s + 0, 
s, » 0 under the condition that s/s, + 0, and taking into account that 
vector e, in the limt is tangent to the surface f, at the point 7, we 
obtain from the Drucker’s postulate 


for an arbitrary e, lying in the tangential plane. This is possible only 
in the case when the vector J’ is directed along the normal n to the 
surface f, at the point T: 


a’ =|9'|-n (9) 


Consequently, from the positiveness of the work increment, it follows 

that the form of the stress and plastic deformation relationship is 
—— +. (e)' ¢ = Ggrad f (10) 

Where f(a) = 0 is the equation of the yield surface, ds ld@|, and (fe )’ 
is a derivative of the elastic-constants matrix (inverse quantities of 
the moduli) with respect to s”’. at a point o. The expression (10) differs 
from a commonly-used form because of the presence of a second tem (e Jo. 
In order to account correctly for the elastic properties of materials, 
the evaluation of the magnitude of this term should be made in comparison 
with the magnitude («) do/ds. The ratio of these magnitudes even with 
respect to the modulus 


d(e)a 
(e)de (11) 


is not small a priori. For instance, for a simple tension (¢ l/E, E - 
elasticity modulus) 
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will be of the order of one for a number of materials. Thus, the 
principle of the coincidence of the plastic-deformation increment vector 
with the nomal to the yield surface is true in general only under 
certain restrictive assumptions in regard to the influence of the elastic 
properties of the medium. Substantial deviations from this principle 
should be expected in the neighborhood of the corner points along the de- 
formation and stress paths, where the influence of the elastic properties 
is particularly strong. 

Let us now construct a two-dimensional plane II containing vector e, 
and a normal n at point 7. This plane will intersect the yield surface 
f, = 9 along some plane curve, and a tangential hypersurface along a 
straight line T ~ x containing point T. The distance z from this straight 
line to the curve measured in the plane Il along the direction parallel to 
the exterior normal m at a point x, within the accuracy of smal! 
quantities of higher order, is expressed by the curvature «x, which is 
considered to be positive if the curve is concave 


The distance of a point 7, of the surface which coincides with the 
point M to the point T is approximately s,, and the elevation of point 7, 
from the curve T- x (for «x > 0) is 1/2 xs,*. Thus, to the second order 
of approximation, vector e, (directed from T, to T) forms with the 


normal m an obtuse angle (1/2)7 + (1/2)xs,, and e,m, l/2 xs). 


The work Win (7), after taking into account that Oy = Fr- Se), to 
the second order of approximation, according to (9) can be represented 
as 


W ss," [e, ‘(e)r'e, — x! 9" |] (12) 


9 


From the condition W> 0 it follows 
x|o" e, (e)r'e, 


Here e, is a unit vector of an arbitrary tangent line to the surface f, 
at T, and (e )7’.= d(e )/ds is a symmetric matrix whose elements are the 
derivatives of («) with respect to an arbitrary unit vector e, which is 
directed either outside of f, or is tangent to it. Clearly, under such 

circumstances we have no reason to assert that a symmetrical quadratic 

form of the directional cosines 


e, (e)r' e, ij T T; Abs aah 14) 


will be positive for arbitrary k, e, and e. Indeed, taking into account 
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that the elastic constants ¢,, form a matrix which is an inverse of the 
elastic moduli matrix E iy and that in a number of known simplest cases 
they increase with increasing plastic deformation (the moduli decrease), 
there exist certainly such materials and such loading paths for which the 
form (14) is negative. Moreover, according to (13) the curvature «x can be 
either negative (convex) or positive (concave). (If for simple loading 
the moduli are decreasing, then it is most probable that for reversed 
plastic deformations they are restored to a certain degree of their 


initial values, 1.e. e | fe )’e, < 9). 


Thus, the hypothesis of the convexity of f, likewise has no theoretical 
basis, unless we neglect elastic properties of materials. For an ideally 
rigid-plastic body this hypothesis, as well as the hypothesis of the co- 
incidence discussed above, is certainly theoretically well grounded. 
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This paper contains the formulation and an effective solution of the 
dynamic plane strain problem of wedging of brittle bodies by an infinite 
rigid wedge of arbitrary shape moving with constant velocity. The study 
is conducted on the basis of the general concepts on brittle cracking 
developed in papers [1 } where, in particular, a problem of wedging in 
static formulation was investigated. Special cases are considered, namely 


a wedge of constant thickness and rounded wedges of various shape. 


The limiting values of the wedge velocity are found, up to whict 
present formulation of the problem is valid. The special role played 


? 


Rayleigh waves in wedging problems, in problems of uniform motion of a 
rigid stamp on the surface of a semispace [2.3.4 ] and other analogous 
problems is investigated;it turns out that as the Rayleigh velocity is 
reached peculiar resonance phenomena are produced in the elastic body. It 
is shown that the velocity of formation of a free crack can never exceed 
the Rayleigh surface-wave velocity in the given material. The problem in- 
vestigated is of particular interest in the theory of cutting, since 
cutting at high speeds is invariably accompanied by wedging in most cases 


follows the brittle or quasi-brittle mechanisa, 


1. Introduction and formulation of the problem. We consider 


a homogeneous and isotropic brittle body, subjected to wedging by an 


asymmetric, absolutely rigid wedge (Fig. 1), which is of thickness 2h at 
infinity and which moves along its line of symmetry with constant velo- 
city V. Velocity V is assumed to be smaller than the shear-wave velocity 
Cy in the wedged body.” A crack is formed in front of the wedge, which 


As the investigation below shows, the given formulation of the problem 
is possible only if the wedge velocity is smaller than the velocity 
of Rayleigh surface waves, which in turn is smaller than the velocity 


in the given material. 
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closes snoothly at a certain point 0; the location of the point O with 
respect to the front point of the wedge C is not known in advance and 


must. be determined in the process of solving the problem. 


If the wedge has a rounded front part (Fig. la), then the location of 
beginning of contact between the crack surface and the wedge B and B’ is 
also not known in advance and is determined in the process of solving 
the probl en. 


If the wedge possesses a truncated front part (Fig. lb), as for 
example in the case of a wedge of constant thickness, then the location 
of the closing points is completely determined: they coincide with the 
corners of the front part of the wedge. However, in this case the 
stresses at the closing points are infinite. The friction forces, acting 
on the faces AB and A’B’ of the wedge which touch the wedged body, are 
assumed to follow Coulomb’s law, with a coefficient of friction k. 


The mathematical formulation of the problem is reduced to the follow 
ing: the equations of dynamic plane elasticity 


u Au — ps (1.1) 


piv — p . (1.2) 


ot 


are to be solved. Here u, v are the displacement components along the 
fixed axes x and y; t is the time; A, » are Lame’s coefficients; p is the 
density of the wedged material, # = du/dx + du/dy. Definite boundary 
conditions are assumed on the surface of the crack. The to the thinness 
of the crack the boundary conditions may be referred to the cut ABOB 4’; 
for the general nonstationary wedging problem these conditions, without 
taking account of molecular cohesion forces, are of the form 
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where F(x, t) is a function determining the equation of the moving sur- 
face of the crack in a fixed coordinate system related to the wedged 
body; ¢,, Oy» Tay are the components of the stress tensor. For the prob- 
lem considered it is natural to pass to a moving coordinate system &, 


related to the moving wedge 


Vi. 


and the origin of the system of coordinates &) is conveniently taken 
(Fig. 1) at the end of the crack O. Let us denote by l, the distance 
from the front end of the wedge C to the end of the crack 0, and by l, 


the distance from the meeting points B and B’.to the end of the crack. 


The boundary conditions may then be written in the form 


where f(t) is a function which determines the equation of the surface of 
the wedge in the moving coordinate system with the origin at the front 
point of the wedge C, i.e. the function which determines the shape of 

the wedge; the plus and minus signs correspond to the upper and lower 
surface of the crack, respectively. The location of the meeting points 

B and B’. is determined in the case of a wedge with a rounded front part 
from the condition of finiteness of the stress 0, at these points, by 
analogy to the well-known Muskhelishvili condition in the problem on stamp 
indentation. The location of the end of the crack O with respect to the 
front point of the wedge C is determined from the Khristianovich condi- 
tion on finiteness of stresses and smooth closing of opposite sides of 
the crack at the point O. Just as in static problems [1], it becomes 
necessary that the fracture stress o., calculated without taking molecular 
cohesion forces into account which are acting in the vicinity of O, (i.e. 
on the basis of the boundary-value problem (1.1), (1.2), (1.5)), 
approaches infinity in accordance with the law K/nys, where s is the 
distance to this point and K is the cohesion modulus of the wedged 


material. 


As is seen, the problem investigated represents a peculiar combination 
of the problem of the indentation of a uniformly moving stamp and of the 
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crack problem. We note that the problem of stamps, moving on the bound- 
ary of a semispace, was considered in papers by Galin [2,3 ] and Radok 
[4]. Ioffe [5 ] and Radok [4] considered also the physically unreal- 
istic problem of a uniformly moving crack of finite length, with constant 
stresses at infinity. The length of the crack was assumed to be given; 
the question of determining this length was not touched upon by these 
authors. 


To us it seems that the problem considered is basic for the theory of 


cutting. In all models of the process of cutting known to the authors it 
is assumed that the cutter is in complete contact with the body cut. Such 
a model is valid, however, only for low cutting speeds; as the cutting 
speed is increased the fracture mechanism becomes brittle or quasi- 
brittle* and the cutting process is necessarily accompanied by wedging 
of the material. The model assumed here is confirmed by the fact observed 


in practice, namely that the cutters are worn mostly along the sides**. 


2. Selution of the general problem. In view of the obvious 


symmetry of the problem with respect to the €-axis it is sufficient to 
consider only the lower half-plane, taking the conditions on its boundary 
in the form 


—f( li), 


We recall briefly the basic relation of the method of Galin [3] which 
will be used in the sequel. We note that in Section 9 of [3] which is of 
interest to us, inaccuracies are contained which have influenced the 
final formulas; these inaccuracies are rectified in the present paper. 
The stresses and displacements are expressed in the following form: 


2A Im @ (21) 2B Im (2s), ’ Req (z 2D Re (ze) 
2L Im @’ (1)— 2F Imyp’ (ze), ; 2G Im@’ (1) — 2H Imy’ (zg) (2.2) 


2M Reg’ (21) 2N Rey 


Plastic deformations occur in quasi-brittle fracture, but they are 
limited to a thin layer near the crack surface. 


** S.A. Khristianovich repeatedly called attention to the necessity of 
taking wedging into account in problems of cutting. 
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where 


1—2v 
3 i— ¥)" 


(E is Young’ s modulus, v is Poisson’s ratio of the we iged material) and 


c, and c, are the velocities of the dilatational and equivoluminal waves, 
* 


respectively. The functions ((z,) and Wz.) represent analytic functions 


of complex variables 
17), 
related to other analytic functions w, and w, by linear relations 


N H 
? 4) = 95 (GN — MA)“ “*) — 5 (EN — MH 
M G 

Y (2) = — Da (GN — MA) 4) + 25 (GN— MA 


and the functions w, (2) and w,(z) in turn are determined by the formulas 


Further, the relation is valid 


dv \ CN—DM 1 ¢ 
OE/ymo GN—MH x \ (Fy) n=0 f 


x 


On the boundary of the half-plane, at f we have obviously 


dt 


Using relations (2.7) and (2.8), we reduce the boundary-value problem 
(2.1) to the following Hilbert problem for the function 





G.I. Barenblatt and G.P. Cherepanov 


— pup’ (§ — h) = uw + kqv: 


where the notation is introduced 


_ GN—MH E : 
~ CN—DM~ 1+ 2(1- 


m2\2 


CH — DG 


= CN—DM— 


m?\\ 


The general methods of solving Hilbert’s problem are considered in 
detail in the monographs by Muskhelishvili [6 ], Galin [3 ] and Gakhov 
(7 ]; we will therefore not dwell on the solution of problem (2.9) but 
present the ready answer. We note that the solution sought must satisfy 
the physically natural integration condition at the points of discon- 
tinuity of the coefficients in Hilbert’s problem, as well as the condi- 
tion of approaching zero at infinity. These conditions determine the 


unique solution of Hilbert’s problem which is of the form 


co 
Co — D (2) , - ff (t—A) lt 
wW,(z) = aed - ® (z) = psin no \ é S ut ~ 


z (ls — zs) 


where cy is a real positive constant, and 


| 1 

6 - tan! 2.12 
x tan jg ( ) 
(the value of tan~! is taken smaller than 7/2). In particular, in the 
absence of friction at the sides of the wedge, i.e. for k = 0, Hilbert’s 
boundary-value problem degenerates into a mixed problem, @ = 1/2 and the 
solution (2.11) takes on the form 

‘(t—1) Vt(t—1,)dt 


® (2) - p\ (2.13) 


ls 


w,(z) = — 
V z(l, . 
From solution (2.11) and the second relation (2.8), we obtain the 
general expression for the normal stress at the boundary 
Co — ® (&) 
n (— €)/*(l, —£ 
8) (0<& 
sin 20 [co — ® (€)] 


| Deft! (% 
~ psin 2x67’ (¢ 
mE fg “4 
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where 


10 


* cs —l ‘al ce 
® (€) = psin x9 \ a vt (2.15) 


I, 


(the singular integral is taken in the sense of its principal value). In 


particular, in the absence of friction, Expressions (2.14) and (2.15) 
take on the form 


Co — M (E) 
x V (ls—&)(—6&) 
V 
Co — ® (E) 
| x VEE—4) 
(E) = p\ peo +. ~ (2.17) 


j 
‘2 


Further, integrating (2.7), we obtain an expression for the displace- 


ment v of the boundary of the half-plane é 


>. 


(2.18) 


where c, $9 are constants of integration. We note that 
respond to the part of the body, not as yet cut, and the displacement 1 
for such s is equal to zero. Therefore, on the strength of (2.18), 
s > 0 the relation is valid 


negative s cor- 


for 


(2.19) 


Subtracting (2.19) from (2.18) and using the boundary conditions, we 
obtain the final expression for the displacement v in the form 


In the absence of friction, the expression for the displacement 
takes on the form 


3. Determination of constants entering the solution. 
General dynamic condition at the end of the crack. 1. The 
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solution obtained contains three undetermined real constants cy, |, and 
l,. For their determination we use three conditions not employed as yet: 


1 — The thickness of the wedge is equal to 2h at infinity. 


2 ~— The stress at the meeting point of the crack surface and the wedge 
is finite for a wedge with a rounded front part. 


3 — The stress at the end of the crack is finite, or, which is the 
same, the opposite sides of the crack close smoothly at its end. 


We require that the derivative f*(€) approaches zero at infinity 


~3/2+°. Then the integral (2.15) is known to exist and 


faster than & 
approaches zero as € + o. In the analysis of the first condition we con- 
sider separately the cases of absence of friction (k = 0) and presence of 
friction (k + 0). In the absence of friction, the expression for normal 
stresses at the boundary is of the form (2.16), and the displacement v 

is represented by Formula (2.21). By virtue of the first condition we 
have 


I = lim} ( (6,)» » In| 


As was done in [8], it can be shown that 


(a) If the function (o,),., is finite, i.e. becomes zero for all 


those € for which |¢| is larger than a certain A, then I = 0. 


(b) If the function (o,),_, approaches zero as |¢| + « faster than 


L/|¢ |, then I = 0. 


follows that in calculating IJ, only those terms of the expansion 
m= at infinity are essential which approach zero at infinity not 
faster than 1/¢€. By virtue of the condition imposed on the function 


f°(E), MC) + 0 as | C| + w, and we obtain from (2.16) an asymptotic 


formula for (o_)_ 9 as |C| > 
(3.2) 


Substituting (3.2) into (3.1) and evaluating the integral [9], we 


find 


From this we obtain 
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ph 


In the presence of friction, the expression for normal stresses at 
the boundary is of the form (2.14), and the displacement v is expressed 
by Formula (2.20). By virtue of the first condition we have 


ak (6,,),—045 


where I, as before, is determined by Formula (3.1). 


From (2.14) it follows that as |¢| + ~ 


(3.5) 


(Cujeno = 0 (0 “**”) 


since in the presence of friction @ is always smaller than 1/2, 
(o,),,- 9 decreases at infinity faster than 1/¢. From this and from 
was said above in considering the case k = 0, it follows that I = 0 


that Formula (3.4) is written down in the form 


ak ~ . 
aa \ (o,)n—o @E (3.6) 
Pp Vn > 


from Formulas 


Substituting into (3.6) the expression for (¢_)_ . » 


(2.14) and (2.15), and recalling that gk = cot m0, we find 


ph 2— = —— \ a, - p cos? x6 [h l. l,))— 


p sin 220 
2X 


where S(r, @) is the principal value of the integra! 
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—_ 3) 


From this and from (3.7) we obtain the first relation for the deter- 


mination of the parameters cy, |, and l, 


0? 
' 1/,—0 
mph T (*/2)lo* mp cos x0 [h — f (le — 1) |] T A /2) 


o P'(0) Pe /2— 0) cosx0 © lr (/, — 0) T (0) 


psin xOT (2/2) 
r (/2 — 8) T (@) ile ° 


+ - 


, , ’ l 
f(t—i)(t—L)°’ S (3 , 0) dt 
\*2 / 
The second relation is obtained from the condition of finiteness of 
normal stresses at the meeting point € = l, of the crack surface and the 
wedge. For this, as Formula (2.14) shows, it is necessary and sufficient 
that the equation 
Co — ®M (lz) = 0 
be satisfied. Thus, on the strength of (2.15), the 


second relation takes on the form 


co 
. ‘Ct 1,) edt ‘ 
Co - p sin no \ y= 0 (3.9) 


t — I,)° 
ls 2) 
In particular, in the absence of friction (k = 0) 
it is of the form 


(3.10) 


(2) The third relation between the parameters cy, |, and l, is obtained 
from the condition of finiteness of stresses and smooth closing at the 
end of the crack 0. It was shown for static problems [1 ] that to satisfy 
this condition, it is necessary and sufficient that the fracture stresses, 
calculated without taking the forces of molecular cohesion into account, 
be infinite at the end of the crack in accordance with the law K/7y s 
where s is the distance from the end of the crack and K is the cohesion 
modulus of the material. It turns out that this last condition is valid 
also for dynamic problems. 


To supply a proof, we consider the vicinity at the end of the propagat- 
ing crack which is small as compared to the dimensions of the crack as a 
whole, but which is large as compared to the dimension of its end region 
in which the cohesion forces are acting. Because of the smallness of the 
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dimension d as compared to the dimensions of the crack as a whole (the 
first hypothesis [1 ]), such a region may always be found. Further, for 

a small interval of time it may always be assumed that the end of the 
crack is propagating with constant velocity. Thus, to determine the in- 
fluence of the forces of molecular cohesion on stresses and deformations 
it is sufficient to consider a semi-infinite cut moving with constant 
velocity V (Fig. 2) under the action of cohesion forces alone. The prob- 
lem is symmetric with respect to the &-axis; considering again the lower- 
half-plane, we obtain the boundary conditions on the ¢-axis in the form* 


y(@) = 0, T,'%) = 0 (— so < gE < mV" 
9 =G(), te?=—0 W<t<d) 
6,(%) —_ Te,” = 0 (E > d) (3.11) 


where G(€) is the distribution of the cohesion forces which are equal to 
zero outside the end region. 


The determination of the corresponding stresses and deformations, in 
complete analogy to Section 2, is reduced to the solution of the mxed 
(a); (a) (a) 


problems for the analytic function wv, z) =u, - iv, 


(3.12) 
<0), m@=aG(—) (O<E<d), mu —0 (E>d) 
In accordance with the formula of Keldysh-Sedov[ 11 |, the function 
w,‘*(z) is represented in the form 


w,( (z) = — \ (3.13) 


such that, in accordance with (2.8), the stress (o,.‘*)_ = 9 at the point 


€ =- s (s > 0) is expressed by the formla 


a i 
1 (G(tyt"dt 


\— 


a} S 7 
0 


For small s, due to autonomy of the end region (i.e. the independence 
of its form and the cohesion forces acting in it of loading; the second 
hypothesis [1 ]), and by definition of the cohesion modulus [1], we have 


d 


: yee re (3.14) 
ve nays 


The superscript (@) designates the components of stress, displacement, 
etc., produced by the cohesion forces. 
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To ensure the finiteness of the fracture stress at the end of the 
crack, the fracture stress 0,, calculated without taking the forces of 
cohesion into account, should compensate the stress o*" i.e. should 


approach infinity in accordance with the law 


~ (3.15) 


nV s 


The study shows that the fulfilment of condition (3.15) simultaneously 
ensures the finiteness of the stress 0, and the smoothness of closing of 
opposite sides at the end of the crack. In order that the solution of 
the problem considered satisfies condition (3.15) it is necessary, as 


Formula (2.14) indicates, to satisfy the relation 
co— ® (0) = Ki, * 


or, in view of (2.15), the relation 


ie 


; ef" 1,)(t —le)'°d ve 
co — psin ng \ 2 Cv = Kl (3.16) 


which is indeed the third relation connecting the parameters cy, |, and 


l,. In the absence of friction, condition (3.16) takes on the form 


at —* r ‘s (3.17) 


Subtracting (3.9) from (3.16), we obtain the equation 


co 


\ eae — (3.18) 


j t'/s (t — 1,)° 1,° p sin n0 
. 


In particular, in the absence of friction, this equation takes on the 


form 


( f’ (t—h) dt K (3.19) 
? V t (t — le) PV le 

Conditions (3.3), (3.1), and (3.17) in the absence of friction and 
conditions (3.8), (3.9) and (3.16) in the presence of friction for a 
given shape of the wedge, i.e. for a given function f(t), represent 
finite relations which determine uniquely the values of the parameters 
Cos l, and l,. We note that in the absence of friction one of the condi- 
tions (3.10) and (3.17) may be replaced by Equation (3.19) and in the 
presence of friction one of the conditions (3.9) and (3.16) may be re- 


placed by Equation (3.18). 
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4. Resistance to wedging. It is physically obvious that in the 
process of wedging the wedge must be subjected to some force which must 
be directed along the axis of the wedge. This force, which is equal to 
the resistance of the body to wedging, will be denoted by RA; it is com- 
posed of the resistance of friction R, which is the resultant of the 
forces of friction applied at the side of the wedge, and of frontal re- 


sistance R, which is the resultant of the projections of normal forces 


on the wedge axis. The friction resistance R, may be represented in the 
form 


Ry x 2 (Ten)y 9 A 


Formula (3.6) may be written in the following manner: 


q . - 
T ns 7 0 1E 
4 (Ten) no GE 


‘3 


Comparing (4.2) and (4.1) we obtain a very simple formula for the 


friction resistance: 


The dependence of R,* = R,/2hp, on m for different v is represented 
in Fig. 3; as is seen, the resistance to friction decreases with an 
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increase in the velocity of motion of the wedge tending to zero as the 
critical velocity is approached which corresponds to vanishing of p (or 
coinciding with the velocity of propagation of Rayleigh surface waves, 
see below). It is remarkable that the expression for the force of fric- 
tion obtained does not depend on the magnitude of the coefficient of 
friction or the shape of the wedge but is completely determined by the 
thickness of the wedge at infinity, the velocity of wedging and the 


elastic characteristics of the wedged material. 


Since the projection of the normal stress on the wedge axis is equal 
to — (o,), _ ,f’(€) in view of the thinness of the wedge, the frontal re- 


~ 


sistance R, is determined by the relation 


(4. 


9. Solution of specific problems. Let us consider several 


particular problems which have an interest of their own. 


(1) Wedge of constant thickness 
(Fig. 4). In this case f’(t) = 0 and 
the function w,(z) is written in the 


form 














w, (2) — (5.1) 


where the real positive constant Cc, 


is determined by the relation 


mphl,/*~°T (*/e) ae 3 
- tan 


e959 
; J. 
(8) C/e 6) cos x0 m kq ( 


To determine the constants ly l, we use relation (3.16) which in 
our case takes on the form 


(5.3) 
Using relation (5.2), we obtain an expression for /, = /, in the form 


m* p*h?T? (4/9) 
r?(@) rec. 0) cos* 20K? 


l, (0.4) 


The distribution of normal stresses on the sides of the wedge and on 


the crack extension is of the form 
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In the absence of friction, the function w .“(z) is written in 


the form 


. 
( 
0 


5.6) 
Vy z (i," z) \ 


and the free length of the crack in the absence of friction l,* 
pressed by the formula 


is ex- 


(9.7) 
It is convenient to represent the last expression in the form 
i . 
Po (Pp) - : (9.3) 


where l,9* is the free length of the crack in the case of a wedge of con- 
stant thickness at rest, which, as shown in|1], is determined by the 
relation 


/ 2},2 
4(1—v*)* A* 


A graph of the function |,*/1,,)* in dependence on m = V/cy for a value 
of Poisson’s ratio v = 0.25 is given in Fig. 5. We see that as the 


critical velocity is reached which corresponds to a vanishing of p, the 
length of the free part of the crack also vanishes. At a speed which 
exceeds the critical one, our formulation of the problem, as will be 
shown below, becomes invalid. 


Relationship (5.4) may be represented in view of (5.7) in the form 


x® 


T? (0) T? ('/2 — 8) cos? x0 


(5.9) 


A graph of the dependence of /,/l,* on the parameter @ which character- 
izes friction is given in Fig. 6. 


(2) Wedge with a rounded front part. To estimate the influence of a 
rounding of the front part of the wedge, we consider a wedge whose shape 
is given by the relation 
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+ L,)?) 


where B is the length of the part of the wedge which is rounded off. 
Friction is neglected. It is obvious that with B = 0 we obtain a wedge of 
constant thickness. Without writing the function w,(z) explicitly, we 
present only the equations which determine the unknown parameters |, and 
l,. Using relations (3.10) and (3.17), we find 


(5.11) 


where 


arch Vy" 


3 | 


To estimate the influence of the rounding off, it is sufficient to 
consider the case of small B. In this case the second equation (5.11) 
yields 


3 
7B] 


Substituting (5.12) into the first equation (5.11) and discarding 
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terms of order of magnitude larger than the first, we 
= i,” +O\'B | (5.13) 


where |,* = 1,* is the length of the free part of the crack for a wedge 
of constant thickness. We see that a small rounding of the edges of the 


wedge is of small influence on the length of the free part of the crack. 


(3) Wedge rounded off in accordance with a power law. Consider a wedge 


whose equation is given in the form 


(5.14) 
-} 


where A is a positive constant. We again neglect friction on the sides 
of the wedge. Then relations (3.10) and (3.17) which determine |, and l, 
take on the form 


KV ls 


1,” = nA"F, (8), 


where Fla,, Go, 43, Z) is a hypergeometric function and Bla,, ay) is 
Euler’s beta function; the values of integrals are taken from [10 }. 
Eliminating l, from Equations (5.15), we obtain an equation for f in the 
form 


l 


VA _ P(g) = F,(3)n ™ [F,(8)) ? (5.16) 


ph 


Having determined § from this equation, we find |, from the first equa- 
tion (5.15). Since this example is of considerable interest, its more 


detailed analysis will be presented in a separate paper 


6. Limiting velocity of crack propagation. In the problem of 
wedging considered, as well as the problems of a stamp [die |] which is 
moving with constant velocity on the surface of a semi-space considered 
in the works of Galin [2,3], the dependence of the solution on the velo- 
city V is determined chiefly by a dependence of the dimensionless velo- 
city of the motion of a wedge or a die m = V/c, on the constants p and q 
determined by relation (2.10). 
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As the present study indicates, in the range 0<v< 1/2, O0<m<l 
the quantity gq is finite and positive, while the quantity p vanishes as 
the critical velocity is reached which is determined by equation (Fig. 7) 


sy / i_2v_., { 2 
V1 my? i— ae —y me —(i1—+m,*?) =0 (6.1) 


~ / 


(my = V, Co, Vo is the critical velocity), and becomes negative beyond 
it. It is remarkable that Equation (6.1) coincides with the equation 
which determines the velocity of Rayleigh surface waves in the given 
material (see, for example, [12 ]). This fact is of principal signific- 
ance in the problems considered, because it limits the applicability of 
the formulation of the problems studied to velocities smaller than the 
Rayleigh velocity. Let us show this with the example of a moving wedge of 
constant thickness (Section 5) and a moving stamp with a plane base in 


the absence of friction. 


We obtain the following expressions for the stresses a, and 7, at the 
point € = — al, located at a distance /,(1 + a) from the front part of 
the wedge (Fig. 4), if we consider the wedging by a wedge of constant 
thickness 2h: 


m2K2e ¢. ip « 
vm? K2E K (6.2) 


2p*h (4 v*) | a(i-+ a) (4 - ; = m*) ph Ya (i + a) 


2(1 


As the Rayleigh velocity is approached, these stresses tend to in- 
finity since p + 0, whereby the tensile stress 9, approaches infinity 
faster than the tensile stress ¢,. Inasmuch as no material can withstand 
infinite tensile stresses, this indicates that in front of the running 
crack transverse cracks will be formed whose appearance will completely 
change the pattern of motion because the model of stationary motion 
assumed by us will no longer correspond to reality. Phenomena which occur 
as the velocity of motion of the wedge is close to the Rayleigh velocity 
represent in their nature a peculiar resonance. We note now that from 
Formula (3.8) it follows that for any wedge 
as p + 0, the constant cy, approaches zero. 
From (3.16) it follows that as p + 0 the 
constant |, approaches zero. Thus the length 
of the free part of the crack approaches 
zero as the Rayleigh velocity is reached, 
and we formulate the important conclusion: 
the velocity of propagation of cracks in a 
given material may not exceed the velocity 
of propagation of Rayleigh surface waves in 
this material. 








For velocities of the wedge which exceed the Rayleigh velocity, the 
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formulation of the wedging problem changes essentially: the wedge must 
necessarily be assumed in complete contact with the wedged body; no free 
parts of the surface are formed in this case. It seems to us also that 

a study of wedging problems, motions of dies [stamps | and other similar 
problems should be based for near-Rayleigh velocities on an essentially 
new model of the wedging process of the body. 


In addition to the Rayleigh velocity, there exists another lower 
critical velocity for isotropic bodies. It is natural to assume that in 
an isotropic body the free development of a crack proceeds in the direc- 
tion of maximum cleavage stress. Therefore, in order that in the wedging 
problem the crack be developed in front of the wedge and that it remain 
rectilinear, it is necessary that the extension of the cut (negative part 
of the x-axis) be the line of maximum cleavage stresses, at least in the 
neighborhood of the end of the crack. Let us now draw a circle of some 
radius r which is small as compared to the dimensions of the free part 
of the crack, but which is large as compared to the dimensions of the end 
region, with its center at the end of the crack. Let y be the angle 
measured from the extension of the cut such that for small y the cleav- 
age stress may be represented in the form 


K ‘ON 


5 = = 
vv «Vr (GN — MA) * 


where 


= (GN — MH) + —(GNk,? — MHk,*) — MN (ky 


E24 (m, Vv) | 
(1 + v)? (1 — 2v)? 


— m*) (4 — m*) 


* 11 1m)? — V1 m | 1 


V1— 2 m(1— + m')|/'t 


20 


—~ m* |(1 — = m*)? | 1 


The quantity a is positive for 0< m< m* and negative for m® < m< m, 


where m*(v) is determined by the relation 


f (m*, v) <= 0 (6.4) 


and my by the relation (6.1). 


We give the values of the quantity m* for some values of v: 
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= 0.510 ot ; 0.653 0.707 0.760 


Thus, for m> m*, the straight line y = 0 becomes a line of minimum 
cleavage stresses, while for m< m* this line is a line of maximum cleav- 
age stresses. Therefore, in passing through the critical velocity of 
motion of the wedge V* = m*c, the crack running in front of the wedge 
will become curved in an isotropic body. The consideration of the wedging 
problem in the formulation suggested is limited if the crack is not 
rectilinear a priort, which will be ensured by velocities which are 
smaller than V*. (In an isotropic body it is possible to ensure that a 
crack is rectilinear, for instance, by making a rectilinear cut and then 
bonding it together such that at the bonded part the cohesion is weaker 
than in the original material. The body remains isotropic while the crack 
will obviously be rectilinear.) A more general assertion is valid: a 
crack may propagate freely in an isotropic body and remain rectilinear 
only for velocities which are smaller than V*. We note that Ioffe [5 ] 
has established in a somewhat different manner the existence of this 
critical velocity, considering the problem of a moving crack of constant 
length in a homogeneous stress field. However, Equation (6.4) determin- 
ing the critical velocity V* was not indicated in her paper. 


In the case when the developing crack in an isotropic body remains 
rectilinear for some reason, the velocity of development of the free 
crack is limited only by the Rayleigh velocity. 


Roberts and Wells [13 ] have studied the maximum velocity of crack 
propagation in a brittle body which is in a homogeneous stress field. 
However, their approach, based on the solution of a static problem of 
the theory of elasticity, may not be accepted as suitable for quantita- 
tive calculations. 


The same pattern obtains also in the problem of a moving die: this 
problem may be studied only for velocities of the die which are smaller 
than the Rayleigh velocity. Indeed, in the case of a die with a plane 
base the expressions for the stresses are of the form 


MF NL . 
DM Im [w, (2Z2)] —pn Im [w, (2;)] | (6.5) 


GN MH 


py 1m [1 (22) ON py im [w, (2,)] (6.6) 


w,(z) = = 2 6 -+ ikyn, Zo = § + iken 


The coefficients C, N, M, F, G, H are determined by Formulas (2.3). As 
the Rayleigh velocity is approached, p + 0, while the expressions in 
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parentheses remain finite such that the stresses o- and 0. approach in- 


finity. Again peculiar resonance phenomena occur which are related to 
the fracture of the material inside the body and to a radical change of 
the pattern of motion. Thus also in this problem the assumed stationary 
model of motion appears to be suitable only for velocities which are 
smaller than the Rayleigh velocity. We recall that Eshelby [14 ] 
established that the velocity of propagation of Rayleigh waves is the 
upper limit of the velocity of motion of linear dislocation in the 
material if the atomic nature of the material is taken into account. 


The results obtained in the present paper once more confirm the 
significance of the Rayleigh velocity in problems of dynamics of a solid 


body. 
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References [1,2 ] examined the indentation formed by the axial force of 

a rigid stamp acting on an elastic layer lying on a rigid base, under 

the assumption of the absence of friction between the stamp and the 
layer, and likewise between the layer and the base. In| 3 ] the contact 
problem for an elastic layer was solved in the general case when the line 
of action of the force does not coincide with the axis of the stamp. * 

We give below the solution to the general mixed problem for an elastic 
layer in the case when on one of the bounding planes there exists a 
circular line of separation in the boundary conditions (Section 1). The 
results that are obtained are applied to contact problems for an elastic 
layer in two cases: a) friction between the layer and the base is absent 
(Section 2), and b) the layer is rigidly attached to the base (Section 
3); in both cases friction between the stamp and the layer is neglected. 


The relations between the displacements of the stamp and the applied 
forces are found, and corresponding numerical data for various values of 
the ratio of the stamp radius to the layer thickness are presented. 


1. The mixed problem for an elastic layer in the presence 
of a circular line of separation in the boundary conditions 
on one of the faces. We examine the elastic equilibrium of an un- 
bounded layer 0 < r<0w,0< 6< 22, 0< z2<h (r, ¢, z are cylindrical 
coordinates) under the following conditions: the normal displacements w 





After this paper was submitted for publication, | 7 ] was published 

in which the problem of the action of a stamp on a layer (without 
friction) was solved by a different method which yields a solution 

in the form of a power series in 1/h, where Ah is the thickness of the 


layer. 
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in the interior of some circle of radius 


are given on the face z h; 
0 the displacements w are also given, while in the 
stresses 0_ are given; finally, on both bounding sur- 


r_, andr. are prescribed. Hence 


r 1 on the face z 
exterior the no rmal 
faces of the layer the shear stresses 
the problem consists of obtaining the solution of the equations of 


elasticity under the following boundary conditions 


solution we use the Papkovich-Neuber formulas, which give the 


In the 
form of four harmonic functions 


solution of the Lame equations in the 


®,, ?,, ®,, ®,, namely 


v) Ds 


Here » is the shear modulus, and F ®, } x®, + yD, + z®,. 


We likewise introduce the formulas for the stresses entering into the 


boundary conditions 


v) ®, 


(‘Dp 2v) @ D, 


where v is Poisson s ratio. 


Making use of the presence of an "extra" function in the Papkovich- 
Neuber solution, we supplement relationships to 


0) for (p 0 (1.6) 


the conditions (1. 


Then from the boundary conditions associated with the shear stresses 


we obtain two separate Neumann problems for the functions ®, and ®,, as a 


consequence of which we consider these functions to be known in the 


sequel ° 





Certain contact problems for an elastic layer 


The remaining boundary conditions of the problem can be satisfied if 
and ®, are subjected to the conditions (in 


the harmonic functions ®, 
are of the order 


this it 1s assumed that all of the unknown functions 


r at infinity) 


i¢(p | 


We represent the harmonic functions 9, and ®, in the fom 
+ } 4 


: 


> r Zi- C,, cosh A (hi 


> b, ) cosh A / Z > Bi, sinh) 


— 


By means of the Fourier and Hankel transforms’, from condition 


tay 


(1.12) 


J, (Ar) rdr 


quantities with the index \‘y are coefficients 


Here and in the sequel, 
Fourier series in 


in the expansion of the corresponding functions i: 
terms of the angular coordinate ¢. 

(1.8) allows us to express the quantity BAA) in terms 
after which we obtain the following 
for the basic unknowns 


The condition 
of the remaining unknown functions, 
pair of integral equations from (1.9) and (1. 10) 


It is assumed that al] f the functions car 


corresponding series and integrals. 





V.A. Pupyrev and Ia.S. Ufliand 


An (A) Jn (Ar) dd = Xy ca 
, » 
AA 4 sinh he ( 13) 


Ah +-siahA/hcosh) h 


—~ J, (Ar) da 


(1.14) 


v) C,, coh Ah + Ey] Jn (Ar) dd 


A*D_\ (n) 


Y 


- j 
‘ » Z 0 


; (1—2v)C, —D,, ; : 
EK, coth AA —, |Jn (Ar) da 
sinh * Ah 


a y) | (xT; YT yo) Jn (Ar) rdr 
We note that, by expressing Y,(r) as a Hankel integral (it is to be 
taken as identically zero for r < a), the system (1.13) can be brought 
to the form 
0 (r><a) (1.15) 


a); 


\ D, (A) Jn (ar) di=wy(r) (r- 


v 


Here w (r) is a known function, while ® (A) is a new unknown quantity 


n 
which is related to A_(A) by the simple expression 
n 
\ VY, (r) Jn (Ar) rdr (1.16) 


a 


,, (A) = A, (A) [4 


In the solution of Equations (1.15), we shall start from a system of 


a pair of integral equations of simpler form 


* Particular cases of such equations are examined in 14 }. 
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\ in (A) Jn (hr) dd Fn (r) (p <a)s \ Mf (A) Jn (Ar) dd 0 (> (1.17) 


0 0 


The exact solution of these equations is given by the fornula[5 |: 


a 


In (A) V tA \ tpn (t) Jn ry, (At) dt 


0 
t 


+ een (t) = lim [2"Fy (z)) + t\ (PP —2*)%*[arF, (2) dx (1.49) 


= zx--Q 
U0 


We introduce the notation 

®,, (A) ; 
- hd 
1 g (A) (A) 


Then the system (1.15) can be brought into the form (1.17), whereby the 


right side will contain the unknown function ® (A): 
co 
Fy (r) = on (7) + \ & (A) On (A) Jn (Ar) dd 
: 


The substitution of (1.20) into (1.19) gives 


n : ' 2\—1 
= L"@n (2) lim [2"@,, (z)}] 4 \= 1(t° r*)—/[AW,, (2 r@,,' (x)| dz 


- x->() 


(1.21) 


t\a"(t? r2) hh dz \ g(r) fn (A)Jn—, (Ax) dd 


this relation is an integral equation 


With (1.18) taken into account 
t sin @ and 


for the function ¢ (t). After the change of variables x 
the use of the Sonine integral [6 ] 


- \ Jn_, (zsin 9) sin™6d6 
x } 


0 


Equation (1.21) can be brought into the fom 


1 
Gn (t) = [ Fn (2) ’ \ Mn (2, 4) @n (2) dx} 


0 
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The kernel and the nonhomogeneous term of this equation have the forms 


My (2, th=x Vat \ g (h) Jn—sy, (222) In sy, (At) AA 


t"F., (t) = lim [z"@, (x)] + nt” j w, (tsin 9) sin*—6d6 4 


x 
0 


®, (tsin 8) sin” 6d6 


Hence, the problem which has been posed reduces to a Fredholm integral 
Equation (1, 23) with a symmetric kernel, the solution of which yields the 
function f (A) to be determined by means of Formula (1. 18). 


2. Contact problem for the elastic layer in the absence of friction. 
We apply the results obtained to the solution of the following problem: 
a plane circular stamp, which is rigid in its plane, is impressed on an 
elastic layer lying on a rigid base, but with a line of action of the 
force that does not coincide with the axis of the stamp (figure). If 
friction is neglected, both between the stamp and the layer and between 
the layer and the base, then the shear stresses on the boundaries of the 
layer are zero. In addition, normal displacements on the plane z h and 


normal stresses in the region z 0, r> a are absent, 


Hence, this problem is a particular case of the problem examined in 


Section 1 for 
y2 (2.1) 


where 5 is the translational displacement of the stamp along the 0z-axis 
and y is the angle of rotation about the Oy-axis. 


It is not difficult to show that in the problem under consideration 


®, 0, and in the expressions (1.1) it is necessary to set C, = 
(1- 2» -A h coth Ah)A, for the functions ®, and 9,. 
Further, from the form of the function > it follows that it is necessary 
to retain only the terms with n 0 and n 1 in the Fourier series ex- 


pansions. In connection with this, the problem may be formally broken up 
into two problems: an axially-symmetric problem in which all of the un- 
known functions are proportional to the quantity 5, and a problem associ- 
ated with the rotation of the stamp wherein all of the quantities con- 
tain the factor y cos @ Since the first problem has already been in- 
vestigated in [1 8 we turn to the second problem, in which the pair of 


equations (1.13) for A, A have the form 
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Y 1 AA (A) 
\ A (A) Ja (Ar) a . (ri< ¢ \ =r Ji (Ar) di 


In accordance with (1.23) - (1.24), this system may be reduced to a 
Fredholm integral equation. Assuming in (1.18), (1.23), and (1.24) that 


i. @ (xz) = 3 


we obtain for the unknown quantity A(A) 


g (A)] \ (¢) sin A eae (2.3) 


where the function ¢(x) must be found from the 


equation 


4uyr 
0) = za wt HIG ——Ge+ Monae 


0 


where 2.4) 


G (u) = \ g (A) COs Auds 
oe 
0 
We note that a number of quantities, and in particular the stresses 
along the base of the stamp, can be directly expressed in terms of the 


function d(t), namely: 


py’ (t) dt ] . 
Va—y ya = | 008 @ (2.6) 
Hence, by comparing the moment of these forces with the quantity Px, 

we obtain a relationship between the moment Px, and the angle of rota- 
tion 
> 
= 2x \t (t) de (2.7) 


0 


For the numerical calculations the basic integral equation is brought 


to a dimensionless form 
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by means of the substitutions 


a + e “sinha / a ‘ 
K (u) = p Teinkacoshg ©08 Mpuda \P =F (2.10) 


In [1 ] the function K(u) was tabulated for a wide range of the values 
of the basic parameter — ratio of the radius of the stamp to the layer 
thickness (see Table 1, which supplements the values in [1]), after 
which Equation (2.8) was solved by means of a reduction to a system of 


algebraic equations. The results of the corresponding calculation when 


TABLE 1. Values of the kernel K(u) 


3.5022 

}. 2973 

’ 7670 

,.1032 

4813 

9999 

6504 

4296 

0 4098 2944 
0).2946 
0.2186 


0.1690 0.1320 
0.1360 0.1106 
0.1137 0.0948 
0.0975 0.0825 
0.0850 0.0726 
0.0752 0.0642 
) 0672 0.0570 
0 0605 0.0511 
0.0545 0.0459 


0.0495 0.0414 


ee ee ee ee ee ee ee ee 


the interval (0.1) is divided into 10 parts is given 
In Table 3 are given the values of the coefficient 


which characterizes the ratio of the moment of the external force to the 
angle of rotation of the stamp and which is calculated according to the 


formula resulting from (2.7): 


l 
e 


\ tw (tT) dT 





correct here essential misprints in | Se. 
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TABLE 2. Value of the coefficient 


0. 1038 1249 
0 2076 "2490 
0.3113 | 3716 
0 4149 4920 
0 5183 6096 
0 6215 7241 
0.7245 | 8351 
0 8272 9426 
0. 9297 0466 
1.0318 1479 





9095 
8933 
8447 
7641 
6521 
5101 


i 6623 
1 6610 
4 6573 
1 6512 
1 6428 
1 6321 


lS PO DO IO DO lO 


1 6194 ys 3 3404 » 2045 } 1630 
1 6047 
1 5882 
1 5702 
1 


1473 : 7633 5 5974 
9362 : 257 9286 
L 1876 


Nhyohrrt 


5508 


0. 1060 1371 ’ 2500 
0 2118 2728 4931 
0 3175 4058 0 552 7200 
0 4230 5350 9311 
0 5281 6595 1131 
0 6328 7786 2623 
0.7372 8919 3761 
0 8410 9994 oii 4539 
0.9438 | 1,0996 5007 
1 0468 1.1983 5240 


~ 


ee ee ee ee ee 


We note at this point that the complete solution of the contact 
problem that has been posed is obtained from the sum of the solution de- 
rived above and the results of the corresponding axially-symmetric prob- 
lem (see [1 ]); however, this solution is in fact realized only when the 
pressure on the base of the stamp is non-negative. If the formula for the 
sum of the pressures caused by the rotation of the stamp as well as by 
its translational displacements is written down, then it turns out that 
the pressure becomes zero along a certain curve which is symmetric with 
respect to the coordinate d With the requirement that in the limiting 
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TABLE 3. Values of the kermel L(a) 


case this curve should be tangent to the contact region at the point 


a, @= m7, we arrive at the following value for the lever arm (x9°*) 


of the applied force P: 


yp (1) 


(2.12) 


with higher values indicating that the condition of non-negative pressure 
is violated. 


In this formula @s (7 ) denotes the basic function o(r) for the axially- 
symmetric case, and the coefficient x is given by the formula [ 1 ] 
1 
Vv pP . 
4ua Pe) \ @ (t) dt (2 ! ») 


Table 3 gives values of the quantity «x and the limiting lever arm zo° 


In concluding this section we note that the case p = 0 corresponds to 
the well-known contact problem for the half-space. For this case K = 0, 


w (E) 5, W/3, Zo” = a/3. 


3. Contact problem for a layer attached to the base. The methods 
developed in Section 1 of this paper also allow one to investigate other 
mixed problems for an elastic layer when the displacements u and v are 
given on the surface z= h instead of the shear stresses r an andr... The 
reduction to a pair of integral equations of the type (1.15) can also be 
accomplished in this case if one takes as the second additional condition 
(1.6) the relationship 


(Do + xD, + y@, 4 Ds), . (3.1) 


The form of the system (1.15) is completely retained in this case; 
however the function g(A) turns out to depend on Poisson’s ratio: 
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4V)einha - « . 
g (A) - 2.3 iV ein? 2 Mh 
Thus, in the case of the contact problem for the layer attached to the 
base (friction between the stamp and the layer is neglected as before), 
calculations can be carried out according to the same scheme as in 
Section 2, 


4. Values of the kernel Liu 


$765 VA! 2 7530 
3641 2.023: 6554 
3277 90: 3864 
2695 2 0082 
1932 906: 5950 
1031 97: 2090 
0041 46 RR5R8 
9008 412 6358 
7975 1O4- 4532 
6978 5 7 3260 58 1646 
6045 | 26 2400 ) 1647 1310 
5192 3126 | 1836 S15 1091 
4429 2445 1459 U2 09246 
3759 9%: 1198 09352 07848 
3179 566 i011 0814 06804 
2684 295 08732 0 07090 05979 
2266 1094 07704 0 06220 05214 
1918 09414 0688 0555 04581 
1630 08228 06164 04982 04137 
1393 07292 005518 04450 0 03720 
1200 06549 04976 03982 0 03315 


1 
3 
4 
5 
6 
7 
8 
8] 
0 
1 
2 
3 
4 
5 


6 


ee ee ee ee ee ee 


oon 


—_ 


to 


In Table 4 values of basic kernel are given 


a(a ‘ »)? — (3 1'V )einh ae 
L (u) P : , ; . 
) ; ’ ‘Vinir o 


for various values of p a/h, v = 0.3 is assumed. 


For the same values of the parameters, the quantities a,°(r), a °(r), 


o +o o 
K', We %° > 


the data refer to the case when the layer and the base are attached to 


are given in Tables 2 and 3; here the index indicates that 


one another. 


The numerical results that have been obtained in this paper allow one 


in particular, to assess the influence of the thickness of the layer on 
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the indentation of the stamp in two limiting cases — when friction be- 
tween the layer and the base is absent and when the layer and the base 


are attached together. 
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In the case of absence of surface loads the analysis of circular 
cylindrical shells can be reduced [1 ] to the problem of solving the 
equation 

OD , a oD : . eqD 


|+- 4a? + 4(1 + a? + [6 + a? 3? 
40") or ) Fee 5 * OE a0 


6 ast at d #D 
(8 — 297% = FO ae m(tas - 


or oe: °° dE* 004 “= 608 


where e* = h? /3r? (2h is the thickness of the shell, is radius of 
the shell), while ® is a potential function. 


The displacements of the middle surface of the shell can be expressed 
in terms of the function ® by means of the formulas 


oe 


*)5e3 a6 * 


o* a 


+ oF oe t ant ' 
w into the geometric 
1 0 /Ow 


r* 00 | 00 . 


and then into the elasticity relations 


1027 
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we can express the stress resultants Tt, Ty» S), S, and the stress 
couples G,, G,, H,, Hy in terms of the potential function ®, From the 
equilibrium conditions 

0H 0G, , OH. . OG : 

. . — > ae PINe => of . rN, 0 


i) 3 00 z Ov OF 
we can find also the shear forces N, and N,. 


Consider a closed circular cylindrical shell. Expanding the potential 
function ® into a trigonometric series in terms of @ 


} cos m4 


we obtain for the determination of >, and >,” the same differential 
equation (omitting the primes and the subscript a) 


da® 
(1 +- 4a”) 4 4(i 


m* (m? 


Integrating this equation we obtain the-ath term of the expansion 
(0.2), each item of which corresponds to a certain state of stress and 


strain in the circular cylindrical shell. Using for any a the integrals 


>, and d.”, we obtain the expressions for the displacements, rotation 


angles, stress resultants and stress couples in the form of trigonometric 


series. Substituting 


into Equation (0.3) and seeking to obtain its solution in the form 


k 


ie” const) 


we obtain the characteristic equation 


Since the solution of Equation (0.6) and the formulas (0.1) are very 
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cumbersome, the question arises as to approximate methods of analysing 
cylindrical shells and of estimating the inaccuracies involved in the 
use of approximate formulas. The asymptotic estimation of the roots of 
the characteristic equation is the basis for the entire theory of 
circular cylindrical shells as developed in the monograph of Gol’ den- 
veizer referred to above. The author has given only the first approxima- 
tion using, as stated by himself, non-rigorous methods. The purpose of 
the present paper is to 


l. improve the accuracy and the basis of the first approximation; 
2. indicate a method for deriving successive approximations; 


3. develop an effective method for estimation of the asymptotic 
(a + 0) inaccuracy corresponding to a given order of approximation. 


These objectives will be achieved by an asymptotic analysis of the 
roots of algebraic equations with coefficients depending on a small para- 
meter a. 


1. On a method of asymptotic solution of some algebraic 
equations. 1. Consider an equation of the nth degree with respect to k: 


if (a, k): bok”™ + bk™' +... + bk + 2. + On_yk 4 0 (1.1) 


with coefficients 6, depending on a parameter a in a manner expressed by 
the formula 


A,’a"" ss i ae a, (a)a’’ - n) (1.2) 


a 


where all A, A. » +++ are independent of a, A, # 0 and a. 
so that lim a (a) 2 A. Z 0 when a 0. 


Definition. If a quantity Bla) can be represented in the form B(a) = 
b(a)a™ and lim b(a) = B° 4 0, when a+ 0, then we shall call m the order 


of B. 


Thus a. represents the order of the coefficient 6. of Equation (1.1). 


We start from the hypothetical form 
x (a) a® (lim x (a) = K = Owhena 


for a root of Equation (1.1). 


Since, at a sufficiently small value of a, the limit value K differs 
but little from x(a), the quantity Ka* can be considered to represent, 
in first approximation, a root of Equation (1.1). 
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We concentrate first on the problem of determining s, the order of 
the root, and K., 


2. To find a root of the equation in first approximation, we substi- 


tute into (1.1), x(a)a* for k and the expressions (1.2) for the coef fi- 


cients 6.. Multiplying then the resulting equation by a‘, where t is a 


number to be chosen later, we obtain 


(1.3) 


(nN 


t 


2.4 
l --a,a ™ U 


n 


A,atetNs+ly a,atrt(n—1)stlyn a,a*’ 
Since the roots of any algebraic equation are continuous functions of 

its coefficients, K = lim x(a) at a+ 0 represents a root of the limit- 

ing (at a + 0) equation, provided, of course, that these roots exist and 


differ from zero. 


We will select s and t in such a manner that the corresponding limit- 
ing equation should exist, without degenerating into an identity, and 
have non-vanishing roots, i.e. that in the coefficients of Equation (1.3) 
at least two degree exponents be equal to zero, while all other exponents 
are positive numbers. Substituting one of such pairs of values of s, t 
into (1.3), passing to the limit as a + 0 and dividing by K"~ ", we ob- 


tain an equation for K: 


Af? + £8" 4. Am = 0 (1.4) 


Thus the problem of finding a root in first approximation reduces to 
that of finding a pair of numbers s, t and to the solution of the limit- 
ing equation (1.4) of degree m— |, which is, in general, a simpler one 
than the original equation. 


3. For the determination of s the following procedure can be used. 
With the numbers Go, 2, «++, @, «++, @,, defined by the relations 
(1.2), we construct the following table: 


a) In each line of this table we choose the largest number (a, ~ 
(p’ — p), and if it appears several times in that line, we choose among 
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them the one which corresponds to the largest subscript p’; 


b) In each column we choose the smallest number (a. - a_-)/(q’-- q), 
and if it appears several times in that column, we choose the one which 
corresponds to the smallest subscript gq. 


It can be shown that the table (1.5) possesses the following proper- 
ties (which are being stated here without proof): 


1) Among the chosen numbers there will be such, which have to be 
selected both by virtue of the condition (a) and by virtue of the condi- 
tion (b). We shall call such numbers nodal numbers of the table. 


2) If for reasons of convenience we count the lines of the table 0 to 
n — 1 from the top to the bottom, and the columns | to n from the left 
to the right, then a nodal number will appear in the zero line, and the 
same is true of the column n (it can happen that these two. numbers are 
actually one and the same element of the table; in such a case this 
number is the only nodal number of the table). 


3) If the number (a, - a,-)/(p’ — p), corresponding to the index p’, 
is the nodal number of the pth line, then there will be no nodal numbers 
in the (p + l)th, (p+ 2)th, ..., (p’ — 1)th lines, but the p’th line 


will have a nodal number. 


Note. It is thus not necessary to write down completely the entire 
table (1.5) in order to find the nodal numbers. It is sufficient to write 
down the line carrying the number 0 and to choose in it, according to 
condition (a), the largest number (a = a,)/l corresponding to a certain 
subscript 1. This will be the first nodal number U,. Then we have to 
write down the lth line and to treat it in the same way, which yields the 


second nodal number U,, and so forth. 


4) The nodal numbers thus obtained are decreasing: 


U; 


5) The desired values s,, sy, ... of the quantity s are expressed in 
terms of the nodal numbers of the table (1.5) in the following manner: 


a = —U), 


4. The value t,, corresponding to any value s,, of the quantity ¢t has 
to be chosen in such a manner as to render equal to zero the smallest 
degree exponent in the coefficients of Equation (1.3); there will be at 
least two such exponents, which is ascertained by a corresponding choice 


of the S; values. 
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Since Ka* is a root of Equation (1.1) in first approximation and since 
it differs but a little from the exact root, if only a is sufficiently 
small, the quantity a* characterizes the rate of decrease (increase) of 
the root as a+ 0. It is not difficult to show that the degree of the 
limiting equation (1.4), obtained for a certain s;, equals q — p, the 


denominator of the nodal number (a, — a_)/(q - p), corresponding to s,, 


so that the sum of the degrees of all limiting equations equals n. Thus 
all roots of Equation (1.1) can be subdivided, with respect to their 
asymptotic (as a +0) properties, into as many groups as there are nodal 
numbers in the table (1.5). 


5. Assume that Ka* represents the first approximation of a root of 
Equation (1.1), so that k =~ Ka*. To find the second approximation, we 
substitute k = Ka* + z into (1.1), and of all approximate values of z, 
obtained by the same method, we take the value Z = K ‘a* with the power 


exponent s° > s. It is possible to prove the existence of such a z. 


For example, the lowest term 


(term with the largest exponent) possesses this property [2 ]. 


For the second approximation of the root we have 
k = Ka* + K’a’ 


Continuing this procedure we find that any root of Equation (1.1) can 
be written in the form of a series 


(1.6) 


where s : ‘ ..» (which is sufficient for asymptotic convergence). 


Note. The problem which we have stated can be generalized to include 
the cases when a+ a, #4 0 or a+ «; these problems can be reduced to 
the one considered here by introducing a new parameter 


ao or 1/a 


6. The question which we have raised here has been apparently origin- 
ally discussed by Newton, who has given a geometric method of solving the 
problem. The description of this method, the theorem proving the con- 
vergence of the procedure and some applications can be found in 
Chebotarev’s paper [2]. Bugaev formulated this solution in analytical 
terms [3]. The work of Newton and that of Bugaev has not become 
generally known, however. In particular, the author of the present paper 
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became aware of them when his own work on the subject was fundamentally 

completed. It should be noted that the method developed above and based 

upon the use of the table (1.5) and its properties, achieves the purpose 
more speedily than Bugaev’s method. 


2. Estimation of the asymptotic error. 1. Taking the series 


(1.6) as a root k, and retaining in it the first two terms, we may write 


; A 
hy = Kya* (1-4 go 


t 


We shall call the quantity «(a) = a*® ~ * the asymptotic error of the 


first approximation of the root considered. 


It is often possible to avoid the necessity of establishing the 
numbers s° in the procedure of determining the asymptotic error. Let us 
substitute, into the left-hand member of (1.1), first approximation of 
the root K,a*, as well as the quantity Ka*, considering K as some para- 
meter. Let 


f (a, Ka’) 1D (a) 


lim F (a) ' lim @ (a) (p 


There is, in a number of cases, a simple relationship between qj» 9 


and s° — s, and then the determination of s* becomes unnecessary. Let 
us study this question. 


2. Suppose we write f(a, Ka*) in the form 


f (a, Ka*) =@ (K) a® + qi (A) a® + ge (A) a® 4 q < ag <...) (2.1) 


Since K,a* represents first approximation of the root k; considered, 
K, satisfies the equation ((K) 0, so that we have AK ;) 0. If 
$, (K ;) = dy (K ;) Pose Oe d) _ i (K,) = 0, while (Kk) # 0, then the order 
of the expression f(a, K,a*) equals q, (assuming that K,a* is not an 
exact root of the original equation, so that / actually exists). 


We substitute also K,a* + z into Equation (1.1): 


Leon 


/ (a, Aja’) 





V.M. Men’ shikovw 


Suppose 8 _ , is the order of the coefficient of z‘, while r is the 
multiplicity of the root K; in the equation ¢(K) = 0. Differentiating 


the relation (2.1) with respect to K r times, we find for the coeffi- 


cient of z” in Equation (2.2) 


{ 


7 Lp (Ki) at + gy (Ki) a® +--+ - J anv 


r 


" { , " 
Since @ "'(K;) 4 0, the order of the coefficient of z’ will be = 


7— rs, while, as stated already above, the order of the free term will 
» ( l 
be | ‘ 1) | 
the second term Z of the series (1.6) for k., it 1S necessary, as in 


> 1). In the procedure of determining from Equation (2.2) 


Section 1, to construct a table of the type (1.5), replacing Z for the 
time being by Z,y K’a*™” with the largest exponent sy. Its nodal number 
will be 


U 4’ f min 


It is possible to show [4] that for all u 


Therefore the degree of the equation, from which K ,” is to be deter- 
mined, does not exceed r, the multiplicity of the root K,, and 


M r 


Therefore the order of the asymptotic error Sy’ — s will not be 
smaller than (q) - q)/r, or 


& (a) 


It must be noted, however, that in some cases the use of the lowest 
term Zy only does not permit the determination of the second approxima- 
tion for all roots of Equation (1.1), so that 1t becomes necessary to 


- 
use such Z = K’a* as well, for which s < s’” < S/ (the existence of 


- 
such s* for the cases in question can be proved). 
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Then the inequality 


e (a) = a*’—* > gt" 


will be valid for some roots, and it becomes a matter of interest to 
establish when this will be the case. 


3. a) Suppose K, is a non-repeated root of the equation ¢(K) 
Then £,_ ,; — 8, will be the smallest of the numbers (2.3) and 


Hence 
& (a) _— '? (2.9) 


b) Suppose K; is a root, repeated r times, of the equation d(K) = 0 
and assume that all ¢(K,) # 0. Then the relation (2.4) will be valid 


again for all u< _r. Indeed, let B._4 = 9,7 — us; then, with u increas- 


ing, the numbers 91’ will not be decreasing and 
Gi 


Consequently 


e(a) 


c) If K; is a root, repeated r times, while some d,(K) vanish for 
K = K, (speaking generally this happens quite rarely), then with u<r 


the numbers 9,” may be decreasing, while u is increasing, so that there 


arise two possibi lities: 


cl) The relationship (2.4) remains valid for all u< _r, and the equa- 
tion for the determination of the lowest term Zy is of degree r. In this 
case the asymptotic error can be obtained, for each of the r roots con- 


sidered, which are equal to each other in first approximation, from the 
formula 


e (a) ala —ar (1 > 1) (2.7) 


c2) The relationship (2.4) becomes invalid for some u < r. For the 
determination of the lowest term Zy from (2.2) we have then the nodal 
number Uy’ < (6, -- B.), r, and for K ,” we obtain an equation of degree 
r° < r. In this case there will be among the roots (repeated r times in 
first approximation) such ones, for which 


£ (a) « a‘? 
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(e.g. such roots for the second approximation of which the lowest term 
Zy is being taken). 


However, there will necessarily be some (see note at the end of this 
section) whose asymptotic error will exceed that given in (2.7); i.e. 


&e (a) > aa 2)" 


and in order to find it we will have to solve Equation (2.2) or, at 
least, to determine the nodal numbers for the latter. 


Let us use an example for illustration. Suppose we have the equation 
(2 } 1—aVa BVavbk-4 -a = (2.8) 
two roots are equal to each other in first approximation: 
Y a, 2= Va 


Since f(a, K 1/2) (K - 1)7¢ + (K = 1)? + Ke‘, we have q= l, 
q, = Be qo ° 4. 


It is also easily seen that q) * = 4, Substitute ya +z into Equa- 
tion (2.8): 


The nodal numbers of this equation are —3/2 and —5/2, so that 


Hence we obtain for the roots ky and ko 


— 9 ’ ’ 
&, (a) art< q’*#— V2 "s €2(a)=a>a"” 


respectively. This can be verified by solving the quadratic equation 
(2.8) directly. 


Thus we see that the problem of determining the asymptotic error does 
not require, in the majority of cases [see (a), (b)], an analysis of 
Equation (2.2) for determination of z; it is possible to find «(a) from 
the formulas (2.5) or (2.6) starting only from the relation (2.1). In 
the particular case (c) it becomes necessary, for determination of «¢ (a), 
to find the order s” of the second term of the series (1.6) starting 
from (2.2). 


4. The following condition should be taken into consideration in the 
procedure of determining the second approximations for the roots of 
Equation (1.1). 
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A limiting equation of degree r > 1, where r is the multiplicity of 
K, in the equation @{K) = 0, is obtained in the cases (a), (b), (cl) for 
the determination of the lowest term Zy = K,’a* y We note that s’y > s. 
The remaining s,°, obtained for Equation (2.2), will not be larger than 
s(s,° < s), which can be easily shown starting from the properties of 
the table (1.5) for the numbers By, By --+» B,. 

In the case (c2) the lowest term Zy is being determined from an equa- 
tion of degree r° <r, so that such a Zy does not permit us to obtain 


the second approximation for all r of the roots which are equal to each 


other in first approximation. For r— r’ roots we have to take, as seen 
4 , 


from the given example, such Z, : K; 


a* j as well, where s.” does not 
represent the largest power exponent. Starting, however, from the pro- 
perties of the table (1.5) it can be shown that in addition to sy’ there 
will be such s,”° > s, and to them, together with sy” correspond limiting 
equations of degrees the sum of which is equal to r, while all remaining 
Sp s Ss. 

Thus we arrive at the following conclusion: for the determination of 
K’a*® , the second term of the series (1.6), we have to use all s* > s. 
This ascertains the derivation of the second approximation for all roots 


of Equation (1.1). 


The formulated statements can be proved starting from the following 


considerations: 


1) In the table (1.5), constructed for the numbers By, Byr «+++ Bay 
all nodal numbers, appearing in the last r columns, appear in the last 
(lowest) r lines; in the cases (a), (b), (cl) there will be only one 
such nodal number; 


2) The rth line, counting from the bottom, contains the nodal number 
U,’, which gives the smallest of all permissible (smaller than s) power 


exponents. 


Note. Since U,” represents the largest number in the rth line, count- 
ing from the bottom of the table we have 


[ % (q - 41) 
For the root corresponding to this number we consequently have 
e (a) am ° ala 


In the cases (a), (b) and (cl) we have hx : Sy and the asymptotic 


error 


& (a) 
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is to be computed from the formulas (2.5), (2.6) and (2.7). In the case 
(c2) we have a < Sy’ and for the roots corresponding to Ss. we obtain 


& (a) 
because 
l m , (9: q) if 
3. The fundamental formulas in the second approximation. 
We shall deal here with the formulas for the mth term of the expansion 
into a series for the case of a state of stress and strain symmetrical 
with respect to the generator @ = 0 of a circular cylindrical shell. To 


this end we set ®= dcosmO@. By virtue of (0.5) O- Ae*™® cos m@. Sub- 
stituting ® into the relations (0.1) we will have 


u = AP,, (k, m) e** cos m8, v= AQ, (k, m) e** sin mé, 


u AQy (k, m) e** cos mé 


Analogous formulas are obtained for 7). T,, S), S,, and so forth, with 


mks 
: | 
Aig 


mk ‘ 


Ai ’ 


m*k* 


a* |—As (2 o) mk 


o)* mk? Aysom?® 


Az (1 o*) hk a* |Aia (4 o*) m*k* 


Sirs m'ik- Aism® 4 (1 0”) ‘A 4m?) 


o*) mk? a*| Asmk® Ara (1 o*) m2 


30) mk mk| + a4 [o (1 — 0) m3k? — 2omk*}} 


(3.1) 


a* [As (2 a) mk® 
Arson?! Zo (1 5) mh om*k]}} 


o) m*k' Au (1 20) m'k? Aeaom® 


Asom* a® {4k 4m*k (1 o*) m*k? |} 





Method of analysis of circular cylindrical shells 


Eh 


— -— a* {Asok® A10 (1 ~ 20) mks Au 4 1) mk? Aem® 


(2 oa) m*k? +- Agm* a® [40k 20 (1 a) m*k*}) 


2Eh ® «4 - ~~ 4 oT 
a“ {Aak' - SAsom*k® - SAism*k? 
} 


r (i 


o) mk? Mamtk a® (4k? 2 (2 oa) m?/ a) mk? }} 


2Eh — en »a . - 
a* { Aamk® . dA10mM kA 4 dAism’ k* Aen 
3*) 


o) mk4 3m®k* + hem® +- a® [20mk' o (1 a) m*k*}} 


In these formulas all A; = 1 for any i. They are used here in the 
interest of convenience of presentation. 


Let us study the question of approximate representation of the quan- 
tities (3.1). To this end we shall use the method described in Section 1 
with reference to the process of solving Equation (0.6). Three cases are 
to be considered: pp < 1/2; w = 1/2; p> 1/2. 


l. Take the case 0< yp < 1/2. Table (1.5), constructed for the equa- 
tion under study, will have two nodal numbers U - U, 1/2 and 
U = U, =2u - 1/2. 


a) Suppose U = U, = 1/2. Then 


k; — (ky): Kia ‘Va 


The limiting equation for determination of K; is of the form 
K* + (1 — o*) K* —0 
Dividing by K* and returning to (k), we obtain the equation 


(A),* . , U 


from which we determine the four roots of Equation (0.6) in first 
approximation. Since the roots of this equation are non-repeated, their 
asymptotic error is determined by the formula (2.5): 


e (a) = a‘’-* (3.4) 


By virtue of the relations (0.4), (3.2) and (3.4) the formulas (3.1) 
can be simplified [1], in consequence of which only such terms remain 
in them which contain A,, A, and A, (with k replaced by (k),). The 
asymptotic error for the simplified formulas is expressed by 
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Equation (3.4). 


To improve the accuracy of these formulas we shall find the second 
approximation for the four roots of Equation (0.6) considered. For this 
purpose we replace k by (k), + k” in Equation (0.6) and, using the same 
method, we find for k” its first approximation (k’), from the limiting 
equation 


(k)i (k’)s 


(the coefficient of k* is simplified on the basis of Equation (3.3) and 
the equation is divided by (k),°). This gives the expression 


(ki)y + (hi’)y Ky,a~"/: K;' a/v 
for the root and the formla 
e’ (a) a*~4 (3.5) 


for its asymptotic error. Substituting (k), + (k*), for k into the form- 
ulas (3.1), we omit the terms whose asymptotic error does not exceed 


(3.5). 


Then the terms of the first approximation will be amplified by the 
terms with A,, A,, A,, linear with respect to (k°),, as well as by terms 
3+ As, Ayo. Aj 5, free of (k*),, which we can write down symbol- 
ly in the following manner: 


Ee ea (3.6) 


For example, P, = a(k),° + A[3o(k),7k’), ' m’(k),). Here we have 
A = 0 for the first and A = 1 for the second approximation. 


Since, in general, the theory of thin shells itself involves errors 
of the order a, the question of retaining in the formulas of analysis 
such terms, which are of the order a as compared with the main terms, 
requires additional study. This question will not be discussed here and 
the terms indicated are everywhere omitted. 


Accordingly, we shall omit the terms with A, and A,, in the formulas, 
which correspond to the scheme (3.6), and in the case p = 0 we shall 
disregard in addition all other terms of the second approximation. In 
this way we obtain (with A = 0 when yp = 0) the formulas 


ha, Az; A U(Ae, Aa, A7) (k’):, Ai, As, Aro }} (3.7) 


and the error is 





Method of analysis of circular cylindrical shells 


when 


when © mr 
i 


The accuracy of the formulas (3.7) can be improved in an analogous 
manner. This does not offer any fundamental difficulties, and we shall 


not discuss here or in the sequel the derivation of the third approxima- 
tion. 


b) Suppose U = U, = 24 - 1/2; then, as in the preceding case, we ob- 
tain, if » 4 0, for the remaining four roots of Equation (0.6) 


(1 o*) (k)i* +- a*m' 0, 


{Ai, Ae, Av. A [(Aa, Ae, Ar) (h’)a, Ae, As, Aaa, Aasl} 


2m*® (k); m® 
e° (a) 


{Aa, Ae, Ar: Ar [(Aa, Ae, Ar) (k ya, Ae, As. As. Ail, 
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These formlas can be used also in the case of pw 4 1/4 in the vicinity 
of the point p» = 1/4 (where for them «“(a) = a) instead of the formulas 


(3.10) and (3.12), which give in this case the larger errors (3.9) and 
(3.11). 


If » = 0, then the four roots considered are k, = 0, as can be seen 
from Equation (0.6) and from the limiting equation 
{— 2 (kat + mm? — 1)? (3.13) 


a? 


In this case 
@ (Bo + Bit BoE* + Bsé*) cos mo (B, = const) 


Equation (3.13) can be used, however, also for » # 0 in the vicinity 
of the point » = 0. It leads in this case to the small roots of Equation 
(0.6) with a higher degree of accuracy than Equation (3.9), because 

8 — m° = m* in the case of small xz. 

In the case of small values of p we have (a) = a'~?" = a for Equa- 

tion (3.13), therefore we are not looking for higher accuracy of the 


first approximation formula lA,, Ax, Az, Ag, Ag, Aye}. 


2. Consider the case p = 1/2. We have then U = 1/2 


1 


k; = K,a—/:, [(k);? m? |4 = (kx! , e (a) 


Since «(a) = a, it is not necessary to improve the accuracy of 
1A, Ag, Ags Ags Ags Ags Azgr Aggy Aygi. These formulas can be used also 
in the vicinity of the point p = 1/2, since they produce a smaller error 


than (3.7), (3.12) and (3.14). 
3. Let »w > 1/2. Then U = pz 


[(k):? m? |4 


The limiting equation gives two quadruple roots. Since all ¢(K;) #4 0 
in the relation (2.1), established for Equation (0.6), the asymptotic 
error is determined in the case under consideration by the formula (2.6), 
and this leads to 


when  « 
when » > 1 


(L1 ] gives here instead the formula «(a) = a *a* = a*~ 2 without 


upper limit for m). We find there, furthermore, for large values of m 





Method of analysis of circular cylindrical shells 


_ 1/2) 


(m >a in first approximation the formulas 


{Aa, Ae, Aa, As, Ae, Az, Ano, Aaa, Ass} (3.14) 


without indication of the domain of their applicability; they are correct 
for 1/2 < » < 5/6. For 5/6 < » < 5/4 the formlas become somewhat more 
involved; they assume the form 


For 5/4 < pu < we obtain 


The question of raising the accuracy of these formulas will not be 
discussed here. 


Having ®., u;, v;, 


istic equation, we obtain 


and so forth, for each root k. of the character- 


In an analogous manner we can raise the accuracy of the formulas of 
analysis of open shells as well by exapnding ® into a trigonometric 
series in terms of the variable é. 
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Variational principles for the thermoelastic problem with heat sources 
and sinks are deduced. In the absence of sources and sinks the analogous 
variational equation was obtained by Biot [1], on the basis of thermo- 
dynamics of linear irreversible processes. It is shown under what condi- 
tions Biot’s generalized variational equation passes to the variational 
equations of thermodynamics of equilibrium processes [ 2,3 ]. 


At the instant of time r 0, let an elastic body have a constant 
absolute temperature JT and let it be in its natural state, i.e. when the 
stresses and strains are absent. 


At the instant of timer, due to the effect of external forces and 
temperatures, given boundary conditions on the surface, as well as due 
to internal heat sources and sinks, the strains and temperatures inside 
the body will take on the values 


r; 


where x, (k = 1, 2, 3) are Cartesian coordinates. 


We shall assume that the Duhamel-Neumann equations are valid at any 
instant of time 


for i 
for 


a 1 
Gig Pein Tr | BO) 5;,, Six = {9 


Here e,, are the components of the strain tensor 


* | 
l 2v ) \<) 


a is the coefficient of linear expansion, v is Poisson’s ratio, A and pz 
are Lame’s constants. In the absence of body forces the equations of 
equilibrium in terms of displacements and the boundary conditions in 
terms of tractions are of the form 


1044 
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pv*u + (A + pm) grad ¢ grad § lL, (3) 


where u is the displacement vector, e = div u, P, are the components of 


the surface traction vector, ly are the direction cosines of the external 
normal. 


To obtain the equation which relates the deformations to the tempera- 
ture, we use the equation of conservation of heat dh = — div q dr + dw, 
and defining the heat-flux vector q by the temperature gradient in 
accordance with Fourier’s law q = — k grad 6, we obtain 


th ky*0d< +- du (4) 


Here dw/dr is the specific strength of the heat sources and sinks, k 
is the coefficient of heat conduction. 


The quantity of heat dh, received by an element of volume within the 
time interval @, may be calculated if the density of the internal 
energy of the body is known. Since the internal energy is a function of 
state, 1t may be assumed in calculating it that the passage from the 
natural equilibrium state to any non-equilibrium state, corresponding to 
the instant of timer, is realized in a reversible manner. 


Let us introduce some generalized heat capacity C.,. Then we obtain 
for the increment of the internal energy density 


da dh 


Here C is the heat capacity for constant volume. 


From the definition of internal energy as a function of state, and on 
the basis of (5), we have 
0a 


ae (5) 


From the second law of thermodynamics it follows that ds is a total 
differential of the independent variables e,, and @, i.e. 


Os f 


ry) T; 


Eliminating from Equations (6) and (8) the internal energy density 
and the entropy, respectively, and using Equation (1) we obtain 
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It follows 


(10) 


Having the expression for the heat capacity (10) we find in accordance 
with (6) 


0a 


Ov (11) 


3T’) O;,. » 
Assuming the quantity @ to be small as compared to the initial absolute 
temperature of the body 7, and assuming the heat capacity C, as well as 
the constants A, » and f to be independent of the temperature, we obtain, 
with an accuracy within an arbitrary constant 


ry . . 
= pei,” + | 2 Ci Oix 7 pr))e + CY 


From the law of conservation of energy and from relations (11) we ob- 
tain the increment of heat 


dh 3(T 0) de + Cd0 (12) 


Linearizing (12) and integrating with initial conditions h = 0, e = 0, 
6= 0 forr = 0 we have 


Thus, in accordance with (4) and (13), the equation relating the 
strains and the temperature of the elastic body is in the form of a 
generalized equation of heat conduction 
_ dd d i du 


( . : } V*y +. - 
at dt 


Equations (3) and (14), for given initial and boundary conditions, 
permit the determination of the temperature @ and the displacement vector 
u as a function of time and of the space coordinates. 


Following Biot [1], we express the equations of thermoelasticity with 
the aid of two independent vectors, namely the displacement vector u and 
the vector S, related to the temperature @ in accordance with 

dS h 
orad ¢ 
T oTa ] 

Eliminating with the aid of (15) the temperature on the right-hand 
side of the equation of heat conduction and carrying out the integration, 
we find 
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CO + BTe = 


Using the initial condition @ = : 0 forr 0 we 
obtain C, (x,) » 0, 


From Equation (16) it follows that the temperature may be determined 
as a function of two independent vectors u, S and of heat supplied by 


sources 
- : 
div (S +- Bu) (17) 


The equation of heat conduction (14) may be transformed with the aid 
of (15) and (17) to the form 


t- grad 0 


To obtain the variational equations of thermoelasticity we multiply 
the equilibrium and the boundary conditions (3), as well as the equation 
of heat conduction (18), by the independent variations 5u and 45S, 
respectively. Integrating over the volume and the surface we find 


ree 


i mom 


; grad 6) dSd: 


relations (19) the identity follows 


i r~\SA \ 2 r BK orad ¢t An d 
Oi, ly — P;) du, dQ \\\ tu u +4 + uw) grad « 6 grad 6] dud: 


- grad 0) dS di 
at / 


Using the equation of Duhamel-Neumann (1), as well as the relation 
between the strains and the displacements, we transform the identity 
(20) to the form 


aie “eae we 7 
\\ (0; ly P,) du, q \\\ * bude 4 \\\ j 
i ar “s 
Transforming the triple integrals in Expression (21) by the formula 
of Gauss-Ostrogradski and taking into account the variation of the 
temperature in accordance with (17) 
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T bw 
; | dis (6S 4 fdu) a 


we obtain the variational equation of thermoelasticity with heat sources 
and sinks in the form 
Cee \ 7 : a4 . ‘ 
ap )— a bw| av + 1 \\ (P-du + On-88)dQ — (23) 
Here W is the specific potential energy of isothermal deformation 
(9 = 0) 


W = es,” 
p is the vector of intensity of the surface loading, n = — (1,5,) is the 
unit vector of the internal normal, Ji are the base vectors of the co- 
ordinate system x,. 


For the case when the heat sources and sinks are given functions of 
coordinates and time, the variational equation (23) coincides in form 
with the analogous equation of Biot [1 ] 


” 


 —— 
: 8S di \\ (Pdu + On 4S) dQ 


a 


sv + \\\ 
(b) (Q) 
In contrast to Biot’s equation, in calculating the variations by 


Formula (24) one should take into account the dependence of the tempera- 
ture not only on the vectors u, S, but also on the sources of heat 


w(x,, r) in accordance with (17). 


For independent u, S and w, the variation with respect to u gives the 
equation of equilibrium and the force boundary conditions (3), while 
variation with respect to S yields the equation of heat conduction (14). 


Let us note that for independent u, S and given distribution of heat 
sources and sinks (Sw = 0) the variational equation (23) may be written 
down in the form of Lagrange’s equations for a system with energy dis- 
sipation: 

av oD 


Gn | 9» me 


(v) 


D plays here the role of the dissipation function, and V that of the 
potential energy of the system; q, are the generalized coordinates which 
may be used to express the vectors 
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as well as the quantities V and D. The corresponding generalized forces 


are 


Let us show under what conditions the variational equation of thermo- 
elasticity (23), which takes into account irreversible phenomena in 
thermoelastic processes, may be replaced by variational equations of 
classical thermodynamics of equilibrium processes. 


Eliminating dS/dr from the basic equation (23) with the aid of (18) 
and integrating by parts, we obtain 


Q eee ne 
Al dw dv 4 \\ div 58d \ P-dudQ 
ov — I) tae + (fo av ose — (0 


(vo) (v) 


Replacing in (26) the generalized free energy by means of the internal 
energy 


and linearizing in accordance with (12), (13), we find 


“ee 


69 \\\ (BT Se Cd9) d \ ( Pdud® 


o ia 
Here 9 is the internal energy of the system. From (2/) we obtain on 
the basis of (13) 


oe 


59 \\\r di \\ P-dudQ 


ede 


(Uv) 


In the particular case of thermoelastic processes which are not 
accompanied by a supply or removal of heat, the variation dh should be 
set equal to zero and Equation (28), following from the basic equation 
of thermoelasticity (23), passes into the variational equation of 
adiabatic processes of classical thermodynamics. 


One should keep in mind that the variations 50 and de for an 
adiabatic process (5h = 0), in accordance with (13), are related by the 


additional expression 


rely) 


Let us now transform the basic variationel equation (23) for the case 
of an isothermal process. Using (26) and replacing div 5S with the help 
of (17) 
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div 6S 


we find 


6 \\\ (W — Bbe) dv 4 \\ Bes8a: ( \ P-dudQ (30) 


(v) ) (Q) 


The variation of the temperature 56, on the basis of the definition 
of the vector S and relation (29), may be represented in the form 


\ 2Odz ) (31) 


lL. 


I 


af T w 
ov a 6 | 7 Be 
From Expression (31) it follows that an isothermal process of deform- 
ation of a non-uniformly heated body (40 = 0) is realized only for a 
stationary temperature field, when 


726 (32) 


and in the presence of a special system of distribution of sources and 


sinks 


compensating the heat produced in the elastic body during the process 
of deformation. 


In this case the variation 56 in Expression (30) may be set equal to 
zero, and the variational equation of an isothermal process takes on the 
form 


OF \ \ P -dud® (34) 


(02 


Here F is the classical free energy (Helmholtz’s potential ) 


\\\ (W — Boe) di 


The variational equation (34) is identical with the equation of thermo- 
elasticity of classical thermodynamics of equilibrium processes in the 
form suggested by Hemp [3 ], or if one introduces some fictitious body 


and surface forces 


6 grad § N BOn 


to the variational equation of thermoelasticity due to Kachanov [ 2 ] 


5\\\ wa \ \ (P — BOn) dudQ \\\8 grad §5udy 


(p) (42) (wv) 
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Thus, the variational equations of Kachanov and Hemp which correspond 
to the isothermal problem of thermoelasticity are valid, strictly speak- 
ing, only for a stationary temperature field (V 76 }) for sources and 


sinks w = BTe. 


These variational equations may be considered as approximate if 
during the process of deformation the phenomenon of heat conduction may 


be neglected. 
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The simplest version of the theory of plasticity is the theory of an in- 
compressible ideal isotropic rigid plastic body. In this case the plas- 
ticity condition is fixed, depending, generally speaking, on the second 
or third invariant of the stress deviator tensor. 


In the plane of the deviator of the principal stresses the plasticity 
condition is interpreted as a certain curve called the curve of plas- 
ticity. Well known generalizations of the theory of ideal plasticity con- 
sist in assumptions of the changes in form of the flow curve in depend- 
ence to the deformed state [1-6 ]. 


Changes in the flow limit during deformation characterize the strain- 
hardening materials, in which if the body remains isotropic under strain, 
the process is called isotropic strain-hardening. With isotropic strain- 
hardening the plasticity condition may depend upon the second or third 
invariants of the deviators of the stress and strain tensors. In this 
case the plasticity curve remains symmetrical relative to the axes of the 
principal stresses. 


If the flow limits for the different stresses do not coincide, then 
the material is anisotropic. One of the simplest versions of the theory 
of anisotropic strain-hardening was first proposed by Prager [1 l, later 
investigated in [4-7]. The flow curve is shifted as a whole, and the 
plasticity condition depends on mixed invariants of the deviators of the 
stress and strain tensors. We note the mechanical interpretation of the 
nature of anisotropic strain-hardening proposed in [5 l, which clarifies 


the role of microstresses in the framework of phenomenological theory. 


The relations of the theory of anisotropic strain-hardening are con- 


sidered here, including the special case obtained from the theory of 
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isotropic strain-hardening as well as Prager’s theory of anisotropic 
strain-hardening. The exposition is for the case of plane strain. 


The plasticity condition is assumed in the form 


I's 


Here 2, 2, denote the second and third invariants of the deviator of 
the stress tensor 055i I’,, I, denote the second and third invariants of 
the deviator of the strain tensor € ij and T>, T, denote the second and 
third invariants of the deviator of the tensor .,- , where 


c e (Ty, V5). 


In accordance with this the associated law of plastic 


where $;° 0; 1 3(o, +o and the remaining invariants 


are written analogously, then 


aT, |(T xz 


The remaining expressions are obtained by successive permutation of 
indices. It is evident that the compressibility condition e¢ €,4 
é . 0 holds. . 


We consider the case of plane strain. We set 


(4) 2" 0 we have 





The conditions « é r =f = 0 are satisfied identically. It 
x yz xz yz 


is evident that under the conditions (5) and for 


the relation 


holds. 


Condition (6) will be fulfilled if (7) holds, and also 


of Of 


OTs . for 2s ve . S) 


o> 


-3 


We shall assume in the sequel conditions that (7) and (8) are satisfied; 
the relations for the case of plane strain are written in the form 


. me Of 
d 5 aT’, |(s 


{ ( or 
, aT (Fy 
at 


aT, (Txy 


T. ce )] 


S 
] 
4 


2 


The plasticity condition may be presented in the form 


The star above and the index two are omitted in the following. 


We shall consider only the case of the plasticity condition in the 
form 
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The relations (9) are written in the form 


The condition (11) is satisfied by the assumptions 


k cos 26. y= Lc kcos20, t,,. = ce,,, + ksin 20 (1; 


We now denote « =~ €,- . Then it is evident that [ = 
ce? + y?, ad 


Expressions (13) are substituted in the equations of equilibrium 


and we obtain 


Qk cos 20 
OY 


Oy 


2k sin 20 


Relations (12) are of the form 
de sin 26 dy cos 20 


Considering also the compatibility conditions 


Ow oe oY Ow Oe Z 
Ox 3=—Ssdo Oy'_— |*—«—« Oa Oy ” Oz (17) 
we obtain a system of five quasilinear equations (15), (16), (17) in the 
five unknowns o, 0, €, y, @. 


Let us investigate the type of this system. Upon denoting W(x, y) as 
the equation of the characteristic surface we set up the characteristic 
determinant. It will have the form 

2k (1p, sin 20 p,, cos 20) 
2k (ip, cos 20 + wp, sin 20) 
dp sin 20 
-), 
Y, 


where W. = OwW/dx, vy 





It is evident that the characteristic determinant is equal to the 
product of two diagonals of the second and third orders. Terms in the 
first and second parentheses show no effect on the determinant. These 
terms are zero for ideal plasticity. Assuming dw 0, k # 0, we obtain 


1p, sin 20 cos 20 ; : (18) 


The system is thus shown to be of the hyperbolic type, and the charac- 
teristics are mutually orthogonal. The nature of the strain-hardening 
appears in expressions which are generalized Hencky relations. Upon em- 


ploying a change of variables 


ay 


we obtain, from (15), along the characteristics 


e sin 20) 
on} 


We note certain special cases: for c 0 we have the relations for 
isotropic strain-hardening; for k = const we have the relations given in 


[7 l; for c 0 and k const we have the Hencky relations. 


Equation (16) is transformable into the Geiringer relation, thus con- 
firming the absence of elongations aiong the characteristics 


dl | i) 
where U and V are displacement velocities along the characteristics. 


We introduce the angles p and v determining the direction of the axes 
of the stress and strain tensors in the xy plane 


2T 
tan 2u 


We have 
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We obtain from (13) and (22) 


2? 2 =p cos* (u 


It is evident that the relation >= %(I") holds only if the directions 
of the principal axes of the stress and strain tensors coincide, p = v; 


otherwise the relation describes the stress history. Consideration of the 
theory of torsion presents no difficulty; in this case the third in- 
variant is also zero. The three-dimensional problem may be considered 
following the procedure indicated in i?i. 
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1. The determination of the standing gravitational waves on the surface 
of a rotational fluid reduces to the following boundary value problem: 


in the region T 


where y = f(x) is the equation of the unknown free surface (figure), w 
is the stream function, h is the "depth" of the fluid, Q is the flow 
rate and ¢ is the velocity. 


In the relationships (1) all the unknowns are assumed to be dimension- 
less, Q and h are taken to be the characteristic dimensions. 


The formulation and the first results of the problem (1) are due to 
Dubreil-Jacotoin [1]. The most general results published up to the pre- 
sent time are due to Gouyon [2,3]. His basic assumptions are the follow- 
ing: F(W) is a continuous function and the flow is near the uniform flow 


b= y. 


2. If we select x and Ww as independent variables, while the dependent 


variables are u = wy and v= - We. then the problem reduces to the 
following [2 ]: 


ul 
for y 0, 
for 


Problem (2) always admits the solution 
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Let us assume that the function F(wW) is such that z(w) > d> 0, where 
d is a positive constant. 


where @ is the angle of inclination of the velocity vector. In terms of 
these variables, problem (2) is equivalent to the following problem: 


(1) 


where the star denotes that the values of r and @ are finite. ®, and ®, 
are the nonlinear operators 


ay (Hh. <) 


The problem (3)-(5) has a trivial solution r = @ = 0. We shall state 
the problem of finding the periodic solutions in x of the period A 
(dimensional wavelength) of problem (3)-(5) adding to the enumerated con- 
ditions the condition of symmetry 


§ (— 4/2 A) 


3. We shall investigate an auxiliary problem, in which we shall re- 
place condition (5) by the following condition: 


fy(z) 
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Assume that @ = 0, + 0,, 7 =, +>, where r, and 6, is the solution 
of the boundary-value problem (4), (6) and (7) for the system (Problem A) 
(8) 


where 0, and rT, solve a homogeneous boundary problem for system (3), in 
which the expreéssions of the right-hand terms are replaced by the follow- 


ing expressions (problem B): 


ta) 


Lemaa 1. The solution of problem A has the form 


where the operators A, and B, are linear integral operators with weak 


singularity and ', = r*(0). 


Leanna 2. Problem B is equivalent to the following system of equations: 


-2 5in nazrsinnrad 


(p) 4,, 
z (’) 


where a = 27/A, g, and p, are the eigenfunctions and eigenvalues of the 


operator 
1y dy i eM \dyp /y<o ” ph, 
The functions En and z, are normalized with the weighting function 


1/ z. 
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Lemna 3. For any differentiable r, and 6... which satisfy the condi- 


tions Ir, <€, ri.! <4 eee, 19,4) <¢€ where ¢« is some sufficiently 


small positive number, system (10) has the unique solution 


where A, and B, are integer-power series of their variables; they con- 
verge uniformly in the rectangle T 


I } I y" 


The validity of this lemma follows from the theory of integral- 
differential equations developed in (5), a particular case of which is 
the system (10). In addition, the proof is based on the fact that the 


homogeneous boundary-value problem (4), (6) and (7) for the system (3) 


has only a trivial solution. 


We shall denote by A;* the operators A; under the condition that 
w= 1. Then 


On the basis of the above statements Dé is an integral-power series, 
which converges uniformly on — 1/2 A, 1/2 A, if the magnitude of & is 
sufficiently small. Substituting the expressions obtained in Equation 
(5), we obtain 


’ exp | zt exp 


The function exp (~2r,) is analytic. We shall denote 
v exp 
Then the problem will reduce to an equation of the form 
kRE 


In accordance with the foregoing, the operator A is the Liapunov 
operator, and, consequently, the general theory shows that Equation (14) 
has nontrivial solutions with a small norm in the region of single- 
valued eigenvalues of the corresponding linear problem. Hence, taking 
into consideration the structure of the function k, we arrive at the 


following basic theorem: 


Theores. If the function F(W) is such that the integral 





N.N. Moiseev 


exists, then for sufficiently small « > O the problem (3)-(5) for a fixed 
value of the period A has a one-parametrical family of solutions, if only 


where v, are the eigen numbers of the linearized problem. 


Notes. 1. To compute the wave parameters it is not necessary actually 
to construct the operator R. It may be shown that the solution of the 
problem (3)-(5) is an analytic function of the parameter , v= Ve There- 
fore, it is simpler to look directly for the solution of the resulting 
boundary-value problem in the form of a power series in this parameter. 


2. The obtained solution will approximate not the uniform flow, as 
was the case in the prvious investigations, but some rotational flow. 
Por F = 0 the obtained results lead to the classical results of Nekresov- 


Levi-Civita. 


3. For the determination of the function rT» the following equation may 


be used: 


4. The operators A, and B, have the following form: 


. 


2Zasinnaz’ sinnar 4\') 8» 


tina na 


: \) £2 COs naa in naz’ 
(x ) 


By (5) “J tna 


where g, are functions which satisfy the equation 
d 


. » 9 ° 
z dy (zg,,) — n°a*g,, 0 


and the condition g,° (0) = 0, The functions g,* have the form 


ip ' 
g,” (W) cosh| na \ = ) 


5. The functions Bn introduced in Lemma 2 have the form 
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ay , 
z (yp) \Pn 


where 5 is a normalizing multiplier. 


Consequently, all computations may actually be carried out for any 
given function F(wW). 


In conclusion I consider it to be my pleasant duty to express my 
gratitude to Iu.A. Kravchenko (France, Grenoble), wh jirected my atten- 
tion to these problems and whose discussions motivated this investiga- 
tion, 
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From the theory of waves of finite amplitude it is known that, with an 
increase in amplitude the wave becomes steeper and for a certain value 
of the amplitude ay 4 break appears at its crest. The angle of the tan- 
gent at this point, as shown by Stokes, always equals 120°. For larger 


values of a the wave disintegrates. 


It may be expected that the limiting wave will also appear in the 
field of a vortex located below and close to, the surface of a heavy 
fluid. As has been shown by Moiseev [1 ] for the range of Froude numbers 
just above unity there are in any case two possible solutions for this 
problem. The existence of the solution which describes the particular 
flow which degenerates into a plane-parallel flow as the intensity of the 
vortex approaches zero, was proven by Ter-Krikorov [2]. nl3 | the 
existence of a second solution was established which under identical con- 


ditions produces a solitary wave. 


In the present paper we shall consider the flow pattern created 
jointly by the vortex and the fluid flow past it. The free surface of 
the latter has a singularity at the crest of the wave of the type of a 
finite solitary wave. It approaches the latter as the intensity of the 


vortex approaches zero. 


We shall investigate the motion of a vortex of intensity I’ under the 
surface of a heavy fluid of depth H. We shall assume that the vortex 


moves with a velocity c such that the dimensionless velocity or the 


Froude number, F*: c? / gl >» 1, We assume the motion to be steady and to 


have a potential velocity w(z) 


Let us consider dimensionless variables in the physical (z) plane 
(Fig. 1,a) of the flow; the problem of the motion of the vortex, situated 
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at the point z= ia, will be reduced to the determination in the region 
D of the analytical function w(z) which has a logarithmic singularity at 
the point z = ia and the right singularity at the wave crest and which 
satisfies the boundary and the asymptotic conditions. 


vY (x) const 


f on (§ 


lim Y (a lim =: for 


Let us map the region D in the z plane into a strir f unit width D’ 
in the plane @ (Pig. 1,b) by the use of the function €(z) = E(x, y) 4 
in(x, y), which is analytic in D’ except at the wave crest. The point 
z ia corresponds to the point c = if, the streamlines L and S in the z 


, 


plane transform into the streamlines L* and S’ in the plane ¢. 





Fig. 


The intensity of the vortex does not change as a result of the conformal 
transformation. The complex potential in the plane ¢ has the form 


sinh |! nit $)] 


n —s 
sinh|! »TiC 13))’ 


for , ) for n 


The conditions 2) and (3) will assume the form 


for 


In order that f(€) > 0, it is necessary to fulfil the condition 


2 ™p 





I.G. Filippow 


In order to reduce the problem to a nonlinear integral equation let 
us map the region D’ in the c plane into the inside of the unit circle 
in the t plane (Fig. 1,c) by the use of the function 


We assume 


where e*” t on the circumference L™ in the ¢t plane. 


Taking into account (6), we differentiate (5) along the streamline in 
the z plane, that is along s; we obtain 


Vv sinv(s cles ~ . 5 fe’ [§ (s)] 


f1E (s)] 


Integrating (7) along o, we obtain 


sin 0 (cs) sec} 26 


yx sin mBten!/.csec 


[E (s)] 


i (@en*(4/2 5) + cos? | 
Since g(a) = 1 forg 7m, then from (8) we have 


3 { #°() sec t/a f sin @ (3) sec'/ac  \ 
0 


PIE(@)) 


n iE) fe’ I 5)| ds 


Using Mitchell’s method for the solution of the problem of finite 
waves, it is easy to see that a(t) in the region of a singular point has 
the form [| 4 } 
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Wo (1) 


also the function w(t) is holomorphic inside the circle and continuous 


on its boundary. Since we shall investigate a symmetrical wave, it is 


easy to see that the coefficients a, are purely imaginary, that is 


tc... 
n n 


From (10) it is seen that 


(8) will 


> COS AG 


3 tan’ «5 


x \ jTe tI 


exp 


where v is the function given by (9). Also it follows from (11) for ag=0 


that 


P(E (O)Jexp\3 S' 


n 


The limiting value of the amplitude at which a finite wave appears is 


1/2 v. 


The value P of the lifting force is given by 


The first twelve coefficients 


Equation (11) was solved numerically. 
The 


were determined by the method of iteration at specified points. 
In Figures 2 and 3 are 
As seen from Figure 


c 
n 
problem was computed on the machine "Strela". 
shown the curves of v and cy as functions of y and fp. 
(or cg) for each value of y and f at 


2 there exists a unique value Vo 
(or «> Co) disintegra- 


which there appears a finite wave, and for v < 0 
tion of the wave takes place. 
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For constant values of v and f the curves of Figure 2 yield a finite 
value y, for which a finite wave appears. In Figure 3 are given the 


values of the lift coefficient Cy for the critical values y, B, v (or c). 


Analysis of the solution shows that a finite symmetrical wave is possible 


only for y 0 and for small positive values y. 
























































Note. We observe the fact that in the case of parallel flow past a 
vortex which transforms into a plane-parallel flow for y, (orlI')+ 0, a 
finite Stokes wave does not exist for the following reason: 


Since the stream for y (or I')+ 0 transforms into a plane-parallel flow, 
the function C = ¢ (z, y), which maps the physical plane of the flow upon 
a strip of unit width, will assume the form 


where y is a real quantity. We have 


qieé 


Since in the case of Stokes’ wave | d¢ /dz 2_ 0 at the wave crest, 


(13) yields 


m (0,1), Bio = 9 (0,1) 
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that is,a Stokes wave may exist only for complex values of y (or I°), 


which is in contradiction with the condition that y is a real quantity. 


In conclusion I should like to express my gratitude to N.N. Moiseev for 
directing this work and to S.A. Solov’eva for help in the calculation of 
the results on the machine "Strela". 
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The purpose of the paper is to study the diffraction of a shock wave by 
a small wedge-like deflection of an otherwise straight wall, perpen- 
dicular to the shock front. This problem has also been treated in [ 1, 2, 


3,4). 


Lighthill [1] reduced the problem to a boundary- value problem of 
Riemann-Hilbert type and solved it by the method of trial and error. A 
second solution is given below. It is also shown that the solution is 
not unique because solutions of problems with discontinuous coefficients 
depend on special conditions which are imposed on the solutions at the 
points of discontinuity of the prescribed boundary values [5,6]. The 
choice of a particular class of solutions does not follow from the 
differential equations and the boundary conditions alone, but requires 


additional determination. 


The method of solution of the boundary-value problem applied here 
makes possible solutions for more general physical conditions. For in- 
stance, solutions for the gas motion can be found when the wall deflects 
as a result of the oncoming shock wave and also in presence of unsteady 
disturbances ahead of the shock front which are generated by wall motion. 


1. Problem setting. Let the front of the plane shock wave move 
with velocity Vo along a smooth wall for t < 0, and, at the instant 
t = 0, let it meet a small wedge-like break in the wall of angle + a, 
Fig. 1. The medium in front of the shock wave is at rest and is charac- 


terized by its density p), its pressure p,, and its speed of sound ap. 


The drift flow behind the shock wave is disturbed and the flow field 
in the disturbed region, bounded by the shock wave, its Mach reflection 
and the wall, will generally be rotational. Outside this disturbed 
region, the flow conditions behind the shock wave are constant and are 
obtainable from relationships across straight shock waves. Let us denote 
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the speed of sound, the flow velocity, the density and the pressure be- 


hind the undisturbed original shock wave by a, Ve R, P, respectively. 
Depending on the strength of the shock wave, this drift flow can be sub- 


sonic or supersonic as is shown in Figs. la and lb. 


Let us describe the disturbed flow field in a coordinate system moving 


with the drift velocity behind the original shock wave 


u= uy (zx, y’, t) 


0 Ra Pl (x y ,t 


Furthermore, because of the absence of a length characterizing the 
problem, the flow properties will be homogeneous functions of order zero 


of their arguments. Let us introduce nondimensional vari ables 


a\ iy 1 
Roy 


Hereafter, we shall drop the bar designating the dimensionless vari- 


al | es. 


Let us substitute the expressions (1.1) into the basic system of equa- 
tions, which govern two-dimensional unsteady flows of an ideal gas, and 
and at the shock wave. The equa- 


into the boundary conditions at the wall 
tions for the perturbations are 
Ou Cu 


y 
Y dy 


When the equation of the disturbed shock front is represented in the 


fom 


the relations across the shock wave will take the following form, for 


x o 
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2kMyu — Vip 


At the Mach-reflected wave front, the perturbations vanish when the 
drift flow behind the original shock is subsonic. In case of supersonic 
drift flow, a region of known Prandtl-Meyer expansion or Ackeret com- 
pression will be adjacent to the disturbed region along part of the 
curved Mach reflection, Fig. lb. 


2. Formulation of the boundary-value problem for the 


func - 
tion p. Elimination of u and v from the system (1.3) leads to 


0? p Op Op 
(1 — y?) Fi_2(s+yx) 
oy* O12 “ Oy 


The shock relationships (1.6) can be expressed in terms of the 
function p, utilizing (1.3): 


At the wall 


for y 
OY 
Furthermore, at the corner of the wall, 0, (Fig. la), the following 
condition must be satisfied for the subsonic case [1 |: 


aM, for Ar— (2.4) 


At the reflected Mach wave the condition 


0 
e =0 


as 


must hold, where s represents the direction tangential to the Mach wave. 

In the supersonic case (Fig. lb), the following condition holds at 
the point of contact between the straight shock or expansion front 
issuing from 9 and the reflected Mach wave: 


~ Vv, 


for As 
y My; 


The problem is solved when the function p, satisfying Equation (2. 1) 
and all the differential and integral conditions of this paragraph, is 
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determined. 


3. Transformation to a boundary-value problem in the theory 
of analytic functions. By means of the transformation 


f 


Equation (2.1) can be reduced to Laplace equation in polar coordinates. 
Let the original physical plane correspond to the plane of the complex 
variable z = r exp (10). Then the region of the disturbed flow in the 
plane ¢€ = « exp (i@) has the shape represented in Fig. 2. Let n denote 
the exterior normal and s the tangent along the positive direction of 
the curve AB. The shock-wave relations (2.2) can then be expressed in 


terms of the normal and tangential derivatives of p along AB: 


} (MW? ( VY cos* 0 , ip 
VJ s Oo cos uv 


Cc i. a 
am 
2M? 


Let us map the interior of the curvilinear triangle in the ¢ plane 
(Fig. 2) onto the upper half-plane of the complex variable z, by means 
of the conformal representations 


Here k, = Vy l- k*, The boundary condition at the shock wave, (3, 
which now must be ful filled on the segment of the real axis 1< x, 


takes on the form 
Op Op 1 2M 1 
i ry l { Ixy B) 7 é ; 
OY) Or, 2 J 2k V y. J Qk V 
In the subsonic case, the boundary conditions on the rest of the real 
axis are 
Op aM, 
" 6 (x, + Xo) ‘ <1(on wall) 
yy Yi—M; 
op , (on reflected 
Oxy — Mach wave) 


In the supersonic case 
Op 
Ox, 


Here 5(x) is the delta function. 





K.A. Bezhanov 


4. The solution of the boundary-value problem with discon- 
tinuous coefficients. Let us introduce the function 
Op Op 
OY; ' Or, 


which is analytic in the upper half-plane and which on the real axis 
satisfies the condition 


Op op 


i 
a (1) 3, ! b(*1)5,, c (x4) 


The coefficients in (4.1) are discontinuous: 
for — 


0 for 


Y x , b (21) Az - 


hd (271 + Zo) for M, . 2. 
= — ihd (x1 + 2) for M,;> —M;,? 


so that this boundary-value problem is of Riemann-Ihlbert type, with 
discontinuous coefficients. The solution is not unique, depending upon 
the nature of the assignable singularities at the points of discontin- 
uity of the coefficients in (4,1). One should seek the solution among 
the class of functions which are either bounded or have integrable 
singularities at x, = + 1. Within this class, there are four linearly 
independent solutions since the solution may at these points be (a) 
bounded at both points, (b) integrable at both points, i.e. at both 
points the integral 


(4.2) 


exists, or (c) bounded at one of the points and integrable at the other, 


and vice versa. 


The lack of uniqueness of the solutions can be seen from the manner 
in which the boundary-value problem with discontinuous coefficients can 
be reduced to the boundary-value problem with continuous coefficients, 
for which the solution is unique, specifically by means of the change in 


the unknown function 


P* (2) @ (2) P- 


l (21) 


Within the previously specified class of solutions the function o(z,) 
can be represented by any one of the four possibilities 
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Substituting (4,3) into (4.1), we obtain the boundary conditions for 
the problem with continuous coefficients 


Op op 


41 (71) By, bs (1) 55, Cy (24) 


for — <“a< 
h (Az 
by (21) Axi - B, c( x) . @ (24) 

The Riemann-Hilbert problem for a circle or a half-plane can be re- 
duced to the problem of Riemann when the desired analytic function is 
suitably continued by a piecewise analytic function over the full complex 
plane [5,6]. The corresponding Riemann problem has the form 


P\* (m1) = G (m1) Pr (a1) + g (%1) 


Here 


for 
The solution of the modified problem will be given by the function 
P,*(z) which satisfies the "continuation" condition 
Py* (2) (23) 
The function G(x,) can be represented as 


@* (2) Az, B V 2 


G (2x) ~ 
vu @ (1) «Ax, — B V2; 


(4.8) 


on the complete real axis. In this form, it is understood that when one 
proceeds along the real axis, different branches of the multivalued 


function yx, — 1 are reached as one passes through the branchpoint x, 1; 


the function y x, — | acquires the factor + 1 in the denominator, and —1t 
in the numerator. This also follows from the fact that G(x,) can be 
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represented as a ratio of functions ®*(x,) and ®”(x,), which are the 
boundary values of analytic functions determined in the upper and lower 
half-plane, respectively. The function G(x,) will not have zeros or 
poles all along the real axis. Then 


@* 


& (24) 


rt (2) 


we obtain 


h | 


Ni W@W (xq) OF (zo) (Zo 


Here Q(z) represents a polynomial of degree m with arbitrary complex 


coefficients. The choice of the integer m depends on the choice of the 


function cAz,) and on the behavior of the solution at infinity. Thus, 


the general solution of the boundary-value problem (4,1) becomes 
Pt (3 z + (z * (2 tL QO. (2z)] (4.12) 


In order to satisfy the "continuation" condition (4.7) it is sufficient 


to make use of the fact that the coefficients of the polynomial V (z,) 

are real. Furthermore, we shall set m 0 for all functions alz,), 1.e. 
Qo Cy» because p’ (z)) would otherwise possess zeros at a series of 
points of the upper half-plane, which is inadmissible on physical grounds. 


The constant C, must be determined from the integral condition 


a (M2 
V2 


which follows easily from the relations (1.6) on the shock wave. 


It is interesting to note that the singularity of the pressure at 
x t, appears as a consequence of the linearization and yet it correctly 
describes the flow pattern. Figure 1 of [4] exhibits experimental re- 
sults, which show that in the case of subsonic flow behind the shock wave 
the increment in the static pressure at the corner of the wall, though 


finite, dominates the field in magnitude. 
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>. Pressure distribution on the wall and the choice of the 
solution. In order to choose the desired solution, let us study the 


pressure distributions on the wall. The limiting values of (4.12) on the 
real axis are obtained from Sokhotski’s formula. For the case of sub- 
sonic flow behind the shock wave, we have for —1 <x, +] 


aM, 
M 
@ (2) aM, (Aro — B V1 

B V 1 ry V 1 M ;*@ (2 


| 


Let us write the x-derivatives of the pressure for all the functions 
(4,4) in the original simlarity variables 


Op s/ 
C2 
op 
V1 r*@s (Zz), Aa 
where f(x) (j = l, ..., 4) are continuous functions, which become 
neither zero nor infinite on the interval — 1 < x k, with exception of 


the point x - M, where they are infinite to the first order. 


The functions p(x) can be expressed in terms of elementary functions. 
From the four solutions, preference should be given t p'2) (x), which 
corresponds to the function w'?)(z,), is identical with the solutions of 
[1,2] and agrees well with the experiment. The detailed distribution of 
the pressure p‘*)(x) and its comparison with experiment is given in[ 4]. 


For the cases which correspond to functions p' M(x) and p'*)(x), the 
pressure settles to a constant value immediately behind the shock wave 
at the point of its intersection with the wall, which is contrary to 
physical sense. The vanishing of dp‘'’/dx and dp‘*’/dx at the point 
x =~ 1 is associated with zero values of the pressure disturbance as 


the corner of the wall is approached from the right at ™, Qa 


The author is indebted to F.D. Gakhov and N.N. Moiseiev for valuable 


adv ice. 
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The stability of flow of a conducting fluid between ; 
magnetic field under the influence of infinitesimal ly 
has been investigated in a number of pa@ers; 
of a longitudinal 


irallel planes in a 
small disturbances 


in particular, for the case 
field, the stability curves have been obtained [ 1, 2,3 ] 


for various values of the magnetic Reynolds number In these papers 


the problem reduces to the determination of the eigenvalues from the so- 
lution of a single differential equation of the Orr-Sommerfeld type of 


the fourth or sixth order, and the corresponding boundary conditions. 


If the magnetic field is perpendicular to the flow (Fig. 1) 
stationary distributions of the velocity U(u_, 0, 
and the magnetic field HH, H., 0) between the planes 
will be the fol lowing [ 4 | 


, the 





cosh \/ jcosh Vf 
oooh M — 1 
HR. HR siah My jsinhM 


I M cosh Wf — | 





Here H, 1s the um form external field, U, is the velocity at the 


center of the flow, M is the Hartmann number, R, 


is the ordinary Reynolds 
number, p is the density. 
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In an increasing magnetic field the velocity profile, which is para- 
bolic for H, = M= 9, deforms in such a way that at large M all the 
changes in the profile occur in a narrow layer near the wall ~ a/M. The 
stability of such a flow with respect to infinitesimally smal! disturb- 
ances has been investigated[5], under the condition R_ << l. The aim 
of the present work is the analogous problem for values of R, ~ 1, which 


includes the region of high velocities and temperatures of the order 
5000 - 10000°. 


If the disturbances to the basic flow (1) are considered to be small, 
and the system of magnetohydrodynamic equations is linearized in the 
usual way, then it is possible to find a system of tw differential equa- 
tions for the small disturbances in the y-components of the velocity v 
and the magnetic field h,. It is convenient to put these in the dimen- 
sionless form 


(R, 
| M 


Ho (y) exp (i [J 

l Y (y) exp { [k. (2 
2.» R_ are free numbers, C is the speed of propagation of the disturb- 
ances; primes denote differentiation with respect to Y = y/a (where 2a 


] 


9 q . 
is the distance between the planes), a = k a, Ss.” 1 a(k ? + k 7). The 
boundary conditions for the system (2) have the form ‘ 


@ (} ‘ for Y (3) 


If it is assumed that R, 1, then the system (2) can be reduced to 
the Orr-Sonmerfeld equation for ¥ 


(Y’ 2a;*t" a,;*) (4) 


which makes it possible to solve the corresponding stability problem by 
the well-known method of Lin [6] for a much more complicated profile of 
w. For Ro <1 the reduction to one equation is not possible, and it is 
necessary to investigate the system (2) directly. In this connection, 
use will be made, below, of the usual asymptotic methods [6] to extend 
the results of [5] to a considerably higher interval of the quantity R,. 
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It is known that the magnetic field is a stabilizing factor, i.e. in- 
stability occurs at larger values of R_ when a magnetic field is present 
than when it is absent [1-3, 5]. Therefore, it is natural to look for 
solutions of (2) in the form of an expansion in powers of l/a R, 


ah 1 ; i 


r ( 

The solutions ¥, 9° ®, . 0) which may be obtained from (¢ ), are 
"nonviscous" solutions [6]. A second pair of "nonviscous" solutions 
® ,=9, ,§°) is obtained from (7). 


,¢ » « 


Examining Equations (7) and (8), it may be noted that, for R, l, 
in the expansion (5) for VY, we may restrict ourselves to the zero approx- 
imation; however, as R. increases, the next app roximation, general ly 
speaking, may become equal to it, so that it is unjustified to neglect it. 
Finding the expressions M'°) and YW") from (7) and (8), it is possible 
to determine the upper limit on the values of R, for which it is still 
possible to restrict oneself to the zero approximation with sufficient 
accuracy; however, it is simplest to do this with the help of the solu- 
tion of system (2) in the vicinity of the critical point Y = Y_ (where 
w= c), making use of the fact that with these solutions must be identi- 
fied both pairs of the "nonviscous" solutions obtained below [6]. 


Here it is assumed that the flow is at values of W ~ 1/4 (for larger 
values of M it would be necessary to use the approximations introduced 
in[{5]). The influence of the parameter M on the rate of convergence of 
the expansion (5) is not important; a small increase in M will bring 
about an appreciable increase in the critical number #, at which the 
flow becomes unstable. 


We look for other solutions of system (2) in the form 


exp | Ed) 


(aR) 


g 
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Equating coefficients of equal powers of a R we find 


£o t } \u 
There is no analogous procedure for finding Cor Sys eee and Bo, Bz, 
+++, Since in each corresponding equation there are two unknowms. If 
these last terms may be neglected (we shall return to this point below), 
then there are two solutions 
Y 
' exp J \ [iaR, (w — c)] “dY] 


Y 
which are "viscous" solutions [6] of the system (2). 


The asymptotic expressions (10) are not good in the vicinity of the 
critical point Y. To find the solution in that vicinity, we introduce a 
new variable 7 g@ (a RY he Putting 

@ (Y) 
(en)* 


into Equations (2), and equating coefficients of the 
we obtain 


Equations (12), (13) give four solutions y = x and two solu- 
tions K = K, ». If the condition 


(14 


is fulfilled, then, for the solutions y = X1,2,3,4 itis sufficiently 
accurate to restrict the expansion to the first tw terms of (11), since 
under this condition the parameter R, cannot make the succeeding terms 
of the expansion equal to these first two. Making use of the asymptotic 
expansions of the Hankel functions in terms of which the solutions y‘°? 
and y‘'?) are expressed, it may be shown that the solutions y = Xi,2 are 
equal to the solutions ¥,, V,, which are found from (6) by the method of 
Frobenius; the solutions y - 


are equal to ¥,, ¥,, given by (10); the 


X3.4 4” 
solutions k = kK, 4 can be identified with the second pair of nonviscous 


solutions ®,, ®, (in this connection, it is useful to note the analogous 
results which occur in the case of a longitudinal field[ 2,3 ]). Thus it 
may be concluded that the expansions for the solutions ¥,, ¥,, ¥,, Y, 


are selected correctly, so long as condition (14) is ful filled. 
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If the above asymptotic methods are applied in looking for solutions 
of Equations (4), it may be concluded that the corresponding nonviscous 
solutions, as well as the viscous solutions and the solutions near the 


) of 


critical point, are identical with the solutions ¥, s g\X1.2.3.¢ 


system (2), to the accuracy possible in the solution of this class of 


problems. Therefore, 1f condition (14) is fulfilled, it is possible to 
investigate Equations (4) together with system (2), which corresponds to 
the fact that the influence of the magnetic field on the flow stability 

1s due mainly to the change in the basic velocity profile. Since Equations 
(4) are used to investigate the stability of flows with R. < 1, the well- 
known results for that case [5] may be extrapolated to large values of 
R., up to values of R, ~ 1, so long as condition (14) is still reliably 
fulfilled. In conclusion, the authors express their thanks to K.P. Staniu- 


kovich for discussions of the results. 
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This paper is concerned with the problem of the reflection of a plane 
sound wave from a rigid plane which has a movable part in the form of a 
rigid cylindrical piston. The force acting upon the piston from the side 
of the fluid is determined. An integro-differential equation of motion 
of the piston is constructed and its solution is given. 


1. Assume that the plane sound wave, which has a pressure profile 


at 


encounters the plane z 0 at the instant t = 0 and is reflected from it. 
After the reflection, in the axisymmetric case, the deformable part of 
the plane will move with a velocity F = Vir, t), where V(r, 0) = 0. We 
assume that the deformations are small, and we determine the pressure 


for t > 0. In order to do this, it is necessary to solve the wave equa- 
tion 


subject to the conditions 
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Here ¢ = const is the speed of sound in the fluid, p, = const is the 
density of the fluid. Let 
Pitt z I ir. 8, 8 


where p,(t, z) is the solution corresponding to the reflection from a 
rigid plane [1 ] 


Pot 


Then, in order to determine p,(r, t, z) it is necessary to solve Equa- 
tion (1.1) with the conditions 


(the first condition holds at the deformable part of the plane). The 
solution of Equation (1.1) with the conditions (1.2) is given in the 


form [2 ] 


2. Let the deforming part of the plane be represented by a movable 
rigid piston placed into a cutout in the plane. In this case V= V(t) and 
at the surface of the piston z= 0 


\\1 


| 


With fixed r and t the limits of integration with respect to @ and? 
are determined from the conditions of the intersection of a circle of 
radius R (R is the radius of the piston) with a circle of radius ct whose 
center lies at a distance r from the axis of the piston (Fig. 1). 


Depending on the values of r and ¢t three cases are possible: 


First Case. 0: < (R—- r)/e; (Pig. 1,a) 


The total pressure is 


Second Case. (R - 
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Third Case. (R+ r)/e< t~< 


CO ? 
Pe (Tr, t, U) = Im dq \} 
) 0 


The total pressure is 


p (r, t, 0 Dp " . —*\1 (t —T) dg 


U 


J R— 7 sin’ q r COS @, T (r, Po) 


which acts upon the piston from the fluid side, 


At t = 0 a cylindrical wave appears near the edges of the piston, 
which then propagates with velocity e towards the center of the piston. 
The wave front r° = R— ct divides the surface of the piston into two 
regions. For t < R/e in the first region ahead of the wave front, where 
O<r«< pr, t < (R- r)/e, the pressure is determined from the formula 
(2.1); in the second region behind the wave front, where r° < » < R, 
(R— r)/e < t < (R+ r)/e, the pressure is determined from the formula 


(2.2). Thus we shall have 


[2 po (7) 4 Cpob (t)| rdr 


T(r, yf )] dq f rdr J an’ L. 2cpeD, 
} 
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(R 


and, after interchanging the order of integration, we obtain 


R 


@, = \V (t)dt \ 
) k et 


Y (r) rdr ' 
cR { 
(¢{—t)Vi— ¥*(r) \} 


¥¢ eat, et Towel 
7) 2Re (i T) 


At the instant t = A/c the wave reflects at the center and then goes 
to the edge; the wave front is at r° = ct — KR In the time interval 
R/e < t € 2R/e in the first region ahead of the reflected wave front, 
where r°< r<R, R/e< t< (R+ r)/e, the pressure is determined by 
Formula (2.3). In the second region behind the reflected wave front, 
where 0< r< r°, (R+ r)/e< t < 2R/e, the pressure is determined by 
Formula (2.2). As a result we obtain 


R 
{2pe (t) ‘ CpoV (t) 


mR? [2p (t) + cp (t)] 


ct—R (rf 
D, \ rdr \ V [¢ —T (r, @)] dp 4 r,@)| dq D, 
0 0 c 
This result is obtained by calculations similar to those performed 
before. 


For the time interval 2R/c < t < « the pressure is determined by 
Formula (2.3); thus 


R 
' on | fo Poy I 
F (t) 2x \ \<Po (¢) , CPob (t) x! {t 


0 


MR? [2p (t) + cp (t)] — 2cpoDs 


After some calculations we have 
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Ds; rdr\V [¢ —T (r, @)] dq 


Thus, for the time interval 0 < t < 2R/c, in which the wave that comes 
from the edge of the piston will reach the center and after reflection at 
the center will return to the edge, we have 


Fit mR? [2p (t) 4 wW (t)] 2c*ooR \ ] 


For the time interval 2R/c < t < « we have 


3. Let us construct the equation of motion of the piston. We denote 
its displacement by u(t), and obtain 


d*u ‘ ’ 
nRthp —-< = F (t) {= 
ai- \ at 


Here p is the density, h is the thickness of the piston, F. is the 
reaction force which acts upon the piston from the opposite side. Assume 
that 

du 
“l dt 


Now we shall transform to nondimensional quantities 


ct u  RDo 


i 


S=3R* “=5R° Pot hoc? 


After dropping the subscript 1 we obtain the equation of motion 
piston in the form 


2au’ (t) + Bu (2) 
2au’ (t) + Bu (2) 


0 | 


Rhoc ’ 


The initial conditions have the 
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u (0) ; u (VU) 


From this we see that the motion of a cylindrical piston under the 
action of an incident wave is described by an integro-differential equa- 
tion, which cannot be reduced to a differential equation, unlike that of 
the slab-like piston [1]. Note that for 1< t< 2 


(2 tu’ (t) dt \yVi (t <u’ (t) dt \ y 1 
i 
Here the second integral on the right-hand side is known if we find 
the solution for t< 1, and in general for n< t< n+1 (n=l, 2, 


where the second integral on the right-hand side is known if we find 
solution for t < nan, The solution of Equations (3.1) and (3.2) can be 
presented in the form 


where q(t) is the solution of the equation 
(t) 2aq° (t) Bq (t) e \ Vi (t <a’ (t) dt 


with the initial conditions 


/ 


4. Let us find the exact solution of Equation (3.7) with the 
tions (3.8). If it is assumed that 


then Equation (3.7) can be written as follows: 


u T 
7 \@) <aq (tf) (p &) q (bt) e \ ; q(t) d= 
Vi—i(i Tt)? 


e 
0 
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We shall seek a solution in the form of a series in the parameter «, 
which is determined according to (3.3), by letting 


q (t) go (t) + eq: (t) + 2&7 ¢e (t) 


Substituting the series (4.2) into Equation (4.1), collecting terms which 
contain equal powers of ¢, and equating their sum to zero leads to a 
system of ordinary differential equations with constant coefficients: 


go” (t) +- 2aqo’ (t) 


(B — &) q,, (t) 


with the initial conditions 


Gy, \Y) mO3,02¢) qo (0) = 1, q,, (0) 


These equations can be easily solved successively: 


° < 


tT—6& > 

9 (t—t) at \ Soe @.._. (8) 48 
sVi-—(t — &) 

t 


« 


tT—E 
= - (E) dé = —— (t—t) dt 
on : izes ’ 


ov 


> 
Uv 


t ti—& 


: tT 
-—\¢, (6) dE > — ae = Jo (tT) dt 


0 


t 
. raaa 
9, (t) = - (x (¢ — t) Gn_, (t) at, =. zp fo(tat (4.7) 


We shall prove the convergence of the series (4.2) by utilizing 
obvious estimates 


qo (t) |< M, M = max | q% (t) |, K (t) 


t 


q (t) <\lx (t — t) |-| go (t) | de < Mt, 


0 


Qn (t)|<M"* 
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co ox 0 

| " i™ . 

12 e"¢, (t)| < >) olan (t)| < >) tart! —- = Me™! 
n=0 


n=0 n=0 


Thus, the exact solution of Equation (3.7) with the conditions (3.8) 
is represented in the form of a series (4.2) which converges uniformly 
for all values of t < 1 and any parameter ¢«. 


However, for ¢« > 1 the solution in the form of the series is incon- 
venient from practical considerations. We shall derive an approximate 
solution. For this purpose we shall expand the root vy 1 - t? in a series 


co 


yi-#= > a,, cos y,t 
n 0 


I 
\V¥1 — # cos y,¢ dt 
where J, is the Bessel function of the first order. One can show that the 
series (4.8) converges uniformly for all t and rather rapidly at that, 
since it follows from the properties of Bessel functions that 
(—1)" Vx 


’ 
2 


for large n 


We write out several of the first terms of the series (4.8): 


7x 


P n 3n 5m F 
V 1 t? 1.133 cos = t — 0.188 cos = t 0.084 cos = 0.050 cos = 


In the first approximation we retain only one term of the series, i.e. 


we let 


ps § 
Vi t? ~ 1.133 cos = ¢ (4.9) 


= 


Substitution of (4.9) into Equation (3.7) yields 


L {q) = 9" (t) + 2aq° (t) + Ba (¢) 
q (0) =0, q (0) = 1 


Let us apply the one-sided Laplace transform and denote by q*(A) the 
transformation of the function q(t): 


\L (qe Mat (42+ 20, + 6—e 
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From this 


In order to find the inverse trans- 
form q(t) it is necessary to know the 
roots of the function ¢(A). Let us 
study the roots of the equation 
d(A) = 0 by replacing it by its 
equivalents 
yi (A) Ye (A), yi (A) A? +. 2ad +6 — e, Yq (A) = == i2 L Text 
The real roots of the equation are those values of A for which the 
curves of the functions ¥, A) and ¥(A) intersect each other (Pig. 2). 


Two cases are possible. If 


then there exist two real negative and two complex roots, whose real 
parts are positive, according to the Hurwitz criterion. If 





2a? << B — 4 + ) (B — e1) + ; nm? (8B + e,) + 


then all four roots are complex conjugate. The conditions were derived 
from the inequality yc a) < ¥,(- @). The inverse Laplace transforn- 
ation will yield the original function 


q (t) PCAs) rat 4 BO) age 4 BO) rye 4 PU) ry 
@ (Aa) @’ (Az) @’ (As) Mp’ (Aa) 


where Ay» Ao, Ay, and A, are the roots of function (4.10). The replace- 
ment of the kernel by (4.9) is equivalent to neglecting in the solution 
harmonics with a high frequency and small amplitude. 


I am grateful to Kh. A. Rakhmatulin for the attention he has paid to 
my work. 
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The author shows the existence of the energy integral of the motion of a 
dynamically changing object (an object or body of variable mass) when the 
absolute velocity of the particles is collinear and equal to half the 
velocity of the point. Under this condition the integral curves of the 
equation of motion of the dynamically variable point coincide with the 


geodetics in the conformal Riemannian space. 


1. Let us consider the motion of a dynamically variable point ina 
Riemannian space with the metric 


ds? g. .dx*d2 (usuallya, p 


By means of the linear transformation 


\ 
Virya da” dt 


the first system of equations of Pfaff for the coordinates x” yields the 


covariant 


and contravariant 


equations of motion of the dynamically variable point. Here I’, ,,, and 
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I are the Christoffel symbols of the first and second kind, while 


* Ay 


denote the covariant coordinates of the active and reactive forces. 


2. If the point is moving in a field of conservative forces when 


1/2 v, Equations (2) and (3) take the forms 


The total 


is 


or, in view of (4), by 


From this we obtain the energy integral 


This is satisfied also by the corresponding dynamically variable system. 


3. In the space fs with the metric 


which is conformal to the space /* with the metric (1), the considered 
motion takes place along geodetic lines. In order to show this, we trans- 
form (5) from Fon into it For this it is sufficient to transform 


ré 
g) 


where 0. d/dx* isa partial derivative. 


From (7) and (1) we can obtain 
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Because of these relations, (9) can be transformed into 


Substituting this into (5) we obtain, because of (1), (8) and (10) 


dV dx® 1 dm dx* 
‘dt dt im dt dt 


which are the final equations of motion of the point in ag 


On the other hand, the equation of the geodesic in y is 


In view of (8), (6) 7 the right-hand side of the last equation 


is equal to 


From this and Equation (11) we obtain the result: a dynamically vari- 


able point in a conservative field moves along the geodesics 


if the velocity of the particles is colinear and equal to half the velo- 
city of the point. 


4. It has been shown that in this case the Maupertuis-Lagrange prin- 


ciple applies. 
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We shall consider a mechanical system with n degrees of freedom whose 


equation has the form 


inte + ix) = BP; (2, - + +) Spy Payee sy 
pt) are assumed to be 


The functions F(x, coos Bye Bye coer fp, 
analytic in all their arguments within the regions of their variables. 


The quantity p is a small parameter. 


The generating system 


represents a linear conservative system with constant coefficients whose 
kinetic and potential energies are given by the homogeneous quadratic 


forms 


It is known that the quadratic form which represents the kinetic 


energy is positive-definite. Hence 
(3) 


If one looks for the particular solutions of the system (2) in the 
form 
B, 


©, (t) = A, cos wt + - sin wt 
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then one obtains the following system of linear homogeneous equations 
for the determination of the A, 


n 
. 

> (Ci, w*a;,) A,= 0 (i = 1, 

k=1 


An analogous system determines the coefficients B,. The condition for 
the existence of a nontrivial solution of these systems is given by the 
equation 


A (@?) = 5 : (4) 


2 has n real roots by Sylvester's 


This equation of the nth degree in qw 
theorem. All these roots will be positive if the potential energy is 


also represented by a positive-definite quadratic form. 


Let us suppose that the root w? is a simple (not multiple) root. 
Then we have the following relation for the coefficients A, and B, 
which belong to the oscillation with frequency @, 


where A, (@,”) is the algebraic cofactor of the element aT toe o,°a:, in 
the determinant A (w_?), It is obvious that » 1 


Suppose that the solution of the generating system contains | fre- 
quencies which are commensurate with each other, and are all distinct. 


For example, let them be w @o, +++5 Wy. To these frequencies there 


] ’ 
corresponds a periodic solution of the system with some period, say To: 
Hereby the intial conditions of the system must be chosen in the follow- 


ing way: 


y' , 
* ko (0) aj ‘ 


r 


The first subscript 1 in the Ai, and B,. has been omitted. Because of 
the autonomous nature of the system, it is assumed that By 0. The 


quantities he are determined by Formulas (5). 


The solution of the generating system can be represented in the 
following form: 


The form of the solution for a linear system does not depend on the 
commensurability of the frequencies @yp sees Oe 
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Let us assume that to the indicated solution of the generating system 
there corresponds a periodic solution of the system (1), which becomes 
the generating one when » = 0. This solution will have the period 
T = Ty 
that such a periodic solution can be represented in a form which is 


+ a, where a is a quantity that vanishes for p = 0. We shall prove 


entirely analogous to the form (7) of the solution of the generating 
linear equation. 


In accordance with the method of a small parameter, the initial condi- 
tions for the system (1) are obtained from the initial conditions of the 
generating system through the addition of certain quantities which vanish 
when wp = 0. In the given case it is convenient to take the initial con- 
ditions in the form 

ry (0) = tq 0) >) b,,B;, #, (0) = %,, (0) 
1 
where bp j and e,, are as yet undetermined coefficients, while B;° and y; 
are functions of pw which vanish when p = 0. 


The solution of the system (1) will depend on the parameters B;°. yz 


and zp. Let us suppose that the functions =,(t) can be expanded into 
series in integer powers of these parameters. Let us determine those 
terms of these series which depend on the parameters 8.° ana y” but not 
on the parameter p. Of these terms there will remain only those which are 
linear in 8.° and y.°. The rest of these terms will vanish because their 
coefficients satisfy the system of homogeneous equations (2) with zero 
initial conditions. Thus, the functions x,(t) will have the form 


n nm 
1 ° ’ o ; 
ry (t, B;°. 2s) = yo (t) + py PB; + >} Qa tel. -] 
j=1 j=1 
For the determination of the coefficients Py j of the parameter B;° we 
have the following system of equations: 


" . 
Y} (GP as + CP ys) * (i —— 
k=! ; 


and an analogous system for the coefficients Q% j of the parameter Yj 


For the construction of the periodic solution of the system (1) with 
period T= Ty + @ one can use only those frequencies which enter into the 
solution of the generating system. Furthermore, because of the autonomy 
of the system (1), the frequency @) is not used in the determination of 
the coefficients Qj Taking into consideration the initial conditions, 


we have 
i I—1 
= a (r) 77 (7) ane — (ry (7) 
Px; — a Px l } cos w,t - Pr V; sin ®t 


r=] r=] 
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where U (r) and — are some constants. The coefficients Obj and .: 
are given by 
l l—1 
7 rr ) — 7 » (r) 
by. - >} Pp,” o;*, 5 = > pV; 
r=] r=] 
Let us introduce the new quantities 
p = y' l "8 (Fr = 
J=1 


We obtain 


. , Tr 
Tre BH) = 29 (4) 4 >. p,"’B, cos @,t + >. Py " Sin @,f + 
ae = ®. 
r=] 
Wim 
T on Tit :- 


m=] ~ 


Hereby the initial conditions take the form 


2 (0) = 249 (0) 


It is not difficult to prove, in a manner analogous to that used in 
[1] and[2], that one can replace differentiation with respect to Bp. 
and - by differentiation with respect to A. and B., respectively. Thus 
finally, we obtain 


I—1 
7 «Oi 
a 


"7 Tr . 
Py sin @, t 


ad (/ 8,» Tr? H) E > Py”? (A, 7 3,) cos @f 
r=] 


I 
oa km 


OB, Ti 


J 
>) (4;, 
k=l 


Cam + | 


under the initial conditions 


C 


‘hm (0) 0 


The quantities H(t) are determined by the formula 
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FP, (tae, « « os Eag> Fos + + +> 2 


Let us indicate the operator of differentiation with respect to time 
by D. Then the system (10) can be rewritten in the form 


From this we obtain 


| YS a.*(py)A 
A* (D2) & ) Aim 
t=] 


Here A*(D*) is the determinant of the system (11), while A, *(D?) 


is the algebraic cofactor of the element a, ,D + Cope One can easily see 


that 
A* (D?) A (—D?*) (12) 


where A is the determinant appearing on the left-hand side of Equation 
(4). Amalogous relations hold for the algebraic cofactors of the other 


elements of these determinants. 


From Formulas (3), (4) and (12) it follows that 
n 
A* (D?) \o | | (D? 
r=} 
Bearing in mind that the frequencies @), «++, @ are all distinct, we 
make use of the following expansion into partial fractions: 


A.,* (D2) —1 


n 
tk iTy i} | K..” A 2 2 ».2) | 
A’ iD?) | 2 D+ o,. |’ ik ix (®,") | | (@, @, | 
r=] ger 

Since we are looking for a periodic solution of the system (1) with 
period T Ty 


Ci ,(t) only those terms which are connected to the frequencies yr sees 


+ a, we must retain in the construction of the coefficients 


@). Therefore 


' (t) sino, (t =) dt 
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n 


7 . 
>; A;, (@,*) H,,, (t) 


t=] 
We introduce the notation 
n 
Cy (t) Apo, I] (o, 
Ser 
Taking into account relation (5), we obtain 


m 


.¥ ria (r) 
(t) S p,. (t), 
aa 


l 
From Formulas (6), (8) and (16) it follows directly that the solution 
of the system (1) will have the form 


ri (t) 


which proves the assertion made above. The quantities ) are deter- 


mined by the formula 


sin @ wt 


ac 


m 


OB, 


We note that the expression for 26 ee) will not enter into the term 


with sin @) t. 


In the particular case when a given frequency, for example @®,, is not 
commensurate with any of the other frequencies, we obtain 


Let us formulate the results obtained. 


If the generating solution of the quasi-linear autonomous system (1) 
contains | different commensurate frequencies which determine a periodic 
solution with some period T»: then the corresponding periodic solution 
of the nonlinear system with period T - To + a (a vanishes when pz 0) 
which becomes the generating one when pz 0, will have the form (17) 
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which is analogous to the form of the solution of the generating linear 


system, 
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SIDES CONTAINING A SMALL PARAMETER 


(OB USLOVIITAKII SUSHCHESTVOVANIIA PERIODICHESKIKH 
RESHENII SISTEMY DIFFERENTSIAL’ NYKH URAVNENII 
S RAZRYVNYMI PRAVYMI CHASTIARSI, 
SODERZHASHCHIMI MALYI PARAMETR) 


PMM Vol.24, No.4, 1960, pp. 


M. Z. KOLOVSKII 
(Leningrad) 


(Received 6 July 1959) 


1. Certain preliminary remarks. Consider the system of differential equa- 
tions of the form 


where x, X, f are n-dimensional vectors, and pw is a small parameter. 
It is supposed that: 


a) The functions X and f are defined and single-valued for all real 


values of t, for all values of w lying in an interval 0S p< Ho, and for 


all x lying in an n-dimensional domain GC; 


b) for all x and w in question, the functions X and f are continuous 
and possess the period T: 


c) the domain G is divided, by means of continuous smooth surfaces 
into a finite number of subdomains Gy. in each of which, including its 
boundary, the function X possesses continuous second-order partial de- 
rivatives with respect to x, and the function f possesses continuous 
first-order partial derivatives with respect to x and w, for 0 <yp« Ho: 


d) on the surfaces separating the domains G, (surfaces which will 
henceforth be referred to as discontinuity surfaces) there may occur dis- 


continuities of the first kind of the functions X and f, or of their 
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first-order partial derivatives with respect to x and pw as the case may 
be, or of the second-order partial derivatives of X with respect to z; 


equation of the surface of discontinuity between the domains 


, is taken to be of the form 


P, (2) (1.2) 


It is assumed that the functions Q, possess continuous second-order 
partial derivatives on the portions of the surfaces (1.2) which actually 


jomain G, 


supposed also that the generating systen 


aL, 


di XxX (2%q,t) 


possesses a family of periodic solutions, depending on l independent 


parameters 


that all integral curves of this family pass through each of the G,,that 
at all points of the intersection of one of these curves and surface 
(1.2) the following condition holds 


iq , } 
OY». dz of, 


dx dt dx =sradgq 
and that the domain G contains an n-dimensional neighborhood of each 
point of the (l + 1) dimensional manifold (1.4). From the results ob- 
tained in|1,2] it follows that, under the hypotheses enumerated 
explicitly above, there exist periodic solutions of the system (1.1) in 
the neighborhood of certain solutions (1.4), and tending continuously to 
them as py » 0. In order for this to happen, the values of the parameters 
h 


jr tees 
certain l conditions 


hy in the corresponding generating solutions must satisfy 


P re (1.6) 
i l 


These conditions were obtained in [1] in the form of a determinant 
of order n 1+ 1, for whose actual construction there is required the 
knowledge of the point transformation effected by the solutions of the 
system (1.1 Meanwhile, in the case of equations with "smooth" right- 


hand sides, an integral form of conditions (1.6) has been discovered 


In the present paper it is shown that this (integral) form of the 
necessary condition for the existence of periodic solutions may be ex- 


tended to the case of equations with discontinuous right-hand sides 
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2. Equations for the initial conditions. The derivation of the condi- 
tions for the existence of the periodic solutions of Equation (1.1) which 
are near to a solution of (1.4) may be carried out without employing the 


method of point transformations. 


Suppose that the integral curves (1.4) pass ] scession through the 
domains G). es bese Gy Since the domain G, is clo i, these curves 


must return again to the domain G). The equation P the boundary surface 


between G and <G, is 
m ] 


q, 


On each of the domains G, the conditions for the existence and unique- 
ness of the solutions of the system (1.3) are fulfilled. Consequently, 
on each of these domains one has a general solution of this equation, 
depending on an initial vector C, and on an initial instant of time top 


The integral curves (1.4) must, in G,. coincide with some of the 
curves (2.1). On the surfaces of discontinuity the conditions of con- 


tinuity and periodicity must be satisfied. If rT, denotes the instants at 
which the integral curves intersect the surfaces of discontinuity, then 


we must have 


if 


Equation (1.3) has a family of solutions (1.4), therefore the system 
(2.2) to (2.4) must also have an Il parameter family f solutions of the 


form 


Here, tp, may be chosen arbitrarily in the interva 


On the other hand, it is easily seen that the general 


tion (1.1) in G, 


where to, has the same value 
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The initial vector D, at the instant rp at which the integral curves 
return to the surfaces of discontinuity, may be determined from the 


equations 


@ ([z,, (* a» D,) +4 ', tp, Dp, wy] 


It is not difficult to show that for sufficiently small values of p 
the system (2.7) to (2.9) has solutions which are close to some of the 
solutions of (2.5), provided that the corresponding of the parameters 
h; in (2.5) satisfy l conditions of the type (1.6). It may also be shown 
that if these values h; satisfy 


O(P,, «++. Py) 
0 (h,, Foe hy) 


then the solutions of the system (2.7) to (2.9) are unique and correspond 
to a single solution of the system (1.1). On the other hand, this proof 
need not be carried out in full, since it follows immediately from the 
results of [1,2]. 


3. Equations of linear approximation. Let a set of values of the para- 
meters hy. shee hy be given. At the same time, let there be given one of 
the solutions of Equations (1.3), i.e. all C, and r, are determined. In 
each of the domains G, one may choose an initial instant in the interval 


Tp 1 S top S7,,1let us choose it such that 
(3.1) 


Then, obviously, we shall have 


where E is the identity matrix of n rows and n columns. 


It may be shown that the conditions (3.1) are not of use for sub- 
stituting in (2.6), because it may happen that top does not lie in the 


interval [r,_ as r,'] and that the point D, is outside the domain G,. 


On the other hand, it may readily be shown that the domain of definition 
of the functions X and f may be extended, preserving the conditions 


assuring the existence and uniqueness of solutions of the system (1.1), 
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so as to contain a certain neighborhood of the boundary of the domain G,. 


and that the point D, will lie in this neighborhood when p» is sufficient- 
ly small. 


We may now seek the solution of Equations (1.1) of the form (2.6), 
satisfying the conditions (2.7) to (2.9). If such a solution exists for 
arbitrarily chosen, sufficiently small p, then as p 0 it converges 
continuously to the chosen generating solution, and the system (2.7) to 
(2.9) must then possess a solution which is close to the solution of 
(2.2) to (2.4), that is, the rh and D, must differ but little from the 
a" and C,. Consequently, with an accuracy to higher-order terms, the 
conditions (2.7) to (2.9) must be equivalent to the following relations: 


where Or, rh —T,. Cy D, — Cy. In view of (2. to (2.4) and (3.2), 
Equations (3.3), (3.4) and (3.5) may be simplified; using the notation 
Yo,‘ *) : y,(t, The Ch. 0), we obtain 


Vox (T)] 


» Ghee 


"Y 


Ht [Yo (T,, Tr) 
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The terms neglected here, as well as those neglected in previous 
formulas, are small of the second order, because the conditions imposed 
on the functions X insure the continuity of the derivatives of the Xp 


with respect to all its arguments; consequently, the values of these 


derivatives for aT, OC, 0 and the values of these derivatives for 
certain mean values of the arguments (at which mean values of formulas 
written are exactly true) differ but little for sufficiently small p. 
Further, substituting from (2.6) into (1.1) and retaining only the first- 
order terms in these equations, we arrive at 

dy, , OX (x, t) 


O72 


terminology of [4], the differential equations (3.9), tcgether 
conditions (3.6) to (3.8) ure called the linear approximation 


Equations (3.6) to (3.8) constitute a linear nonhomogeneous system for 
the determination of the unknowns 0 C, and Or ,. The coefficients of the 
corresponding homogeneous system form a matrix whose determinant co- 
incides with the Jacobian of the system (2.2) to (2.4). Therefore this 
homogeneous system possesses |! independent solutions. In such a case, as 
is known, in order that there exist solutions of the nonhomogeneous 
system it is necessary and sufficient that the vector of order m(n + 1) 
formed by the right-hand terms of the nonhomogeneous system be orthogonal 
to all l independent solutions of the adjoint homogeneous system (i.e. 
the homogeneous system whose matrix of coefficients is the transpose of 


the matrix of the coefficients of the original homogeneous system). 
4. Equations of variation. Setting 
(4.1) 


and supposing that Zp is small, we obtain the equations of variation for 
the periodic solutions of (1.3) 
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The matrix ||0 X/dx,, || is continuous* in the domain G, and Equation 
(1.3) has the general solution (2.1), hence Equation .2) has, in this 
domain, the general solution 


where A, is an arbitrary column vector, which is small, in view of the 
smallness of the functions Zhe 

Let us now explain how the constants A, may b sh nm in order that 
the variational motion (4.1) satisfy the continuity ndition on the 
boundary of the domains G, and the condition of periodicity with period 
T. Substituting from (4.3) into (4.1), and then setting (4.1) into (2,2) 
to (2.4), we obtain 


Here r,° is that instant of time at which the variational integral 


curve (4.1) intersects the surface of discontinuity 


The system of equations (4.4) to (4.6) differs fr the system (2. 2) 


ae & 


to (2.4) by terms of small order. Consequently, r,* iiffers slightly 


from rT, and, up to higher-order terms, the system (4.4) to (4.6) is equi- 
valent to the system 


In all matrices such as this one, each row consists 
derivatives of one and the same function with resps« 


ent variables in question. 
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Og 
Oa 


\T, 


From Equation (1.3) we obtain 


where A, denotes the jump of the function X across the surface of dis- 


continuity. 


Making use of (4.10) and (4.11) in (4.7) and (4.8), keeping in mind 


we obtain 


The system of equations* which has been obtained is equivalent to the 
homogeneous system which corresponds to (3.6) to (3.8). Therefore it also 
must have l independent solutions, which determine l1 continuous periodic 
solutions of the variational equations (4.1). It should be observed that 


the functions Zp themselves need not, in general, be continuous, It is 


only when all \, are equal to zero, that is, when X is continuous on 
every periodic solution, that the conditions (4.12) coincide with the 


requirement that the functions Zz, be continuous. 


It is easy to see that (4.12), together with (4.2), coincide with the 
linear approximation of the equations (1.3) which is obtained in 


[4]. 
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Thus we may construct in this manner a set of l periodic solutions of 


the equations of variation (4.2), satisfying the conditions (4.12). 
Let us now consider the system of linear equations which is adjoint 


to (4, 2) 


Here, and in the following, the asterisk denotes the transposed 


matrix. 
It is readily verified that the matrix of coefficients of the syster 


(4.14) is the transpose of the matrix of coefficients of (4.12). Hence 


the system (4.14) also possesses |! independent soluti 


B, 


Let us now seek a solution of (4.13) satisfying the nditions 


Inserting (4.16) into (4.14), we obtain 


In view of well-known properties of the solutions idjoint systems 


we obtain 


because 


Equations -17) then bec 
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Obviously, if the function X is continuous (i.e. all the \, 0) then 
(4.19) defines a periodic solution of the system of equations (4.13). 


5. Conditions for the existence of a periodic solution. Let us return 
the solution of Equation (3.9). It is readily seen that this equation 


1 solution (for tft 
fo, (tT) at 


provided that it is required that 


Or (tT, T, ©) 


OC 
k 


Inserting (5.1) into the conditions (3.6) to (3.8), we obtain the 


following system: 


fo. ety (Tat 
(& 


for (T) aT 


Taking into account that (4.16) is a solution of the corresponding 
homogeneous system, the conditions for the existence of the system (5. 3) 


to (5.5) may be written thus: 


(1) ; 
, (T,) aT 


foy (T) uy” (Tr, I) dt 


Making use of (4.18), and denoting by f(t) the function which equals 


fy, on each domain G,, and denoting by u'*?(t) the function which equals 


(12) , . . , 
uy t/t) in G, we obtain the conditions for the existence of a periodic 
solution in the final fornr 
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For the determination of the parameters 


system 


If the system (5.8) has a unique solution h,°, 


Jacobian 


O(P, 
0 (hy, 

then the system (1.1) will have a unique solution for all sufficiently 
small values of the parameter yp, a solution which is close to the solu- 
tion of the generating systen. 


The conditions (5.8) coincide formally with the conditions obtained 
in [3 ] for the case of equations whose right-hand sides possess con- 
tinuous partial derivatives of the second order. 


However, the functions ys) need not be continuous in the present 


case; they must satisfy the conditions (4.19), which in the present case 


are 


Note. Conditions (5.7) and (5.9) still hold when the surface of dis- 
continuity is given in terms of a periodic function (with period T) of 
the time 


In this case, condition (1.5) must be replaced by 


PF, 


at 


6. Quasiconservative systems. By way of an example, illustrating the 
preceding results, consider a system which is "close" to a conservative 


system 
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where H is the Hamiltonian of the generating conservative system, 
supposed not to depend explicitly upon ¢t, and Q, and P. are periodic 
functions of t with period T. 


Let us assume that the forces acting in the generating system 


OH . OH 
OP., ’ Ve 94 60 


are conservative forces which are discontinuous with respect to the co- 
ordinate dp: with a discontinuity of the first kind on the surfaces 


ee (6.3) 


In this case the derivatives JH/Oq, also have discontinuities of the 
first kind on these same surfaces. 


Suppose that the system (6.2) has a periodic solution with period T. 
Then, in view of the explicit independence of H upon t, it also has the 
one parameter family of solutions 


h), 
The adjoint system to the equations of variation 


\) #H . \) @H . \) @H 
_—_ OP, J — 0q 599, ’ _—_ Op,oP, 
J j j 


possesses a family of periodic solutions 


uu 
as may be readily verified by direct substitution. 


Let us show that the solutions (6.6) do satisfy conditions (5.9). 


Indeed, the equations for v. are identically fulfilled, since 


oP; 
Op. 


The equations for the u. 
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where Il is the potential energy of the system: hence 


n . 
oF ke | \) ‘ 
Ve ‘| 1 ha ni“j, 
i Jen U P, dal 


d, 
89 oo dq, dl | dt k “ 
OH 0H all 


ik | 
’ } 
. I 60 k+I1 °F so k . Iso 


Peo, k—~ Peo, k+1 


A 


because in the case under consideration the jump of oH 949 e equals the 
jump of dill 99.9: 


Finally, therefore, the condition for the existence of a periodic 
solution of the system which is close to a solution of (6.4), may be 
written 
: 

\ SUP, (4% 


For a second-order system 


# + F (zx) uf (x, #, 


the condition (6.7) assumes the known form 


, O) a(t + A) de (6.9) 


where xo(t + h) is the family of periodic solutions of the generating 
system 


Condition (6.9) was obtained earlier for analytic F(x) and f(x, #, 
t, #) (see e.g. [5 ]); it remains valid when these functions possess a 
finite number of discontinuities of the first kind in the domain in 
question. 


BIBLIOGRAPHY 


Neimark, Iu.I., Metod tochechnykh otobrazhenii v teorii nelineinykh 
kolebanii (Method of point transformations in the theory of non- 
linear oscillations). I, II, III. Izv. Min. vyssh. obraz. Radiofiz. 
Nos. 1 and 2, 1958. 





M.Z. Kolovskii 


Neimark, Iu.I. and Shil’nikov, L.P., O primenenii metoda malogo para- 
metra k sistemam differentsial’ nykh uravnenii s razryvnymi pravymi 
chastiami (On the application of the method of small parameter 
to systems of differential equations with discontinuous right-hand 
Sides). Izv. Akad. Nauk SSSR, OTN, Mekhanika i mashinostroenie, 

No. 6, 1959. 


Malkin, 1.G., Nekotorye zadachi teorii nelineinykh kolebanii (Some 


Problems of the Theory of Nonlinear Oscillations). Gostekhizdat, 
1956. 


Aizerman, M.A. and Gantmakher, F.R., Ustoichivost’ po lineinomy 
priblizheniiu periodicheskovo resheniia sistemy uravnenii s razryv- 
nymi pravymi chastiami (Stability in linear approximation of 
periodic solution of a system of equations with discontinuous 
right-hand sides). PMM Vol. 21, No. 5, 1957. 


Kats, A.M., Vynushdennye kolebaniia nelineinykh sistem s odnoi ste- 
pen’iu svobody, blizkikh k conservativnym (Forced oscillations of 
nonlinear systems with one degree of freedom which are quasi- 
conservative). PMM Vol. 19, No. 1, 1955. 


Translated by J.D. 





REMARK ON A METHOD OF CONSTRUCTING 
LIAPUNOV FUNCTIONS 


(ZAMECHANIE OB ODNOM SPOSOBE POSTROENIIA 
FUNKTSII LIAPUNOVA) 


PMM Vol.24, No.4, 1960, pp. 746-749 


E. N. ROZENVASSER 
(Leningrad) 


(Received 25 October 1959) 


We shall consider nonlinear control systems described by the equations 


mn n 


> ba Za t+ hyf (0), 
a] 

where b,,, Ay, J), are constants and f(9) is a nonlinear function deter- 

mined to within the relationship 


of (sc) > 0 


We shall seek a Liapunov function for the system (1) of the form 


J ® 4 B \ f (0) do, ®@ 


Here ® is a quadratic form in the variables Xj» +++, *, Of constant 
sign (or definite sign), and § is a constant such that 


sign B sign ® (4) 


The stability of the zero solution of system (1) was investigated with 
the aid of Liapunov functions of the form (3) in the series of papers 
[1,2,3 ]. In paper [4 ]* the following method for establishing criteria 
of stability by means of Liapunov functions of the form (3) was proposed, 
which was used also in certain subsequent papers. 


The derivative of function (3), by virtue of system (1), takes the 
form 


* The exposition of paper [4] is also contained in | 2 | and [ 3). 
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s=la=!] 


and can be considered as a quadratic form in the n+ 1 variables Xie 


x , flo 
n 


In paper [4] the conditions of stability for system (1) were formu- 
lated as conditions for the existence of a,, and (/ such that function (3) 
was of definite sign and function (5) was a quadratic form in the vari- 
ables Eps sees Epp f(a) of definite sign opposite to that of V. 


It is found, however, that such a method of constructing a Liapunov 
function is not effective. Specifically, the following assertion is true: 
it is impossible to select the variables of system (1) such that there 
exists a function of the form (3),of definite sign for any function (2), 
and such that its derivative by virtue of system (1) is a quadratic form 
in the n+ 1 variables Eps coer Ene f(a) having definite sign opposite 
to that of V. 


To prove this we assume the opposite, namely that the function V 
mentioned in the formulation of the theorem exists. For definiteness we 


shall assume that V> 0. 
Then the quadratic form 


(6) 


turns out to be strictly positive for all > and its derivative by 
virtue of the linear system 
mn n 
’ ¥ 2 \) , " : . - 
> bt + hyf (9), =D) hs ( (7) 


a==] 8=1 


resulting from (5) on replacing f(a) by co, is a quadratic form, strictly 


negative for all ¢c(—«o< ¢ < @), 
By virtue of the assumption, the characteristic equation of system (7) 


Di M (A) (8) 


(where D and M are polynomials [1 ]) has, for all ¢ > 0, roots with 
negative real parts. 


We assume first that M(0) # 0. We shall decrease c and let c* < 0 be 
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the largest number for which the equation 


DQ) eM 


has a root with real part equal to zero. Such a number always exists 
since M(0) # 0. Then by virtue of the assumption and the known theorem 
of Liapunov we obtain that function (6) is strictly positive for «> ¢« 


From this it follows that for c = c* two possibilities arise: 


l. Form (6) is strictly positive. 
2. Form (6) has constant positive sign. 


, 


But if the first case holds then because of Liapunov’s theorem it 
would result that the zero solution of system (7) for <c c* is asymp- 
totically stable, which contradicts the choice of the number c*. 


The second possibility, as was shown by Malkin [5], in general can- 
not be realized. The contradiction obtained proves the theorem for the 
case M(0) # 0. However, the proof carries over easily also to the case 
M(O0) = 0, if one takes into account that the realization of M(0) # 0 can 
be attained by as small a change of the coefficients as desired. 


It is possible to give also a purely algebraic proof for the theorem 
just proved. For this we remark that the expression (5) may be rewritten 


in the form 


dD {)) 


then given an arbitrary value y Yo # 0, we determine the quantities 
; n) from the relations 


n 


y’ ; , } ’ : 1? 
2 paka Yo : ~— 12) 


aut 
Among the x, ‘there are definitely numbers different from zero, and 


at the same time we have 


that is, for condition (11) the derivative V does not have definite sign. 
But if D(0) = 0 then it is possible to select Yo 0 and the quantities 
2° as a non-zero solution of the system 
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since in this connection again V(x,°, ..., x,°, Yo) 0, and then, even 


: n 
for D(Q) 0, V does not turn out to be of definite sign in the n+ 1 


arguments. Q.E.D. 


At the same time it is necessary to note that there exist functions 
of the form (3) with definite sign, the derivatives of which may be 
functions of n+ 1 variables with fixed sign. In particular, sufficient 
conditions for the existence of such a function are given by solvability 


conditions for quadratic equations in [6 ie 


In the general case the derivative of a Liapunov function of the form 


(3) may be a function with definite sign in the variables Ejr seer By 


and with variable sign if it is considered as a function of n+ 1 argu- 


ments [7 l. 


It is possible to avoid the difficulty discussed above by requiring 
definiteness of sign only of the quadratic form obtained from (5) by re- 


placing 


In this connection it is possible to consider the more general prob- 


lem, supposing only that 


We construct n(n + 1)/2 numbers 


by means of the formulas 


are elements of a certain symmetric matrix, and p is a real number. 


The following theorem holds. 
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Theorem. For the stability of system (1) with any function (13) it is 
sufficient: 


1. That the roots of the equation 


DQ) c, + e) M (A) , D (a) 


for all sufficiently small « > 0 be roots with negative real parts; 


2. That there exist real numbers ®ha and p, for which the quadratic 
form 


is of definite sign for all 


It is obvious, that condition 1 of the theorem turns out also to be 
necessary for stability for arbitrary functions (13). 


Condition 2 is equivalent to the inequalities 


where A, () is Sylvester’s determinant of order k composed of the 
numbers r ok’ 


Proof. Let the inequalities (18) be satisfied by some a,, B. Then by 
virtue of condition 1 and Liapunov’s theorem the quadratic form 


l i. co" 
Va yD) ™ia%i% + P 


is strictly negative for c = ¢, + € : , where ¢« is an arbi- 
trary small positive number, since 


d\ 


k 


From this it follows that the quadratic form y, is strictly negative 
for all c satisfying condition (17). 


Consequently, the linear system (7) under condition (17) has a 
Liapunov function of the form (6), but then it is possible to verify | 8 | 
that the function 


3 


! S'S' m. 2:7, t-B \ f (0) do 


_—— | 


is a Liapunov function for system (1) under conditions (13), as required. 
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The mentioned conditions of stability are the broadest that can be ob- 
tained by using Liapunov functions of the form (3), having a derivative 
of definite sign by virtue of system (1). The arguments of the present 
note are easily extended to systems with several control units. 
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The reduction of the equations of direct control to a special canonical 
form is studied, in which a nonlinear function of the control unit 
enters into the system with coefficients zero and one. If there exist 
prime characteristic roots of the matrix of the coefficients of the 
initial system the method of reduction coincides with the method given 


in book [1]. Por the case of multiple characteristic roots of this 


matrix the order of the canonical system, equal to the power of the 
minimal polynomial of the original matrix, may be less than the order of 
the initial system. It will be shown that in the latter case, the stabil- 
ity of the original system does not always follow from the stability of 
the canonical system of equations, although instability of the original 
system always follows from the instability of the canonical system. A 
method is presented for constructing, from the solutions of the canonical 
system, the solutions of the original system and conversely, from the 
solutions of the original system, for constructing the solutions of the 


canonical system. 


1. The components — of matrix A of dimension (nx n) may be de- 


termined as the numerator of the decomposition (AE, .- ay into simpie 


fractions [2] 
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Here F(A) and C(A) are adjoint and reduced adjoint [2] matrices for 
(AE, in — A); D,_ ,(A) is the greatest divisor of all minors of (n— 1)th 
order of the matrix (AE, ao A); A(A) and A. (A) are the characteristic 
and minimal polynomials (2] of matrix A[i.e. A.(A) is the major in- 
variant multiplier of the characteristic matrix (AE, np - Al; s is the 


number of distinct characteristic roots of matrix A. 


The components Ta turn out to be linearly independent and different 
from zero and are completely determined by the matrix A, 


The components of the matrix A may be used for finding in practice the 
function of the matrix A. 


At 


In particular, for the function e we have the relation 


a | ek 


t 


In turn, functions of the matrix may be used for the integration of a 
system of linear differential equations with constant coefficients. 


In the present note the components of a matrix are used for the in- 
vestigation of a control system. 


2. The use of components of a matrix for the transformation of the 
equations of the theory of control. We consider a system of differential 
equations of the first order 


nm 


which we may rewrite in the form 
Ba H@ (0), (2.2) 


Here x and H are column matrices of the elements x, and hy, respect- 
ively, B is a square matrix of the coefficients bb, of dimension (nx nan), 


R is a row matrix of the elements To: 


If in Equations (2.1) the quantity o represents an arbitrary func- 


tion of time, then the solution for x may be written in the form 
1 e Bly, \ eB “He {o (t)} dt 


Analogous to (1.5) the function et has the form 
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The quantities Ai. 


matrix B 


Consequently, relation (2.3) may be given the form 


\< 


where U is a rectangular (n x a») matrix, the columns of which are pro- 
ducts of components of matrix B by column H 


, WH BY H, B,“YH 


and €° is a complicated column matrix 


the elements of which are the columns 


By immediate differentiation it is possible to convince oneself that 
€° is a particular solution of the system of equations 


q (oO) 


the matrix form of which 


Gq (o) 
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The general solution of Equations (2.11) 


depends on m arbitrary constants 


Substituting & oii 2.6 we obtain 


Equation (2.12) by itself represents the relation, with the aid of 
which for arbitrary value o the solutions of Equations (2.1) are obtained 
from the solutions of Equations (2.10). The column x, represents by it- 
self the column of initial values of the variables Xp and the column + 
is the column of arbitrary constants. In choosing the values of these 
constants we shall require that the product Rx be not dependent on Xp 


Co: Then we have 


If the product RU is denoted by QV, 


then Equations (2. nay be given in the form 


(2? 16) 
Bt 
At 


In the last of these equations the expression for e takes the form 


(2.4). It is possible to show that the expression for will have the 


analogous form 


(2 17) 


and the number of components of A {*) will equal the number of components 


of p,{*) 


Hence the second equation (2.16) is equivalent to the am equations 
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QA,“E, = RB_*)z, k s: cia cee 2.18) 


) (1) é (s). 


£ 
» Sao , eee, 
a 0 


with a unknowns ¢..“" 


The rows of the determinant, 
composed of the coefficients of these unknowns, are the products of the 
rows of Q with the components A §9°. Because these components are linear- 
ly independent, this determinant is different from zero and the system 
(2.18) has a unique solution which we denote, with the aid of matrix V 

of dimension (a x n), in the following form: 


‘) RB (2.19) 


Vx (Vv Y A“ 
Here, for brevity in writing, the row matrices are written in the form 
of products of rows Q and R and the components of the corresponding 
matrices. Thus, if ¢, = Vx, then Rx = Q¢ and the solution of Equations 
(2.2) with the aid of the relation 


(eB! | e™“V] x 


may be obtained from the solution of the equations 


AE Ug 


the form of which by analogy with papers of Lur’e, Letov, Troitzkii may 
be called the canonical form of the equations of control systems. The 
difference of this form of the equations from the canonical form of the 
equations in the papers of the authors mentioned consists in that the 
order of the system of these equations coincides with the number of con- 
ponents of matrix B, and this number may be equal to the order of the 
original system (2.2) only in the case when the minimal polynomial co- 
incides with the characteristic polynomial of matrix B. This circumstance 
occurs in particular when among the characteristic roots of matrix B none 
are multiple. 


3. Properties of matrices U and V. Having differentiated the second 
equation of (2.16) with respect to time we obtain the equation 


which is analogous to Equation (2.16) and, consequently, Af, must 
satisfy the equation A¢é, = VBz,. Substituting Vx, instead of &, into 
this equation we have 


AVa VBz or A\ Vi 


since this must be fulfilled for an arbitrary column «z Also it is 


0° 
easily seen that 
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(3.4) 
the latter being based on (3.3). 


Owing to the fact that e \ tg represents by itself a column of linearly 
independent functions 
et ag CEE gee (3.5) 
the equality (3.4) is correct only when BU = UA. Assuming t = 0 in (3.3) 
we have H = UG, 
By definition, Q= RU: multiplying (3.3) by R, we obtain the equation 


MH = Oe"G 


analogous to Equation (2.16); consequently 


G = VH 


Replacing bo in the second equation of (2.16) by Vio, we have 
Re®', Qe™Va 3.8) 


Taking into account that (3.8) must be satisfied for arbitrary column 


x, and arbitrary time t > 0, we obtain 


0 


OV 


At, 


Since from the equality (3.2) follows /Aty = Ve®* then é\tyy = We 
or Mtg wetg, which is possible only when 


Vi aks. (3.10) 


Finally, if we multiply U on the right by V and square this product 


we then obtain 


UVU\ > (3.14) 


Hence it follows that the product UV is an idempotent matrix [2] for 


which the relations 


hold. 
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Summing up what has been said, we have 


eH 


4. Certain theorems concerning control systems with multiple roots. 


We rewrite the systems (2.2) and (2.21) in the forn 


According to what has been said above, in order t btain a solution 
of Equation (4.1) with initial condition x(0) Z, it is possible® first 
to find a solution for é in Equations (4.2) with initial condition &(0) 
Vzg and then, in correspondence with Formulas (2.20) and (3.2), to con- 


struct the solution of Equations (4.1) 


If it is necessary to construct a solution for & in Equation (4. 2) 
with initial condition &(0) f . then it is possible, choosing the 


< 
0 
column x, to satisfy the relation & Vz,, to have a solution for «x in 


0 0 


Equation (4.1) with initial condition x(0) Z_ and then by means of the 
formula & Vx to construct a solution of Equation (4.2). Im fact, if 
é Vx is substituted into Equation (4. 2) 


and account is taken of Equations 


to construct the identity 


since x is a solution of Equation (4.1). 


We pass in Equation (4.3) to the analysis of the expression in 
parentheses. If the characteristic polynomial of matrix B coincides with 
the minimal polynomial of matrix B, then a n and 


This follows from the fact that U and V will in thi case be (n 


matrices and by virtue of the equality (3.10) 


Vi I 
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But if the degree of the minimal polynomial is less than the degree 
of the characteristic polynomial (m< n), which is possible only for the 
case of multiple characteristic roots of the matrix B, then 


Since in this inequality the matrix E. - has crank n, but the rank of the 


, 


product UV by virtue of Sylvester’s theorem would be equal to a< a. 


We consider in detail the second case and prove for it the following 
theorems: 


Theorem 1. If the solution of Equation (4.2) for € is unstable, then 
the solution of Equation (4.1) for x is also unstable. 


Theprem 2. If the solution of Equation (4.2) for & is stable and if 
the multiplicity of the roots with positive real parts in the minimal 
polynomial of matrix B is equal to the multiplicity of the roots with 
positive real parts in the characteristic polynomial of matrix B, then 
the solution of Equation (4.1) for x is stable, but if smaller, then un- 


stable. 


The proof of the first theorem follows from the fact that the solution 
for € is obtained from the solution for x with the aid of the linear 
transformation & = Vx. Whence it is seen that in order for the solution 
for € to be unstable it is necessary for the solution for x to be also 
unstable. It is evident that the first theorem will be correct also for 


mn n. 


For the proof of the second theorem we shall consider that matrix B 
in the initial solution has Jordan normal form (with the aid of a linear 
nonsingular transformation of the unknowns it is always possible to re- 
duce it to this form). Each such matrix can always be decomposed into a 
number of blocks, equal in number to the distinct roots of the character- 
istic polynomial 


where the dimension of a block is equal to the multiplicity of the root 
in the characteristic polynomial. As far as the matrix A is concerned, it 


already has such a block form where the dimension of the block a(k) in 


the matrix A is equal to the multiplicity of the root in the minimal 
polynomial. We decompose the matrices R, H and x into blocks so that the 
products RB, BH, Bx have meaning, and matrices Q, G and & by their struc- 
ture already have this form. 





A peculiarity of nonlinear equations of control systenus 


Then it is possible to show that the matrices U, V and UV have quasi- 
diagonal form 


k) 


Here the blocks yl) have dimension (nm, x a), and the blocks v' 


have dimension (m x np); the product UV is formed by the multiplication 
rule of block matrices. Here the rank of the block yh yl) is equal to 


a). Since 


Uy By 


UV) eB 


I A) VIA) , 


(k) 


0 this block may equal zero only if 


For arbitrary x 


I yy) 
Ke" 

which is possible only for the case when the multiplicity of the root of 
the minimal polynomial coincides with the multiplicity of the root in 
the characteristic polynomial. But if this condition is not fulfilled 
then such an equality is not possible. Since the function exp A,t is a 
scalar multiplier of this block-column, then for Re A, 0 the magnitude 
of the elements of the block-column increase without bound as t + o and 
this also is evidence of instability, which was to be proved. 
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The equations in this paper are solved by a method of successive approxi- 
mations which is an extension of earlier work [1]. The convergence of 


the successive approximations is proved and it is shown that the original 


approximation gives satisfactory results for a certain class of problems. 


1. Statement of the problem. We consider the equation 
f(xr)y + Fi(2x)y 


Here, x and y are real variables; f(x) and F(x) are real, continuous 
functions with continuous derivatives f’({x), F’{x), and F(x) € 0. 


We shall seek the general solution of Equation (1.1) with the aid of 
relations [1 | 


Aine’™™ 


Here ry and To. the roots of the characteristic equation 


are given by 


: 


ry 


tei, re ai. 2 (p 


i 


The parameters m and p are to be determined later; the function w is 


1135 
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defined by the relation 


In accordance with (1.2) the functions Ay and A, have to be determined 


from the system of differential equations 


Ll, Ai’ ne'™ 9 
dA, dp 
, — , p’ 
az dx 
Substituting WwW from (1.5) into the first of the equations 


taking into consideration the second one, we obtain 


m 
Fo) \'s 


On the basis of Equations 6 : .5) the expression 


can be presented in the form 


F’ (x) f (x) 
1 


p pF (x)}7 l pF (2) 


From the differential equations we obtain 


x 


r 
\ 


—<\ pe "da (1.9) 


x 
2 


Here A and A are constants of integration; they are the values of 


“10 20 


the functions A, and A, at the initial instant «x Xo» Y= Yo: 


, 


Y Y0 0° 


The values of A and A are found if one sets xz Xo in the first 


10 20 
equation of (1.2) and solves the obtained system 


Wor r Z5\ [f (xo) — m] zo + F (29) Yo 
lio ry a . <*20 Ww, ae P 
. (1.10) 


If the given equation (1.1) has constant coefficients f(x) const 
F(x) = const, then one can let f(x) = a, and F(x) p, and by (1.8) the 
function p will be identically zero, while the functions A, and A,, in 
view of (1.6), will be simply constants of integration 


1; Ax . 9 ( eonst 


In the general case, when the coefficients of the given equation (1.1) 
are variables, the function uw will not vanish identically, and the func- 
tions A, and A, will not be constants. One has to determine them. We 
shall show that the functions A, and A, can be found by the method of 
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successive approximations. 


2. Let us return to the consideration of the differential equation 
(1.6) or Equation (1.9). The function » is determined by means of (1.8), 


that is, it depends on the functions f(x) and F(x), and also on y’ and y% 


Let us express the function uw in terms of the variables A A,, and x, 


1’ 2 
If we substitute y™”-and y’ from (1.2) into (1.8), and make use of (1.6), 


7 


we obtain the system of linear homogeneous differential equations 
Ay 0; (x) Ay + 82 (x) Ao, A,’ As (2.1) 


The coefficients 0,(x), ..., 6 (x) are functions depending on the 
functions f(x), f°{x), F(x), F’{x), and on the parameters a and p. But in 
any case, the coefficients of Equation (2.1) will be continuous functions 
of the variable x. Under these circumstances it will be possible to de- 
termine the functions A, and A, by the method of successive dpproxima- 
tions [2]. The convergence of the successive approximations is ensured 
in the interval of continuity of the functions f(x), F(x), f°(x) and 
F’{x). The rate of convergence depends on the type of the latter func- 
tions and on the values of the parameters a and p. In the sequel we shall 
find various approximations for the functions A, and A, making use of 
the integral relations (1.9). We add that in some cases the functions 
f(x) and F(x) can be of such a type that the performance of the integra- 
tion in the finding of the successive approximations may be quite diffi- 
cult from a practical viewpoint. One can circumvent this difficulty if 
one uses for y not the expression (1.7) but a relation obtained by inte- 
grating the second equation in (1.2). We have 


When the functions A, and A, are known by some approximation, we find 
pf with the aid of (2.2) and (1.2). After this we find, by the use of 
(1.9), the expressions A, and A, in the next approximation; by substitut- 
ing the refined expressions for A, and A, into (1.2), we find the refined 
general solution, 


Depending on the degree of accuracy ot A, and A,, one finds various 
approximations for the general solution of Equation (1.1). One obtains 
the general solution as the starting and simplest (the zeroth) approxima- 
tion if one sets A, = Aro = const, A, Ang const, that is, if one uses 
in place of the variable functions A, and A, only their initial values. 
By (1.2) we have in this case 
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In order to obtain the functions A, and A, in the next, the first 
approximation, we substitute into (1.8) the expressions y’ and y”.from 
the zeroth approximation. We find the expression for the function p in 
terms of x, and the constants Aro and Ano: Carrying out the integration 


in accordance with (1.9), we find the first approximation of the func- 
(1) 
> , 


2 dow A Substituting into the formulas (1.2) in 
place of A, and Ay the functions a,“ and A, ** we find the first 


approximation of the general solution of the equation. On the basis of 


tions A, = A 


the first approximation we now find the second approximation, and so on. 


The presented process of successive approximations shows why the given 
method of solving the equation will yield a greater accuracy in computa- 
tions than the usual method of successive approximations. In the method 
presented the zeroth approximation corresponds to the case when A, and A, 
are constants. The variable y in the zeroth approximation is obtained on 
the basis of a general solution that depends on x in a definite manner; 
furthermore, for linear equations with constant coefficients, the zeroth 
approximation coincides with the exact solution. In the usual method of 
successive approximations the zeroth solution consists simply of the 
initial value of the dependent variable and its derivatives, y Yo = 


ons zZ Cc SU. 
const, y Yo 0 onst 


3. In order to obtain the zeroth approximation of the general solution 
of Equation (1.1) one must let A, Axo const, A, Aso = const, and 
replace the functions A, and A, by Aj;, and Ay, in (1.2). Thus we obtain 


> F 
Ay ryé 


The constants of integration A,, 
conditions «x Zoo Y= Yor Y Yo z from (1.10). Hence, the zeroth 


and Ano are found by means of the 


approximation of the solution is obtained without solving a system of 
auxiliary differential equations, and it can be written down for arbi- 
trary functions F(x) and F(x) regardless of the manner in which these 


functions are given. 


If one eliminates y° from (3.1) and (3.2) and replaces A,, and As, by 
their expressions from (1.10), then one obtains a relation between y and 
x as the zeroth approximation for arbitrary functions f(x) and F(x) and 
the real parameter ek: 


‘ 


F (x) ° 


If k is imaginary (q real) the corresponding expression 
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{ , [ 
F ’ r—2X,) (al 


F (x) 


In the last formulas 


(2_) Uo [f (29) 


I ) 


4. The general solution of Equation (1.1), found by the presented 
method, will contain parameters a and p which are still undetermined. 
Purthermore, in accordance with (1.4) it will also involve undetermined 
roots r, and ro. For linear equations with constant coefficients, f(x) 
const, F(x) const, and if one chooses the parameters so that a= f(x) 
const, f° (x) = 0, p= F(x) = const, F’ (x) 0, then in accordance with 


, 


(1.8) the function pz 0, and one finds from (1.6) that A, 0, 
that is, one arrives at the known exact solution. Por an equation with 
variable coefficients, the parameters a and p can be hosen in various 
ways depending on the type of the considered equation (1.1) and the 
statement of the problem (the searching for a solutior f the equation 
over a short interval of x, the investigation of the solution for large 
values of x, and others). One can, however, make sx statement in re- 
gard to the choice of the parameters a and p if one is guided by the 
idea of determining the best approximation to the exact solution and of 
keeping the computation as simple as possible. The greatest simplicity 
in the computations by the present method is obtained when one uses the 
zeroth approximation, i.e. when one sets A, Aro» , Ao,.Let us write 
down the system (1.6) for the given case assuming that we know the 


initial conditions «x Zo Y Yo Y Yo z, and bearing in mind that 


. A,* 0. We find the unique relation pz 0, which according to 


takes the form 


Depending on the type of the functions f(x) and | in (1.1) 
variables y’ and y~ can have most various forms, but in every case 


” 


y¥, #0, y”# 0. Therefore, Equation (4.1) will be satisfied if one 


ws 


equates to zero the coefficients of Yo. and Yo » Im ing these condi- 


tions, we obtain relations between the parameter a, 


the given functions f(x,) and F(x.) at the initial 
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It can be seen from the last formula that for a linear equation with 
constant coefficients f(x) const, f 4x) = 0, F(x) = const, F’({x) = 0, 
the parameters m and p will also be constants for all values of x. For 
equations with variable coefficients, the parameters a and p, determined 
by (4.2) and (4.3), will depend on the argument x»). This means that in 
attempting to solve Equation (1.1) by the presented method one must 
choose m and p in the zeroth approximation in various ways depending on 


the argument the zeroth approximation will be usable (for a given 


x 
0 
choice of x)) over an interval (x, — x9) of x if m and p do not change 


too much. 


Subsequently one must compute new values of the parameters by means 
of (4.2) and (4.3) for the new initial value of the argument x,, and 
apply anew the formulas of the zeroth approximation, and so on. Instead 
of selecting various values a and p for particular intervals of the vari- 
ao Pp for zs 
x < x°) one can select the mean values of the parameters in the considered 


able x (Mo, Po for fo SOX, My Py for %,)S 2< &, ® 


interval i, < 25 x, that is, one can compute them by means of the 


formulas 


Since the end, x = x, of the interval under consideration is not 


fixed in any way, we shall write in the sequel in place of Pad simply x, 
and in place of = and p®, simply a and p. 


aF’ (x) 
} (*) F (x) = 


a ’ (x) f (x) oe 
d 4.5 
~4 | F (2) Fiz) 11 (4.9) 


1 


From this, it is necessary to ensure that the roots r, and r, are 
distinct. In the opposite case, the parameters m and p have to be deter- 
mined in a different way. In particular, one can average the functions 
f(x) and F(x) directly, by setting 

a ‘ ~ 
-\ f(z) dz, \ F (x) dz 


r To 


x x 


Zz 


5. As an illustration and a simultaneous appraisal of the method pre- 
sented let us consider Bessel’s equation 
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We apply the presented method. According to 7 we have 


The characteristic equation (1.3) for this case takes on the forr 


By (1.7) and - 2) we have the general solution of Equation (5. 1) 
the form 


ni] Ae” : P 
Aine rsx . Agree™*™ 


, 


If the initial conditions xz Zo» Y= Yor Y y are given, 


z9 


then we find Ary and As» from (1.10) and then, on the basis of (3.4), we 


obtain the relation between y and x in the zeroth approximation 


bd 


In the last formula a, 6, c, d are determined by means 
parameters are found with the aid of (4.4) and (4.5): 

















- 


In accordance with (5.6) we have 














Taking into consideration the fact 








that for large enough «x 








we obtain, by (3.5) and (5.5), the zeroth approximation of the general 
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solution of Equation (5. 1) 


‘= | ‘ bd 4 acq? ] a 
- | (ab ed) cos q (x — 2%) 4 ; } sin q (2 ro) (9.8) 
As is known, the exact solution of Equation (5.1) is given by Bessel 
functions in the form 
Cilo (x) 4 CoYo (x) (5.9) 
where C, and C, are constants, Ty (2) and Yo (x) are Bessel functions of 
the zeroth order of the first and second kind. 


In the figure, the dotted line represents the exact relation y = y(x) 


given by (5.9) for C, = 0 and C, 1 


y = Ig (z) (5.10) 


In order to check the accuracy of the new method let the initial con- 
9 = — 0.40276, Yo. = zo = 0 (this point 
is indicated in the figure) which satisfy the exact solution (5.10), and 
let us construct the function y = y(x) by means of the formula (5.8) (the 
solid line in the figure). A comparison of the graphs shows that (5.8) 


ditions be given as Xo = 3.88, y 


yields practically the same result if x > 2. For small x, the error in 
the computation on the basis of the zeroth approximation increases be- 
cause of the fact that Equation (5.1) has a singular point when x = 0 and 
q> 0. In particular, we can obtain from (5.8) a simplified approximate 
formula for large values of x. As x approaches infinity we have 


~ Yo + Zof (Zo), 


ab cd ~ Yo + Zof (Zo) const, 


Accordingly, (5.8) yields 


) cos (x ro) + Zo sin (x ro) | t : (5.11) 


Ve 


Here B, and B, are constants. As is known, (5.11) can be obtained with 
the aid of Bessel functions [3]. 
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A rigid body, which we shall call the frame, can perform all possible 
rotations about the fixed point O inside the frame (Fig. 1). The frame 
contains two gyroscopes whose inner rings | housings] could rotate about 
parallel axes fixed in the frame, through the same rotation angle 5. 
Further, the inner rings of the two gyroscopes act on each other through 
some mechanism, such as a spring. The center of gravity of the whole 
system does not coincide with the point 0. This system thus resembles 
the gyrosphere of a space compass. 





Ishlinskii [1,2 ] investigated a similar system with a moving base, 
and using the elementary gyroscope theory, has shown many of its inter- 
esting properties. It serves a useful purpose to examine rigorously some 
of these properties. In addition, Rumiantsev has successfully carried 
out rigorous investigations of the dynamics of a rigid body with one 
point fixed. In particular, he skillfully utilized the Routh-Liapunov 
theorem on the stability of stationary motion when he investigated the 
stability of permanent rotations of a heavy rigid body [3]. 





Stability of stationary motion of gyroscopic frame 


This paper considers the problem of the existence of stationary 
motions and their stability. The mass of the frame is taken into account. 
The gyroscopes are not the "fast-spinning" ones as it is customary to 
assume in elementary theory. In general, the spin velocities of the two 
gyroscopes are different. The only external force is the force of gravity. 
It is assumed that the system is conservative and that the frame of re- 
ference is inertial. 


1. Let O&m¢ be an inertial co- 9/0. Ho. tq) 
ordinate system (Fig. 2), the coordi- 
nate system Oxyz be fixed in the 
frame, its axes being the principal 
axes of inertia of the frame through 
the point O (Pigs. 1, 2), the z-axis 
parallel to the rotation axes of the 
inner rings, the z\- and Z,-axes be 
the spin axes of the gyroscopes 
located in the Oyz plane. Then the 
position of the whole system with respect to the axes Of ¢ can be de- 
termined through the angles ¢, ¥, 9, a, anda,. Here a, and a, are the 
rotation angles of the gyroscopes with respect to their inner rings. 


The mass of each gyroscope is a, its equatorial (for the axes through 
O, and 0,) and axial moments of inertia are A, and C), respectively; the 
moments of inertia of the frame about the axes x, y and z are Ay, B, and 
Cy, respectively. 


Let also p, q and r be the x, y and z components of the angular velo- 
city: 


» sin§ sing + 6 cos @, p sin H cos g § sing 


The z) and Z_ components of the absolute angular velocity of each 
gyroscope are 


n= a — qsind 
The kinetic energy of the system is 


2T Ap* 4 Bq LCr o 2A,6? Cy (ry? 


A, + 2mi* + 2Aj, : fs + 2mi* + 2A, cos? 5, ; Ce +- 2A, sin*® 6 


The expression for the force function has the form 


U —P (zoys + yoYa > toys) + 2\ M (8) dé 
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Here P is the weight of the system, M(5) is the moment of the spring 
system, Zor Vo and % are the coordinates of the center of gravity with 
respect to Oxyz. The direction cosines Yir Yo and Y3;, of the upward- 
directed vertical axis ¢€, with respect to the x-, y- and z-axes are 


V1 sin§sing, Yo sinfcosq, ys = cos 


From (1.1) and (1.2) it follows that the coordinates vw, a, and ay, 
are cyclic. The first integrals of the equations of motion with respect 


to these coordinates are 


const, neaRhe-amt S8-h+h, ibe hm—-e) OD 
Apyi + Baye + Crys + hye sin 5 + Hys cos 6 n = const 


We shall eliminate the cyclic coordinates vy, a, anda,. After certain 


transformations the Routh function assumes the form 


P % o? | d | t lH cos 6 


hy. sind Hys cos 5) ys | @ + hsin®@ sin 6 4 iP hy, sin 6 


Hys cos 4) hy, sind Hys cos 5)* (1.4) 


By, sing, 


b, 3° 5, we have the equations 


OR au 
aq 0q 0q 


We shall consider the stationary motion of the system 


(1.6) 


which corresponds to the uniform rotation of the frame about a vertical 
axis. The constants (1.6) should satisfy the condition 0/dq (R — U) 0. 
Replacing the symbols Yi» Yq andy;, bya, 6B and y, respectively, and 
taking into account on the strength of (1.3) that 


hB sin do — Hy cos 89) 


we obtain the following conditions: 
H sin > cos by — hy cos Mo sin dy) w (Aa sin @p + Bob cos Po — Co sin 99) yw* 
- P (zoey sin @o + YoY COS Mo Zo sin 9») 
Bo) w*afh P (xop ott) (1.7 
(Hy sin &> hB cos d9)o — A: (y" B?) w? sin 269 = 2M (8) 





Stability of stationary motion of gyroscopic frame 


Here Tio: By, C, denote the values of these quantities for the motion 
under consideration. The last equation in (1.7) determines the moment of 
9» Po» 5, and @ are assigned, then the quanti- 
ties H and h can be determined from the first two equations. Rotations 
about the principal axes of inertia of the frame are investigated in [él]. 


the spring system. When @ 


Consequently, by utilizing gyroscopes we can make the frame rotate 
about an arbitrary vertical axis by selecting appropriate spin velocities 
for the gyroscopes. (If a= 0, then at 6 #4 0 it follows that Xo 0). 


We shall separate now the rotations of the frame about axes lying in 
the principal planes of the frame, by setting y, z 0. When the axes 
are in the Oxy plane (y 0) the conditions (1.7) give # 0, which is 


equivalent to wy — Ws. 


hoa sin ds, (A B, 


hwp CO é _-+ 1:f*w? il 


When the axes are in the Oxz plane (6 . nditions are 
analogous to (1.8) where the quantities A, 0,., B, and are replaced 
H, 1/274 55. C, and y, respectively. 

Rotations about the axes which are in the Oyz p! 


possit le when «x 0. 


9" 


2. We shall investigate the stability of rotation about the axes which 


are lying in the Ozy plane, that is, we shall set in the perturbed motion 
) 5 


+ Se, O 0 + Xa. 


The variational equations of the system (1.5) will have the following 
fort 
/ 
iP ' — 1; 
We have the following expressions for the coefficients of the gyro- 


scopic forces 


’ 


In the coefficients of the potential forces we can eliminate Px, by 
the use of (1.8) and then put them in the form 
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had 11o*B*| 


s , 
bo] AOA COS ¢ 


It is known [4] that if the unperturbed motion is stable then Equa- 
tions (2.1) permit a sign-definite quadratic integral, which is the 
energy integral, obtainable also for the equations of the perturbed 
motion. It has the form 


< 1123 


where 2U*%= — (a)2;° + Sate” + 26x, x, + ~~ + ...) is the variable force 
function. Consequently, the sufficient condition of stability for the 
considered stationary motion will be the condition for sign-definiteness 
(positive-definiteness) of the integral (2.4): 


We note that if the gyroscopes are removed, that is, if we set C, = 
A, = 0, then the resulting conditions coincide with those obtained by 


Rumiantsev [3 }. 


Equations (2.1) in normal coordinates have to be transformed accord- 
ingly. If, now, C,, C, and C, are the Poincare coefficients of stability, 
then we have the well-known relations (see, for example, [5 1) 


(Uh )) (2.6) 


Thus, if a, (aya, ~ b*) < 0, then the degree of instability is odd, and 
on the strength of Kelvin’s theorem [5 ] we conclude that the motion is 
unstable. If a,(a,a, - b?) > O with the other conditions in (2.5) 
violated, there exists a possibility of a gyroscopic stabilization of 
the unstable equilibrium of the conservative system (2.1), and the prob- 
lem remains open. When the axes are lying in the Ox -plane then the con- 
ditions of stability are similar to (2.5) with an appropriate change of 
symbols. 
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By using the first integrals of the equations of motion of a gyroscope 
on gimbals it is shown in this paper that an arbitrary small perturba- 
tion of the inner ring causes a precessional motion of the outer ring, 
which displaces the rotor axis from its initial position. 


Rumiantsev [7,8 ], and Skimel [10 ] have constructed the Liapunov 
functions and given the conditions for stability of the regular pre- 
cession and for the permanent rotation of a heavy gyroscope. In the above 
investigations the case of permanent rotation of an equilibrated gyro- 
scope about an arbitrary axis has been omitted. 


By the use of the equations of motion and the resulting quadratures 
of a gyroscopic system [1] as obtained by Chetaev [9 ] and Skimel [10 ] 
the instability of the axis of the gyroscope figure can be demonstrated. 
The equations of motion have the form 


n ty) -. —_ J*02,? (sin & sin ? 
B sit } , . ~~” l,(A B sin® }) 


Here w is the rotation angle of the outer ring, 8 is the rotation 
angle of the inner ring about its axis of rotation (this angle is meas- 
ured with respect to coordinates fixed in the outer ring), J is the 
moment of inertia of the rotor about its spin axis, %, % and % are 
the initial values of the angular velocity of the rotor, angular velo- 
city of the outer ring and the rotation angle of the inner ring (this 
angle is measured from such position of the inner ring when the spin 
axis is perpendicular to the outer ring). 


A=J, J = 1 #2 B=J“/4J.—. J (2) 


l 
Here Dh ’ is the moment of inertia of the outer ring about its axis 


(2) 


(2) 2 
J a, ) and J, are moments of inertia of the inner 


of rotation, J. a @ 


. 
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ring with respect to the x-, y- and z-axes forming an orthogonal system 
where the x-axis coincides with the spin axis and the y-axis with the 
axis of rotation of the inner ring, and J, is the equatorial moment of 
inertia of the rotor. 


It is easily seen that for an arbitrary value of § 
B sin® } 


The second equation in (1) is the equation of the family of "phase" 
trajectories in the phase plane (%, ®) with parameters %,,% . All 
these phase trajectories are symmetric with respect to the axis $=0, 


for if (%, #) is a point on the trajectory, so is the point (%,—#). 


Fixing % and varying %,, we obtain a one-parameter family of trajec- 
tories. The point 9% 9, ®—0O is the center. In a sufficiently small 
neighborhood of the position of equilibrium all phase trajectories are 
closed. Indeed, we find now points of intersection of a phase trajectory 
with the axis $= 0. 


To obtain them we shall set ® = 0 in the second equation of (1) and 
solve the resulting equation for sin®; we have then 


B sin*? & + ABu? 
Bu? 
The condition for the existence of real roots %, and #, of Equation 
(3) is given by the following inequalities: 


1 < sind, - | sin d, « 


It is seen from Expression (4) that when 9, = 1/27 and 3%, is suffi- 
ciently small (which means that » is also small) then both inequalities 
are satisfied. 


In this way, to each sufficiently small value of the initial velocity 
%, corresponds a closed phase trajectory intersecting the axis # = 0 at 


0 


two points $, and ,(5, < 4 < %), which are determined from Equation (4). 


The closed phase trajectories correspond to periodic solutions of the 


second equation in (1). The initial conditions %,—9% correspond to 


the position of equilibrium $=%, dJ=¥uW, 


Thus, in a certain neighborhood of the center, all solutions $(t) are 
periodic. The function is also periodic, because if we substitute on the 
right-hand side of the first equation in (1) the periodic function $ (t), 
then this right-hand side must also be a periodic function of time. 





Ia.L. Lunts 


We shall find now the increment of the angle Ww in one period. 


If T is the period, then obviously 


\ vide 


Passing from the variable t to the variable ® and utilizing the 
second equation of (1) we obtain [9,10 ] 


sign) YW J, VA—B sin? 9 do 


1, V (A— B sin? >) p? — (sin $ — sin ,)? 


The integration with respect to § should be carried out from 4%, to 
when sign # = 1 (is increasing), and from 9 to 6, when sign % = 
- 1, 


In this way we have 


(sin  — sin 3,) dd 


— B sin*® 4) [((A — B sin? $) p* — (sin } 


sin &,)*} 
We notice that 


B sin? $) p? — (sin  — sind,)* = (1 + By?) (sin 6, — sin 4) (sin  — sin 4) 





B sin? ) (sin & — sin 4) (sin 6, — sin >) 


The elementary proof of the existence of the improper integral in (6) 
is omitted, but we shall prove that the integral in (6) does not vanish 
when » #'0 and sin 9, # 0. 


We shall perform the following change of variables: 


sin & 
sint - 


“0 


+ sind, _ . sin o, — sin >, .VA—B sin’? 9, - ABu? 
‘ 4+ Bp? ; 


Then Formula (6) becomes 
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a(p) = Ad = — 2p V Jplt + Bu*) b (pw), b (u) 


; ABy?* sin t — By 
F (u, t) 
0(t; A, B)O(t: 1,1 


0(t: a. b) fa(i 4 bu2)2 b(u J 5 ae 22 ein ¢ sin y2y'* 


We shall assume that a(0) = lim a(z) = O when p —+ 0. To prove that 
in a certain neighborhood of the point wz = 0 a(z) 4:0, it is sufficient 
to show that the function 6(u%) which is continuously differentiable with 
respect to » has at w = 0 a nonzero derivative. Differentiation is per- 
missible because the function F(z, t) is analytic with respect to uw, and 
all its derivatives with respect to t are continuous in a certain neigh- 


borhood of up = 0, 


Simple calculations give 


n(A B) sin } 


b (0) 0, b’ (0) 
2 cos*d, VY A— Bsin® & 


In this way the expansion of a(z) in Taylor series 
atu) 
begins from the third term, and 


zVJ,(A B) sin 4, 
ke } R | ) sin (10) 


) 
Geo 


cos* 3}, YA B sin?® , 


Thus, wher p» # 0, the increment Aw of the rotation angle of the outer 
ring in one period T of nutational vibrations of the inner ring does not 
vanish. It means that the gyroscope on gimbals is unstable. 


The axis of the figure performs a precession about the outer ring with 
a mean angular velocity w= Aw / T. 


From the second equation of (1) follows that the period of the nuta- 
tional vibrations is 


VA B sin? $ dd 


> 
— 
\ 
* 

> 


v1 


V (sin 6 — sin 4) (sin 4, 
After changing the variables as indicated in (7) and expanding T in 
the series T= 7, + Tip +... we obtain 


2n | JRlA — B sin* &,) 
JQ, cos 9, 
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Thus, the expansion of os in Taylor series 


(tL) f by by 2 


begins with the term bop”, so that 


Formulas derived by approximate methods in [2-6 ] are the same as the 
first term of this expansion. 
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The direct gyroscopic stabilizers used to reduce the rolling of vessels 
and to stabilize various unstable objects are also applied as stabilizers 
of platforms on ships and on planes. This paper investigates motions of 
direct gyroscopic stabilizers of the passive and of the active kind under 
the condition of irregular rolling of ships and presents an estimate of 
the accuracy of stabilization when the rolling is a stationary random 
phenomenon. 


1. The passive gyroscopic stabilizer for irregular ship-rolling. The 
equations of motion of a passive gyroscopic stabilizer for a rolling 


ship are as follows [i]: 


, ; iP 
Aa na’ + HB lPa fj 1 r 


g 
5 


BB” + EB’ — Ha’ + xp ae 
Here a is the rotation angle of the gyro-stabilizer’s outer frame 

about its axis, 6 is the rotation angle of the gyro-stabilizer’s inner 
frame (gyrocamera) about its axis, @ is the angle of the ship’s roll, A 
and B are the respective moments of inertia, H is the gyroscope’s angular 
momentum, a and £ are coefficients of viscous friction, IP is the static 
moment of the gyro-stabilizer’s outer frame, «x is the rigidity of the 
spring connecting the gyro-stabilizer’s inner frame (gyrocamera) with 
the outer frame, ris the distance between the center of the ship’s roll 
and the axis of the gyro-stabilizer. We shall introduce the following 
matrices: 


IP 
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The system of scalar differential equations (1.1) can be replaced by 
the matrix equation 


‘(D)y e (DV it 


From Equation (1.4) we obtain 


F (iD) e(D) 


A 1D) 0 (t) Y (D) 0 (t) 


where the matrix F(D) is the adjoint of the matrix f(D) 


£2) D® +- (mi? 


The quantities ny and Mm, are the frequencies of free vibrations of the 
gyro-stabilizer’s outer frame and of the inner frame (gyrocamera), re- 
spectively, when H= 0, that is, when the gyroscope’s rotor does not 
spin. For sufficiently large values of H the frequency of the nutational 
vibrations of the system is close to g, and the frequency of the pre- 
cessional vibrations is close to 


: VxliP 
. H 
It is seen from the Hurwitz condition that all zeros of the polynomial 
(1.7) are located in the left halfplane of the complex variable D. 


According to (1.5) the matrix transfer function Y(D) has the form 


i f (Dp ; na*) (a* D® r D) 
Y (D TD) * ps * Dp 
According to (1.5) and (1.10) the angles a and £6 which are the rota- 
tion angles of the outer and of the inner frames of the gyro- stabilizer 
respectively, can be determined through the operator expressions 
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The variances a? and £6 2 of the stabilization angle and of the gyro- 


camera’s rotation angle, respectively, equal 


(1.13) 


where S,(@) is the spectral density of the angle of roll which has the 
form [2] 
spy? 


7 { 4 
V 1° @ (1.1 t) 


Expression (1.13) can be transformed into 


mv? Li l¢, mv? lids 


G (i@) 

f -16) 
h (i@) h (— i@) oe (1:16) 
by (i@)*® ; b i ; 2 (iw)® + bs (iw)* t bg (iw)? a bs 
By (iw)” ( L. B, (im)® + Bs (iw)* + Bg (iw)*® + Bs (1.17) 


4 


ag (iw)® | ay (iw) 4 az (\l@) as (io) ; ag (iw)? + as (i@) + ae 


and the coefficients in the polynomials (1.17) are 


q” + Cirle) + Came? + Com? 


2pu (Cine” +- Coma”) + m?n2? 


In the case when all the zeros of the polynomial A(D) are located on 
the left halfplane of the complex variable D, then according to Phillips 
[3 ] the integrals (1.16) have the following form: 


yr 
2a, 
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and M* and M** are determinants obtained by interchanging in the deter- 
minant (1.21) the first column by a column whose elements are 6b), 6), 


sees be, OF By. B B., respectively. 


ye ott, 


As an example we shall consider a gyroscopic stabilizer whose para- 
meters have the following values: 


onl , _ ‘ 
ny lsec , O1 .Osec , 7 21.2 sec 


-1 


a® = 0.306, 0 750 sec ”, 9 0.8 sec A t sec 


The parameters determining the spectral density of the angle of 
ship’s rolling are taken to be 


0.1 sec : 


The variance of the angle of roll is L, = 0,09, the standard [ mean 


quadratic] deviation of the angle of roll is @ = y Ly 0.3, that is 
about 18°, 


With these numerical data the variances of the stabilization angle 
and of the rotation angle of the gyrocamera are, according to (1.15) 


14.10°§, 


The standard deviations of the stabilization angle a* and of the rota- 
tion angle of the gyrocamera (* are 


6° 


If the values of the parameters do not differ much from the values 
used in the above example we can use the following approximate formulas 
for standard deviations of the stabilization angle and of the gyrocamera’s 
rotation angle: 
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For our example we obtain from Formulas (1. 22) 


~ 3.76 - 1073, 


2. Active gyroscopic stabilizer for irregular ship’s roll. The equa- 
tions of motion of an active gyroscopic stabilizer for ship’s roll are 


[4] 


‘ , lP 
Aa” + ma’ + HB’ + /lPa al” + mf’ 


BB” Ha My (M, Na’ Ep’) 

Here a is the rotation angle of the outer frame of the gyro-stabilizer 
about its axis, 8 is the rotation angle of the gyrocamera about its axis, 
6 is the angle of ship’s roll, A and B are the respective moments of 
inertia, H is the angular momentum of the gyroscope, a is the coefficient 
of viscous friction, IP is the static moment of the gyro-stabilizer’s 
outer frame, r is the distance between the center of roll and the axis 
of the gyro-stabilizer’s outer frame, M. is the moment about the axis of 
the gyrocamera exerted by an auxiliary electric motor. This motor is con- 
trolled by a gyroscopic tachometer measuring angular velocities of the 
gyro-stabilizer’s outer frame. 


Introducing matrices 


f(D) 


e (LD) - 


where D= d/dt, we replace the scalar system of differential equations 
(2.1) by the matrix differential equation 


{(D)y e (D) 0 (2) 


From Equation (2.4) we obtain 


F(D) e(D) | y ‘ 
A(D) (j= (D) 6 (t) 


where F(D) is the adjoint matrix of f(D) 


E 
Dp? +4- B D 
F (D) 


H+wN 
B 


D PD 


and A(D) is the determinant of the matrix f(D) 
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\ (D) D Ai (D) 


t.) D? 


FE 
B 


It follows from the Hurwitz condition that all the zeros of the A, (D) 
polynomial are located on the left halfplane of the complex variable D. 


According to (2.5) the matrix transfer function Y(D) of the system has 
the form 


1 a” r *,a*) D® 
A; (D) 1°'D® + 9D 


Y (D 


According to (2.5) and (2.9) the rotation angles of the gyrostabilizer 

a and of the gyrocamera f are 

| 

Yu D)6 ‘; iy [a*D? (f ? . ‘ D9 ; 
f 
Yo (D)6(t) A, (D) 2°D* + efiD) 9 

Variances of the stabilization angle a? and of the gyrocamera’s rota- 
tion angle 8? are 


where S,(@) is the spectral density of the angle of roll 6, which, 
according to (1.14), has the form 
pv" 
Ly = 


(w? v*) 4.7" 


Expression (2.12) can be transformed into 


mv? Lys, P pve lids 


£(l®@ 

) i@, 
on AhU@) At @) 

g (i@) bo (i@p -t by (ia 

G (i@) Bo (i@y + By (iw)* 


h (i@) = ap (ia) + a (iw)* 


and the coefficients of the polynomials (2.15) are 
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According to Phillips |3 |] the integrals (2.14) have the following 


form: 


According to (2.13) and (2.18) standard deviations of the stabiliza- 


tion angle of the gyrocamera’s rotation angle are 


Vel) M wVveL|M 
- ; \ 


As an example we shall examine a gyroscopic stabilizer, whose para- 
meters have the following values 


i 50 k gm sec” B 0.04 kgm sec* H 3U kgm sec 


lP O kgm r \ 6Okgm sec, ‘ 0.6 sec! 


Further, according to (2.: 2. and (2.10) 


15.3 kgm sec” 
2250 sec! 


The parameters determining the spectral density of the roll will be 
taken as 


01sec! 0.8 sec? 


The variance of the angle of roll is L, = 0.09, the standard devia- 


l 
tion of the angle of roll is 0*=y L, = 0.3, that is, approximately 18°. 


For these numerical data the variances of the stabilization angle a 3 
and of the gyrocamera’s rotation angle B” are, according to (2.13) 


B = 0.106 
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The standard deviations of the stabilization angle and of the gyro- 
camera’s rotation angle are 


0.81 -1073 8’, B° 


Let us mention that if the values of the parameters do not differ 
greatly from those used in our example we can use the following approxi- 
mate formulas for standard deviations of the stabilization angle and of 
the gyrocamera’s rotation angle: 


; v0°r: 2uAB 
= g | H(H + N)(e; 


In our example Formula (2.21) gives 


which agrees very well with the values obtained from the exact formula. 
The approximate formulas (2.21) enable us to estimate the influence of 
each parameter separately. 


Comparing Formula (2.21) with (1.22) we notice that as far as the 
accuracy of stabilization is concerned, the active gyro-stabilizers have 
considerable advantage over the passive ones. 
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ON THE MOTION OF AN ASTATIC GYROSCOPE IN A 
CARDAN SUSPENSION WITH DRY FRICTION 


(0 DVIZHENII ASTATICHESKOGO GIROSKOPA V KARDANOVOM 
PODVESE S SUKHIM TRENIEM) 


, 1960, pp. 771-776 


-M. KLIMOV 


(Moscow) 


(Received 31 October 1959) 


Nikolai [1,2] formulated and solved the problem of the motion of a 
stabilized gyroscope in a Cardan suspension taking into account the 
effect of constant frictional moments at the suspension axes. The motion 
astatic gyroscope in a Cardan suspension on a fixed base is studied 
below. It is assumed that there are frictional forces at the axes of the 
suspension, the magnitudes of which are proportional to the normals forn- 


ing the dynamic reactions. Some results have been published earlier [3 F 


1. Derivation of the equations of motion for the gyroscope. Let us 
associate the system of coordinates Enc with the space at rest, the 


system of coordinates «x y 


1+ Yy- 2, with the outer ring, and £5, Yo, 2» with 
the inner ring; furthermore, the axis of rotation for the outer ring co- 
incides with the axis <, the axis y) with the axis of rotation of the 
inner ring, the axis Zo with the rotational axis of the rotor. The loca- 
tion of the gyroscopic system will be denoted by the angles a, 6 and 9, 


the sense of which is shown in Pig. 1. 


Let us denote the moment of inertia of the outer ring about the axis 
of its rotation by Ay, the moments of inertia of the inner rings about 


the axes x,y,z. by A,B,C, the equatorial and polar moments of inertia of 


> ) 
< “ 


the rotor by A and C. Denoting the projection of the angular velocity of 


the outer ring on the axes x,, yo, Z DY Po» Go» Fae the projection of 


the angular velocity of the rotor on the same axes by p, gq, r, we have 
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Denoting, finally, by K the sums of the moments of forces 


of base reactions with respect to the axes Zi, Yy by Loi Li} Lai 
the sums of the moments of forces acting on the inner ing from the side 


gir Ay. Ky 


of the outer ring, by M62 “ 
on the rotor [4 ]: 


» the moments exerted by the inner ring 
y2’ z2 


Then, utilizing (1.1) we will obtain the systen f equations describ- 
ing the motion of the outer ring, the inner ring and the rotor: 


1\a - : OK. -L., ) 


C,) a’B’ sinB L, cos p 


C,) a’? sinBeosB = 1 
1.) a’B’ cosB = 1 
HB ia’p 
in B cos — Ha’ cos 


dH 
a’ sinB)] 


Let us consider the forces of interaction between the base and the 
outer ring. Let us assume that the journal and the bearing in cross- 
section, perpendicular to the axis of rotation, represent two circles, 
the radii of which differ insignificantly. Figure 2 shows the cross- 
section of the outer ring bearing located on the positive part of the 
axis x,. The normal force of the base reaction on the outer ring is de- 
noted by R,, where R, > 0; the friction force Fy f 
pendicularly toward R, and hinders the rotation of t 


forces in the second bearing have the same magnitudes but opposite 
directions. 


7, is directed per- 


he outer ring. The 


We will assume that the axis of outer ring rotation is directed 
vertically; then, denoting by r, the radius of the bearing, by l 
length of outer ring axis, we have 


1 the 





Denot 


jecting 


have 


Using 


motion 


o 


f 
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is the moment of rotational friction dependent on the force 
Because the axis of the outer ring is directed vertically, 
effect on R, 
s 


now t< he consideration of reaction forces of the outer 


inner ring. » cross-sections of the bearings located on 


ind negativ Ss ( >» axis , are shown in Pigs. 3 and 4. 


given notatior 


radius of the bearing ¢ the length of the inner 


Fig. 


the weight of the rotor and of the inner ring by P and pro- 


forces acting on the inner ring on the axes x) and zy), we 


ign B 


In Dee sign p 


(1.2) to (1.5), we obtain a system of equations describing the 


the gyroscope in a Cardan suspension with dry friction: 
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na Roy 
)a’B’ sinB Ra 
[Rey (sind t- fo CoS dy sign Bp’) 
2 sin 6 cos B 
a’B ‘cos p 


Hp’ 


in p co B 


These sould be supplemented with the relations 


2. Motion of the gyroscope under the action of a constant moment. We 
will consider the motion of a gyroscope under the action f a constant 
moment outside the gravity field (the case of motion in ie absence of 


external influences is presented in [3 }>. 


Let us assume that there is no friction on the rotor axis, i.e. 
22 0, and the constant moment MW is applied to the iter ring along its 


axis. From (1.14) we find that H const. 


, 


Since P 0, then from 1.5) it can be seen that A, Roo. 


We will assume that the angles a, f and the angular velocitiés a’, 


are small quantities and will neglect their squares, products and terms 


of the order a“ #8. Then, for example, 
M, ja HB 
Using (1.9) .13) we obtain 


Bz) B 


ign p’) | 


Squaring the first and the third equation o I las system and add- 


ing them we have 


After eliminating Ro, we 


Ha’ 
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(2.1) and (2.2) can be rewritten in the 


Thx’ 
Isy 


Hy 
He 


first equation of the system 


plus for Jo 
minus for /,2’ 


Taking into account 


Hy 
Hy =0 
Hy <0 


for y 


for y 


for y 


Let us consider the motion of a 
plane of the angular velocities y, 


representative poi 


x, introduced by 


Equation (2.3) shows that the plane of Nikolai can 
regions in each of which the motion of the gyroscope 
linear equations. In each region these equations can 


formation of coordinates to the equation of the form 
dy 
d I 
in which 
I; 
I3(4 


M4Ael 4 


ny 


T3(1-+ a,a2)’ "= 


@;42) ’ I3 (1 


@,42)’ 


From Equation (2.6) 
point occurs along deformed logarithmic spirals (Fig. 


which correspond to the six regions of the Nikolai 


following forn: 


into the form 


nt Q(x, y) on the 


Nikolai. 


be split into six 
is described by 


be reduced by trans- 


a2Ay 


Is (4 


4,42) 


it follows that the motion of the representative 


5), the centers of 


plane, 
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Region Spiral Centers 


M 1 M \ 
» \, y > 0) j 
/ 


Let us consider the passing of the representative point through the 
coordinate axes. If the representative point crosses the y-axis then the 
angular velocity of the outer ring a’ x vanishes and in accordance with 


Equation (2.4) there may be two cases: 
(1) M Hy > aide | lox’ + Hy 
the representative point passes across the y-axis; 
(2) M Hy |< aia, | Hy 


the representative point slides along the y-axis. The slide region is de- 
fined by the inequality 


M 
v1 a\a 2 H 


The pattern of motion of the representative point verifies the exist- 
ence of the slide region on the y-axis. Indeed, from (2.4) it is seen that 
if<>0, y= yy, then x° = 0; if «<0, y-: Yo, then also x” 0. The 


straight lines x’-= 0 are shown in Fig. 6 by dotted lines. Above the 
dotted lines the motion of the representative point occurs from left to 


right. The region ¥,¥_ attracts the representative point by the only 
possible motion which is sliding along the y-axis towards the origin of 


the coordinates. 


Analogous reasoning shows that the slide region exists on the x-axis 
(Pig. 6) and is defined by the inequality 


1,M 1.M 
ayn (1, — ay@el2) H a= @2 (1, + aiaels) H 


At the point Xo the representative point leaves the x-axis, passes into 
the region IJ and with increasing time approaches 0; asymptotically. Thus, 


after the transient process dies down in the system, two constant angular 
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Fig. 


are est abl ished > 


VM 
H 


Let us assume now that an 
inner ring 


in the 


along its axis of 


system, subsequent t 


the 


one constant angular velocity a’ 


of the representative point 


pol ong 


3. On 
-_ 0, H 


, const and consider 


tricting ourselves to the case of small angles a 


(1.5) it can be seen 


th 


Using Equations 


us introduce the notation 


Ha 


We will assume that the bearings 


such a way that the moment K * jue 
x 


external 
rotation. A 


transient 


the 


the motion of a heavy gyroscope. 


the 








V 
H 


constant moment L is applied 


simple analysis shows 


process, there is 


L/H, In the 


coordinate 


this case slide 


axes are 


Let 


of a 


us assume again that 


motion savy gyroscope, 


smal] 


re- 


velocities. 


rt 


rn B 


and the last relationship we 


ign p | 


J 


Then eliminating Ro, 


of 
to 


the outer ring are designed in 
rotating friction dependent on 


to 
that 
established 
regions 


non-existent. 


From 
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gravity can be neglected. 


After eliminating R, and # from Equations (1.6 


1h 


Utilizing the notation from the previous section, we 
3. 


(3.1) and ( 2) in the following form: 


First consider the case when, due to smallness of friction, one can 


neglect the right-hand side of the first equation i: ystem (3.3). Then 


whence 


Integrating this equation we will obtain 


Here D is an arbitrary constant, 


Consider the crossing of the representative point f the coordinate 


axes. From the first equation of system (3.3) we have 


H 
j, 7 i; 


Substituting x’. into the second equation we will 


| 
ay | m? \ n*H*y* aia, ~j n* +. (Io 
l 1 


Let the bearing friction on the axes of the suspension be so small 


9 
< 


that the terms multiplied by a,a, may be neglected. hen (3.3) becomes 
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I sy Hz lg V m? + n*?H*%? sign y 


I \2 Hy 1342 V m?* n*H*y? sign z 


It is easy to see that there is on the x-axis a slide region for the 
representative point defined by the inequality x\< a,m/H tending to- 
wards the origin of the coordinates. Imagine that at the beginning of 
motion the representative point was located on the boundary of this 
region, i.e. 


for i 


The representative point will move further along the x-axis; therefore 
he inner ring remains immovable relative to the outer ring. The velocity 
of the latter is defined by the formula 


mm m 

, 

13 71a i 
H —s Is 


Equating a’-to zero, we find the time of motion ry of the gyroscope 


I 
a,H 


During this time the deviation along the outer ring axis attains the 
magnitude 


ym "7 ae ym 


aA 1 aay . a, 


aj 


1 


Example. Let there be given a gyroscope with the following parameters: 


I, ll g cm sec’, P 300 g, 5 cm, H 7500 g cm sec, a) ao 


é 


The deviation with respect to a for this gyroscope during the slide 
time of the representative point along the x-axis attains 0.25’. 


The slide region on the y-axis is determined by the inequality 


m 


43H 


The deviation of the gyroscope with respect to the angle 6 during the 
sliding of the representative point on the y-axis is quite negligible. 


In conclusion the author expresses his deep gratitude to A.Iu. 
Ishlinskii for his guidance in preparation of this work. 
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ON HAMILTON’ S PRINCIPLE FOR NONHOLONOMIC 
SYSTEMS 
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There are two treatments of Hamilton’s principle: the classical one, 
founded on the calculus of variations (Hertz [1], Kerner [2]) and the 
formal one, given by Holder [3]. Mechanical interpretations are known 
only for the first one of these, and one such interpretation will concern 


us here. 


Hertz gave an example of a nonholonomic system (a sphere which rolls 
without slipping) to which Hamilton’s principle is not applicable. In 
1931, Kerner showed that, if one regards Hamilton’s principle as a vari- 
ational principle with side conditions when considering systems with 
differential constraints, then a necessary and sufficient condition that 
the Euler variational equations and the corresponding equations of motion 
coincide is that the system be holonomic. We shall consider below the 
possibility of deriving the equations of motion of systems with differ- 
ential constraints from the variational principle with side conditions 

t; 
5\ Fat =0 
fy 
where F is a certain function of time, the coordinates and the velocities 
of the particles of the system. 


l. Consider a mechanical system. Let &,, «++» 9, be the Lagrangiar 


coordinates, which are constrained only by the differential relations 


w q 4 m+-t YIm++ U (3 A» ,m (1.1) 


with coefficients differentiable continuously in a certain region A. 


For simplicity it will be supposed that the constraints are sclero- 
nomic. Sometimes, for the sake of convenience, the constraints (1.1) will 


be written in the following form 
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A motion 


(t) , (1.3) 


of a material system will be said to be kinematically admissible provided 


that the functions ?, | t) satisfy the constraints identically. 


Generalizing Hamilton’s principle, let us replace the Lagrangian 
function L in the integrand by an arbitrary differentiable function F 
depending upon time, the coordinates and the velocities of the particles 
of the system. Thus we are led to the variational principle with side 


conditions 
5\ Fdt 0 (1.4) 
‘ 
where the variation is > taken over the kinematically admissible 
motions; here, as usual 
Oqs (t;) 69g; (te) U 


Euler’s equations for the variational principle (1.4), with constraints 


(1.2), using Lagrange multipliers A,, are 


1 OF 


S' Ag'a he (dps (1.5) 


p=1 


or, carrying out the differentiations, to put the acceleration terms in 
evidence 


n 


5 _ oF 


— 0q,. 0q,.’ 


er Dies (1.7) 


In Equations (1.6) and (1.7) the dots denote terms which do not con- 
tain q”, A“ and A. Let us suppose that we are in the "normal" case, i.e. 


when the determinant A 
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OF O° F 


pee 6 ; 
O”qdi - O7”qi Odm 


0? F 


0q,, 071 


OF 


I¢ 
» 791 


nder these assumptions Equations (1.6) and (1.7) may be solved for 


q7-- and A,’, and thus 


q ’ Q,(t, 9, q', 4), d ; (t,q ) (4 Q) 


2. In classical mechanics the following principle | always holds: the 
acceleration of a particle of a system may be uniquely determined at a 
given moment provided that at this same moment one knows the external 
forces, the constraints and all the coordinates and velocities of the 


particle in question. 


V.I. Kirgetov suggested the use of this principle as a criterion for 


the applicability of the variational principle (1.4). 


Consider Equations (1.9). Let us assume that in the kinematically 


admissible motion the functions ( depend upon the parameters A, for whose 
determination only differential equations are available. The parameters 
A, may only be determined by means of the integration of the system of 


} 


equations (1.9). In other words, in order to know the dependence of the 
accelerations on the instantaneous position coordinates and velocities 

1t 1s necessary to know at all times during the motion the dependence of 
the accelerations on the coordinates, on the velocities and on the para- 
meters A,. This contradicts the mechanical principle 1, although it does 


not interfere with the solution of the mathematical problem. 


In order that principle 1 hold it is necessary (and clearly also 
sufficient) that for kinematically admissible motions the functions Q. 


be independent of the parameters Aj,, i.e. that all the partial derivatives 
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dQ. /dd vanish identically in gq, 9 as a consequence of the con- 


straints 
(2.1) 


Theorem. For nonholonomic systems the Euler equations of the varia- 
tional principle (1.4), with fixed end-points and with the side condi- 


tions expressed by the constraints (1.1) 


are never compatible, generally speaking, with principle 1, for any 
function F., 


The phrase "generally speaking" refers to the particular case A= 0 
in the variational problem. 


Proof. Let us make evident the dependenc e of Y. Be It is obvious 
that 


where A. is obtained from the determnant A by replacing the rth column 
by the free terms of Equations (1.6) and (1.7). The determinant A does 


not depend upon A,, therefore (2.1) holds identically in t, q, q’ in view 


) 
of the constraint equations. Differentiating, we find that the deter- 


minant d .. OA, A - equals zero, a determinant which is obtained 
from A by replacing the rth column of A by the following elements, 


written in succession from top to bottom: 


Lemma. Suppose that the determinant of order n 


is not zero, and that when the first n columns are replaced, in success- 
ion, by the column 


while leaving the other columns of D unaltered, one obtains n deter- 


minants D Ar l, ..., m) which are all zero. Then the column d must be 
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terminant D, that is 


‘ 


linear combination of the last m columns of the de 


a 
d;= Se, 
e= 1 


I 


Indeed, since D 4 0 and D. = 0, the column d, which is the rth column 


linear combination of the remaining 


of the determinant D., must be a 


columns of the determinant D. 


m 
. (r) 
S Cnic / 


Analogously, for l< n 
S' b, 


from which it follows that 


nm m 
1 ( 1 ‘ , (tl) 
S' Tin (On ~ by) 1 >) Fi. nto (Cnt — Cn+o}) 

=I p=1 
ker, kel 
and since D #4 0, these equations give 
5,” = 5, by”) 5b, 0, 


n, and the lemma is pr 


for arbitrary l, r= 1, ..., 


In view of the lemma, applied to the determinant 


Cn+oe Ips 
e=1 


which, together with (1.2), yields 

m 

— = §! a, mic| Geo —:; 
°dm4 ~ _ \ 


Ow 


e=1 
As a consequence of these identities, and of (1 


tain 


} 


n m 
j ‘ 
51 [2temie amiss Sr (q  OMsmte 4 286,mto)) 4 
; ¢ = — " . } 
| o,m-+c e.m- m-—+-a 

29mis = 079, J 


fed | Og nie 
o=] e=1 
The last equation must hold for arbitrary q,% arbitrary 


point of the domain A. Hence 
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must hold throughout the domain A. 


These equations are the necessary and sufficient conditions for the 
integrability of the constraint relations (1.1), and the theorem is 


proved. 


3. The fundamental equations (2.1) may be proved in another manner. 
Instead of principle 1, let us employ the following principle 2 which is 
equivalent to it: the motion of the particles of the system under given 
forces is uniquely determined by the initial values of time, all of its 
coordinates and all of its velocities. According to this principle Equa- 


tions (1.9) define a family of motions which depend on 2n + m+ | para- 


0? Ts0° Tso" “Bo 


meters t 


q 


which obey Equations (1.1) 
q 


For fixed one obtains an m-parameter family of motions 


—_ ae 
0” Tso" Tso 
depending on the parameters A... Hence it is obvious that the necessary 
and sufficient condition for the validity of principle 2 is that the 

functions ¢ be entirely independent of the parameters A,,, which means 


that (2.1) holds. 
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An impact resulting from the application of a one-sided constraint upon 


a system is considered from a general point of view in this paper. 


The analytical theory of the impact presented is based on the prin- 
ciple of D’ Alembert-Lagrange. It stems from the fact that the applied 
one-sided constraint generates auxiliary limitations on “admissible dis- 
placements" of a system, and is built on the assumption that the basic 
mechanics equation remains valid and that the applied constraint is per- 


manently attached to the system during impact. 


1. A material system of n points with masses m, and coordinates xs, 
;» 2, Telative to some stationary Cartesian system of coordinates is 
given. The points are constrained by smooth holonomic time-independent 


constraints, the equations of which are 
TFa\Ziy Yrs 215 +++» Dny Ynys Zn) U (1.1) 


"Admissible displacements" for the system are determined by the re- 


lationships 


¢€ 


if Oo}. 9 
— yi + a— 5%) = 0 (1.2) 
a 


OY; 


A smooth time-independent one-sided constraint 


@ (21, Yr» 21, +++» 2ny Yn» Zn); 


1S imposed upon the system at some instant during motion. 


Then an impact occurs in the system along with certain narrowing in 


1183 
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the diversity of the "admissible displacements" by virtue of the auxil- 
iary limitation generated by the constraint (1.3): 
OF 


Ss (=? dz; + — dy, 


\ 
aw OL Cl 
i Ji 


4)>0 (1.4) 


‘i j 


Let us assume that for the duration of the impact the constraint (1.3) 
remains permanently attached to the system. This means that during the 
impact condition (1.4) must be satisfied. Also assume that the basic 
mechanics equation is fully valid throughout the impact. 


We will consider the idealized scheme of the impact. In order to do 
this we will integrate the basic mechanics equation within the region of 
impact duration and let the duration tend to zero. During the impact 
there are considerable changes in system velocities for comparatively 
insignificant changes in position and, therefore, in its "admissible dis- 


placements". Taking this into account we obtain in the limit 


S'm; (Az;'da; + Ay;’dy, + Az,’ dz;) > 0 (1.5) 


Note. Here and elsewhere primes denote differentiation with respect 
to time and A denotes differences in value for the corresponding quanti- 
ties after and immediately before the impact. It is worth noting also 
that the constants and functions remaining unchanged during the impact 
are freely moved inside and outside A. This property of A is widely used 
below. 


It can easily be seen that the conditions (1.4) and (1.5), together 
with the equations for system constraints, are insufficient for finding 
the state of the system after an impact with its state prior to impact 
known. One condition is missing for a single-valued solution of the pro- 
posed problem. The equation for a one-sided constraint (1.3) is not use- 
ful for this purpose precisely in view of its one-sidedness. The missing 
condition must therefore be taken "from outside". 


Let us take as such a condition the conservation of kinetic energy in 
the system 


AT = 0 (1.6) 


Conditions (1.4) and (1.5), together with (1.6), constitute a closed 
system of conditions for a purely elastic impact. 


2. Whatever the impact (elastic, inelastic, with friction or without) 
the state of the system must be kinematically admissible after impact. 
For this reason no system of impact conditions may be considered accept- 
able if the final state of the system defined by these conditions only 
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is incompatible with the constraints (including, of course, one-sided 
constraints). Let us verify this important condition in our case. How- 
ever, only the inequality (1.4) is to be investigated. 


Note. For convenience of presentation the continuous numbering of 
variables will be used in this section (x), Bor X3, ®) B= m, are co- 
ordinates and the mass of the first point in system; Eqs Ben Be, My 


Re a, are coordinates and the mass of the second point, etc.). 


Let us start with the derivation of explicit expressions for the 
values of velocity variations in system points. To this end we take the 
equality sign in (1.4). Then it is easy to see that in (1.5) we should 
also take the equality sign (it will be shown below that if (1.4) 1s con- 
sidered an inequality then (1.5) becomes valid automatically). We obtain 


’ , sot ‘ - 
S| mAx;'ba; = 0, S F bx , ~ Ox; (2.1) 
— — 7 iP . 

Multiplying the second and the consecutive equalities by the indeter- 
mined multipliers yw and A, , adding the first equality and using classical 


reasoning, we obtain 


mAx;’ 


Using Equations (1.1) for bilateral constraints of the system, 
press the multipliers A, in terms of pw. From (1.1) we find 


jm OD 


Substituting for Ax their expressions from (2.2) and applying the 


notation 


we obtain 


Here A,, denotes the algebraic supplement to the element a,, in the 
determinant |a,,| = A. We will prove that the determinant is non-zero 
and that consequently the last transformation is permissible. 


Indeed, let 
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where not all c, are zero. Then 


Hence 


where not all c, are zero. But this is impossible by virtue of the system 
constraint equations (1.1) which have been assumed independent. This is 
as was requl red. 


The multipliers A, can now be excluded from the equalities (2.2). 


< 


Substituting the expressions from (2.3) for A, into (2.2) we obtain 


i Ola f é 
Ar; = phi, R, Y=" Aap a -=) 2.4) 


} — 
m, Oz; A Ox 


The equalities (2.4) provide the explicit expressions for x;° in terms 
of the indetermined multiplier pn. In order to find p we will use condi- 
tion (1.6) for the conservation of kinetic energy during impact. If we 
denote by x;,° and x;°, respectively, the ith component of system velo- 
city immediately before and after impact then condition (1.6) can be 
written as 


S' m, (x + rip) Ax; = 0 


Eliminating from this the quantities Ax / with the use of equalities 
(2.4) and noting that during impact p # 0 we obtain 


S' mj; (xz;' + Zig) Ri = 0 (2.5) 
The last equality may in turn be written as 


S' m; (Az;’ 229) R; Q 


Substituting here the expressions for Ax,” from (2.4) we obtain 
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m dy mkt? }+- 2 > MRixio U 


S| mR 
Consequently . 

7 9 ‘ } 2 ‘ oF ; ? 

nS m R? =25' ad Lio, - ; S| mR? 


— Oz; 


Now it is easy to establish that the state of the system after impact 
is kinematically admissible. 


Indeed, if in the equality (2.5) the expression for 2; is expanded 
and, using equalities (2.6) as well as the analogous equalities for the 
system velocities after impact, we obtain 

» Oo P »¥ OF 
N oF r Xs q 


— OL; _— Ut, 


Hence if it is taken into account that prior to impact 


0 ’ 
JS Pr <0 
Mn OX; 0 


(it is because of this circumstance that the impact occurs), it follows 
that 
\) OP 2 ; 0 


t 
a OF; 


which is as required. 


In conclusion we will show that if the condition (1.4) is taken as an 
inequality, then condition (1.5) becomes valid automatically. Indeed 


/ Of Al ID 
’ an, ae} y' > a. 7 
DmiAx 6x = a mip bz; B 2, Ox \4 Oz, A ' OS; 


hed OF . 


=—py dyn =—25 22 
: 


4 1 oF . . 
» ae b2:/ Sim? > 0 
— cn ra) 
i 


j 
mt OL 


since the product in the numerator of the fraction is always negative. 
Thus the existence of inequalities in conditions (1.4) and (1.5) is not 
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of essential importance for the theory presented. 


3. Let us consider now certain general properties of the impact occur- 


ring during the application of a single constraint upon a system. 


It is possible that among the "admissible displacements" of the system 
at the moment of impact there is a two-sided translational displacement 
of the system as a rigid body along some direction A. In such a case, 
substituting in condition (1.5) the values 


62; = al, dy; = Bl, 


where a, 8, y are the direction cosines of A relative to a coordinate 
system, and | is an arbitrary positive or negative number, we will ob- 


tain (in view of the arbitrary sign of l) 


y m;(aAz;' 4 Bayi’ 
a 


From this we easily derive 
A (av, + { OP 0 


where v., Vy, V, are the components of the system’s center-of-gravity 


y’ “2 
velocities. 

Thus, if at the moment of impact the system constraints admit a two- 
sided translational motion of the system as a rigid body in any direction, 
then the impact of the system is not reflected on the velocity of its 
center of gravity in this direction. 


Let us assume now that at the instant of impact there is a two-sided 
rotation of the system as a rigid body about some axis among its 
"admissible displacements". 


For this case we can place in the conditions (1.5) 


rm) Sp, Oy = (VE — ahi dp, 524 = (ams — BEi) 5q 
where 5¢ is an elementary positive or negative rotation of the system 
about the axis A; a, 8, y are the angular coefficients of this axis; aT 
nN;, S; are the coordinates of the ith point of system in the system of 
coordinates with the origin at A and the axes parallel to the axes of 


the basic Cartesian system of coordinates. 


The equality derived from (1.5) 
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Sim; | Az; (BE; TN) Ay’ (véi sae at; ) 
can be easily transformed into the form 
A (aK; + BK, + 7K,) =0 (3.1) 


where K,, K_, Ky are the system’s moments of momenta about the axes é, 


nm, &- 


The equality (3.1) means that the moment of momentum for the system 


relative to A is invariant. 


Thus, if at the instant of impact the system constraints permit an 
elementary two-sided rotation of the system as a rigid body about some 
axis, then the impact of the system is not reflected on the magnitude of 
the system’s moment of momentum relative to this axis. 


The above-established theorems are in reference to a complete system. 
However, they remain valid for any part of the system for which the re- 
quirements of these theorems are satisfied with the assumption that the 
components of "admissible displacements" in the remaining parts of the 
system are all set equal to zero. 


For example, let there be given two material points one of which 
strikes a fixed plane. The striking point may be translated along the 
surface for zero "admissible displacement" of the other point. Therefore, 
the particular theorem on the center-of-gravity motion is applicable to 
it, from which it is immediately seen that the tangent comprising the 
velocity of the striking point is not changing during the impact. 


4. We shall write the conditions for purely elastic impact in the 


Lagrangian coordinates. 


Let q,, .--, 9, be Lagrangian coordinates of a system. Then 


aj 399m), WE M(H 


bx; ar Oda» 
— OF, 


With the aid of Expressions (4.2) we eliminate from the left part of 


condition (1.5) the quantities bx,, bY, ot, and rearrange it 
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S'dg.A YS) mj (2 


Thus, in the Lagrangian coordinates condition (1.5 


Condition (1.4) yields evidently 


p (2, (41, 


Condition (1.6) 


remains unchanged. 


The conditions (4.3), (4.4) and (4.5) for the absolutely elastic im- 
pact occurring during the application of a single constraint upon a system 
have been established with the assumption that the considered material 
system consists of a finite number of material points. These conditions, 
however, remain in force (axiomatic assumption) for an arbitrary material 
system with a finite number of degrees of freedom provided its constraints 


are smooth. 


This generalization will be applied below in a case when two solid 
bodies collide and it will be shown that it (the generalization) is in 
full agreement with the classical theory of this problem. 


9. Conditions (4.3), (4.4) and (4.5) possess an interesting geo- 
metrical interpretation. 


As is known [1], the motion of a holonomic system with constraints 
independent of time may be geometrically represented as the motion of a 
point in the m-dimensional Riemann configuration space (m is the number 
of degrees of freedom of the system) the metric of which is determined 
by the condition 


1 


where T is the kinetic energy of the system. Let 
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hh - 
2 aj “a Ja q 


Then the metric for the configuration space must 


If at some point in the configuration space, two contravariant vectors 
l,, a . and l.°, — ay are considered, then their lengths I! and l*, 


as is done in Riemannian geometry, are defined by the equalities 


The vectors are considered orthogonal if cos @ 


>) Gaplals® U 
The velocity of the describing point and the "admissible displace- 


ments" of the system are contravariant vectors. 


From the definitions (5.2) and (5.3) it can be seen then that the con- 
dition (4.5) for the conservation of kinetic energy implies the conserv- 
ation of the describing point velocity, while the condition 


7 


ja 
‘a 


SA 


which can also be expressed in the form 


along with the condition (4.5) implies the equality of angles formed by 
the direction of an arbitrary "admissible displacement" tangent to the 
boundary of the region for possible displacement of the system and the 
velocity of the describing point before impact and immediately after im- 
pact. 


Note. The region D for possible displacements of the system is given 
by the equation for a single constraint 


@ 71 


Consider a unit contravariant vector l,, ithe @ rthogona! 
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"admissible displacements" of the system which are tangent to the bound- 
ary of D at the point where the system is bounded by D. In accordance 
with the definition (5.4) its components must satisfy 


S) aaal Og, = V (5.6) 


for possible 5q,, ..., 5q,, satisfying 
(5.7) 


The condition (5.6) yields l,, but if it is assumed that l is known 
then this condition can fully replace condition (5.7). Taking this into 


account, as well as the fact that the determinant | a,,| is different from 


zero, we find from (5.5) and (5.6) 


\q Jl (5.8) 


where A is an indetermined multiplier. 


Thus, the vector for the increase in the describing-point velocity is 
colinear with the normal to the boundary of the region D at the point of 
impact. This implies, on the one hand, that the reflection of the de- 
scribing point from the boundary occurs in the plane passing through the 


normal and the describing-point velocity before impact. 


On the other hand, substituting Expression (5.8) into condition 


>) ae Jay Ags’ ) 


for the conservation of kinetic energy and reducing the thus-obtained 
equality by a multiplier different from zero, we obtain 


>> 


a I loq . 


implying the equality of angles for incidence and reflection of the de- 
scribing point in its reflection from the boundaries of the region D. 


Thus, if the motion of the material system carries it to the boundary 
of possible displacements then, as the result of the occurring impact, 
the system rebounds from the boundary in accordance with the law that 
"the angle of incidence equals the angle of reflection". 


This is especially descriptive in the case when the expression for 
the kinetic energy of the system is of the form 


1 \) 


qi a 
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since, in this case, the configuration space is Euclidian and the angles 


assume the usual meaning. 
6. Let us apply the theory presented to the solution of some problems. 


a) Two material points on a straight line connected by an inextensible 


string. 


When the points, moving away from each other, are at the distance 
equal to the length of the string, an impact occurs. However, as follows 
from the theorems on the center of gravity and the moment of momentun, 
there occur no changes in the motion of the center of gravity or the 
angular velocity of the string. 


b) Two material points of equal mass are placed on a smooth fixed axis. 


Let us assume that one of these points is at rest, while the other one 
is striking it with a certain velocity. The question is, what will be the 
state of the system immediately after impact if the impact is purely 
elastic? 


The problem permits a purely geometric solution. Indeed, the kinetic 
energy of the system 
1 , 
rm” 
where x) and x, are the coordinates of the points after the introduction 
of Lagrangian coordinates gq, and gq, in accordance with 


71 V mx, q2 V mzy 


assumes the form (5.9). This means that the space for variables q, and q, 
is Euclidian. It is realized if q, and gq, are measured along the axes of 
a Cartesian system of coordinates (say q, is measured along the abscissa). 


As the location of the first point is given, the second point may 
assume any location on one side of the first point. Assume for definite- 
ness that =; S %g- In accordance with this, the boundary of the region 
for possible displacements is the straight line q) q, in the space of 
the variables 9)» %- While the region itself is the half-plane located 
to the left and above this straight line. 


Let us assume that at the instant of impact the second point in the 
system is at rest. Then immediately before the impact the velocity of 
the describing point in the space G+ is directed along the abscissa. 
The rebounding of the describing point from the boundary is governed by 
the law that “the angle of incidence equals the angle of reflection". But 


since the space q,, 92 is Euclidian, the angles take on the usual meaning. 
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Therefore, immediately after impact the describing point will have the 
velocity directed along the ordinate. 


Thus, if the moving point collides with a stationary point of the same 
mass, the latter one obtains the velocity of the first one, while the 
first one stops. This result is well known from the theory of centrally 


impacting spheres. 


c) Consider further the collision of two rigid plane bodies, located 


and moving in the same plane. 


We will assume that the collision of bodies occurs at one point, and 
that in the neighborhood of the point of contact at least one of the 
bodies has a smooth contour. 


We will choose the system of coordinates such that the origin coin- 
cides with the contact point at the moment of impact and that the x-axis 
is directed along the mutual tangent to the contours of the colliding 
bodies if both contours are smooth, or along the tangent to the smooth 
contour if there is one such contour. Denote by =)» ¥,- @, and corre- 
spondingly by Bo» Yor Wo the coordinates of the center of gravity and the 
angular velocities of the bodies. Let ®) and ms be the masses, and Cy» Co 
the moments of inertia of the bodies about their centers of gravity. 


Among the "admissible displacements" of the system there are the ele- 
mentary two-sided translational displacements of each body separately 
along the x-axis and the joint translational displacement of both bodies 
along the axis. The theorems on the motion of the center of gravity (the 
particular one along the x-axis and the general one along the y-axis) 
give 


Ax,’ , Az, R A (myyr’ + mey2’) (6.1) 


On the other hand, among the "admissible displacements" of the system 
in these circumstances are the elementary two-sided rotations of each 
body separately about the points on the y-axis, sufficiently distant from 
the origin of the coordinates. Choose one such point for each body (de- 
noted by 0, and 0,). Then, by virtue of the particular theorem on the 
moment of momentum 


AK, U, AK } (6.2 


where K, and K, are the moment of momentum of the first body relative to 


0, and the moment of momentum of the second body relative to 0,, respect- 
ively. But 


Ky C1), - My [z1y1 - 2" ( . 2 CeWe2 - Me {x 2¥2' — Te’ (yY2 — a2)] 
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where @) and @> are the ordinates of 
(their abscissas are equal to zero). 
the equalities (6.2) and taking into 


(6.1), we obtain 


c,Aq@, 4+ myx,Ay,’ 0, 


Equalities (6.3) along with (6.1) 
complete set of equations describing 
given circumstances. 


The study of these equations is beyond the scope of 


ever, 


theory of rigid body collisions [3 |: 


tive velocity of the points of contact 


we will derive the following proposition, 


systems 


points 0) and 0,, respectively 
Substituting 
account the first 


these expressions into 
two equalities 


CoAWe + (6.3) 


and the condition (4.5) give the 


the collision of rigid bodies in the 


this article. How- 
to 


the normal component for the rela- 


basic the classical 


in impacting rigid bodies changes 


sign while the magnitude remains unaltered. 


We will use the index "zero" 


immediately before impact, retaining 
after impact. 


system may be written as 


CyA@, (@1 + Wy) + ¢ 2AWe (We + 


Utilizing the equalities (6.3), 


mx Ay, (@, - Wig) 7 mAy . 


whence 


myAyy’ [y1’ T Yip x, (@1 + @19)] t 


From this and from the equalities 


Yi + Yio X, (@ + Wy) 


i yi" 


which is as required. 


Then the condition of conservation 


Way) 


we rewrite 


for kinematic characteristics of systems 


the usual designations for them 


of kinetic energy in a 


T myAy 7 


(6.4) 


- mer2Ayo' (@2 


(6.1) it follows 
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ON THE ASYMPTOTIC SOLUTION OF THE EQUATIONS 
OF MOTION OF A GYROSCOPIC COMPASS 
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Certain asymptotic solutions of the equations of motion of a two-rotor 
gyrocompass are discussed in the case where the stiffness of the charac- 
teristic of the restoring moment due to the spring coupling between the 
gyroscopes is large. Use is made of the results obtained in | 1-3 |. 


lL. The differential equations of motion of a two-rotor gyrocompass 


obtained in [3] are of the form 


. y? , 2 
7 — 4 42 tan pd » » f usin pd 
u COS @* v* 


y2 
u COS Ma Y . T §2 
u sin q 


This motion does not possess the properties of a Geckeler-Anschiitz gyro- 
compass. 


The symbols used in Equation (1.1) are defined in | 3], Equation (2.3). 
The only difference is that the required functions are denoted by a, fA, 
y and 5. Equations (1.1) can be written down in the form of the follow- 
ing two equations in a and 3: 


x . 02°) « 222 can pd L. @) tan (pO 


ed + (v? — e QQ?) 6 — 282) cor ~a— eld cot wa 


It was shown in [3] that one can set 


V Pis 
onst 
P 2B sing — 
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We recall that Pl is the pendulum moment of the gyrosphere, s is the 
stiffness of the characteristic of the restoring couple which depends on 
the spring coupling between the gyroscopes, B is the proper angular 
momentum of the rotor and ¢ is the latitude. 


2. Let us assume that the stiffness s is chosen so large that the 


dimensionless parameter « (which is defined by Equation (1.2)) is small 
as compared to unity. The quantities a and 6 can then be written down in 
the form of the series 


(2.1) 


Substituting Equation (2.1) into Equation (1.2) and equating coeffi- 
cients of equal powers of ¢€, one can successively obtain equations from 


and 6 


which the functions a, and 5 can be determined. In particular, a 


0 0 


are given by 


and, in general, in view of Equations (1.2), (1.3) and (2.1) 
). 6 = O(s") 


1 


where the symbol 0(s~!) denotes all the terms of order s~* or higher. 


We shall look upon Equation (2.2) as an asymptotic representation 
(when s + o,¢€ + 0) of the solutions of Equation (1.1). 


We shall be mainly interested in the behavior of the gyrocompass 


during successive circulations of a ship. In such cases, one can set [3] 


uwsinet (u = v/ Rucosg, @ = 2n/T) 


where v is the velocity of the ship in circulation and T is the circula- 


tion period. 


In view of Equation (2.4), the first of Equations (2.2) can be re- 
written in the form 


m cos Z@t) 
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3. The series given by Equation (2.1) were introduced formally with- 
out proving their convergence. It may be assumed that these series wil] 
converge so long as « < A, where A is a positive constant. This condi- 


tion can always be satisfied by choosing s to be sufficiently large. 


In the case of variable or, in particular, periodic coefficients in 
Equation (2.5), this assumption must, of course, be verified. Moreover 
one can give a simple mechanical interpretation to the transition to 
Equation (2.2). 


In fact, by increasing the stiffness of the spring between the gyro- 
scopes (and consequently the curvature s), we will deprive the system of 
one of its degrees of freedom, e.g. in the present case, the motions of 
the gyroscopes with respect to the axes of their housings, which are 
characterized by the coordinate 5. It follows that in the limiting case 
one should have 5 = 5 = 0, and this leads to Equation (2.5). 


We present now another method for obtaining Equations (2.2) and (2.3) 
which does not depend on the series given by Equation (2.1). Bearing in 
mind Equation (2.4), the second equation in (1.2) can be rewritten in 


the form 


. u*w* cos 216d + Lo” cot @ COS wia -L@ cot > SID @tla 


In this equation 


sia .  « o 
A* } > oo 


Assuming that p* - 1/2 pro” Equation (3.1) leads to the integro- 


differential equation 


where C, and Ww are constants and, moreover, 


, ia aa 
K, (t,t ~> p*w* sind (t 


pw cot @ sin A (¢ 


2u@ cot @sin,(t E) sin wé 


Consider a certain interval (0, t*) of the values of t (for example, 
the interval 0, w/w, which corresponds to the semicirculation of the 


ship). 
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Suppose that Mi. . and Mm, are the 
la*(t)|, 


upper limits of |8(t)], 
respectively, in the 


la(t)|, 
interval (0, t*). 


Equations (3.3) and (3.4) 
give 


M u*o? + Mzu@* ctg p + 2Mguo ct r@) 


It follows from the condition 


given by Equation (3.5) 
in the 


that for any t 
interval (0, t*) can always find sufficiently large A 


sufficiently 


one 
view of 


(or, in 
Equation (3.2), 


the function O(t) to be 
function C, cos(At 


, + w) will, 
the asymptotic representation of O for large values of the 
parameter s. 


as close 


large s) for 
as desired to C, cos(At+ Ww). The 
in fact, be 


Substituting this value into the first of the 


obtain an whose 


equations in (1.2) 


we 
homogeneous part 


equation for a(t) is 


which is identical with Equation (2.2). 
If one is concerned with specific 


6(0) 0, 5° (0) h, 
mate for the 


initial conditions for 6, 


then one could similarly obtain the following esti- 
interval (0, t*) 


e.&. 


5 (h ; — Mio + M.uw’* ctg p + 2Mgyno ctgg ) (3.7 


4. Let us now return to Equations (2.2) and (2.5) 


If Q = const, 
it follows from Equation (2.2) that when 


then 


(4.1 
Equation (2.2) has unstable solutions. 


In the more interesting case, corresponding to the circulation of a 
ship, we must start with Equations (2.5) and (2.6). 


From Equation (2.6) we have k(t) > 0 when m< 1/2, which together 
with Equation (2.4) leads to the inequality 


T " SR 
a Ru cos q = 2x V . ~ 84.4 min 


Assuming that the condition m< 1/2 is satisfied, let us apply the 


Liapunov stability criterion to Equation (2.5). According to this 
criterion 


m cos 2wt) dt 
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We thus have the condition 


in which the inequality sign applies for all the practically possible 


relations between 7 and T,- 


Equation (4.2) can thus be looked upon as a sufficient condition for 


the non-asymptotic stability of the system. 


2 Let us now consider the conditions for instability. Substituting 
@t = 7, Equation (2.5) can be rewritten in the form 


x ‘ ; v? Vv : 
L (q 2q cos 2t) a, = 0 (1 m), 7 ; (5.1) 
at° . o” 


. 9 - 
Substituting a, = . ocop we have 


whose solutions are unstable for a - . i.e. using Equations (2.4), 


and (5.1) 


7} 2 Rucosq 


However, the instability of solutions of Equation (5.2) does not, 
strictly speaking, lead to instability for Equation (5.1). In this con- 
nection let us consider the transcendental equation for the character- 


istic index x of Equation (5.1), which is of the form | 4 | 


imx ’ 
. 4 (0) sin? * x. 


In this equation A(0) is the Hill determinant, which we shall cal- 
culate with the aid of the asymptotic formula of Tisserand [| 4 }: 
q* cot (‘/on V a) 
Y a(t a) 


Since, in practice, T < ue we find that, using Equations (2.6), 


UV (q* 


(5.1) and the expansion 


Equation (5.5) can be rewritten in the form 


In this equation we must assume a # f, since in the opposite case it 
turns out that a 0 and Equation (5.5) does not apply. When a# 1, the 
second term in Equation (5.7) is very small as compared with unity for 
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all cases which are of interest in practice. 


For example, when @= 70°, vw = 24 knots and T= 4 min, we find that 
A(0) = 1 — 253 =x 10°: when d= 80°, v = 24 knots, T= 4 min, we have 
A(0) = 1 — 654 x 107°, 


In this case, we may assume that A(0) = 1, and hence Equation (5.4) 


gives 


It follows that when a> 1, i.e. when the condition given by Equation 
(5.3) is satisfied, we are led to instability, since one of the values of 


K is then positive. 


Equations (4.2) and (5.3) impose rigid conditions on the circulation 
parameters. Thus, for example, when the circulation period T is equal to 
4 min, instability occurs when ¢= 70°, v> 20.6 knots and when d= 80°, 


v > 10.5 knots. 


6. The above theory can be used to study the behavior of a simple pen- 
dular single-rotor gyrocompass during the motion of the ship [1]. The 
equations for this compass can be obtained from the equations given in 
[2]. We thus have (see also [3 ] ) 

—V —H)Q 
He 
(6.41) 
H*) 8 V Qy 

In this equation, H is the proper angular momentum of the gyroscope 
rotor and C is the moment of inertia of the sensitive element relative 
to the North-South line. 


We note that the last equation in (6.1) was constructed relative to 
the z° axis of the Darboux trihedron oriented as in [2]. 


In single-rotor gyrocompasses H is usually constant. Let us assume in 
addition that V= Ru cos ¢+ vz, so that Equation (6.1) leads to 


Pig =|" (Ru cos @ + ve) — H|2 


Ve \ ) , 
“ E P ye oes i } a +. ve B— = (Ru cos @ + vg) Qy = 0 


g 
5 


(6.2) 


2 Pl / 
Cy + Ply ——(Rucos@ + ve) Qa 
g 


i 
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If, in Equation (6.2), we neglect the East component of the ship’s 
velocity vp in comparison with Ru cés ¢, together with the terms contain- 
ing Up, Up and {) on the left-hand sides, and substitute 0 = vy Ru cos & 
into the right-hand side of the first of the above equations, we obtain 
the well-known Geckeler-Bulgakov equations for a single-rotor compass 


[1]: 
3 + ucosqa = 0, 


ke ; fj.2 1) ; Plu COS | 
u cos ¢ ’ \v? / Ru cos @ sai 


Consider now the equations given by (6.2), and assume that the ship 
is moving uniformly along a meridian. 


Substituting 2 = const, Up = Ug’ = 0 into Equation (6.2), and bearing 
in mind Equation (6.3), we obtain the following characteristic equation 
for this system: 


M+ a (C + a)a + a(—) (GF —O (6.4) 


If condition k = v is satisfied at a given latitude, then Equation 
(6.4) will assume the form 


(DO. 


It follows that when 0 > v, the solutions of the system given by Equa- 
tion (6.2) will be unstable. The inequality 2> v is clearly identical 
with the inequality (4.1) obtained earlier under similar conditions. 


In studying the behavior of a single-rotor compass during circula- 
tions of the ship, one could use the method described in [3]. 


Assume that H= (Pl/g)V. Using this equality and setting a (a, Ru/V) 

cos @, we can rewrite Equation (6.1) in the form 
a," ; v* f ’ "y** | Ply 7 Pl u — q Qa, 
u COS @ vw" 

In the case of circulation of the ship, 1) is determined by Equation 
(2.4). In order to obtain the characteristic equation we must have the 
fundamental matrix of solutions of Equation (6.6) at ¢ T. Let us sub- 
stitute 


sin wt 


into Equation (2.4). 
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The system given by Equation (6.6) can then be rewritten in the form 
(0 « t < 7/q@) 


v? 


ucOs @- 


3 = U, 3 + ucos pa; + Qoy =f (t)7 


Cy + Ply + ae ?Q,a = ae f(t)a (6.8) 


2 ‘ cos 2wt s 4wt 
Qo = uo, J(oj= : La ( ohn = — Tet (6.9) 
t pf 


o ; 15 


If we look upon the right-hand sides of the equations in (6.8) as 
known functions and apply the method of variation of arbitrary constants, 
we are led to a system of integral equations of the Volterra type, whose 
solutions can be obtained by the method of successive approximations. 


The characteristic equation in first approximation will be 


P0\s0 


(6.10) 
ya | 


and hence it follows that when Q 4 v, i.e. when 


it Ru cos P 
T's 


Equation (6.10) will have a positive root. 


The condition given by Equation (6.11) has a similar structure to the 
inequality given by Equation (5.3) and is identical to Equation (4.12) of 
[3 ® which was obtained for a two-rotor gyrocompass. Further calcula- 
tions, designed to obtain an analytical extension of the solutions to 
the interval (7/w, T) and the setting-up of the characteristic equation, 
can be carried out as described in[3 ]. 


As in the case of the two-rotor compass, the characteristic equation 


of the system given by Equation (6.6) will be recurrent, i.e. of the 
form 


T A;p° a Azp* aa Ap -}- 1 } (6.12) 


and the stability regions are hence determined by the Liapunov inequal- 
ities 


(6.13) 


7. In conclusion, we note that, as was shown in [3], the fulfilment 
of the condition (6.11) in the case of the two-rotor compass does not 
always lead to the instability of the system. This result is basically 
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related to the presence in the two-rotor gyrocompass of the gyroscopic 
moment 


2Bsine,d 


which stabilizes the gyrosphere with respect to the generalized coordi- 


nate y. In the case of a single-rotor compass, the moment given by Equa- 


tion (7.1) is absent and the coordinate y turns out to be unstabilized. 


It follows that in the case of a single-rotor compass the fulfilment 
of condition (6.11) apparently leads to a general instability of the 
system. This is confirmed by numerical solutions of Equation (6.6) ob- 
tained with the aid of an electronic analog computer 
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Foucault was the first to establish the properties of a gyroscope located 
on the surface of the Earth and constrained to move in such a way that 
the axis of natural rotation is always vertical or horizontal (see, for 


example, [1 ]). 


The equations of motion and the stability of steady-state solutions 
given by Foucault are considered below, under similar assumptions and 
taking into account the mass of the suspension rings. The Chetaev method 
is used to construct the Liapunov functions which represent the solution 
of the problem. The effect of dissipative forces with complete dissipa- 
tion on the stability of motion is also discussed. 


l. Consider a gyroscope in a Cardan suspension. Let us assume that the 
axis of the outer Cardan ring is vertical and that the axis of the inner 
ring is horizontal. We shall assume that the outer ring is fixed and can- 
not rotate with respect to the surface of the Earth. 


Let us introduce a set of coordinates Ox,y,z, which is rigidly attach- 
ed to the Earth and whose origin is at the point of intersection of the 
axes of the Cardan suspension. The z,-axis is along the vertical, is 
positive in the upward direction and coincides with the axis of the outer 


(fixed) ring, while the x,- and y,-axes lie in the horizontal plane in 


the east and north directions, respectively. 


Let us also consider a set of coordinates Oxyz whose axes are attached 
to the housing. The x-axis is in the direction of the axis of rotation 
of the housing. Since the outer ring is assumed to be fixed, it follows 
that this axis takes up a fixed direction in the horizontal plane which 
can be defined by an angle a. This angle is measured from the x)-axis in 
the anticlockwise direction if one looks from the positive end of the 


1206 





Stability of motion of Foucault gyroscopes 


z,-axis. The z-axis is directed along the axis of symmetry of the gyro- 
scope and the y-axis completes a right-handed triad. The natural rota- 
tion axis is thus constrained to remain in the vertical plane and forms 


an angle a with the meridional plane. 


The position of the gyroscopé relative to the Earth is defined by two 
angles, namely, @ the angle between the axis of natural rotation with 
the vertical and @ the angle through which the gyroscope rotates in the 


Uxyz system. 


. 


The projections of the instantaneous angular velocities ° and w of 
the housing and the gyroscope in the Ox ,y,2, systen along the coordinate 


axes of the Oxyz system are given by 


In order to take into account the effect of the rotation of the Earth 
on the motion of a gyroscope, let us choose as the principal (inertial) 
system of coordinates a system which has its origin at the center of the 
Earth and whose axes execute translational motion with respect to the 
directions passing through the center of mass of the solar system towards 


the fixed stars. 


Finally, let us consider an auxiliary system of coordinates O&n¢ 


which is in translational motion relative to the ¢. Na” and ¢,7axes of 


the principal system. Below, we regard this system as fixed if the 
inertial forces due to the translational motion are added to the forces 
acting on the mechanical system. These inertial forces may be combined 
with the force due to the Earth’s gravitation. The resultant of the 
gravitational and the centrifugal forces due to the translational motion 
is, in fact, the weight. Thus, if the O&m¢ system is looked upon as 
fixed, the acting force is not the force of attraction but the weight. 


let us denote the instantaneous angular velocity of the Ox, y,2, system 
relative to the O&m¢ system by u. Clearly,u represents the angular 


s 


velocity of the Earth relative to the oa Ng Sq System. Its projections 


a 
onto the x-, y- and z-axes are given, respectively, 


uy, = ucosAsina, u (cos A cos acos 4 + sin A sin 9) 


u(—cosAcosasin 9+ sinAcos 9 (u 0.000073 sec™! 


where u is the modulus of u andA is the latitude. 


The velocity of any point in the housing and the gyroscope relative 
to the O&m¢ system is then given, respectively, by 





A.M. Tabarovskii 


where Ff is the radius-vector of the point under consideration. 


Let us assume that the x-, y- and z-axes are the principal axes of 


the ellipsoids of inertia for the housing and the gyroscope, and let us 


denote the moments of inertia of the housing by A°, B°, C° and the 


moments of inertia of the gyroscope relative to these axes by A, B=A, C. 


The kinetic energies T° and T of the housing and the gyroscope are 


given, respectively, by 


u cos Asin a)? + B° u*® (cos A cosa cos 4 + sin A sin 8)? 4 
9 


+. C°u*(— cos A cosasin 9+ sin A cos 6)? 


27 A(g +ucosAsina)* + Au? (cos A cos a cos @ +- sin A sin 6) 
, 4 


C [u(— cos A cos asin § + sin A cos 9) + o}* 


If it is assumed that the bearings are frictionless and that the only 
forces active are the gravitational forces, then the force function will 
be of the form | — mgl cos 0, where m is the mass of the gyroscope - 
housing system and l is the z-coordinate of the center of gravity of 


this system. 


Since the coordinates @ and ¢ specify the configuration and are holo- 
nomic, it follows that the equations of motion can be written in the form 
of the Lagrange equations of the second kind and that the function L is 
of the form 


2L = (A+ A®*) §2?+ Ce? + 2(A+ A®*) u § cosdA sina 


+-2Cu @(— cos A cosa sin 9 + sin A cos 9) 


B°) u® (cos A. cos a cos 9 +- sin Asin 8)? +- (C + C°) u?* 


(— cos A cos asin 8 +sin A cos 8)? —2 mg 1 cos 8 


We note that the kinetic energy of the outer ring of the Cardan sus- 


pension is constant and is therefore not included in the function L. 


The equations of motion have the following integrals: 


A°) #4. Cg? — (A + B°)u* (cos A cos a cos § + sin Asin 9)? — 


C°) u* (— cos A cos asin 9 + sin A cos 9)* 2mglcos9 = 2h 


u(—cos A cos da sin 8 + sin A cos 9) , const 
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The first of these is the generalized kinetic-energy integral, and the 


second corresponds to the cyclic coordinate ¢. 


Eliminating @ with the aid of the second integral we obtain a first- 
order differential equation with separable variables for @. It can be 
integrated by changing the variable, and the final result reduces to an 
elliptical quadrature. 

2. Let us now assume that the point O lies in the Northern Hemisphere 
but not at the Pole or the Equator, i.e. we shall assume that 0 <A < 7/2. 
When | = 0, the equations of motion have the following special solution: 


—] cosa 


-tan 0, r (2.1) 


tzAa 
In this case the spin-axis forms a constant angle with the vertical, 


and the gyroscope rotates about this axis with a constant angular velo- 
city. Let us set 


—j}] cosa 
— tan —_— 
tana 


for the unperturbed motion. 
The equations of perturbed motion admit of the following solutions 


Vi =(A+ 4) 0 Cnz + 2C (7> — UY) Ne 
uy (Cr, ‘ u(C' — A on B®) x] E 


, fi oA > 
V. = Ne = const (y = V sin*A + cos*? 


The first of these includes terms up to second order of small quantities. 
Consider the integral 
V =V,—2C (rg g ==(/ ; uy (Cr, 
- u(C°—. ; + oe onst. 


The function V(¢,, 7,, 72) is a positive-definite function when 


Cro + u(C° — A— B*) Y sin* A +- cos* A cos’ 2 >0 (2.2) 


According to the Liapunov theorem this is a sufficient condition for the 
stability of motion described by Equation (2.1) with respect to @, 6, r 


and consequently also with respect to 0, @ and @ 
Let us consider the following special cases. 


l. a = 0. Here the axis of the gyroscope is constrained to lie in the 
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plane of the meridian and 0 = 7/2 +A, i.e. the spin-axis is parallel to 
the world axis. The stability condition given by Equation (2.2) is then 


A-— B°) > 0. 


of the form Cr 9 


) 


2. a = 7/2. Here the middle plane of the outer ring coincides with the 
plane of the meridian and @ = 0, i.e. the axis of the gyroscope is 
vertical and the stability condition is Cr, + u(C°- A- B°)sinA > 0. 


9 9) 


Let us now show that the condition given by Equation (2.2) is also 


necessary. Consider the function 
) (A , A )S1 Sl 


Its time derivative is of the form 


and when the condition 


Cr, + u (¢ B°\y << 0 


is satisfied, it is a positive-definite function of the coordinates ¢,, 
€,. The function V can then assume positive values. According to the 
Chetaev theorem, the motion described by Equation (2.1) is then unstable. 
It follows that (2.2) is the necessary and sufficient condition for the 
stability of motion described by Equation (2.1) if the boundary is ex- 
cluded. 


3. Let us assume that in addition to the gravitational forces the 
mechanical system under consideration is also subject to dissipative 
forces with complete dissipative forces with complete dissipation. The 
equations of motion in this case will include moments of frictional 
forces on their right-hand sides. The latter are partial derivatives of 
the Rayleigh function F(0, ¢) : 


2F = a® +- 2b0¢q cq" 


This function is a negative-definite quadratic function of the general- 
ized velocities with constant coefficients. 


The equations of motion will admit of the special solution (2.1) only 
when additional forces are applied to the system and are such that their 
constant moments balance the moments of the frictional forces. 


Let us investigate the stability of motion described by Equation (2.1) 
under these assumptions. In order to achieve this, let us consider the 
quadratic form W given by 
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VW (A A®) y,* + Che? + uy (Cro + u(C B°) x} E,° 


It represents all second-order terms in the expansion of the integral 
V, considered above. It was shown in [2] that if the function W is of 
definite sign, then the motion described by Equation (2.1) is stable in 
the presence of conservative forces only, and becomes asymptotically 
stable on addition of forces with total dissipation and forces which 
balance the dissipative forces. The corresponding condition which has to 
be satisfied by Wis then identical with that given by Equation (2.2). 
It follows that the motion given by Equation (2.1) is asymptotically 
stable when condition (2.2) is satisfied, and dissipative forces with 
total dissipation, and also forces which balance them, are present. 


4. Let us now assume that the outer ring of the Cardan suspension can 
rotate about its vertical axis, and the inner ring is attached to it so 
that its median plane is horizontal. This is equivalent to the assump- 
tion that the angle @ is always equal to 7/2. In this case the spin-axis 
is constrained to lie in the horizontal plane. The axes of rotation of 
the housing (x) and of spin (z) are then in the horizontal plane, and 


the y-axis coincides with the vertical z,-axis. 


The position of the gyroscope relative to the Earth is defined by two 
angles, namely, W (the angle of rotation of the outer ring measured from 
the x,-axis in the horizontal plane) and the spin-angle ¢. 


D 


The projections of the instantaneous angular velocities w° and w of 


the outer ring-housing system and the gyroscope in the Ox,y system 


onto the x-, y- and z-axes are 


171 


p 0, q p, U; p 


while the projections of u on these axes are 


u, = ucosdAsiny, u, usind, ' os A cos ¥ 


Let us now denote the principal moments of inertia of the outer ring- 
housing system relative to the x-, y- and z-axes of I, I, and I, and 
the moments of inertia of the gyroscope relative to these axes by A,B = 
A,C. The kinetic energy T° of the outer ring-housing system and the 
kinetic energy T of the gyroscope are then given by 


2T* J, u* cos* Asin? p + /,( + usindA)*® + /,u* cos* A cos* p 


27 Au* cos* Asin? i(p + usinda)’?+C(q u cosh. cos 1p)? 


If the forces acting are only the gravitational forces then U = 0 
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(the height of the center of gravity is constant) and the Lagrange func- 
tion is of the form 


2L A + /,)? + Co? + 2(A+ /,) upsinA —2Cu@ceos A cos 


{ ; ( [,)u*cos* Asin? ¥ 


The equations of motion admit of the following generalized energy 
integral and an integral corresponding to the cyclic coordinate ¢: 


(A I.) p? + Cq@ (A + 1, —C —T1,)u* cos* A sin® p = 2h 


i 


@ —ucos A cos r = const 
9. Let us investigate the stability of the particular solution 
yp =X, yp = 0, "= Po (5.4 


of the equation of motion. The spin-axis assumes the north-south position 
in the horizontal plane. 


Let us substitute 


To + "Ne 


for the perturbed motion. The following integrals of the equations of 
perturbed motion will then correspond to those given by Equation (4.1): 


V, = (A+ /,) Hy? + Cyg? + 2C (79 — ucos A) He 4 


ucosA[Cry + u(l,— A—T,) cos A] &,? + ... = const 


V.= No = const 


The first of these includes terms up to the second order inclusively. 
The integral 


V,— 2C (rp —ucosa)V, =(A+ J.) 4,2 + Cy? + ucosa[Cry 


u([,— A—J,)cosaA]E,? +... const 


will be sign-definite if the condition 


is satisfied. 


In accordance with the Liapunov stability theorem, the latter inequal- 
ity is a sufficient condition for the stability of motion described by 
Equation (5.1) with respect to the variables w, Ww, r and, consequent ly 
also with respect to the variables b, wv, o. 
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A consideration of the function V = (A + I,) €1¢) and its time- 
derivative, in conjunction with the equations of perturbed motion and 
the Chetaev instability theorem, leads to the conclusion that the condi- 
tion given by Equation (5.2) is, in fact, the necessary and sufficient 
condition for the stability of the motion described by Equation (5.1), 
if the boundary is excluded. 


Finally, let us assume that the system is subject to dissipative 
forces with total dissipation and additional forces whose constant 
moments balance the moments of dissipative moments in the case of Equa- 
tion (5.1). A consideration of the function 


M A + 1,)y,? + Cn? + ucosa[Cr,+u (J,- 


i— /,)cosAa]é,? 


shows that, as before, the motion (5.1) is asymptotically stable if the 


condition (5.2) is satisfied also in the presence of the indicated addi- 
tional forces. 
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Power-assisted gyroscopic stabilizers [1-3 ] and platforms stabilized by 
means of floating (integrating) gyroscopes and servomotors [4,5 ] are 
sometimes used for the geometric stabilization of the orientation of one 
or several axes relative to inertial space [6,7 ]. Im an investigation 
of the motion of such a system all its elements are normally assumed to 
be ideally balanced; dry friction is absent. The angles of rotation of 
the bodies of the system are employed as the determining coordinates. 
The generalized forces are the moments of the forces of viscous resist- 
ance and the moments of the servomotor about the axes of stabilization 
(axes of measurement). The latter are assumed functions of the angles of 
rotation of the gyroscope housings and sometimes also of their rates of 
change. 


In the present paper the equations of motion of the gyroscopic- 
stabilization system as described are investigated — within the framework 
of the above generally-accepted conception of a mechanical model — for a 
case when the base of the stabilizer is fixed or has a translational 
motion relative to the inertial space. A criterion of the stability of 
the stabilizers of the above type in the Liapunov interpretation and in 
the presence of parametric disturbances is obtained. The effect of several 
categories of forces on the stability of a platform stabilized in space 
by means of two gyroscopes is examined. Sufficient conditions for the 
stability of a two-axes stabilizer are indicated. 


lL. Let 9,» +++» Q, be the generalized coordinates of the system. Among 


them q,. 1, +» 9, are the angles of rotation of the corresponding 
bodies (of the platform, of the suspension frames) about the axes of 
stabilization; a (1/2 n< m< _n) include the angles of rotation 


of the gyroscope housings Qj» +++) Q (from which the readings are taken): 
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the number of the latter is equal to the number of axes of stabilization 
leaen-—am, 


On the assumption that detachable devices of the potentiometer type 


are employed, we take the moments of the servomotor about the axes of 


stabilization to be holomorphic*® 


functions of 9) Ty» Vr veer UW 
s | 


ball Gy + Mi’ (Gus =< Qs Gav de) 


n) 


where Chey ba are constants, M,° are non-linearities. 


J 


The system is also subjected to dissipative forces with the dissipa- 


tion function A; here Rf is a holomorphic function of Ij» +**s Uno Wy 
q,, the expansions of which begin with the constant-positive quad- 


ratic form 


Re 


The equations of motion of the gyroscopic stabilizer can be written 
in the form 
aiar T 
| 0”q q 
A 


079; 


O(R R®) 
oF, 


ax; Gk q 


Here T is the quadratic form of the velocity which is constant- 
positive when q, = 0, ..., q, = 0; the quantities ay; pj Cp; 
are holomorphic functions of q,, ..., q,, where 





Here, and subsequently, holomorphism and other properties of the 
functions are assumed within a certain small neighborhood of non- 
disturbed motion. 
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The problem on the stability of non-disturbed motion 


0. j U,..+59n @OU 


is posed. 


The equations of the first approximation for the system (1.1) 


d fo , dq 


(1.3) 


have a characteristic equation with an m-fold zero root. If among the 
remaining n+ l roots there is at least a single root with a positive 
real part, then the non-disturbed motion (1.2) is unstable. Otherwise, 
we are confronted by a special (according to Liapunov) case”*. 


Theorem 1. If the roots of the equation 


l) (1.5) 


then the non-disturbed motion (1.2) of the system (1.1) is stable (rela- 
tive to 4), «++» Wp» Gy» +++» 9,)- Any disturbed motion approximates 


Therefore [8], the investigation of the stability of motion (1.2) 
must not be restricted to the study of this problem for linear equa- 
tions (1.3) (as in[7]) nor the direct force effect of the floating 
gyroscopes on the platform be neglected (as in [6,5 ]). It is well 
known [3 ] that the equations of the theory of precession are also 
unsuitable for this purpose. 
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asymptotically to one of the motions 
q1 very Qn® =O, 44 Clity++++Qn=Cn (1.6) 


The system (1.1) assumes = holomorphic Liapunov integrals not depend- 
ent on ¢t: 
> [(8ni° + Oxi) 


I=1 


where f, contain no terms smaller than the second order and vanish if 
conditions (1.6) are fulfilled; c),,, ..., ¢,, Ay, ---, A, are arbitrary 
constants, as small as desired if the initial disturbances are small. 


In actual conditions, in addition to the forces taken into account in 
Equations (1.1), certain disturbing forces will act. The largest disturb- 
ing forces are those which give rise to moments about the axes of stabil- 
ization. The latter include, for instance, the moments of the force of 
gravity caused by inaccuracies in the balancing of the platform and the 
suspension gimbal rings. They are functions of the coordinates and para- 
meters of the system (caused by the disturbances of the parameters [9] ). 


Let the coefficients in the expansions of the quantities which enter 
(1.1) and satisfy the requirements indicated earlier be holomorphic func- 
tions of the constant parameters a,, ..., @; which describe the masses, 
moments of inertia, dissipation, etc. 


Next, in accordance with the assumption, the disturbing forces 


a ®, (k OS Be. cece where ®, are the holomorphic functions 


i+k—e 
of a,, ..., @., Qj» «++» Tq» are added to the right-hand side of the last 
group of equations in (1.1). They are brought about by the disturbances 


of the parameters a a which may, for instance, denote a 


So ae °cre “és GF 
displacement of the centers of gravity of the platform and suspension 


rings from their axes of rotation. 


Thus, a certain new model of the gyroscopic stabilizer has been con- 
ceived in the disturbed motion, which reflects more completely the pro- 
perties of the physical choice under examination. 


If |e, ;| : # 0, then the system of equations 


t 
> Cey 93 = My,’ (0), . ~~ Gin Qi > Gt 9, 
j=1 


(k 


determines | implicit functions 
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Ju = Vz (A, 


-. 4 
oo i 


qq er . 9) 
ay Oi,-- , ; i+] 
q,) in the presence of 


is stable (in relation to q), ---, Yq» Vp 
parametric disturbances [9 ]. Any disturbed motion approaches asymptotic- 


ally one of the equations 


q,=0,...,¢n=0, qi+1 Ci4+1,--- 


The system of equations of motion admits m integrals of the type 
(1.7), but now f, in them are holomorphic functions of Gyr seer Ups q)> 

++ Uqr Fy ~ yy veey GE ~ Ayr Aig yy veer Oey | which contain no terms 
smaller than the second order and vanish if condition (1.8) is fulfilled. 


These integrals furnish evaluations for the disturbances lq. l, q |» 


|a, — a,|.If the conditions are satisfied, | c,| and | v,(a,, note a 
)| do not exceed the given positive quantities. 


i+ lL? 


Ci+ eee, Cr 
When 1 = m= 1/2n and a stabilizer is being investigated having 
"gyroscopes with constant angular momenta", then normally 


= r 
x3. = 0, Ay; 0 


Dxj \, (k= ], k 
To meet condition (1.5) it is necessary that 
Bi,mti° + *8in | 


iO, 


7 ’ 
Bimm —— =o bmn 


If the coefficients Ch ij bn” are selected from the conditions 


” 2 . . Ss . j i 2 eres ' 
bx; - ] } K) kj *j | *%j y P ' Ra as ail } (1.10) 


— Ky), while Aas sees A, is determined 


then A, | = . 
from the equation 


= Ras n+1> 
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If by; + o; = 0(j, k= m+1, ..., m), then all of them will be 
purely imaginary [2,10 ]. But if 


b, 


kj 4 by ;” rl (v m 


which is normally the case, then it can be shown that 
Re A, < 0 (k = 4, 


For stabilizers having gyroscopes with variable angular momenta when 
the mechanical properties of the gyromotors, which are rigidly coupled, 
can be formulated as follows: 


M;, = — be Gy + M’, (6, , & i+ 1 »m (1.12) 


where 9), 4) «++» q. is the disturbance of the velocities of rotation of 
the gyroscopes about their own axes and M,° are the non-linearities, the 
problem is solved in a similar manner. In the case of condition (1.10) 
and complete dissipation 


Rea, <0 k =: 1,. 


2. We will investigate the platform[7 ] with two axes, stabilized in 
space by means of two gyro- 
scopes and motors controlling 
them, shown in the figure, 
where Ofn¢ is the inertial 
system of coordinates; Oxyz, 
O,%1¥12,» [%_¥o%q are the co- 
ordinates of the principal 
axes of inertia of the plat- 

7 form 3 (and of the rotor 8 of 
the motor rigidly connected 
with it) and of the housings 
1 and 2 of the gyromotors; in 
the figure, 5 and 6 are poten- 
tiometer-type detachable de- 
vices, 7 and 8 are servomotors. 








Let A, By C., A,, B,, C,, A,, B,, C, be the moments of inertia of 
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the platform and the gyromotors relative to these axes. The axes 0,y, 


and 0,x, of rotation of the gyroscopes about their own axes move in the 
plane of the platform Oxy. We denote the distance OO, by l,. We also 


introduce the following notation: 


B, sin’ o 


A, (G, tT) cos? 
A,sin*o + B, 5-+ A,sin?’ t+ B,cos*t 


B,)sinscoss B,) sin tcost 


where A” is the moment of inertia of the frame 4 (and of the bodies con- 
nected with it) relative to the axis O&; m is the mass of a gyromotor; 
?, p, are the angles of rotation of the gyroscopes about their own axes; 


H, = I,¢,°, H, = 1,¢,° are their non-disturbed angular momenta 


We write down the equations of motion in the Lagrange form 
mass of all the bodies of the system taken into account: 


C,asin8 + (A, — B,) (a* cos? 8 — 8") sinscos6 
— B;)cos 2 ( 16: (8 sins + a cos B cos sc) 


— H,(8sins +- acos8coss) + M,, 


(A, - B.) cos 2t] x3 cos 8 t (A, — B,) x 


—*) sin tcost + I, E,(acos 8sint 4 cos T) 


H, (a cos Bsint 3 cos T) M 0 
#3 Sin 3 Sin 5—as cos 3 cos 6) 
XT COS 3 SIN T) 


Tap (5, t) cos B38 + C, sin Bs + C, sin Br — /,E, cosBsine 
I.E, cos Bcos t + Ax (B, 6, t) a + Jag (6, T) cos BB — Ja, (6, T) sin BB? 
C, cos Bs + C, cos Bt8 — 1,,6 cos Bcos 5 
/,§,8sinBsinse —/,£,8 sin cos t— /,E,t cos Bsint 


H, (6 cos 8 coso — Bsin 8 sinc) + H,(BsinBcost } t cos 8 sin T) LM: 
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B (a, t) 8 |. J4g(6, T) cos Ba + ,€, coso + /,£,sint 
c ; 


poo 
161 (6 + asin8) sine + /,6,(t + asin8) cost = H, 4 sin 3) sins 


5, tT) cos Ba + [A,(o,T ]a* sin B cos 8 — C,as cos 8 — C,atcos 3 


— H,(t+ a sin B8)cost+ M, 


We will investigate the stability of the following positions of equi- 
librium of the platform (of the permanent rotations of the gyroscopes): 


0. r—0. x , > == O, = on 


3 = 0, (| By | « 2.1 


When the moments about the axes of rotation are zero (all bodies of 
the system ideally balanced, the servomotors 7 and 8 disconnected), then, 
in first approximation, the equilibria (2.1) are stable. The frequencies 
of free vibrations are determined by the roots of the characteristic 
equation 


A-(3,, 0, O) ( :) sin® Bo B (0,0 

In practice, induction motors are used as gyromotors, the mechanical 
properties of which are determined by Expressions (1.12); there is then 
complete dissipation under these conditions. In this case, any position 
of equilibrium (2.1) is stable. The free oscillations of the platform 
decay [11 ]. Nevertheless, it can be shown in a similar manner [11 | 
that any position of equilibrium (2.1) is unstable when there are para- 
metric disturbances caused by inaccuracies in the balancing of the plat- 
form and frame. The need arises for the introduction into the system of 
stabilizing motors. 


When the servomotors are switched on, let the moments be expressed as 


bs + M,,’, VM, 
u,', M x +h 5 — ba." +M 


> st< : } } j mo | a 
where the constants ky, k,, a y™ 
are not negative. The mechanical properties of the gyromotors are assumed 


d°, (7 ]). 


b_ are positive and bp, ; be 


such that absolutely rigid coupling exists (¢, = ¢,°, 4, 


If with 8, = 0 (b,,” bag” = 9) the following conditions are met: 
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- } (b.b. 


or, with a certain arbitrary Bo 
Hl . 
2.3) 


then the corresponding equilibrium (2.1) is stable (asymptotically with 
respect too, r, 0, r, a, B). The stability is preserved in the case of 
parametric disturbances of the balancing of the platform and frame. Any 


disturbed motion approaches one of the equilibria 
S= Goo, T = Too, 


a 
equations of the type (1.4) are equal to 


Note. If in conditions (2.3) }b then the roots of the 


+ iH; cos Bo il, o b, 
— = ' ‘ =———, A —> a, 
I, cos* Bo) Cy V B (0, 0) C, . 


We assume the plane of the platform horizontal when a 0, Bp 0, and 


’ 
formulate the force function due to gravity after the disturbance of the 
coordinates of the centers of gravity of the platform and frame as 


follows 
r, sin (a + r,cos a cos (3 +- 6) 
are constants; and then we obtain the estimates 


" 
Too 
ke 
+ | SID do | \ 


k 4 C,(1 + | sin Bo |) T O(n)| 
1. 


Cz (4 + | sin Bo!) + O(n) 


where 7 is the largest modulus of the disturbances 


(in non-dimensional 
form) 


A comparison of these estimates shows that the selection of para- 


meters (2.3) may prove to be close to the optimum. 


A calculation of the variability of the angular momenta of the gyro- 


scopes, caused by the non-absolute rigidity in the mechanical properties 
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of the gyromotors, as in (1.12), shows that in the case of conditions 
(2.2 


) or (2.3) the stability is preserved. 
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Considered are stability problems for systems containing parameters that 
are random functions of time. The statement of the problem generalizes 

a known stability problem of Liapunov [1]. A description is given of the 
development of the method of Liapunov’s functions for the given problem 
along the lines suggested in [2] on the investigation of the problem of 
optimal control in systems with random disturbances.* 


1. Let us consider the system of differential equations of the per- 


turbed motion 


1.1) 


where x is an n-dimensional vector it), xa} of generalized coordi- 


nates; f is a vector-functionif,, ..., AS the functions f; are con- 


tinuous in all their arguments and satisfy the Lipschitz condition 


While this work was in progress it became known through the survey 
article of Kalman and Bertram [3 |] that problems on the stability of 
systems with random parameters were considered in the article of 
Bertram and Sarachik [4 ]. This contains definitions of the concept 
of stability in the mean and theorems which correspond to our results 
given in Section 4. We call attention to the fact that A.A. Andronov, 
L.S. Pontriagin, V.V. Stepanov, I.I. Vorovich and a number of other 


authors have treated stability problems in a manner different from the 
one used here. 
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for the variables xs in the region 
H, (1.3) 


Here, and in the sequel, ||x|| = max (|x,|, ..., |,|). The function 


y(t) describes a random Markov process. 


In this article we shall confine ourselves to the consideration of the 
particular case when y(t) is a homogeneous Markov chain with a finite 
number of states [5, pp. 214-231], i.e. the function f(y) can take on, at 


every given moment, one value y; out of a finite set Vy i, see, y,); 


hereby, the probability P;;' \t) of the change y,; + yj during the time 


\t satisfies the condition 
Af \/) L 7) 1 const) (1.4) 


where the symbol o( At) denotes an infinitesimal of higher order than 

At. Without loss of generality, we shall assume that y ;=1 (i = l, 
r). The arguments which follow will remain valid for random func- 

tions y(t) of a more general nature, but the derivation of effective 


criteria of stability becomes quite cumbersome in the general case. 


Furthermore, we shall assume that the following equations are satis- 


fied: 
(1.5) 


By a solution of the system (1.1) we shall mean an (n + 1)-dimensional 


random vector-function | x(x t t), y(t t)} whose realizations 


0» "or Yor Y\F oq» Yor 


t(x‘P?(x,, t v2 8. y'P? ite, ¥ 


9» Yo; t)} satisfy Equations (1.1). 


0’ 


The definitions which follow generalize known definitions of stability 
and of asymptotic stability in the Liapunov sense [1, pp. 19-20 ]. The 
generalization 1s obtained by means of the natural replacement of the 
usual convergence x + 0, which is the basis of Liapunov’s definition, by 


the convergence in the sense of probability [1, p. 15 e', 


Definition 1.1. The solution x = 0 of the system (1.1) (non-perturbed 
motion) will be said to be stable in the probability sense if for every 
given ¢ > 0 and p > O there exists a 5 > 0 such that for every solution 
of the system (1.1) which at the time t = t, satisfies the inequality 


C (to) < re) (1 t)) 


the condition 
Pr ( (Xo, 
is satisfied for all ¢t ty. 


Here, p,(|| x || €) is the probability that at the time 
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following inequality is valid*: 
Z (Xo, to, Yor 4)|| << & when 


The solution x = 0 of the system (1.1) is said to be stable in the 
probability sense on the time interval 7 for the given estimate A(¢«, p) 
(T is a finite number or T = ~) if the solutions, with the initial con- 
ditions satisfying (1.6) for all t@&[t,t)+ 7] , satisfy the inequality 
(1.7), and if one can show that 5 > A(e, p). 


Definition 1.2. The unperturbed motion x = 0 will be called stable in 
the probability sense if it is stable by definition (1.1) and if, further- 
more, for every given 7 > 0 it is true that 


lim p; (iiz\|}<yn)= 1 


for all solutions with the initial conditions 


To < H, (4 


where Hy is some constant which determines the region of attraction of 


the unperturbed motion. 


The following definition of asymptotic stability may also be of in- 
terest. In it Equations (1.1) need to be defined only in the finite region 


(1.3). 


Suppose it is known that any arbitrary solution x(x), ty, Y9; t) with 
| Hy, yo! vi t, > 0, satisfies the condition 


Yo; II|< H)>1 1.10) 


Then we shall say that the solution x = 0 of the system (1.1) is p(H)- 
asymptotically stable relative to initial disturbances from the region 
(1.9) if, in addition to the conditions of definition (1.1), the follow- 
ing conditions are satisfied: 


lim py ('| 2 || << y)- p (i) 


Since Equations (1.1) are defined only in a region H which, in general, 
does not coincide with the entire space, one may assume that the 

) — 1 _( 
realizations, for which at some time ¢t , the condition ||x‘?’ 


(t,'P?) «€ is satisfied, are considered only on the time interval 
t,< ¢t: o, when || x (t)|| < €. Then, the expression P, (| z||<¢€) can 


be considered as the probability of the existence of the realization 
at the time ¢t. 
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The unperturbed motion x = 0 will be said to be asymptotically stable 
in the probability sense on the time interval 7 for the given estimates 
p(H), H,(H) and r(n, p) if every solution x(x), ty, Yi t) with || x|| < Hy, 
Yo&=Y satisfies the conditions 


H)> 1 p(fl) when t » bot T] 
p when t ¢ [to, T (y, P); le Tr] 


Here it is natural to assume that 


p p(Pf) 0 T) 


From here on, the time instant t) will be fixed, unless otherwise 


specified. 


2. Since our aim is to formulate criteria analogous to the theorems of 
the second method of Liapunov, let us introduce the definitions which for 
the given case will correspond to the concepts occurring in the use of 
that method. We shall consider the scalar functions v(x, t, y) which are 
defined and continuously differentiable in the region (1.3), and which 


vanish when x 0. 


Definition 2.1. The function v(x, t, y) will be said to be positive- 
definite (negative-definite) if v(x, t, y) > w(x), (v(x, t, y) <- w(x)) 


for all y@Y, t >t», where w(x) is a positive-definite function in the 


sense of Liapunov [1, p. 80]. The function v(x, t, y) will be said to 

be of constant sign if it cannot take on a given sign in the region (1.3). 
In particular, a function v(x, t, y) which is positive-definite according 
to Liapunov for any y@Y, where Y is a finite set, will obviously be 
positive-definite in our sense. If one admits an infinite set of values 
for y, then in order to have positive-definiteness according to Defini- 
tion 2.1 it is sufficient to require that the positive-definiteness in 

the Liapunov sense be uniform in y€Y. 


Definition 2.2. The function v(x, t, y) is said to admit an infinite- 
simally small upper limit if there exists a continuous function W(x) 
satisfying the conditions 


W (0) 0 when |!7!!<— H/, tf 


Definition 2.3. The function v(x, t, y) is said to admit an infinitely 
large lower limit (see [8], p. 36) in the region || x|| < H, if the func- 


tion w(x) of Definition (2.1) satisfies the condition 


lim w (z) © when || 2 »H 
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By the symbol Miw(a,, — a,); Gy, oes, B) we shall denote the 
mathematical expectation of the function yY(a,, ..., a.) of the random 
quantities Bis oor, G under the condition 8, where § denotes some system 


of equations, inequalities or some other conditions. 


Let us consider the solution |x(t), y(t)! generated by the initial 
conditions x = €, y = 7 when t = 7. In accordance with the introduced 
notation, the expression 


Mi{v (z(t), t, y fl : "} 
represents the mathematical expectation of the random function 
(y, T; ¢)) when ¢ 


Definition 2.4. By the derivative dM[v]/dt of the function v at the 
point x= €, y= t = r we shall mean, on the basis of Equations (1.1), 


the limit 


M [2] 


lim 


{ 


In particular, if F(x, y, t/€, n, rt) is the conditional distribution 
function for the solution { x(t), y(t)} [6, p. 283 ], then 


where the integral is taken in the sense of Stieltjes and evaluated with 


respect to all the variables x), x, y. Because of conditions (1.1), 


° 9 n’ 
the derivative dM[v]/dt at the point x, y = | an be evaluated by 


the formula 


Note. Formula (2.3) shows that for the computation of the derivative 
dM(v]|/dt, just as in the case of ordinary equations, it is not necessary 
to integrate Equations (1.1), but it is sufficient to know only the 
right-hand sides of the equations and the probability characteristics of 
the random process y(t). 


3. We shall present some theorems which give sufficient conditions for 
stability and asymptotic stability in the probability sense. 
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Theorem 3.1. If it is possible to find for the differential equations 
(1.1) a positive-definite function v(x, t, y) whose derivative dM(v)/dt 
is of negative sign, then the solution x = 0 is stable in the probability 


sense. 


Proof. Let the number ¢ > 0 and p > O be given (obviously, one may 
assume that « < H). Since the function v(x, t, y) is positive-definite, 
there exists a positive number ¢, such that w(x, t, y) > €, when 


ro t 


Let us construct the random function V(t) which we shall use in the 


proof of the theorem. We shall assume that the realization of the solu- 


tions t xP) (s,, to» Yo: to) y'P c(t, Yo: t)} generates the realization 


v'P? (¢) of the random function V(t) with the corresponding probability 
distribution, but only for those values t >? ty for which the following 
inequality is satisfied 


If t‘P’ is the exact upper boundary of such t, we shall assume that 
there exists no realization of the solutions { x°?)(t), y'?)(t)} when 
t> t'P) while the realization v'P) (¢) satisfies the condition y'P? ¢¢) 
€, when t > ¢(P), 

It is obvious that for the proof of the theorem it is sufficient to 


show that there exists a number 5 > O such that if || x || < 6 then 


because 


Let us determine 5 > O from the conditions 
when 


We shall show that the found number 5 > O satisfies the conditions of 
Definition (1.1). Let { x(t), y(t) be a solution of Equations (1.1) gene- 
rated by the initial conditions \ x», Yo}. In accordance with our earlier 
stipulations we shall suppose that the realizations { x6P) ce), y'P) ¢e)} 
of this solution are defined only for those values of t for which they 
remain within the region v(x, t, y) < 1° 


Let us compute the mathematical expectation vs wiv (t)] of the 


random function V(t). By the definition of v, we have 


MI 
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where p,(t) is the probability of the break in the realization for ¢, « 
r «ft, 


By the hypotheses of the theorem, v, > 0. Furtherm 


t re, we have 


M [x(a 


Making use of the property of the process without after-effect [| 5, 
86 |, one may write the next equation (taking ints 


account the break 


the realization { x°P)¢¢), y'P? ¢#)} on the surface @a) 


MIM{ | t), \t 


> 


The symbols x°(t), y°(t) shall stand for fixed values 
Along with the VesAee we consider the auxiliary 
we define by the equation 


Ml 


where the symbols x*(t) denote the realizations lut 


ions without 
breaks on the surfaces v é 


1° 
One can verify that Wea At 


M 
\ 


Taking the limit* 


Since the function vs is continuous, the inequality (3.4) may be in- 


tegrated. Hence, we have the inequality 


The existence of the transformation (3.6) and, in 
terchange of the order of taking the limit and of evaluating the 
mathematical expectation require justification. We 


particular, the in- 


note that in the 
case under consideration this justification does not cause diffi- 
culties because of the uniform convergence of the right-hand side of 


(1.1) to a limit as t - 0. 
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Next, let us assume that the theorem is false. Hence, one can find an 
instant of time t= T, > t. such that p(V(t) <€,) « 1 — p. This means 
that up to the time ¢t T the probability of the break-off of the real- 
ization { x‘?’(t), y'P) (e)} is greater or equal to p. But in such a case 


it is obvious that the next inequality must hold: 
T . pe; 
The inequalities (3.3), (3.7) and (3.8) contradict each other. This 


ntradiction establishes the theorem. 


Note. Condition (3.3) makes it possible to find ao > O for given é¢ 
a procedure used in Liapunov’s method and described by Chetaev 


Suppose, for example, that the functions v(x, y) are quadratic forms: 


S) 


when 
J ) 


, ( 
where p;(j) are the roots of the secular equations bi, 
Therefore, it is sufficient to determine 5 by the conditions 


This inequality makes it possible to verify the stability on the time 


interval T for a given estimate A(e, p). 


Theorem 3.2. If for Equations (1.1) there exists a positive-definite 
function v(x, t, y) which admits an infinitesimally small upper limit and 
whose derivative, in view of (1.1), is a negative-definite function in 
the region (1.3), then for every number p(H) < 1 there exists a number //, 
such that the solution x = 0 of the system (1.1) is p(H) -— asymptotically 


stable relative to the initial disturbances from the region (1.9). 


Proof. Let the number p(H) < 1 be given. Under the conditions of 
Theorem (3.2) we have stability in the probability sense. Hence, for some 
fixed number ¢ > 0, there exists a number 5 > O such that the inequality 


iT) 11) 

is valid for solutions with the initial conditions 0 | 

Let us choose the number Hy 5 and show that it satisfies the condi- 
tions of our theorem. For this purpose we take arbitrary numbers 
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n > 0 (7 < €) and p, > 0. With these numbers we determine the number 7, 
so that the next condition be satisfied: 


t, y) when || 2 | py ing r,t when 


By repeating, with slight modifications, the argument used in the 
proof of Theorem 3.1, we can verify that 


when r > t for all solut.ons with the initial conditi 


Let us show that one can find a sufficiently large value ¢ T such 
that the following condition holds: 


Py ' f p(H 
Indeed, if for all 
Pe\\\ 2 Hh 
then it would follow that p.(, < 


But then it is easily seen that for all t > ty 


dM [i 
it 


when », 


Y 


This, however, is impossible because v, 2 0. Thus, from the inequal- 
ities (3.11), (3.12) and (3.14) it follows that for any given number p, 


there exists a T> t, such that for all t > T the next inequality holds: 


0 
7)) 
This proves the theoren. 


Note 3.1. If H = wo, and if the function w(x, t, y) is defined in the 
entire space and admits an infinitely large lower limit (see Definition 
2.3), while its derivative is a negative-definite function*, then the 
solution of the system (1.1) is asymptotically stable in the probability 
sense under disturbances from any bounded region Hy. 


* Everywhere in the sequel, when H = «, it is assumed that all (almost 
all) realizations can be continued when t + ~. See [9, pp. 16-19 }. 
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Note 3.2. From the proof of Theorem 3.2 it can be seen how one can 
verify asymptotic stability in the probability sense on a given time in- 
terval for given estimates. 


4. Let us continue the consideration of the case when H = ~. In par- 


ticular, this can always be assumed to be the case for the linear system 


dz/dt= A(t, y)z A) 


where x is an n-dimensional vector and A(t, y) is the matrix of the co- 


J 


efficients a.,(t, y). 


In the sequel, the symbol ||x ||, will stand for the expression 
9 


V (x)° + ... + a"? Everything that has been presented earlier in this 


work is valid, obviously, for this norm. 


Definition 4.1. A solution of the system (1.1) will be said to be 
stable (in the mean square) [5, p. 16 ] if for every number « > 0 there 
exists a number 5 > 0, such that every solution of the system (1.1), with 
initial conditions satisfying the inequality 


zit.) 
will satisfy the condition 
M | 
for all t > ty, yge&Y. 
Definition 4.2. A solution x = 0 of the system (1.1) will be said to 
be asymptotically stable in the mean if it is stable in the mean, and if, 


in addition, it is true that for all solutions with the initial condi- 
tions x\|» ‘ Hy the following relation holds: 


lim M {i z(¢)),?] =O when 


We shall say in this case that the region H, of the space ix,} lies in 
the region of attraction of the point x = 0. 


Note. Note that under the stated assumptions stability (asymptotic 
stability) in the mean of the system (1.1) is a sufficient condition for 
stability (asymptotic stability) in the probability sense. 


Definition 4.3. A solution x = 0 of the system (1.1) will be said to 


be exponentially stable in the mean if for arbitrary initial conditions 
from the region (1.3) there exist numbers B and a such that for all 
t > t, the following inequality holds: 
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M [i z(t) |"; z(t) / Zo, Yo) B | xo | exp (— a(t — to)) 


Theorem 4.1. If, for the system (1.1), there exists a function 
v(x, t, y) satisfying the conditions 


dM [x] _ 
dat 


where c,, Cy, and c, are positive constants, then the solution x = 0 of 
Equations (1.1) will be exponentially stable in the mean. 


Proof. Let us consider a solution of the system (1.1) with the initial 
conditions l xo, Yo}. This solution determines a random function of time 


V (t) ri , tla. Uo: f 


For the mathematical expectation v 
following inequality: 


t of the function, we will have the 


iMi[ia(t 


al 


From these conditions we obtain by the usual method (see, for example 
[8 ], p. 70) the inequality 


M | 
which proves the theorem. 


We note that in the given case there is obtained stability "in the 


large", i.e. the region of attraction, in the mean is the entire space. 


Theorem 4.2. If the solution x = 0 of Equations (1.1) is exponentially 


stable in the mean, then in the region t > ty, y=} there exists a 
function v(x, t, y) which satisfies conditions (4.6). 


Proof. Suppose there exist constants B and a such that for any given 
values Xo and t) > 0 the following condition is satisfied 


Let us consider the function v(x, t, y): 


We shall show that this function satisfies the conditions of the 
theorem. Indeed, by (4.9) we have 
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On the other hand, for every realization of a solution 


of the system 
(1.1) we have the estimate [ 9, Dp. 23 | 


exp onl 


(L is the Lipschitz constant). From this it follows that 


M [il x (t) lo*; a (2 Lo, Yo! -exp 2) tg)) 


But then we notice that 


Thus, the first of conditions (4.6) is satisfied. 


Let us evaluate 
dM v\/dt. By Definition 2.4 we have 


M | 


Substituting for v(x, t, y) its expression from (2.10), we obtain 


Furthermore 
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Thus, we obtain 


dM [v] 


lim 
dt t+ 


\ M [2 
i 


This establishes the theorem. 


For the linear system (4.1) with random variables the next theorem is 
true. It is an adaptation of a theorem of Malkin [10, p. 313 ] to the 


case of stability in the mean. 


Theorem 4.3. If the solution x = 0 of the system (4.1) is exponential- 
ly stable in the mean, then for any given positive-definite form w(x, t,y) 


of the variables x x, whose coefficients ci, (t, y), for all y&Y, 


ye see 
are bounded and continuous functions of time, there exists a positive- 
definite form v(x, t, y) of the same order which satisfies conditions 


(4.6), and is such that 
dM [v} / dt -w (zx, t, y) 


The proof of this theorem is a repetition of the arguments used in the 
proof of Theorem 4.2. One needs only to select for the function v the 
function 


(E, t, ) \ M[w (a Se, t, MT). T. wile, WF 


Hereby, one should verify that the function v(é, t, 7) is a form in 
the variables Eis seer Eye This verification can be carried out in the 
same way as was done in the cited theorem of Malkin [10, pp. 313-316 ], 
since the random solutions of linear equations possess all the properties 
which were used in [10 ]. 


9. Let us consider a system of equations of the forn 


| 


l) 


where the elements of the matrix A(t, y) are continuous bounded functions 
of time for every y—Y. Relative to the function R(x, t, y), we shall 
assume that in the region (1.3) the following condition holds for every 


y 
Lie 


Alongside with the system (5.1) we consider the system of the first 
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approximation 


,y)4 (5.3) 


We then have the next theorem which is analogous to a theorem on sta- 
bility with respect to the first approximation [10, pp. 365-366 ]. 


Theorem 5.1. If the solution x = 0 of the system (5.3) is exponential- 
ly stable in the mean, then the corresponding solution of the system 
(5.1) is stable in the probability sense, and, furthermore, for every 
given p(H) the solution x = 0 will be p(H) — asymptotically stable for 
every choice of the function R(x, t, y) satisfying conditions (5.2) in 
the region (1.3) provided the constant y is small enough. 


Proof. By the conditions of the theorem, there exists a function 
v(x, t, y) satisfying, because of (5.3), the condition (4.6). 


We shall use the symbols (dM[ v |/dt). ; and (dM[ v)/dt), , to indicate 
the derivatives of the function v(x, t, y) in view of the systems (5.1) 


and (5.3), respectively. 


Then, in accordance with Formula (2.3), we shall have at the point 
t, j the following relation: 


Taking into account the fact that the function v(x, t, y) can be 
chosen as a form in the variables Eps cee Epp and making use of condi- 
tions (4.6) and (5.2), we obtain 

IM | i \ 
I [2] C3 || x lle r7B | 3 = sup when || x 1) 


2 2 _ 
Ol 
5.1 1 


If y is sufficiently small, then we obtain, in view of (5.5), the next 
condition 


dM [v] 


a 


in the region 
l 
Thus, the function w(x, t, y) satisfies for the system (5.2) all the 
conditions of Theorem 3.2. 


Note. If the estimate (5.2) is valid in the region H = «, then the ex- 
ponential stability in the mean of the system of the first approximation 
(5.3) will imply the asymptotic stability in the probability sense for the 
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solution x = 0 of the system (5.1). 
6. Let us now consider the stationary linear systen 


dz/dt A(y)2 6.1) 


Theorem 6.1. If the solution x = 0 of the system (6.1) is asymptotic- 
ally stable in the mean, then for every given positive-definite form 


w(x, y) there exists one, and only one, form v(x, y) of the same order 


satisfying the condition 
dM [v] / dt -w (xz, y) 
Furthermore, this form will, of necessity, be positive-definite. 


Proof. Because of Theorem 4.3, it is sufficient to show that if the 
solution x= 0 of the system (6.1) is asymptotically stable in the mean, 
then it is exponentially stable in the mean. Let us show this. 


In the first place, by the hypotheses of the theorem, the solution 
xz = 0 is stable in the mean. Therefore, having been given a number « > 0, 
let us determine a 5 > 0 such that the following condition is satisfied: 


M [|] x (2) ll2?: (i Pas | < ' ecam || zo] « 


This stability will be uniform with respect to ty 0 and yw€Y, be- 
cause the system is stationary and the set of values of y is finite. Since 
the system (6.1) is linear, the asymptotic stability in the mean of the 
unperturbed motion is uniform with respect to x>- From this it follows, 
in view of the linearity of the equations, that one can find a T> 0 for 
which the following condition holds: 


rove | 


The computations yield 


MIMI 


rile - 


1/oM [I x (x9, to, 


Continuing the argument by induction, one can obtain for every given 
positive integer a the condition 
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Suppose aT+r7r, where r < T. Then, making use of the relation 
[9, p. 23 ] 


we obtain 


Setting a 1/T ln 2, B= 2 exp(2nLT), we find that 


This completes the proof. 


Theorem (6.1) yields a number of algebraic criteria (depending on the 
choice of the function w(x, y)) for asymptotic stability in the mean for 
the system (6.1). Indeed, let us take any positive-definite quadratic 
form w(x, y). Let us number its coefficients c,(y), ..., ¢y(y) so that 
N = n(n + 1)/2. 


If the solution x = 0 of the system (6.1) is asymptotically stable in 
the mean, then, by Theorem 6.1, there exists a positive-definite quadratic 


form v(x, y) which satisfies condition (6.2). Let us denote the coeffi- 
cients of this form by b, (y), ie by(y) aa. eases Ges 


For the determination of these coefficients we obtain a system of v. 


linear nonhomogeneous equat 1ohs 


Ajn (J) On 


The coefficients A;,(j), ..., Ajy(j) are constants that are linear 


i! 
combinations of the coefficients ai, and of the elements of the matrix 


A(;). 


These equations are obtained by equating the coefficients of similar 
terms in the equations 


(. 10) 


Thus, for the asymptotic stability in the mean of the system (6.1) it 
is necessary and sufficient that the forms v(x, j) (j= 1, ..., r), with 
coefficients determined by Equations (6.9), be positive-definite. Making 
use of Sylvester’s criterion for each of these forms, we obtain A 
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algebraic inequalities which guarantee the asymptotic stability in the 
mean of the system (6.1). 


As an example, let us consider the equation 


Here, a(y) is a random function which can take on two values @) and a., 


whereby the probability Pi;' \t) of the change of values a, + a, is given 
by Formula (1.4) (i, j = 1, 2). Applying the presented method to the 


given equation, we obtain the system of inequalities 


I 
| 


These inequalities determine the region of asymptotic stability in the 
mean. 


The following assertions are consequences of Theorems 5.1 and 6.1. 


Theorem 6.2. If the solution x = 0 of the system (6.1) is asymptotic- 


ally stable in the mean, then the corresponding solution of the equations 
(6.11) 


will be p(H) — asymptotically stable if condition (5.2) is satisfied and 
if the constant y is small enough. 


«y 

‘. In this section we shall consider the problem of stability under 
random constantly-acting disturbances. Let the equation of the perturbed 
motion have the form 


al Liy)a rn (ft) 


Here, for fixed y Y ,. the matrix A has constant coefficients a5 jy); 
;; nit) is a 


random function which describes the constantly-actinge disturbances. We 


¢ 1s an n-dimensional vector with constant components 


shall restrict ourselves here to random disturbances »(t) of a particular 
type. 


Let us assume that the function 7(t) has the form[11, p. 133 |] 


i 


rn) (tf) Na. 8C1 


Here t, is a random quantity having a Poisson distribution along the 
t-axis with mean frequency A, i.e. 


(7) 
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where p,(T) is the probability that on the time interval of length T> 0 
there lie m values t,; @, are mutually independent, and also independent 
of t,, random variables with the same distribution function F(a), and 
with M(a) = 0. The symbol 5(t) in (7.2) denotes the 5-function. In other 
words, the random disturbances under consideration are a random selection 
of impulses of a random quantity. We shall make use of the notation v 
AM{a*}. 


Definition 7.1. An unperturbed motion will be said to be stable in the 
probability sense (or in probability) under constantly-acting disturbances 
by Equations (7.1) if, for every given pair of numbers ¢ > 0 and p >, 
there exist two other numbers 6, > 0 and 5, > 0 such that for every solu- 


tion | x(t), y(t)} of Equations (7.1) with the initial conditions 


This definition corresponds in our case to the concept of stability 
under constantly-acting disturbances for ordinary differential equations 
[10, pp. 293-294 ]. We shall show that here, just as in the case of 


ordinary differential equations, one can make use of Liapunov’s function. 


Let us suppose that in the absence of random disturbances the linear 
system of equations 


L(y) 2 (7.3) 
is asymptotically stable in the mean. Then, according to the results of 


Section 6, there exists a positive-definite quadratic form 


(U/) Tir, 


whose derivative, by the system (7.3), satisfies the condition 


dM | 


ll 


let us evaluate the derivative of this function by the use of the com- 
plete system of equations (7.1). We obtain 


lim v {[M [(v (2 (¢ At), y(t \t)) 


s(t AZ))); / a (2) (ft), y(t)}} 
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where, for the sake of brevity, the solutions of the systems (7.1) and 
(7.3) are denoted by x‘*?(t), and x'3)(¢), respectively. 


The deviations Ax, ab | + At) - 3 ,°"Ce + At) are caused by the 
disturbances 7(t). We note that in the computation of the second term on 
the right-hand side of Equation (7.4) one may assume that the quantity 
y(t), for t <r < t+At, is constant, because the probable change of 
y(t) in this term is an infinitesimal of order higher than At. Hence, 
one may write 


M | 


hy 
i 


lim 
Ihe deviation Ax,(t + At) should be computed by Cauchy’s formula for 


the solution of a nonhomogeneous linear system. Writing this formula in 
vector notation, we have 


\Z) \ G(jG (tT) cn (Tt) 


i 


where G(t) is the fundamental matrix of the solutions of the system (7.3) 
(for a constant value y(t) = y). 


Since Min} = 0, we have for our case 


After substituting n(t) from (7.2) into the right-hand side of Equa- 


tion (7.5) we obtain 


There fore 


(v) M (a*} 4) 


— 


dd 


Hence 
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n 


SN aitv SM bily)cic 
— — 7 


l l 


Next, let the numbers « > 0 and p> 0 be given. We choose a number 
€, > 0 such that the set of points v(x, y) < €, will lie inside the 
region || x||, <« for all y=Y . For the number ¢€, we select a 5, > 0 


such that the surfaces v(x, y) = €,p lie outside the sphere 


x\|,< 55 
for all yo} . Let x» be some initial point satisfying the condition 


o| 2 5). We shall show that the solution i x(x9, to, Yo: t), y(to, 


t)} satisfies the condition 


(i r(L) io 


provided the quantity v is small enough. 


Let us select for this purpose a quantity v > 0 so small that the de- 
rivative (7.6) will be negative in the region 5, < I|x||,<e«. Let us 
construct for our proof a random function Y(t) of time, just as was done 
in the proof of Theorem 3.1. 


One can show that for the mathematical expectation v, of the random 


t 
function V(t) the following inequality is valid: 


pe; when 1? to (7.8) 


Proof. Let the symbol p(t) stand for the probability that || x||,<9,. 
We have 


t), y(t) yr , Oy] ; 


Or} + Pr (¢) &1 
where p,(t) is the probability of the break-off of the realization. 


The second term in (7.9) satisfies, obviously, the inequality 


M fv (a(t), y(t)); z(t), y(t) z(t) ile « Oy < pit) pe, 
L P \ 


For the proof of the inequality (7.8) it is, therefore, sufficient to 
verify that the first and third terms of (7.9) are smaller than 
(1 — p(t)pe,. Let us show this. 


We take advantage of this opportunity to point out that in [ 2, Sec- 
tion 5 ], in the computation of the derivative dM[wv]/dt the second 
term was omitted. Therefore, the deduction that the superposition of 
a random noise would not change the law of the optimal control [ 2, 
Section 5] is false. 
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Suppose that at some moment of time t the inequality 


M [v (z(t), y(t); c(t), y@/IeOhko>a)+ pwaioa<ct p (t)) pes 


is satisfied (this inequality certainly holds when ¢t = ty). Then, if At 
is sufficiently small we have 


M[v(z(t t), + At)); a(t +- At), y(t + At) 1 
l , y(t+At)); zt At), 
— Ap (t) per + | 0 (At) 
Here, as in the proof of Theorem 3.1, the symbols x* denote realiza- 


tions of solutions of the system (7.1) under the assumption that on the 
tine interval t<r< t+At the above-stated rule on their break-off on 


the surfaces v = €; does not apply. 


Because (dM[ v}/dt), ; < 0 in the region ll x (t) 2 > 5). the first 
term of the right-hand side of the last inequality is smaller than 


» u(t); zit), yvtlt z 


and hence, for At sufficiently small 


M [v (x(t + At), y(t + At)); x(t + At), y(t + Ad) 
pi(t + At) e, < (1 — p(t)) per Ap (t) per < (1 — pit 


which establishes the inequality (7.8). 


From the inequality (7.8) we conclude that in case of asymptotic 
stability in the mean of the linear system there is stability in the 
probability sense under constantly-acting random disturbances. 
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ON ISOCHRONOUS SUSPENSION OF CLOCK PENDULA 
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In this paper we investigate the influence of an isochronous suspension, 
which was used for astronomical clocks by Fedchenko (AChF) [1 ] on the 
period of pendulum oscillation. The formula which is obtained for the 
period allows one to estimate the influence of changes in the suspension 
parameters on the isochronous property. 


l. As is well known, the period of oscillation of a pendulum is given 

by the formula 
: f},? 
oll + 45 

where , is the angular amplitude and 7, is a quantity which is inde- 
pendent of 0, (the period to the zeroth order of approximation). Aniso- 
chronism, i.e. the dependence of the period on the amplitude, is one of 
the most important sources of inaccuracies in pendulum clocks. This in- 
sufficiency was overcome to a certain extent by Fedchenko [1 ] whose 
clocks differ from existing astronomical clocks in their simplicity and 
high degree of accuracy. This was realized through the use of a new type 
of pendulum suspension — the so-called isochronous suspension. The sus- 
pension consists of three plane springs placed at the position of equi- 
librium of the pendulum in a single plane, perpendicular to the plane of 
oscillation of the pendulum. The upper ends of the springs are embedded 
in the body of the clock, while the lower ends are rigidly attached to 
the pendulum arm (Fig. 1). The two short side springs are completely 
identical and their symmetrical location guarantees the absence of trans- 
verse bending during the pendulum oscillation; for the subsequent con- 
sideration they may be replaced by a single spring of double thickness. 
The middle spring is longer than the side springs, and the points of 
support of its upper and lower ends are correspondingly displaced above 
and below the points of support of the ends of the short springs. The 
isochronous action of the clock is regulated by an upward or downward 
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shift of the long spring along the longitudinal axis of the pendulum. 


We note in passing that although all the 
springs are thickened at their ends we shall 
consider their transverse cross-sections to 
be constant, and shall take as the lengths of 
the springs the lengths of their thin portions. 


We take as the origin of coordinates the 
point of support to the body of the clock of 
the upper end of the short spring, while as 
independent variables we take the coordinates 
of the lower end a, and f, and the angle of 
inclination @ (Fig. 1). Neglecting the kinetic 
energy of the suspension, whose mass is much 
smaller than the mass m of the pendulum, it 
is easy to write the Lagrangian function for 
the system 


1 ee 63 

- Mm (a,~ -+- [3,*) 

a, sin 9) 
cos §) U 


l 


Here L is the distance from the point of support of the short spring 
at the pendulum arm to the center of gravity G, R is the radius of gyra- 
tion, chosen so that the moment of inertia with respect to G is equal to 


nR?, 1, is the length of the short spring, U, and U, are the energies 


of deformation of the short and long springs of the suspension, respect- 
ively. 


Denoting by x ., Y; and N; (in units of weight of the pendulum) the 
forces and moments which act on the pendulum from the sides of the short 
(i = 1) and long (i = 2) springs, we obtain the equations of motion of 
the pendulum: 


ty L6 sin 6 — L6* cos 6 
Lé cos 6 — L6* sin 6 e(y, ) (4.1) 


XY, sin 6) 


Here p is the displacement of the lower end of the long spring along the 
pendulum rod. Having obtained X;, Y; and N; from a consideration of the 
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spring deformations, one could attempt to obtain an expression for the 
period of change of @ from (1.1). However, within the accuracy which in- 
terests us, the period may be obtained by the use of a method which is 
similar to that which was worked out in|[2 |] for the ordinary single- 


Spring suspension. 


2. In the design under consideration R << L, and hence we may restrict 
ourselves to an investigation of the mathematical pendulum (R = 0). The 
third of Equations (1.1) is transformed into an equation coupling the 
variables. Moreover, l, << L, and hence we shall assume that the change 


in a, is determined only by the angle of inclination, thereby excluding 


from consideration the vibration of the point of attachment of the 
pendulum to the suspension. Of the three variables, only one remains in- 
dependent. We choose for this @. 


Assuming that the amplitude of oscillation of an astronomical clock 
is ordinarily 1-3°, that is, @ << 1, we solve the problem by the method 
of successive approximations. To the zeroth order, the system (1.1) is 


6.1 


where the index ° denotes terms of the corresponding order in @ in the 


expressions for X;, Y; and N.. 


t 


It is obvious that the X, are even functions of @ and that the x 
are constants which should be equal to the corresponding values in the 
position of equilibrium. Here the springs are unbent but are extended by 
a certain amount, so that the length of the short spring is l, and that 
of the long spring |,. The first relation (2.1) and the condition of 
equilibrium of extension of the springs 


Al K A, 


: 


(whe re E., S; are the Young’s moduli and the cross-sectional areas of the 


springs, respectively (1 = 1.2)) allows one to write 


For the suspension which is used in the ACF clocks F 


and l, »> l, that is, x° >> X,° . 


] 


In the approximation under consideration, we may assume that the spring 


lengths do not change and determine Y, and N; from the equations for pure 
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bending. For the short spring (Fig. 1) this has the form (for example, 
[3], Part IJ, (18.1), (18.6) and (19.3)) 


b, h; 


\ 
12 


sing Y, cos q 
and h, are the width and thickness of the spring; 0 p 

0, where p = OP is the distance from 0 to the generic point 
the angle of inclination of the tangent with the x-axis at the 

At the ends of the spring the following conditions must be 


\ sin @ dp X) \ cos @ dp 


and to the zeroth orde1 approximation 


Y, Y; 
By; Yi 


have the boundary conditions 


cosh {@); Pp 


cosh 


Htanh i) 


Ztanhy ; 


Introducing the distance from 0° (Fig. 1) to the generic point 
/ 0’Q for the long spring, and denoting the angle of the tangent 
with the x-axis at the point Y by W¥, it is easy to obtain an equation, 
together with its solution, which 1s analogous to (2.2) through (2.7), 
respectively. In order to obtain ¢° and w° in final form, we use the 


third of relations (2.1). As is well known (for example, [3 |) 


(2.5) 


The quantity N,° is determined analogously. Using B, = B, + p@ (Fig.1) 
in the approximation under consideration, we obtain B, - \@,where, under 


the conditions L >> |, >> l,, X,° >> X,°, 2u, > 1 and 2u 1, which 


l 
usually obtain 
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tanh; 


Substituting §, into 


Then d° = « 6, where 


sink O1 } 
sinh Zu; 


In an analogous manner, for the long spring y, 1.0 and W® = 


where WW, and v differ from F and «x by a change of 


index from 1 to 
p to q. 
The second of Equations (2.1) transforms into 


WX i} 


Hence, the zeroth-order period is 


; 


2x | W, z, 


Under the restrictions used in the derivation 


shown that WX,° + WAX, l, hence 


é 


which coincides with the result obtained for the ordinary sus- 


pension. 


3. To see the effect of the suspension on the anisochronous oscilla- 


tions of the pendulum, we examine the following (first) approximation. 
1) has the form 


In this approximation, the system of equations (1. 


| . 1 (06 + @)) — X)! X. 


662) 
N,*) 1— 6°): 
9°/6) (L (X,° 
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Here, the upper index | denotes terms in Xs, Y; and N; of the cor- 
responding order with respect to @. 


Assuming that the x} are known and that the change of the spring 


, l , : 
lengths is insignificant, we find } and iF , respectively, from the 
; , : f ] 
equations of bending of the springs. To do this, we set G= @° + ¢@ in 
. rl 
Equation (2.2); then for the determination of ¢ we have 


2g 


Yi! 
.¢ 


With the notation a, obtain from (2.3) and 


boundary conditaons 


Solving (3.2) by the method of variation of parameters and using (3.3) 


we find 


¥ ‘ 


9) dp 


It is clear that 


l \ ° 
aq-* ‘ 


" sinh D1 


j HM n : Y (Dp) - ap 
ap 'y , ’ . j . E tanh 2} . 


; af : l 
By entirely the same method one may find Ww’, y,° and No 


Using the first and third of relations (3.1), we express B, in terms 
Se : ;, 
of @ to the order of 6°. Substituting the expression which is obtained 


into (2.7) and then into the second of Equations (3.1), we bring it to 
the form 
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\ x" ap 


For the determination of the A we introduce the 


t 
J 
(3. 
between the elevation oi 
of 
were raised independently, and if the forces 


(For 


placing the bent springs by straight 


expression 3) for a,° shows that o characterize 


the end of the short sprin 


portion of the arm length o and the end of the 


Lo 


actll 
stant and equal to 4, approximate estimates w 


lines it 18 eas 


1, —p)(l, + p)/l,.) In reality, the spring ends ar: 


pendulum arm and cannot rise independently; and 


ot the suspension two cases are possible. 


|) The case o > 0; that is, the end of the long sg 


tionally raised or the end of the short spring lowers 


energy is much smaller than the change in energy of 


ol the springs, then it can be assumed that die 


position of the lower ends of the springs 1s atla.ine 


nece 


ol their contraction or 


extension. Inasmuch as in « 


contraction of the long spring plays a basic role 


it 


force that acts on the long spring is changed to 


nay 


played by the extension of the short spring. 


A 


hl 
zZ) ine case @d 0: jor i i » at 


is basically 
end of the long spring. This can be accomp|ishe 


ot 


spring, 


pense its extension, but also at the expense of 


ana in this case it 1S necessary to 


Sa‘ 


plays the larger role. 


ve return to the first case (as will 


be 


that occurs). From the first ol ‘ajuat ions (| 
6 while = i fo | 

7] = ; 

s ‘ i 
nence sf + 


is 


\ In addition, 


ana aiso A 
t 


laiier tnan th econa ana 


quantities A and 


aepen 


SSar°ry 


yuantities 


s the difference 


ogether with the 


g spring if they 


on tae were con- 


note tnat 
to obtain 
attached to 


tne 


the 


iin on aesign 


ring should be addi- 
Lf 


initial 


the bending 
extension 


matching of the 


only at the expense 


ase , A,, the 
ile a smaller one 


the 


1s 


that 


supposed 


lower 


the 


ssary to 


} 
t only at ex- 


form of the bent 


rt of deformation 


xpressly this ase 


W that a, 
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Ihe solution of equations with smal] nonlinearities of the type (3.4) 
~ f ’ 
has been worked out, for example, in |4 ]. In the present case, the cor- 


rection to the period is obtained as 


\J 


where ?, is the angular amplitude. Using - » obtain 


U A tL. W., tanhi , LI , tanh U/ , ) 
sinh 2 : ‘ 


(2) 
and analogously J,‘*’. 


Formula (3.7) is easily obtained from an examination of the energy of 
the system. Upon deviation, the potential energy ol the ordinary pendulun 
of length L is increased by approximately mg L(] cos 7), tnat is, not 
proportional to 6? but somewhat slower. This leads to the presence of 
nonharmonic terms in the equations of motion and to anisochronous 
oscillations. Upon the inclination of the pendulum with the isochronous 
suspension, there occurs a redistribution of firces acting on the side 
of each of the springs and on the pendulum. If o > 0, then the force 
acting on the side of the long spring is decreased when the pendulum is 
inclined, corresponding to a decrease 
in the initial energy of extension 
AU, = — 1/8K,mga*0*. At the same 


2 2 
time, the extensional energy of the 


: vin 294 
short spring AU , 1/8(A,°/K, )mga*é 
is increased. For K, K, the energy 


of the entire suspension is decreased. 


The entire system (suspension and 
pendulum) is conservative, hence the 


decreese in the potential energy ol Pig 


the suspension corresponds to an in- 


crease > energy of the pendulum. 


} A 


The term 1/24 a glo, in the expression for the potential energy of the 


pendulu gives the correction he period (AT) T, 1/16 @*, and in 


the present case it is simple to obtain a formula which coincides with 
\ 
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From (2.7), (2.9), (2.10) and (3.8), and likewise from analogous 


pressions for the long spring, one can compute the change in the 


chronous property of the suspension as a function f the displacement 


ex- 


iso- 


; 


of the lower end of the long spring along the pendulum arm. The results 


of such computation are shown on Pig. 2. For p ; 5 cm 
responds to a= 0.19 cm, complete isochronism of ie oscillation 


| 


, which 


S 


tained and AT= 0. For o > 0.7 cma 0, and the investigation 


not valid. 


It should be remarked that Expression (3.6) 18s ningful nly 


he change in the energy of compression (extension if the springs 


Wil 


the suspension is much larger than the change 1 ti bending energy. 


} 


{3, Part If, Sect. 20 | it is shown that this idition is iolated 


h (for the long spring); for p 5 cm, thi ‘responds 


*9 
< 


, 1°. On the other hand, for a certain angle ¢ } length 


the long spring becomes equal to its length before 
G> O, the change in the energy of the support is 
bending of the spring. It is seen that the forces 
this case are much smaller than those that are 


the isochronous property of the suspension sh 


From the condition Al 0 it 18 easy to obtain 


ior p ; nh 1s about 


Formula (4.1) obtained above allows one to esti 
a change ot parameters over a region ol angles in 


are isochronous. For Ky i. oa” (21 mg) (a ES If the chan 


7 
L 


{ 


the suspension parameters does not violate the relationship between 


and A,, then it is clear from this expression that an increase in 


a decrease in S, leads to an increase in the region of isochroni 


ever, this is true only for small changes in these quantities, whe 


may be assumed that 2 is constant. 


In spite of a number of assumptions made in the ition and 


above, an analysis of ceca leads to several com lu 


ihe 1sochronous property of the suspension 1 
extension (compression) and bending of the sprin 
chronous suspension is different from the usual single-spring 


[2 ], where the extension of the spring hardly chang ind whe re 


vestigation » restricted to bendine alone. In tl isochrono 


pension a basic role is played by the additional de 


spring, which 1s associated with the incompatibilit: 


cor- 


LS 


er 


in 


‘ 
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of support of its ends and the ends of the short spring [1]. The depend- 


ence in (3.7) on the weight of the pendulum, the arm length L, the trans- 
verse cross-section of the long spring S, and its Young’s modulus E, 


agrees with experimental data. For £, = 0 the isochronous property of the 


support vanishes. 


2) The estimate which has been made shows that the oscillations can 
be isochronous only to angles of the order of 3°. In the experiments, 
isochronous oscillations were observed from 30’ to 40’ up to 2.5° to 3°, 


which agrees with the estimate. 


3) It is seen from the above graph that AT(@) = 0 for p = 0.5 cm. In 
actual suspensions p can be adjusted, which regulates the degree of iso- 
chronism. Complete isochronism was actually observed for py, = 0.5 to 


0.6 cm. 


We extend thanks to L.M. Piatigorskii for help in the present work 
and to F.M. Fedchenko for proposing the topic, consultations on the de- 


sign of the suspension and discussion of the results obtained. 
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Many technical problems require a study of the oscillations of thin- 
walled elements of the shell-type under high-frequency excitation. If 

the wave number is sufficiently large, asymptotic expressions may be con- 
structed to represent the form of oscillation. These expressions hold 
everywhere except in the regions bordering on the contour or in regions 
containing lines of distortion; the asymptotic expressions do not, in 
general, satisfy boundary conditions. Tests show that thin-walled ele- 
ments fracture from fatigue most frequently near lines of distortion. 

This suggests the idea of seeking solutions which would satisfy all 
boundary conditions and conditions on the lines of distortion, and which 
would reduce to the asymptotic expressions when receding into the internal 
region. The solutions found for a bounded region are reminiscent of the 
solutions which described the simple edge effect in the static calculation 
of shells. By analogy with the static edge effect, we shall call a devi- 
ation from the asymptotic expressions near distortion lines the dynaszic 
edge effect. We shall see later that such an analogy has special signi- 
ficance. 


By a separation of the solution of the equations of shell oscillation 
into an asymptotic solution for an internal region and a solution de- 
scribing the dynamic edge effect, we obtain an effective method for solv- 
ing different dynamic problems in the theory of plates and shells. The 
method may be applied to the spectrum analysis of natural oscillations, 
as well as to the estimation of stresses near a line of distortion for 
forced oscillations. The higher the order of oscillation frequencies the 
smaller the error*, In this connection, the asymptotic method successfully 


* At the same time it must be kept in mind that with high-frequency 
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complements the linear variational methods usually applied for the solu- 
tion of shell problems, methods which give results only for low fre- 


quencies and modes of oscillations. 


The concept of a dynamic edge effect was introduced in [1 l. Here, 
the concept was applied successfully to determine the frequencies and the 
natural modes of oscillation of rectangular plates, as well as to esti- 
mate the strength of plates under forced oscillations with a continuous 
excitation spectrum. The asymptotic method was applied in [2 | to the 
study of the spectra of natural oscillations of different types of 
plates and the results were compared with those obtained by other methods. 


The theory of the dynamic edge effect is given below for shells, to- 
gether with a classification of the different types of edge effect for 
shells having a positive, zero or negative Gaussian curvature; also in- 
cluded are methods of calculation of the characteristics of the edge 
effect near lines of distortion according to the well-known theory for 
an internal region. The version of the equations of shell theory for a 
state with large exponents of variation was employed, and extensive use 


has been made of the terminology of [3 ]. 


1. Basic assumptions. We consider a thin shell undergoing free 
elastic oscillations of sufficiently small amplitude. We refer the 
middle surface of the shell to an orthogonal system of curvilinear co- 
ordinates a, £, and assume that the lines of distortion y (for example, 
the contour boundaries or the axes of stiffening elements) coincide with 
lines a = const or 8 = const. We limit consideration to those modes of 
oscillation which correspond to large values of the exponent of variation 
(large wave numbers). For such modes the equations of shell theory may 
be taken in the form 


Here, w is the normal deflection, ¢ a function of the tangential 
forces, q the intensity of the normal load, EF the elastic modulus, A the 
shell thickness, D the shell stiffness, A and B the Lamé coefficients of 


oscillations the classical theory of plates and shells may be unsuit- 


able and must be replaced by exact equations taking account of the 
effects of shear and rotary inertia. 
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the middle surface, R, and R, the radii of curvature corresponding to 
the lines 8 = const and a const, and A is the Laplace operator for the 
middle surface 


3 B OB 


We shall seek solutions of the system (1.1) for a certain region 0 
bordering upon the line of distortion y. We consider the dimensions of 
the region 2 to be small in order that changes in the metric of the 
middle surface inside this region may be neglected, thus setting A = 
const, B = const, R, = const, R, = const. At the same time the region 0) 
must be large enough so that many half-waves can be included (Fig. 1). 
These requirements will always be met by modes of oscillation with high 
values of the exponent of variation. 


Pig. 1. 


By the introduction of new variables Adae= , BdB= dx.,, we obtain 


a system of equations 
D 


i, Oz;* 


which replaces (1.1). 


The intensity of the normal inertia forces has replaced q in the 
first equation, with y being the density of the shell material and g the 
acceleration of gravity; tangential components of the inertia forces may 
be neglected for modes of oscillation with high exponents of variation 


The substitution of expressions 


re) exp (iwi 
re) exp (iw?) 
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into Equations (1.2), where w(x), x.) and (x), Xo) are the forms of 
oscillation and w is the real frequency, leads to the equations 
| 0*@, ' rhw* 0 
R, Ox? / ; 


O*u { Oru 


Or," R, Or," 


The second equation will be satisfied if one sets 


’ . { dp, 
\,, , Eh Re On, 


Then the first equation takes the form 


2 ap, 1 any, 
RiRy Ox;*0x2" Ri 0x4 


It is not difficult to see that 


is a solution of Equation (1.5). 


Here, A, and A, are half-wavelengths in the directions of 8 = const 


l 


and a = const (Fig. 1), x,° and x,° are certain limiting phases, and w 


is a normalizing constant. Under certain conditions, which will be 


0 


° 
] 


and x,°, Expression (1.6) may be considered as an asymptotic expression 


established later, and for a certain choice of the limiting phases x 


for the forms of natural oscillation, applicable everywhere except in a 
region {), bordering upon the lines of distortion y (it satisfies condi- 
tions on the lines of distortion only in the case where the lines of dis- 
tortion represent a supported edge). The corresponding asymptotic ex- 
pression for the frequency w has the form 


gD (} 2 ~ Eh (k;* R, ; ke? R,)*) 
vh ae | — ff ’ dD (ky? ky)? | 


(1.7) 


We shall seek those solutions of Equation (1.5) which satisfy all con- 
ditions on the lines of distortion y and which approach the solution 
(1.6) asymptotically as the internal region increases. If such solutions 
exist, then the dynamic edge effect exists also. In the opposite case we 
shall speak of a degeneration of the dynamic edge effect. 


Assume that the line of distortion coincides with the line x, = 0. We 
seek a solution in the neighborhood of the line of distortion in the form 
p, (x12) = Y (24) sin ke (x2 — ae) 1.8) 


where (x,) is a function as yet unknown. Substitution in (1.5) gives 
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aks" +. 6ky¥'Y — 4k." 


The assumption that ¥ = Ce**!, where C and s are constants, leads to 
p 
the characteristic equation 
. Eh 
2 S_ Ab 2-6 6he.4 = 
A (s ) s thee ‘ ( y; 9 R2D 
2Ehk,* as ¢ . ' k.*Eh 


“2 T RR,D eD : RD D 


If the frequency w is determined by Formula (1.7), then it follows 
from (1.6) that Expression (1.10) contains two pure imaginary roots 
S; 9 = t tk,. These roots may be conveniently separated out. By means of 
! 


this separation we can convince ourselves that 


A (s?) = A, (s*) (s? 


where 


, al) : as 7 
Ir 4)fp,2 2 
2 1 \R? 


hy 


D(k;? 


Equation (1.11) is the basic equation which determines completely the 
properties of the dynamic edge effect for oscillations having the wave 


numbers ky and k,. 


2. Classification of the types of dynamic edge effect. 
(a) Assume that all the roots s* of Equation (1.11) are different, real 
and positive. Then among the characteristic exponents s appear three 
different real negative values S$, =-— @), 84 =-@,, So = — @y. By the 
rejection of terms increasing with x, in the general integral of (1.9) 
we obtain 


Y (x) Ci sin kimi + Ce cos kim, + C3 emo Tata 5 s (2,1 


With this expression we may satisfy all four conditions on the edge 
x, = 0. A fifth condition may be taken as a normalizing condition or as 
an initial condition. If the solution (1.6) for the internal region is 
normalized, then as the fifth condition we take the limiting relation 
lim ‘¥ (21) = Yo sin Ay (x ri’) 


xy 
| 


The limiting phase x,° may be found from this condition. 


Thus, if all the roots s? are different, real and positive, then the 
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solution for a dynamic edge effect exists and is described by the last 
three terms of Expression (2.1). Since these terms decay and do not 
oscillate, we call this effect nonoscillatory. 


b) For multiple real positive roots the edge effect remains non- 
oscillatory. Thus, if a, = a,, then the solution for the region border- 
ing on the edge x, = 0 has the form 


Y (2; C, sin kyz, 


c) Assume that Equation (1.11) has one real positive root and two 
complex conjugate roots. Then among the characteristic exponents three 
exponents will be found which describe the dynamic edge effect: s, = - a), 


S -a,+ tp 


4 s 
takes the form 


5s =-@,- tBy. The solution for a bounded region 


Y (x) 
Cse “82%1 COS bo (2.4) 


We call this edge effect oscillatory. 


d) If the equation A, (s?) = 0 has only one negative or zero root, 


then among the exponents s So, +++, 8 there will not be found three 


af 8 
with real negative values. Thus, a solution cannot be constructed having 
the property (2.2) and be sufficiently arbitrary so as to satisfy the 
four conditions on the line x, = 0. By analogy with the static edge 


effect [3 ] we speak of this as a degeneration of the dynamic edge effect. 


3. Certain special cases. We shall dwell on certain special cases 
which permit results to be obtained easily. 


a) The dynamic edge effect in plates. If R, + ~,R, + «, then Equa- 
tion (1.11) simplifies and reduces to a product 


Ai (s?) = (s 12 — 2ke®) (s* — Qke® + het) — 0 (3.1) 


This corresponds to a separation of the system (1.3) into two equa- 
tions 


a, vh@? 
D w. oom 0 
g . 


The second equation describes the plane state of stress in the plate 
so that the corresponding roots of Equation (3.1) must be rejected. The 
solution for the bounded region is of the form 


Y (21) C1 sin kia: + C2 cos kins + Cs exp [—a1 (ky? 4 2k?) ) 
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Three constants C,, C, and C, are sufficient to satisfy two conditions 
on the lines of distortion and the limiting condition (2.2). For the 
normal deflection w.(x,, x.) we obtain the expression 


w, (x1, 22) W (21) sin ke (x2 — 22°) 
where W(x, ) is found from the formula 


W (21) = ¥"° — 2k" + kof 


corresponding to the first of relations (1.4). 


Thus, we arrive at the formula 
W (m1) = C1 sin Anas + C2” cos kim: + Cs" exp | 


Here, C,°, C,° and C,° are certain new constants. Thus, we have a 


nonoscillatory edge effect in plates. 


b) Analog of the simple edge effect. Assume that ‘, >> k,? near the 
edge x, = 0. This signifies that the exponent of variation in the direc- 
tion a = const is small by comparison with the exponent of variation in 
the direction 8 = const. Under this condition Equation (1.11) may be re- 
placed by the approximate equation 


Ai (s) 5 a ky? s4 {) 


Discarding the four zero roots and one positive root, the solution is 
represented in the form 


Y (21) Ci sin Aim + Ce cos Aix 


It is not difficult to show that this solution is analogous to the 
simple edge effect in statics of shells. We start with the equation 
O*w Eh th Pu 


D | .w- 


« () 
Ox, R? ' g Ot? 


on the assumption that all conditions of applicability are satisfied 
[3]. A substitution w(x), t) = Wx, ) exp (i@t) leads to the equation 


I h yhoo? 


RD W — =D W=—0 


VW lV 


As asymptotic expressions for the mode of oscillation and for the 
frequency we take, as usual 


Di, 4, Eh) 
yh \**] R2D) 


W (21) woe Sim Ai (71 
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The characteristic equation 


A (s*) . 


has roots s; 5 = + ki, § = + k,. Thus, once more we are led to a 


3,4 
solution of the type of (3.5). 


The result that the curvature shows no effect on the dynamic edge 
effect is not unexpected. The requirement k,? >> i, in combination with 
the condition that k, is sufficiently large, leads to the shell behaving 
practically as a plate. We note that the solution is not as valuable in 
the dynamic problem as its static analog; in contrast to the static prob- 
lem it is completely contained in the solution (3.4) for k,? >> af 


c) Spherical shell. If R, = R,, then we are once more let to Equation 
(3.1). In contrast to the plate, the roots of the equation s* — 2k,*s* + 
k,* = 0 are not superfluous here. The solution takes the form of (2.3): 

2 P 


1 


Ci sin kia Ce cos kix C3 exp [—a1 (ki® + 2ke?)”*] 


C4 exp (—hker1) + aiCs exp (—hker1) (3.6) 


Thus, we have a nonoscillating edge effect with multiple roots. It 
is worth noting that the radius of curvature does not enter into the 
solution (3.6). 


4. General case. Existence condition for the edge effect. 
Consider the most general equation (1.11) into which we introduce the 
nondimensional parameters 

bh, (saa! 
1\ Eh 


6 


It has been shown that a solution for a type of dynamic edge effect 
may be constructed if Equation (4.2) has no negative or zero roots for 
. According to a well-known theorem of Descartes, Equation (4.2) has 
only positive or complex conjugate roots for " if the coefficients ex- 
hibit a regular alternation of sign in sequence. In this case, the 


relevant condition is that for the free negative term 


Yo 
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Consider this condition in more detail. We note that it is satisfied 
for all values of Zz) and Zo if yx > 1. Consequently, for R, > R, the 
dynamic edge effect always exists. In particular, it will always hold in 
shells of zero Gaussian curvature near a nonasymptotic edge. 


If x < 1, then the edge effect exists only / 
for sufficiently high exponents of variation. 
We introduce polar coordinates 








r COS @, 2 rsing 








The edge effect is not degenerate if 





{— x? + (1— x)* sin’ g 
i+sin?@ 





Thus, for an asymptotic edge in a shell of 
zero Gaussian curvature we have the condition 




















a4 


Fig. 2. 


The region of degeneration for different values of the ratio y=f,/R, 
is shown in Fig. 2. 


As an example, consider a cylindrical panel with a square shape and 
sides of length a. For such a panel k, = mz/a, k, = nw/a, where m and n 
are not, in general, integers. Condition (4.4) becomes 


a? 


° ] 
m* oa 
mhaR 


Y 12 (1 *) 


where » is Poisson’s ratio. If a/h = 100, R/a = 10, » = 0.25, then we 
must have m* + n? = 3.4] for a dynamic edge effect to exist. This condi- 
tion is fulfilled for m= 2, n= 1. If a/h = 100, R/a l, then we must 
have m* + n* = 34.1. We note that the static edge effect at an asymptotic 


edge for a shell of zero Gaussian curvature is always degenerate. 


For a shell of negative Gaussian curvature the region of degeneracy 
stretches along the z,-axis (Fig. 2) with increasing | | and vanishes as 


¥e=- @, 


5. General case. Type of dynamic edge effect. By introduction 
of the variables 


(5.1) 


into Equation (4.2) we obtain 
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3ps,.* 


where 


3 sin* @ [2x (4 — x) + (1 — x)? sin*® @)} 
= {r® + Gr? sin*?@ [x (1 — x) — (1 — x)? sin? g)} 


The discriminant of Equation (5.2) has the form 


q° ~sin' @ (1 x)? f(r) 


in which 


r* |x? 10% (1 — x) sin*g 2 (1 x)* sin*g 
(1 x) [2y (1 x) sin’ @!’ sin* @ 


The edge effect oscillates if p> + q? > 0 and does not oscillate if 
p> + q? < 0. If p* + q? = 0, the solution has the form of (2.3). Condi- 
tion (4.3) is obviously fulfilled. 


Certain general statements may be made without difficulty from a study 
of Equations (5.4) and (5.5). If r + «, then the sign of f(r) is deter- 
mined by the sign of the first term and consequently p* + q? < 0. This 
result is quite natural* when one considers that for large exponents of 
variation a shell behaves practically as a plate. 


The edge effect may be shown to be oscillatory for small r. This is 
true for shells of positive as well as negative Gaussian curvature. Only 
for 0 < y < 1 is the edge effect nonoscillatory for all values of r. 
Indeed, in this region Equation (5.5) does not, in general, have positive 


real roots. 


Ihe behavior of the edge effect for different ratios x = R, R, is 
shown in Fig. 3 as a frontal dimetric projection. The region of oscillat- 
ing edge effect is shown by the light shading and the region of degener- 
acy by the dense shading. 


Equation (4.2) is not suited to a study of the edge effect near a non- 
asymptotic edge for a shell of zero Gaussian curvature; in this case 


R, + «. By introduction of the nondimensional parameters 


Excluding the case of the spherical shell (y = 1) and the analogy of 
the simple edge effect (sin G= 0) for which p> + q? = 0 for all r. 
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DR? \' 
Eh ; 


and passage to polar coordinates ¢, = p cos ¢, ¢ p s we obtain 
Equation (5.2) with the coefficients 

[p4 3 sin® @ (2 

4 


-[o - 9p? sin*@ (1 


The discriminant 


q’ ~ sin* g[p* o* (1 10 sin* q 


is positive if p < py, where 
I 10 sin’q ' 2 sin* q 


region determined by the inequality p hown shaded in 





























For a closed circular cylindrical shell of radius and length a we 
have ky 
Pp < Po takes the form 


ma/a, k, =n/R, where m and n are wave numbers. The condition 


nR\2 


n< s é *) (5.7 
: | 


If this condition is fulfilled, the edge 


effect oscillates. For example, let wR = a, 
R/h = 100; then we have from (5.7) 


>," 4 
50 09” 
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This condition is satisfied for very high frequencies if only n is 
not too small. 


6. Some applications. A series of applications of the theory of 
the dynamic edge effect in plates was considered in [1] and [2]. Here, 
the theory is applied to the study of frequency spectra and the modes of 
natural oscillation for spherical panels clamped at the edges and bounded 
by four orthogonal lines of curvature (Fig. 5). 


The oscillations of such a shell are described by Equation (1.5) for 
R, = R and the boundary conditions 


UV f Oandz, 
Ox, 


(6.1) 
Oand7Z, b) 


Here u, and v, are tangential displacements in the direction of x,= const 
and x, = const, respectively. 


Consider first a solution near the edge x, = 0. We have, by analogy 
with Expression (1.8) 


(6.2) 
l (71) sin ke (x2 t2 }, v tl, 2 (71) Cos ke (x2 


U, (21, £2) W (x1) sin ke 


By the use of Formulas (3.3) and (3.6) we obtain 


W (21) Ci* sin Aix. + Co* cos kuz: + Ca* exp |[—a21 (hi? k*)'/2] (6.3) 


where C.* = (k,? + k,”)?C . Terms containing two integration constants 
drop out of the general solution (3.6). Nevertheless, these two constants 


appear again for the determination of the tangential displacements u, 
and v,. 


We start from the system of equations in terms of displacements equiv- 
alent in their simplifying assumptions to the system (1.3): 


Ou, i—p du, itp dv, {1 LL \ Ow, 


Ox ;* 2 On," 2 2,0, \Ry Ry} dx, 


l+p du, i —p 0%, / p \ Ow, 


Ox, OX, 9” 2 Oz;? Re R,/) O22 


9 


ph | Ou, { H\ ov, , 4 1 2p 
R,/ Or; R, R O22 F \Rp RyRy 
h? 1 — p? yhw? 


AAw, — 1 =) 
73°". -E 
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Upon substitution of (6.2), we obtain for R, - 


20+ My _ * ww l¥ _ on ay 
R? {2 2 


For the determination of U and V, any two equations may be taken from 
the system (6.5), for example the first two. It is easy to see that the 
characteristic equation of a system consisting of the first two equations 
has two pairs of multiple roots equal to + k,. Therefore, for the con- 
struction of the solution for this system exhibiting the properties of 
the edge effect, two terms of the type lost from the solution (3.6) mst 
be added to the particular solution U,(x,) and V,(x,). The number of 
integration constants, therefore, still stands at five; i.e. the edge 
effect will be completely determinate. Actual calculations result in the 
formulas 

U (2) Uo (x1) 
V (21) Vo (x1) aes 


It follows from the preceding discussion that the tangential edge con- 
ditions do not affect the normal deflection w,. This permits a simple 
finding of an asymptotic estimate of the natural frequencies and wave 
numbers. 


Upon application of the conditions #(0) = W°(0) = 0, we obtain from 
Expression (6.3) 


k ‘ _o 
wal 77, (cos Airy — exp [ -%1 (ki* + Zke* (0.7) 


W (m1) = sin Aim — 


(ky? + 2k?) 


and analogously for the edge x, = a 


W (2x1) c sin ki (a 1) - 
(ky? + 2k 


Valy 


— exp | — (a — a1) (ki? + 2k2?)"*)} 
where c is a certain new constant. 


We now require that both solutions coincide in the interior of the 
region. It appears that this requirement may be met only with an error 
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of the order of 


e ~ exp [— ; a (ky? + 2ke' (6.8) 


We present the results without dwelling on the calculations. The solu- 


tions separate into symmetrical ones with respect to the middle surface 


of the shell (x, a/2) 


(6.9) 


6.10 
(ky? ( ' 


The parameter k, may be found for a given k, from Equations (6.9) and 


(6.10). 


We obtain analogous results by considering the dynamic edge effect at 
the edges x, = 0 and x, = 6, together with the "pieced-together" solutior 
for the internal region. A closed system of equations in k, and k, 


results. 


The modes of the free oscillations fall into four groups according to 
the type of symmetry. For the first type (symmetry in both directions) 
we have the system 

kya | ke 


ct-5 = ’ 9 — 1 
2 Dkot ta 2k? 
ky? + 2ke (kq* + 2k") ”* 


(6.11) 


For antisymmetrical modes in both directions we have 


kya ky ’ ke (6 12) 


tan — ’ 8), 
é (ky* + 2k") ”? (kg* + 2h,*)" 

We have two mixed types combining one equation from (6.11) and (6.12). 
The ratio v = k,/k, may be found from the equation 


2y-? 1.1 LP! , ‘ 
a tan~' (1 _ ant (6.13) 


L. Lior 


where the principal values of the inverse trigonometric functions are to 
be considered, and where m and n are positive integers (wave numbers). 


Equation (6.13) is easily solved by the method of successive approxi- 
mations, in which the zeroth approximation may be taken as the asymptotic 


value v = na/mb. 


Results calculated for the case a = b are given in the table, where 
ce is the coefficient in the frequency formula (1.7) 
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D (nto, Eh 
—— oe 
Note that for the modes of oscillation for which k k,, Formulas 


-11) and (6.12) give 


We find from this that a - 


Present Iguchi 
method solution 


Percentage 
difference 


QUOU 
0265 
OOOU 
0377 
5079 
OOOO 
0432 
0132 


3370 
1.0000 


[It is well known that this problem has no exact solution. For the 
clamped plate Iguchi [4 ] has a sufficiently accurate solution in a 
series of functions satisfying all edge conditions and limited to six 
terms. Evidently his value of the fundamental frequency may be considered 
as exact. The last columns of the table give a comparison with the results 
of Iguchi. The table shows that the difference between the results for 
m= n= 1 is not great. This confirms the idea that the solutions for the 
dynamic edge effect satisfy Equations (1.3) exactly and all edge condi- 
tions. Any error is due to the "pieced-together" solution constructed 
for two opposite edges, an error of the order estimated by Formula (6.8). 
By substitution of the values ky = k, = 4n7/3a in (6.8), we find 


é exp(-— 22/3) = 0.027, which is close to the difference shown in the 


last column of the table. As one might guess from the nature of the 
simplification, the method gives natural frequencies which are too low. 
The error for the higher frequencies will be less than that shown in the 
table, since the Iguchi method gives upper approximations. 
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This paper deals with plastic deformation caused by the difference cf 
specific volumes of solid and fluid phases of matter during local melt- 
ing in a solid body. It is shown that, in the process of hardening of 
the region of melting, large (in absolute value) negative pressures may 
arise in the fluid, and that they can cause discontinuity of the fluid. 
The latter phenomenon causes the existence of cavities in the body after 
full hardening. 


Local melting is the melting in a small region of a solid body caused 
by generation of some quantity of heat in a small volume during a short 
period of time. 


In this paper, the assumption is made that the heat is instantaneously 
generated at a point in the interior of an isotropic solid body. Immedi- 
ately after the heat is generated, the matter in the infinitesimal volume 
around the origin of the coordinate system becomes melted. The spherical 
boundary between the fluid and the solid body of the radius ro (implied 
by the symmetry of the problem) moves in time in the following way: 
initially, r, increases in time (melting caused by temperature increment 
at the origin of the coordinate system), reaches its maximum value Pa 
and then decreases (hardening caused by flow of the heat out of the zone 
of melting) and approaches zero. 


It is assumed that the fluid phase of the matter has the specific 
volume larger than the specific volume of the solid phase, and that the 


relative increment of the dimensions fo during melting exceeds the 
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deformation at the yield limit of the material. 


Consequently, the formation of a region with a considerably “excess- 
ive" specific volume results in the creation of a zone of plastic de- 
formation of the solid body around this region. The character of defornm- 
ation during melting, when the region of the fluid phase expands (load- 
ing in a solid body), is essentially different from the character of 
deformation during hardening, when the region of the fluid phase decreases 


(unloading in a solid body). 


Because of the irreversibility of the process of deformation, some 
permanent changes of the material occur after re-hardening of the region 
of melting; they will be discussed later. 


In the analysis of the described phenomenon, the relaxation processes, 
which may arise in a solid body in high temperatures, will be neglected. 
This is allowable if the period of melting and hardening of the material 
in the region of the radius r, is smaller than the characteristic relaxa- 
tion time. In addition thermal stresses will not be taken into account, 


as they are negligible if aAT < where a is the coefficient of 


€ 

0 ’ 
thermal expansion of the body and AT is the temperature increment at 
local melting. These simplifications allow for the direct application of 


the theory of elastic-plastic deformation. 


Note that all the considerations and results of this paper do not de- 
pend on whether the spherical region contains the fluid phase of the 
matter or an isotropic solid phase. It is only essential that the 
specific volume of the new phase exceeds the specific volume of the pre- 
ceding phase. 


lL. Deformation of the solid body during melting (loading). 


Consider an infinite isotropic body with a spherical cavity of radius rp» 


filled with a fluid. The radius of this cavity increases in time; it is 
assumed, however, that ry is much smaller than the velocity of sound in 
this medium. The latter assumption allows for assuming the system fluid 
- solid body as being in equilibrium for every fixed ro: 

Spherical symmetry of the problem implies that some components of 
stress and strain tensors are identical 


Oo, 


(r, ¢, W are spherical coordinates whose origin is in the center of the 


fluid sphere) and the off-diagonal components of these tensors vanish.* 


* The non-vanishing components of the tensor ui, may be expressed in 
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Thus, the intensity of shear stresses*® is proportional too,- 0, (¢ = 
pee the intensity of shear strains is proportional to ‘a> ¢, 


u__) and each element of the solid body is subjected to proportional 


loading [1 ]. 


The components of the stress tensor o,, are related by the equations 
of equilibrium, and the components u,, are related by the compatibility 
equations. In the fluid, the pressure p is constant over its volume if 


gravity forces are neglected. The tensors Oi, and u., satisfy the follow- 


2 
ing boundary conditions: 


1) The surface of the body at infinity is free of stresses 


(1.4) 
2) On the boundary of the solid body and the fluid, the surface 


stresses are continuous 


and the deformations are continuous 


& — kip for = Po (1.3) 


where k, is the coefficient of compressibility of the fluid, and 3€q is 


the increment of specific volume during melting. 


In order to determine o ,, and u,, which satisfy the conditions (1.1) 
to (1.3), it is necessary to establish the relation between the tensors 
o,, and u.,. Using the relation between the volume deformation and the 
mean pressure, which is valid in a wide range of volumetric deformation, 
the following relations are easily obtained: 


terms of the only non-vanishing radial component uw of the displace- 
ment vector: 
dr 


u., = r-tu,, u,, = du 


yr / 
7? 


The intensity of shear stresses I,(o) is defined in the usual way as 


l . 

3 SinF1))" 
(repeated indices denote summation). The intensity of shear strains 
is similarly expressed in terms of the strain tensor. 
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&. — ks, - ae ) == const 


where k is the coefficient of compressibility of the solid body. 


Equations (1.5) and (1.3) give the relation between C and the pressure 


p in the fluid 
(k ky) Pp (1.6) 


The pressure in turn may be expressed in terms of the stress intensity 


ax 


p=2\—2— dr (1.7) 


re 


if relations (1.1) and (1.2) are used. 


It is essential that relations (1.4) and (1.5) (and also (1.6) to 
(1.8) derived from them) do not depend on the type of relation between 


the intensity of shear stresses and the intensity of shear strains. 


Equations (1.6) and (1.7) may be transformed into one equation for the 
determination of the constant C: 
go 
—dr (1.8) 


In order to assign a meaning to Equation (1.8), 
it is necessary to find the variation of 0, - 0, 
in r, which is determined by the relation between 
€4-€, ando,-o,. The theory of elastic-plastic 
deformations [1 ] establishes this relation for 
the increasing loading in the form 








(1.9) 


where g(a) is a monotonically increasing even function which is constant 
for small o; g(a) + 2u for o + 0. The diagram of the function g(c) o is 
schematically represented in Fig. 1. 


If (1.9) is substituted into (1.4), the relation o = o(r) is deter- 
mined in the implicit form by the equation 


G (s)= [2k + g(s)lo (1.10) 
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The constant C can be found from (1.8), as previously indicated. 


In the following, it will be advantageous to introduce, instead of C, 
another constant a) * a(r,), which is related to C by the equation 


G (Ge) 
The equation for a, follows from (1.8) and (1.10). 


The introduction of the constant 7, allows the 
writing of the expression for the fluid pressure in 





' 

i 
ial the form 
a 6 


Pig. 2. (1.44) 


Equation (1.11) indicates that the fluid pressure does not depend on 
r, (which is a consequence of the dimensional properties of this prob- 
lem), and is determined by the quantity ¢,. For ¢, ) the fluid pressure 


becomes zero. 


If the compressibilities of the fluid and the solid body are identical 


(k = k,), then the stress o, is determined by the equation 


0 
G (so) Jeo (1.12) 


In the case of Prandtl’s model (Fig. 2), which assumes that ¢, - - 


and o@ = 0,-0, are related by different functional relations below and 


above the yield point (e., a.) 
s s 


&,—&,>¢, (1.13) 


the pressure p is given by the expression 
(1.14) 


where a is the radius of the plastic zone [1 ], determined by the equa- 
tion 
a \3 f a \% 


(—) + = ; { In ( —) |< (1.15) 


ro ro 


From (1.15), for k = 


aT follows the relation 
fo 
23, (k +p) 
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and, for more general cases, the order of magnitude may be estimated by 


2. Deformation of the solid body during hardening (unload- 
ing). After the process of melting is terminated, and the radius of 
the fluid reaches its maximum value r,, the reverse process of hardening 
of the fluid starts. The hardening of the fluid phase on the boundary 
r = 9 is equivalent to the formation of a thin layer of the solid phase 
on the deformed and stressed base. Here, two cases are possible. 


Case A. The growing solid phase carries elastic stresses developed in 
the base. It is assumed, thus, that in the newly created, infinitely 
thin layer cf the solid body an instantaneous stress arises which is de- 
scribed by the equation 


&— Et, = go (0) Oo A) 


INDO 


where By \o) is a monotonically increasing function, 
in general different from g(o), and having the 
fol lowing properties: 


1. For small o, the function Bye) has a hori- 
zontal section (g,(o) + 2u for o + 0); 








} 


2. As o approaches 0)”, the function £,(o) 
Pig. 3. approaches asymptotically the vertical line o 


In the course of hardening (r, < 0), the motion of the boundary causes 


the unloading of the material around the melted region. As usual, the 


unloading is described by a linear relation between the changes of strain 
and stress tensors 


2u do 2.2) 


Using the differential equation (2.2) for the relation between finite 
changes, it is necessary to remember that the origins of unloading are 


different in the regions r > r, and r < r,- In particular 


&, 2uo0 + [g (v) — 2p] v (r >r,,) 

&5— &; 2uo + [go (0) — 2n)E Vv <r) 
where v is the intensity of stress o for ro = ra and it is determined 
by Equations (1.10) and (1.12) with ry, = r,; ¢ is the value of o in the 
region of solidified material at the start of unloading, and corresponds 
to maximum loading at a given point. The quantity ¢ is determined by the 





~ 
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intensity of stresses at a given point at the time when the boundary 


passes it: 
(2.5) 


With the use of (1.4), relations (2.3) and (2.4) yield the expressions 
for o analogous to (1.10): 


2 + ko + Ig (v) — wv = £ . (2.6) 


2(u + k)o + [go (6) — wl f : ‘ (2.7) 


Because of the continuity of 0, and¢, at the point r= r,, the con- 
stant C is the same in both (2.6) and (2.7). This constant is related to 
the value of the function ¢ = ¢(r) for r= ry. Indeed, (2.5) and (2.6) 


imply 
ro*Go (C), Go (Cc) = [2k + £0 (t)] a 0 C (To) (2.38) 
Determining the stress intensity from (2.6) and (2.7), substituting 


it into (1.8) and using (2.8), the equation for the function ¢ = C(r) is 
obtained: 


Go (0) = 3e0 + 6 (k —)\ Zar (2.9) 


The integral equation (2.9) determined ¢(r). Since the function v does 
not depend on To» differentiation of (2.9) with respect to ro) gives 


do = Bo (Co) —2iU» 


= a ,=3.—— 2.10 
® dro . Go (So) — B ky -~ Ul ( ) 


Integration of (2.10) gives 


Bin = | 


m 


__ Go’ (0) dt 
[go (C) —2p)g 


vm 


The relation (2.11), together with (2.6) and (2.7), determines the 
distribution of stresses in the solid body during the process of unload- 
ing. 


From the known distribution of the stress intensity in the solid body, 
the fluid pressure p = p(r,) may be easily determined; during unloading 
it depends on the position of the boundary, i.e. on r,. The pressure is 


determined by Equation (1.7) using (2.6) to (2.9): 





A.M. Kosevich and L.V. Tanatarov 


Go (Em) G (So) Go (£0) — 32 


on —_ r 
= Pm 3 (k — ky) 3 (k — ky) (Pm = P Vm) 


Here, p, denotes the pressure at the beginning of hardening (the 


pressure produced by melting). 


The dependence of the pressure on r, becomes especially simple if 
k = k,. Then, from (2.10) follows ¢ = ¢,* = const, and the pressure may 
be conveniently determined directly from relation (1.7): 


70 (C*)— 2 pe : 
° e © Ia (- 2.13) 

The pressure in the fluid decreases during unloading with progressive 
hardening (r, < 0). In fact, the properties of the function go(¢,) imply 


that for So 7 0 


dp go(lo)— 2b, ~ 
= =a PE > O 
dro (ue + ky)ro 


where the equality dp/dr, = 0 occurs only for the elastic type of rela- 


tion (2.5), i.e. for g)(¢) = 24. Because during hardening ro < 0, it 


must be p < 0. 


It is easy to see that the decreasing p(r,) assumes value zero, i.e. 
the value of r, > 0 exists (denoted below by p,) for which p = 0. This 
value of r, satisfies the condition following from (2.12) 


Seo Go (Co) (2.14) 


Relation (2.14) may be considered as the equation for ¢,. If the root 
of this equation is denoted by ¢* (it is significant that this quantity 
has entered into (2.13)), then p, may be determined explicitly by rela- 
tion (2.11): 


Go’ (C\ dt 


(go (€) — 2) C 
°m 


(2.45) 


For r,) <p, the fluid pressure is negative. 
If the compressibilities of the fluid and the solid body are identical 
(k = k,), then from Equation (2.13) 
(k + B) Pm 
[go (C*) — 2p] ¢° 
Case B. The growing solid phase deforms in such a way that it under- 
goes only uniform pressure. In this case, shearing stresses in a newly- 
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created, infinitely thin layer of the solid phase are assumed to be equal 


to zero*: 


(2.16) 


Therefore, instead of (2.4) the relation between ¢«, - C and o is 
&o — & = 2u0 + go (7 < Tm) (2.17) 


where q. is the value of the strain intensity «,-«¢, in the region of 
hardening at the beginning of unloading. The quantity gq, is determined 
by the intensity of strain at a given point at the time when the bound- 
ary surface passes this point. 


Indeed, from (2.16) and (2.17) 


er go 


Here, the function q, = q)(r) is to be determined. 


Comparison of (2.16) and (2.5) with (2.17) and (2.4) indicates that 
the results obtained for Case A may be used for the analysis of stresses 
and strains if ¢ = 0 and g,(¢)¢ = gq, are assumed. (It is only necessary 
to take into account that q,(r) is an unknown function of r, while g,(¢) 
was assumed as a known function of the unknown quantity ¢). The equation 
for qy(r) follows directly from (2.10): 


“ee .. g5 (2.18) 
qo wt . 


and the boundary condition for r = 
follows from (2.11): 





go (Tm) seo + 6 (h 








, 0 
where the value of o is, as previously, de- 


termined from the condition (1.10). From 
(2.17) and (2.18), a simple expression for 
qy{r) follows: 


go (r) = [3e0 + 3 (k — hi) pn 


= 0 in Case A. 


* Formally, Case B corresponds to ey 
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obtained from (2.12): 


Jo (To) — 3&0 
) 
I 3 (k ky) 


As in Case A, the pressure becomes zero at the point p, determined by 
the equation qy(p,) = 3€,, with dp/dr, > 0 at this point. Consequently, 
as in Case A, the fluid pressure becomes negative for rp» < po. 


3. Analysis of the state of stress in the body during un- 
loading. For a qualitative investigation of the state of stress of the 
solid body and the dependence of the pressure of the fluid on ry, a 
simple model of plasticity of solids is considered, i.e. Prandtl’s model. 
This means, in particular, that the function gy (o) 0, introduced in the 
preceding section, is determined analogously to (1.13), and its diagram 
has the form given in Fig. 2 but with a different yield point (o° e.). 


Specific applications of the presented theory are carried out in 
different ways for different signs of 8. This results from the fact that 
the function €, whose value determines the intensity of stresses at the 
beginning of unloading, behaves differently, depending on the sign of f. 


For 8B > 0, as follows from (2.10), the quantity ¢ 1s an increasing 


function of r, becoming zero for r = 0, and reaching c. for r = r. (Fig. 
4). If 8 < 0, then € is a decreasing function of r, which, on the basis 
of the properties of the function g,(o) o assumed in Section 2, is equal 
to ot (o,° > ¢,) for r = 0 and equal to ¢, for r= r, (Fig. 4). 


For 8B = 0, the function ¢ reduces to a constant ¢ = ¢,. 


In the proposed theory, the part of ¢, is played by the quantity 02 
from which the unloading starts at the beginning of hardening. This 
theory does not admit for newly-hardened layers the values of o larger 
than o,”. Therefore, if 8 <0, the beginning of unloading in an arbitrary 
point r coincides with the stress intensity o.°; if B> 0, a region of 
small r necessarily exists in which instantaneous loading in newly- 
created layers of solid body does not exceed the "yield point", and o < 
a2 corresponds to the beginning of unloading. 


Because the coefficient of compressibility of the fluid phase is 
larger than the corresponding coefficient of the solid phase of a given 


material (k, > k), the discussion may be limited to the case § < 0. 


In this case, instead of (2.4) the relation 


fg — & = 2h (0 — o,°) + 4 (7), 
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° = 0. The quantity 


should be used, which coincides with (2.17) for o. 
q,(r), as in (2.17), is determined by stress intensity at the point r at 
the moment when the boundary surface passes this point. In order to find 
q,("), it is again convenient to use directly the results of Case A, 


5 


Section 2, noting that the formal replacement in all expressions ¢ + ¢.° 


Ss 
and g,(¢)¢ + q,(r) is sufficient. Thus, the expression for q,(r) is ob- 


tained: 


d ; 
<i = a‘ (3.1) 
qs “HS,” 


with the boundary condition 


ds (Tm) 1 2ko,° 


From (3.1) and (3.2) follows 


qs (Tr) — 2uo, : " [eo + (k — ki) Pm - —~ (- kyo,°) (3.3) 


Note that the characteristics of the process of unloading in the 
region r > r, do not enter explicitly into (3.3), but that only p, 
appears. Nevertheless, the form of the function q,(r), as well as Equa- 
tion (3.1), is determined by the linear character of unloading. Using 


(3.3) and (2.14), the equation 
es ae 


may be obtained. 


The pressure becomes zero at the point r» which may be found 


Po» 
either from (3.4) or directly from (2.15): 


(ky 


~(k 


(3.5) 


The case of ¢ 9 >> &, 18 most interesting, because for high tempera- 
tures the yield point is low and the change of volume during melting is 
large (usually € 6 10-7). In this case, the point r Po is very close 
to Tp re In fact, because (n(a ro )* in relation (1.14) depends only 
slightly on the ratio ¢,/e., it is approximately p.~o,, and, conse- 
quently, the second component of the right-hand side of (3.5) may be 
estimated as 

ky) p,, 


*/3 (kK + B)G, 
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(1 « 1) 


In the linear approximation with respect to 7, Equation (3.5) gives 


uu) p (ky jt) P., 


(3.6) 


ih} 3 
7 > 
As might be expected, 7 1s not too sensitive too, 


If r) <p y, the pressure in the fluid becomes negative, and its 
absolute value rapidly increases as r, decreases. It is easy to verify 
that if the boundary surface moves from the point r, , at the distance 


27, the absolute value of pressure reaches 


2n 


In this way, even for a relatively small amount of "freezing" of the 
fluid, the negative pressure becomes very large (in its absolute value). 


Because of 8 < 0, for very small r Pas the negative pressure deter- 


mined by Expression (3.4) should lentnaen in its absolute value as 

7. ry)” ’, But the stress intensity at some points would exceed (in its 
absolute value) the limit value O,, 1.€. the material at these points 
would be beyond the elastic limit. This means that for small r, linear 
unloading in some regions becomes plastic loading of opposite sign. The 
analysis of the stress intensities, which are found from (2.6) and (2.7) 


using (3.3), actually shows that for small r,/r, the absolute value of o 


becomes very large, and it may reach oa, in the vicinity of r r 


a 
In the derivation of the relations discussed in this section, the 
essential assumption has been made that the unloading has linear charac- 
ter, and, consequently, it is necessary to stay within the limits for 
which this assumption is valid. Therefore, if « 9 >> &¢, all the derived 


relations may be used only for smal] (r. — Fe)/Tes namely for 


Nevertheless, for smal] (r. - ry) Pa also, as, for instance, (3.7) 


indicates, the negative pressure in the fluid may be very large. 


But it is known [2 ] that the state with a large negative pressure is 
a non-equilibrium state and its stability is limited. In other words, in 
such a state the fluid tends to compress itself by separating from the 


solid walls or by creating internal cavities. This tendency is counter- 
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acted only by the fact that during fractures new surfaces are created 
which increase the surface energy of the system. If the increment of the 
surface energy is compensated by the decrement of the energy of volu- 
metric deformation, the fluid will necessarily become discontinuous. 


If in the fluid of the volume ~ mm a discontinuity occurs, then the 
fluid pressure becomes zero with the velocity of sound, and further 


hardening continues at p = 0. As a result of this, cavities of the volume 


oP are created in the solid body by changes of the specific volume 


of the material after full crystallization of the fluid. 


The authors consider it their duty to express gratitude to I.M. 
Lifshitz for valuable discussions. 
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The modern theory of seepage [| infiltration | is based on the concept of 
a porous medium consisting of impermeable grains separated by pore 
spaces. Comparison of the results of theoretical and laboratory invest- 
igations of non-steady-state flow of liquids with data for strata under 
natural conditions leads to the conclusion that current concepts of a 
porous medium are inadequate. In all natural strata, the development of 
some degree of fissuring is a characteristic feature. The description of 
non-steady-state flow of liquids in fissured strata by means of the 
usual equations of infiltration theory can lead, in some cases, to con- 


flicting conclusions of qualitative nature. 


At first glance, it appears that non-steady-state seepage in fissured 
rocks can be studied by assuming a system of fissures, which are regular 
to some extent, in the stratum. Apparently, for studying seepage in 
fissured rocks, this method is not promising. Even if it were possible 
to overcome the enormous mathematical difficulties involved in solving 
problems of non-steady-state flow in strata with a system of fissures of 
a sufficiently general type, it is not possible to determine the con- 
figuration of this system with any degree of reliability. Information ob- 
tained in the analysis of cores — specimens of the rock obtained by drill- 
ing from the surface — gives very incomplete data on the fissure system. 
The position is to some extent similar to that which occurs in investigat- 
ing the flow of a liquid in an ordinary porous medium — even if it were 
possible to overcome all the difficulties involved in the integration of 
the equations of motion of a viscous liquid in the pore spaces, the 
method would not be suitable for investigating seepage, since the pore 


configuration remains unknown. Various models of a porous medium, which 
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are based on one or another type of arrangement of the system of pores 
and grains and on the study of the motion of the liquid in such systems 
(ideal soil, fictitious soil, etc. [1 ]), proved suitable only for the 
qualitative investigation of seepage phenomena. Seepage theory has 
followed the trend which is characteristic of the mechanics of continuous 
media generally, namely, the introduction of mean characteristics of the 
media and flow (porosity, permeability, pressure, seepage velocity, etc.) 
and the formulation of basic laws in terms of these mean characteristics. 


Such an approach, applied irrespective of whether or not the system 
of fissures is regular in the natural stratum, also proved most advan- 
tageous in investigating seepage in fissured rocks. 


In this paper, the basic concepts of the motion of liquids in fissured 
rocks are presented. Mean-characteristics are introduced, whereby the 
averaging is carried out on a scale which is large compared to the 
dimensions of the individual blocks. The difference between the present 
scheme and the more usual scheme of seepage in a porous medium consists 
in the introduction at each point in space of two liquid pressures - 
liquid pressure in the pores and pressure of the liquid in the fissures 
a, and in taking into consideration the transfer of liquid between the 
fissures and the pores. Under certain assumptions, an expression is ob- 
tained for the intensity of this transfer. The basic equation of the 
seepage of a liquid in a fissured rock and the same general equations of 
the seepage of liquid in a porous medium with a double porosity are de- 
rived. These equations will obviously contain, as a particular case, the 
equations for the seepage of a liquid in an ordinary porous medium; in 
the paper an evaluation is made which indicates for which cases the latter 
equations are valid and when the more accurate expressions given in this 
paper have to be used. The formulation of the basic boundary-value prob- 
lems for seepage equations in fissured rocks is considered. Some 
characteristic features of non-steady-state seepage in fissured rocks are 
discussed, particularly the possibility of the occurrence, under certain 
conditions, of a pressure jump [discontinuity |] within the system and at 
the boundaries, similar to the “infiltration gap" in non-pressure seep- 
age [2 ]. Conditions at jumps are derived, and the features pertaining 
to the formulation of boundary-value problems in the presence of jumps 
are pointed out. Solutions are given of certain specific problems of non- 
steady-state seepage in fissured rocks. 


1. Basic physical concepts. A fissured rock consists of pores 
and permeable blocks, generally speaking blocks separated from each other 


by a system of fissures (Fig. 1). The dimensions of the blocks will vary 
for the various rocks within wide limits, depending on the extent to 
which fissures are developed in the rock. The widths of the fissures are 


considerably greater than the characteristic dimensions of the pores, so 
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that the permeability of the fissure system considerably exceeds the 
permeability of the system of pores in 
the individual blocks. At the same time, 
it is a characteristic feature of 
fissured rocks that the fissures occupy 
a much smaller volume than the pores, 

so that the coefficient of fissuring of 
the rock a», — the ratio of the volume 
of the cavity space occupied by the 
fissures to the total volume of the 


8 NSS / Os 
t) . 5 
Se) 


(ed 


rock — is considerably smaller than the 

porosity of the individual blocks a,. 

Much factual data on fissured rocks has 

been published in [3-9 ]; the paper by 

Pirson [4] is of particular interest, since it gives a qualitative de- 
scription of the structure of a porous medium with double porosity, which 
is close to that considered in this paper. 


If the system of fissures is sufficiently well developed, the motion 
of the liquid in fissured rocks can be investigated by the following 
method. Unlike the classical seepage theory, for each point in space, not 
one liquid pressure but two, p, and p, are introduced. The pressure p, 
represents the average pressure of the liquid in the fissures in the 
neighborhood of the given point, while the pressure p, is the average 
pressure of the liquid in the pores in the neighborhood of the given 
point. For obtaining reliable averages, the scale of averaging should 
include a sufficiently large number of blocks. Therefore, it is neces- 
sary to take into consideration that any infinitely small volume includes 
not only a larger number of pores, as is assumed in the classical theory 
of seepage, but also that it contains a large number of blocks. This con- 
dition permits the use of the method of analysis of infinitesimals in 
investigating fissured rocks. 


In a similar manner, two velocities of seepage of the liquid can be 
defined at each point in space: V, and V,. Vector V, of the seepage velo- 
city of the liquid along the fissures is determined as follows: the pro- 
jection of this vector in some particular direction is equal to the flow 
of the liquid through the cross-section of the fissures of a small zone 
passing through the given point in a direction perpendicular to the given 
direction, divided by the density of the liquid and the total area of 


this zone. In the same way, the projection of vector V,, the seepage 


velocity of the liquid through the pores in a given direction, will equal 
the flow of the liquid through the cross-section of the blocks of the 
small zone mentioned, also divided by the density of the liquid and the 
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total area of the zone. 


It is a characteristic of fissured rocks that the flow of the liquid 
proceeds essentially along the fissures, so that the flow velocity of 
the liquid through the blocks is negligibly small as compared to seepage 
of liquid along the fissures. 


If the boundary between the fissures and the blocks is imagined im- 
permeable, the fissured rock can be considered as being a coarse-grained 
porous medium in which the fissures play the role of pores and the blocks 
play the role of grains. If, furthermore, the fissures are sufficiently 
narrow and the velocity of the liquid is sufficiently small, the motion 
of the liquid along the fissures will be inertialess and Darcy’s Law is 


ful filled: 


V; * grad py (4.4) 


where k, is the permeability of the system of fissures and yw is the vis- 
cosity of the liquid. Application of Darcy’s Law to seepage along the 
system of fissures is not of principal importance; if desired, inertia 
of the motion can be taken into account, using thereby a more complicated 


nonlinear law. 


A characteristic feature of the non-steady-state motion of a liquid 
in fissured rocks is the transfer of liquid between the blocks and the 
fissures. Therefore, in investigating the seepage of liquids in fissured 
rocks it is necessary, in contrast to the classical theory of seepage, 
to take into consideration the outflow of liquid from the "grains" - 
blocks into the "pores" — of the fissures. 


The process of transfer of liquid from the pores and the blocks takes, 
place essentially under a sufficiently smooth change of pressure, and, 
therefore, it can be assumed that this pressure is quasi-stationary, i.e. 
it 1s independent of time explicitly. It is obvious in such a case that 
during motion of a homogeneous liquid in the fissures of the rock, the 
volume of the liquid v, which flows from the blocks into the fissures 
per unit of time and unit of volume of the rock, depends on the follow- 
ing: (1) viscosity of the liquid yw; (2) pressure drop between the pores 
and the fissures p,- p,; and (3) on certain characteristics of the rock, 
which can only be geometrical ones, i.e. they may have the dimension of 
length, area, volume, etc., or even be dimensionless. On the basis of 
dimensional analysis [10 ], we obtain for v an expression of the type 


(1.2 


where a is some new dimensionless characteristic of the fissured rock. 
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Thus, for the mass q of the liquid which flows from the pores into the 
fissures per unit of time, per unit of rock volume, the following equa- 


tion is valid: 


Ia ‘ 
— (De — ) (4.3) 
y Ps Pi 


where p is the density of the liquid. 


It should be pointed out that in a somewhat different form relation 
(1.3) was applied for the integral estimate of the flow along the stratum 
as a whole [11 ]. 


2. Equation of motion of a uniform liquid in fissured 
rocks. In accordance with what has been said above, the law of conserv- 
ation of mass of liquid in the presence of fissures can be written as 


follows: 


div ov, —@ - QO (2.1) 


In view of the smallness of the volume of the fissures, the first 
term, which expresses the change in mass of the liquid due to compres- 
sion in the fissures and changes in the volume of the fissures in some 
element of the rock, is small as compared to the second term, which ex- 
presses changes in the mass of the liquid caused by the inflow of the 
liquid along the fissures through the boundary of this element. There- 
fore, relation (2.1) can be disregarded. Inserting Equation (1.1) 
(Darcy’s Law) into Equation (2.1), taking into consideration the fact 
that the liquid is slightly compressible so that 


Po + Bdp (2.2) 


(p, is the density of the liquid at some standard pressure, for instance, 
the initial pressure in the stratum, f is the coefficient of compress- 
ibility of the liquid, 5p is the change in the pressure relative to the 
standard pressure), assuming that the medium is homogeneous and neglect- 
ing the small higher-order terms, we obtain 


ky APs + &(P2— Ps) = VY (A is Laplace operator) (2.3 


Further, the equations of conservation of mass of the liquid which is 
present in the pores can be written thus*: 


Strictly speaking, in Equation (2.4), mo will not represent the 
porosity of the blocks but the ratio of the volume of the pores to 
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jmeD , 
= - T div oV,- 
ot . 


so that the quantity of liquid which flows into the fissures equals the 
quantity of the liquid which flows out of the blocks 


In view of the low permeability of the blocks, the second term of 
Equation (2.4), which expresses changes in the mass of the liquid within 
the pores in some element of the rock, due to the inflow of liquid along 
the pores through the boundaries of the element, can be disregarded as 
compared to the first term which represents changes in the mass of the 
liquid in the pores due to its expansion, and also to changes in the 
volume of the pores. Therefore, Equation (2.4) can be re-written as 


Furthermore, the porosity of the blocks m, in the case of a constant 
pressure of the upper strata of the rocks on the roof of the stratum de- 
pends, generally speaking, on the pressure of the liquid in the fissures 
Py and the pressure of the liquid in the pores p,. However, the volume of 
the fissures in the rock is considerably smaller than the volume of the 
pores. It can be assumed that, in contrast to the liquid located in the 
pores, the liquid located in the fissures does not participate in support- 
ing the upper strata of the rock formations. Therefore, the influence of 
the pressure of the liquid in the fissures p, on the porosity of the 
blocks can be disregarded as compared to the influence of the pressures 
of the liquid in the pores p,, and it can be assumed that 


dm, 3 od ps (2.6) 


where B., is the coefficient of compressibility of the blocks. Taking 
into consideration, also, relations (1.3) and (2.2) and neglecting smal] 
terms of higher order, we obtain 


ODe 
m,\3) < 
ol 
where m, 1s the magnitude of the porosity of the blocks at standard pres- 
sure. Equations (2.3) and (2.7) describe the motion of the liquid in 


the entire volume of the rock, including the volume of the fissures. 
However, in view of the small relative volume of the fissures compared 
to the relative volume of the pores, a, can be considered as repre- 
senting the porosity of the individual blocks. 
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fissured rocks. Eliminating from these equations p,, we obtain for the 
pressure of the liquid in the fissures p, the equation 


Py (2.8) 


The coefficient x represents the coefficient of piezo-conductivity of 
the fissured rock; it is interesting that this does not correspond to 
the permeability of the system of fissures k, but to the porosity and 
compressibil ity of the blocks. The coefficient » Tepresents a new 


specific characteristic of fissured rocks. If 7 tends to zero, it cor- 


responds to a reduction of the block dimensions and an increase in the 


degree of fissuring, and Equation (2.8) will obviously tend to coincide 


with the ordinary equation for seepage of a liquid under elastic condi- 


tions. 


An approximate estimate of the possible magnitudes of the coefficient 
n will be made. The dimensionless coefficient a, characterizing the in- 
tensity of the liquid transfer between the blocks and fissures, depends 
on the permeability of the blocks k, and the degree of fissuring of the 
rock, as a measure of which it is obvious to take the specific surface 
of the fissures 0, i.e. the surface of the fissures per unit of volume 
of the rock. The quantity o has the dimension of the reciprocal of length. 


On the basis of dimensional analysis we obtain 
1—~ kas 


From this and Equation (2.8) we obtain 


q 


where | is the average dimension of a single block (the specific surface 
of the fissures is inversely proportional to the average dimension of a 
single block). Evaluations show that for various rocks the parameter 7 

will assume values within wide limits — from a few cm’ to values of the 


order of 10!° cm’. 


Determination of the parameter 7 should be carried out by means of 
data for the steady-state flow of liquids in fissured rocks. Thus, where 
natural strata are involved, determination of this parameter should be 
carried out only on the basis of investigations of the behavior of the 
stratum under non-steady-state conditions and not on the basis of tests 


carried out on rock specimens brought to the surface. 


3. Equations of motion of a homogeneous liquid in a medium with double 


porosity. The system of equations (2.3), (2.7) represents a particular 
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where ®) and a are the values of the first and second order porosity at 


standard pressure. 


If the pressure Po changes, say decreases, at a constant pressure of 
the upper strata on the roof, the porosity of the first order will in- 
crease, on the one hand, as a result of the compression of the blocks 
and, on the other hand, it will decrease as a result of compression by 
the overlying strata. These effects will apparently compensate each other 
to some extent. The situation is similar for the second-order porosity 
a, in the case of a change in the pressure P)- It is, therefore, advis- 
able to consider the model of the double porosity of the medium for which 
the porosity of each order depends only on the appropriate pressure, so 
that the coefficient B. and fp, , in Equation (3.1) can be considered small 
and the appropriate terms in Equation (3.1) can be disregarded. 


Equations (3.3) for such a model of a porous medium with double poro- 
sity will be of the form similar to the equations for heat transfer in a 
heterogeneous medium considered by Rubinshtein [12 }: 


wy 


Disregarding in Equations (3.3) the terms representing a change in 
the mass of the liquid due to the compressibility of the first medium 
and the compression of the liquid in the pores of the first order, and 
the changes in the mass of the liquid as a result of the seepage inflow 
along the pores of the second order, we again obtain the equations of 
motion of a liquid in a fissured porous medium (2.3) and (2.7). 


4. Basic boundary-value problems of the theory of non- 
steady-state seepage in fissured rocks. Equation (2.8), to which 
corresponds the pressure distribution of the liquid in the pores p,, can 
be written as 

Opy Ky 4 
8 liv grad p "3 = grad 
Booz — div | 7 grad p; 130 5 grad p, 
where By is the total effect of compressibility equal ling Be» + Mf. 
This form of writing the basic equation indicates that motion in the 
system of fissures can be considered as the motion of a liquid in a 


porous medium with a total compressibility coefficient By, and the ex- 


pression for the velocity of seepage of the liquid can be written as 


Ky Oo 
ors or {4 ? 
tad Py NBy 5 grad p, (4.2) 
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The initial and the boundary conditions have to be added to Equation 
(2.8). As in the theory of seepage in a vorous medium, the steady-state 
initial conditions are of greatest interest in the given case (i.e. the 
harmonic initial distributions p,, which satisfy Equation (4.1)}. Among 
the possible types of boundary conditions the most important are the 
following: 


1) The pressures p, at the boundary of the rock of volume s under con- 
sideration are given (first boundary-value problem) 


Ps P(O,0) 


2) At the boundary s the flow of the liquid is given (second boundary- 
value problem), the following quantity being given, in accordance with 
what was stated above, at the boundary of the surface 5S 


(d/dn is the derivative along the normal to the surface S), and, finally, 


3) At the boundary a linear combination of the pressure and the flow 
of the liquid, generally speaking with variable coefficients A and B, is 
given (mixed problem): 


If the initial pressure-distribution is continuous and the boundary 
conditions are consistent with the initial ones (i.e. the boundary values 
of the initial distribution on approaching the boundary points equal to 
the boundary values of the corresponding functions at the initial instant 
of time), the solutions of the above-stated boundary-value problems will 
be the ordinary classical solutions (4.1). However, if the initial pres- 
sure distribution is discontinuous or if the initial and the boundary 
conditions are unrelated, then the derived distributions will also be 
discontinuous and there is no classical solution for the boundary-value 
problems formlated above; it is necessary to seek a generalized solution 
in the sense of Sobolev [13 ]. To proceed further it is necessary to de- 
rive the conditions at the discontinuities. It is sufficient to consider 
the one-dimensional case, since in the neighborhood of the given point 
the surface of discontinuity can be considered as being plane. Thus, it 
is assumed that within a sufficiently small vicinity on both sides of the 
isolated discontinuity surface x = 0 (x is the direction of the normal to 


the surface of the discontinuity), the function P, is continuous, has 
appropriate continuous derivatives and satisfies the equation 
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Lp, 


In the region G(- h<x<h, 0<t< T), where A is a small number, 
the terms in the expression Lp, are piece-wise continuous. By means of 
term-by-term integration of Lp, along the region G we obtain 


For h + 0 the first integral tends to zero and the preceding equality 
yields 


(4.8) 


where as usual the sign | | designates the difference between the values 
of the function on both sides of the discontinuity surface. Since T is 
arbitrary and the expression under the integral sign is a continuous 
function of time, it follows that the expression under the integral sign 


equa l S zero 


1.e. the condition of continuity at the surface of discontinuity of the 
total flow of the liquid (0/dx was replaced by 0/dn). To obtain the 
second condition, Equation (4.6) is multiplied by x and integration is 
carried out over the same region G: 


\ cLp, dx dt 


As h + 0, the first and second integrals will become zero, and thus 
we obtain 


(4.10) 
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so that the second condition at the surface of discontinuity is obtained 
in the form 


9 [Pil 
, 
Po a: 


For 7» = 0 the basic conditions at the surface of discontinuity (4.9) and 
(4.11) will change into the condition of continuity of the function and 
its derivative along the normal to any surface, i.e. the condition of 
absence of discontinuities*, which is well known in the theory of heat 
conduction and the theory of seepage in a porous medium. 


Integrating (4.9) and (4.11), we obtain the conditions at the discon- 
tinuities in the form 


” Op, | 


on 


[Pi] [Piltmo e™ 


so that the pressure jumps and normal derivative of pressure which occur, 
due to the discontinuity or due to inconsistent initial conditions, will 
not be eliminated instantaneously as in a porous medium (and as is the 
case for jumps in temperature and heat flow in the theory of heat con- 
duction) but will decrease in accordance with the law e~**/”, This pro- 
perty is a characteristic qualitative feature of the mathematical de- 
scription of non-steady-state flow in fissured rocks, which is comparable 
with flow through a porous medium. 


5. Some specific problems of non-steady-state flow in 
fissured rocks. General qualitative conclusions. 1. Non-steady- 
state flow of liquid in a gallery. From the literature the importance of 
the study of non-steady-state seepage in drainage galleries is well known. 
This problem is formlated as follows: at the initial instant the pressure 
of the liquid in a semi-infinite stratum (0 < x < «)P, is constant; the 
pressure at the boundary x = 0 suddenly assumes the value P,, differing 


from P,, and then remains constant. The problem of determining seepage 
flow requires the solution of the equation 


In obtaining the second law of conservation in a medium with a vari- 
able permeability coefficient ky it is necessary to multiply both 
parts of Equation (4.6) by 
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Op) py O* py 
Y) — a - 
Ot Oxdt Or? 


for the uncoordinated initial and boundary conditions 

Pi (z, 0) = Pro, pi(—O, t) = P, 
(the boundary pressure is given immediately to the left of the boundary 
x = 0). At the initial instant there will be a pressure jump at the 
boundary equal to (P, — P,); according to (4.12), at time t this jump 


will equal (P, - Pe ®t, so that the pressure of the liquid immediate- 
ly to the right of the boundary will equal 


Pi (+0, t) = Py + (Po — Py) e-™” (0.3) 


To find the pressure distribution at any desired instant of time t, 
the Laplace transform with respect to time t is applied. We set 


p, (x, t) == P, — (Po — P,) u(z, t) (5.4) 


Then, for determining u(x, t) (t > 0, 0< x < o), we obtain the bound- 


ary-value problem 


, A) | eu (zx, t) dt 


Applying the Laplace transform to Equation (5.5) we obtain 


1 
A(z + An)’ 


( i 
5 ; exp - wo 
A(x AN) \ x An 


whence, on the basis of the known rule of inversion [14], we obtain 


'(O, 2d) 


ya i id 7 
u (Zz, lt) . j e™' exp | - y ; - “F = (9.7) 
2m *x*+ AN A (*% + An) 


The evolution of the integral on the right-hand side of the previous 
equation yields 
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Inserting this expression into Equation (5.7) and substituting the 
variables o/(1 - ao) = v*, we obtain 


a 
\ Ssinvzexp | 
av 


of 4 
\ — sin vz {exp 
x 3Y \ 


From this and from Equation (5.4) we finally obtain 


-~ P,)¢ sin ve v*xt 


» ? 
2 {exp ( — | 
( \ ve" 


P, (2, b) P, = exp 


mf 


+ (P, — P;) exp(- 


Since the integral in Equation (5.10) and the integral obtained after 
differentiation with respect to x under the integral sign are both uni- 
formly convergent, the expression given by Equation (5.10) can be differ- 
entiated with respect to x. Hence, from Equation (5.10) we obtain the 
expression for the flow of the liquid through the boundary of the stratum 
x= 0 


It is interesting to compare the derived solutions with the appropri- 
ate solution of the problem of the theory of seepage in a porous medium. 
This well-known self-similar solution is obtained from Equation (5.10) 
for the case when 7 = 0 


2 :, ' 
p, (x,t) = P, (Py —P,) @(5 
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where ® is the symbol of the Kramp function. For comparing the pressures, 
Equations (5.10) and (5.12) which correspond to fissured and ordinary 
porous media, respectively, the distribution quantities u(x, t) = (p, - 
P,)/(P, — P,) for various values of the parameter xt/n have been plotted 
as a function of the self-similar variable & in 
Fig. 2. (The calculations were carried out by A. 
L. Dyshko at the Computing Center of the Academy 
of Sciences, USSR). It can be seen that with 
increasing xt/n the pressure distribution in a 
fissured rock tends to the self-similar distribu- 


porous medium tion which is obtained in an ardinary porous me 


r medium. 


2. Non-steady-state 
infiltration of a liquid 
from a well discharging 
at a constant rate. In 
addition to the problem 
considered previously, the 
problem of non-steady- 
state infiltration of a 
liquid from a well of in- 
finitely small radius 
with a constant yield is 

Pig. 2. of considerable interest. 
It is formulated as follows: an infinite horizontal stratum of constant 
thickness fh is penetrated by a vertical well of negligibly small radius. 
At the initial instant, the pressure of the liquid in the stratum is con- 
stant and equal to P. Then, a liquid begins to flow in or out at a con- 
stant volume rate Q. 


The pressure of the liquid in the fissures p,(r, t) (r is the distance 
from the axis of the well) satisfies the equation 


? r 


Op) } 
' : ir 


with the initial conditions 


Pi (7, Y) Pp 


In accordance with Equation 


pressed as 


We obtain therefrom 
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(Top, ir) 


we obtain the final formula for the boundary conditions 


Setting 


(5.16) 


we obtain the following boundary-value problem for determining the func- 


tion u(r, t) 


To solve the boundary-value problem (5.17) we again revert to the 
Laplace transform, the relations (5.17) being reduced to the following 


form 


Taking into consideration, also, the condition U(« » obtain 


14 


(K, is the symbol of the Macdonald function), and by the general rule of 


inversion [14 ] we obtain 


In an entirely analogous manner, after calculating the integral and 
reverting to the variable p,, we obtain the pressure distribution in the 
form 


exp Aa. | 5.21) 
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The known self-similar solution of the corresponding problem of the 
theory of seepage in a porous medium is obtained from Equation (5.21) 
for 7 = 0: 


Qu Qu 


- ) 4 vx ; } a3 
Pi re I Iakh ) dv / inkyh Ei | 

It can be seen, in the same way as in the previous problem, that for 
increasing values of xt/n, the solution (5.21) of the problem of seepage 
in a fissured rock tends asymptotically to the solution (5.22) of the 


problem of seepage in a porous medium. 


It can also be seen from the examples investigated that the most 
characte@istic property of the non-steady-state flow of liquids in 
fissured rocks is the occurrence of some delay in the transient processes; 
the characteristic time of this delay is 


n/* 


Thus, the following general conclusion can be advanced: in consider- 


ing processes of non-steady-state infiltration in fissured rocks, the 


ordinary equations of non-steady-state flow in a porous medium can be 


applied only if the characteristic times of the process under consider- 
ation are long compared to the delay times r. However, if the character- 
istic times of the process are comparable tor, it is necessary to apply 
the model and the basic equations presented in this paper. The estimates 
which have been carried out have shown that fissuring must be taken into 
consideration in many cases when investigating such processes as the re- 
storation of pressure in shut-down wells and, generally, transient pro- 
cesses during changes of the operating conditions of the well. 


In conclusion, the authors thank A.P. Krylov for his attention to the 
work and A.A. Abramov, M.G. Neigauz and A.L. Dyshko for their useful re- 
marks and for carrying out the calculations. 
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The stability of the flow of a viscous incompressible fluid in a two- 
dimensional channel with parallel walls has been studied in detail in 
the case of symmetric velocity profiles in [1,2]. There are possible 
flow patterns, however, the velocity profiles of which are not symmetric. 
Such flow patterns arise, for example, in channels with permeable walls, 
through which the fluid moves with different velocities [3]. 


This paper analyses the stability of almost parallel flows with asyn- 
metric velocity profiles both in two-dimensional and annular channels, 
using the method developed in [1]. The difficulty of the problem lies 
in the fact that the asymmetric velocity profile does not allow one to 
consider just symmetric or antisymmetric perturbations. In the analysis 
we use the results of mathematical papers on the behavior of asymptotic 
solutions of the Orr-Sommerfeld equation [ 4,5 }, 


l. The problem of the stability of parallel flows reduces to the solu- 
tion of the Orr-Sommerfeld equation for the amplitude of the stream func- 
tion of the perturbation flow of ¢ 


(D? — a*)? @ = ia R [(w — c)( D® — a?) — Dw) q ( D2 (1.1) 


a* 
dy* 


Here y is the dimensionless coordinate measured along the normal to 
the wall of the channel, a = 2m”H/A is the wave number, A is the wave- 
length of the perturbation, and H is the width of the channel; R = UH/v 
is the Reynolds number of the stream, corresponding to the maximum velo- 
city U in the given section of the channel ; v is the kinematic viscosity 
of the fluid; w= u/U is the dimensionless velocity profile; c is the 
dimensionless wave velocity, which we shall assume to be a real number, 
considering only neutrally stable oscillations. 





Stability of flow of viscous fluids in channels 


Satisfying the boundary conditions 


4 4 U when y jand y Ys 


we obtain the equation for the eigenvalues 


Pu Pa 
P12 
Pu 


Pia 


where Py) = d,(y7) (k=l, 2, 3, 45 l= 2) are the values of the 


linearly independent solutions of Equation (1.1) at the points y, and y,. 


For large values of the parameter aR two solutions of Equation (1.1), 


which we shall denote by ?, and $,, may with sufficient accuracy be taken 
as the solutions of the degenerate equation 


(Ww - cg” - a*@) -w' 8) (1.4) 


obtained from (1.1) as aR + «. The other two solutions, d, and ¢,, 
essentially depend on the forces of viscosity, and their asymptotic ex- 
pressions have the form 


@3 = A(y)e-*™), My = Bly)e*' (Y (y) \ V iaR(w —c)dy) (1.5) 


where the functions A(y) and B(y) vary weakly in comparison with the ex- 
ponential factors, whilst y_; is the coordinate of the critical point, 
lying near y,. Regarding the function w(y) we shall assume that it in- 
creases monotonically (Fig. 1) from the point y, to y = 0, whilst there- 
after it decreases monotonically to the point y,; w(y,) = w(y,) = 0 and 
therefore the equation w(y) = c has two real roots, Y-; and y.,. Ex- 
pressions (1.5) will be used to simplify the equation for the eigenvalues 
(1.3). We shall use the notation 

Ve 


P—\ ViaR(w—c)dy, A,= A(y), 
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Pe _ VY iaR(—c) 
Paz 


To assess the order of magnitude of these ratios we notice that the 
real part of the integral Re P = O( VaR). Dividing the third column of 
, and the fourth by ¢,, and assuming aR so 


the determinant (1.3) by db, 
( 


l 
large that all the ratios (1.7), apart from 5, °/>3 and Duo / Pao: are 


very small, we obtain 


These quantities are composed simply of the solutions of the degener- 
ate equation (1.4). 


In the calculation of the eigenvalues from Equation (1.8) it is 
necessary to be more accurate in expressing the ratios ¢, ,/¢,,° and 
Pa! 4, than in Formulas (1.7). The expressions of the functions ¢, and 

4 close to the walls are obtained by expanding the solution of Equation 
(. 1) as a series ¢ = yx‘? (1) in powers of the small parameter 
« = (aR)~*/3, and substituting the symbol 7 = (y — y,)/e, where y, is 
the coordinate of the corresponding critical point. The zero-order terms 
of the expansion are the solutions of Stokes’ equation 


where w.” is the slope of the velocity profile at the critical point. 


In [4,5] it is shown that the asymptotic solutions of the Orr-Sommer- 
feld equation remain regular in a complex domain of y containing the points 
y, and Y2, if the real part of the integral My) increases monotonically 
it and by 
virtue of (1.5) the solution ¢, must decrease as y approaches. Yo, whilst 


as y varies from y, to y,. Accordingly Re Y(y) 2 0 when y 2 y 


@,, on the other hand, increases. For approximations to the solutions 
g, and ¢, we therefore take those solutions of Equation (1.10) which vary 
in the stated manner. These solutions are 
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C)’*| dtdn, 


$ 


\ \V eH T= (ia, 


Here B,,,°"" is the Hankel function of the first kind. Then we obtain 


F (2) = \\ Vu 13)” | atany(—z \ VM [ES )” ] at) 


Tables of the Tietjens function F(z) are to be found in [1,6 }. 


The solutions ¢, and ¢, of the degenerate equation are found by 


panding them in power series of the wave number a 


he, (y) 


In these expressions the integration is carried out in the complex 


plane of y in the neighborhood of the critical points according to the 
following rule: when w 


0 the path of integration falls below, and 
when w 


0 it falls above the critical point (Fig. 2). This follows 
immediately from the stated condition on the monotonic growth of Re Y(y). 


Let us introduce yet other expressions for the derivatives ¢,°- and 
Po > 


Pi 


Ron. (y) = \a\ a" heyy) dy dy, 
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Kean (y) \a\a* ko, »(y)dy dy, 


In what follows we shall introduce the notation (n = 0, 1, 2, 


hn (yt) », > aw", , 2» e*Ho. = 4" 
n=—0 ==) 

\) 

L, = H,YK_© — HK_ 

Ls =H,OK—#2H_ WK, L,= HK 


ky (yi) = K,™, "Kon 


Then we obtain the following expressions for f;: 


‘ 


Let us now transform Equation (1.8), setting 


(4 


where the quantities A, are determined by the given velocity profile and 
the value of c. (For small c these quantities are generally small in 
comparison with unity). 


Then in place of (1.12) we can write 


Xu j 
if 


lf we now set ®) L/(1 - FY), then the equation for the eigenvalues 
(1.8) as a result of the relations (1.21) to (1.23) takes the form 


c*w,'we' L, cw, L.(®, 1) L(@, ) x Li, (Dp I (D, l 
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2. Let us estimate quantities a‘), 


H ‘!), gq ¢%) and K 6) appearing 


in L,. For this it is necessary first of all to estimate the integrals 
J 


u 
o*\a\...\ \ a(dy)?™ 


\ a\or\. ‘ (dy)*" 


Let us define the path of integration. We shall skirt the critical 
points with semi-circles C, with radii r; = |y; —Yel , disposed respect- 
ively in the lower and nn half-planes of the complex plane of y (Fig. 
2), whilst the remainder of the path is taken along the real axis. Let 
y,° be the points of intersection of the real axis with the semicircles 
C,. For estimates of the integrals it is sufficient to consider one of 
the integrals (0, y,). Let the complex variable y — y (t) on the path of 
integration be a function of the real parameter t, the length of arc 
along the path of integration, starting from the origin of coordinates. 
Then 


- y,"°— rs when vy 


Let us estimate the moduli integrals. Evidently 


since 


Moreover 


The last relation is obvious when () < ¢ < 4, since in this 
interval the quantity |a~"| ¢* is increasing. If, however, 1 }, then 
the following relation holds: 


O( inr, 


which is obtained by expanding the integrand in the neighborhood of the 


critical point 
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From the relation (2.2) by virtue of (2.3) it follows that 


Ko, sa 


(2n 


In just the same way we obtain 


O (\Inr, (2.6) 


Since 


H,.,." Lia —= @ - == . 0 | Inr, 


Let us estimate the imaginary parts of the integrals. The expressions 
in the integrands are complex only on Ci, so that, for example 


Im A,,,“! Im \ irjae'* ly, , dq 


where for ko ; we can write 


n— 


| \ir,a‘e'* ky, . dg (2.10) 
and k,,_ ,(%, ) are real quantities, the moduli of which are less than 
the moduli |K 
that 


on-1\- According to Formula (2.10), it follows from (2.9) 


Im K,,," 


and likewise 


Similarly 
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Expanding the expressions a and a ' in series, it is not difficult 
obtain 


Im J, , ml,=——=, inl. =), 


ry 1 


Moreover, it is clear that 
J. | O (r,*), ; OA) 


From Formulas (2.17) and the estimates (2.18) we obtain the following 


estimates of the series (2.11) - (2.14) as regards their main terms 


Im A,,,“ O (r,*), Im Ky 


l 


Im H,,. O (1), Im Hy 
In what follows we shall need for approximate calculations the formula 
H © =— K,0H,0 O(lnr 


which can be obtained, after estimating the modulus and the imaginary 
part of the integral 


Ho 


by a method similar to that followed above. 


The results which we have obtained may be used for the simplification 
of the equation for the eigenvalues (1.24); we retain in it only the 
terms of a given order of magnitude. Let us consider the simplest case 
of all, when the real part of Equation (1.24) 1s calculated to an 


accuracy O(r,), and the imaginary part to Or ,*). Moreover, here we shall 
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assume that a’ = Ar,), whilst ®= O(1) + iAr,), as in the case of the 
symmetrical velocity profile [2 ]. 


Then to the given accuracy we set 


A 


Using these expressions for the calculation of the quantities Ly, 
from the real and imaginary parts of Equation (1.24) respectively, we 
finally obtain 


Zs 
Zo 


(2.23) 


10 
real and imaginary parts of the functions ‘ . In the case of 


where H,, = H,,‘*) - H,,\*), 2, = 9); + cw;)’K dD), and ®,; are the 


- 


the symmetrical velocity profile (w, these formulas 


reduce to the formulas presented in [2 |] 


vii 


= 2.24 
et “le ) 


3. As an example of the calculation of the stability of a flow with 
asymmetric velocity profile in a channel, let us consider the flow 
(Pig. 1) 


Such a flow is formed by the inflow of fluid into a channel through 
permeable walls with constant velocities v,, and v9, (v9)/%o0 = — ¥o/y¥)) 
under the condition that the quantities v9, 4/v and VogH/v are large com- 
pared with unity. The arguments of the Tietjens function are in this case 


Here for the sake of simplicity it is assumed that the slope of the 
velocity profile at the critical point is equal to the slope at the cor- 


responding wall of the channel, v1 = ww)" (i.e. A; = 0, or (? < 1). 
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From Equations (2. 23) it follows that 


The system of equations (3.2) - (3.3) de- 
termines the neutral curve in the plane of 
the parameters a, R, Great practical interest 
attaches to the calculation of the critical 
Reynolds number R , for which the first onset 


> 
of instability occurs in the flow. An esti- 


mate of the quantity R can be obtained with- 
out constructing the whole of the neutral 
curve, provided that in accordance with (3. 2) 
it is assumed approximately that RA attains a 
minimum when the quantity c, considered as a 
function of z, is a maximum, 


For the symmetric profile (- ¥,; = Yo = 1/2) such a calculation gives 


R = 2150. If, however, y, = — 0.4, then R, = 2900. 


Finally, let us consider the limiting case y, + 0. As follows from the 
properties of the Tietjens function, ®, (2) and ® (2) tend to zero as 


z+ 0, Then as y, ~ 0 we have, forc=c 


OF 


For example, R = 27400 when %=- 1/9, i.e. the asymmetric flow of 
> 
the type considered is strongly stabilized. 


The conclusion as to the stabilization of the flow with increase of 
the ratio -— ¥o/¥) (- ¥o/Y¥) > 1) has been verified by the author experi- 
mentally. For this purpose a flow was produced in a two-dimensional- 
channel model, with a velocity profile conforming to the relation (3.1). 
Two opposite walls of the channel were made out of net, whilst the other 
two walls and the base of the channel were impermeable. The ratio of the 
velocity of inflow of air through the walls was changed by changing the 
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resistance of the nets. To minimize external disturbances the air was 
exhausted from the channel through a critical section. The beginning of 
the transition to the turbulent regime was observed by the onset of 
oscillations in the stream. For the measured velocity profile, the values 
of R. and y/y, were determined. The values of the Reynolds number so 
obtained are shown in Fig. 3. Here is also displayed the theoretical 
curve R (¥2/Y,) computed from Formula (3.5) (which for values of y, close 
to — 1/2 satisfactorily approximates the value of R calculated from 
Formulas (3.33) without the limiting transition Y) : 0). The results of 
the measurements confirm the conclusions obtained from theory. 


4. The method described above can be used without fundamental changes 
to solve the problem of the stability of axial flows in annular channels, 
if it is accepted that the magnitude of the internal radius of the 
annular channel is not small compared with the width of the channel. 


The differential equation for the amplitude of the perturbation of 
axisymmetric type in this case has the form 
LR (2 c) (P*? — a?) 2w 2 = =; 
la I v } F dr? 
@ = @ =O when r =r,anar =re (ry) = w (re) 
The solution of the degenerate equation in this case has the same 


form as for the plane problem, except for the fact that in all the 
integrals the quantity a must be 


a 
r 


and the lower limit of integration is r, (r, is the point corresponding 
to the maximum velocity in the channel). The integration is carried out 
in the complex plane of r, skirting the critical points below or above 
according to the sign of w.” ( > 0 or < 0). The solution of the equation 
is just the same as in the plane case (y being everywhere 


for p, and d, 


replaced by r). 


The approximate relations of type (2.23) in this case have the form 


‘ ’ f aD 2 
a7 H 19 i ro, "2 rn, f 2 I ir ry 


] 


( r®, 2D, ? - ’ | rs 
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A method is given for determining the supplementary loading due to side- 
slip. The method is based on studies of the nonlinear equation for the 
velocity potential. The case in which, with M> 1, the method of small 
parameters reduces in second approximation to infinitely large first 
derivatives is dealt with in greater detail. 


When calculating the pressure on a wing under conditions of sideslip 
at supersonic velocity it is customary to solve the linearized equation 
for the velocity potential. In order to linearize the equation, it is 
sufficient to assume only a small angle of incidence. No limits are in- 
posed on the actual angle of sideslip itself. The problem is somewhat 
more difficult than that of flow past a wing, symmetrical about a longi- 
tudinal axis, without sideslip. As a rule, however, the most interesting 
cases occur when the angle of sideslip is of the same order as the inci- 
dence. With small incidence, then, the supplementary pressure caused by 
the sideslip becomes a quantity of second order of magnitude as compared 
with the pressure over a wing without sideslip. When determining the 
supplementary pressure this circumstance allows one to deal with small 
changes in the shape of the body in the flow. This simplification in 
boundary conditions is only valid for the case when the solution can be 
written down explicitly as a function of local angles of incidence. In 
cases where this is not possible (for instance when dealing with flow 
past a wing with subsonic leading edges) the assumption of small angles 
of sideslip does not simplify the problem. 


When the angle of incidence and that of sideslip are of the same order 
of magnitude another way is open. One can try to keep the regions where 
the boundary conditions are known the same as for flow without sideslip. 
This is accomplished by choosing suitable body axes. The differential 
equation, defining the solution to the problem, can change in this case. 
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L. Equation for the supplementary potential and boundary 
conditions in coordinate axes fixed to the wing. We neglect 
third-order terms and regard the flow as potential both at subsonic and 
supersonic velocities. Let @ be the velocity potential. We determine the 
supplementary velocity potential % from the equation 


(cp 


(Fig. 1 shows the symbol designations) 
tion: 


9 VE o-q OF" 


In Equation (1.1) the M number refers to the approaching stream U_ 


We write down the boundary conditions for the wing to the same order 
of accuracy. The wing surface is only partly in plane y = 0. The condi- 
tion of gas flow past [through ] this surface is of the form 


oa Og OY 


It is evident that the boundary conditions on 
the wing are independent of sideslip angle. 


If we apply the small-parameter method to 
Equation (1), we set d= ¢, + d, + dy” + ... (the 
Fig. 1. subscript indicates the order of magnitude). 
Second-order quantities are expressed as the sum 
of two terms, one of which, $,, 18 equal to a second-order quantity in 


the velocity potential round the wing, without sideslip; functions dy), 
@, and @,° satisfy the following equations: 





On the wing surface 


The formula for calculating the pressure will change with the differ- 
ential equation for supplementary pressure ¢ in the wing system of co- 


ordinates. To a second order, inclusive 


‘irst approximation 
p 


llows from (1.3), the first formula (1.6) and from (1.8) that 
of a small sideslip angle is to bring about changes in velo- 

city and pressure to a second order. The sum ¢, + ¢, is a solution to 

the problem of flow past a wing without slip. Supplementary pressure 


caused by sideslip is determined fron 


Pp 7 . (1.9) 


Formula (1.9) demonstrates that on the vortex sheet which corresponds 


to the wing in a flow without sideslip we have 
(1.10) 


i.e. the derivative 0¢,°/dx displays a discontinuity when passing 


through the vortex sheet. 


[f the solution to flow past the wing without sideslip is already 
known, supplementary pressure due to sideslip has to be determined by 
solving the nonhomogeneous equation (1.5) for the conditions in the 
third of the formulas (1.6) and (1.10). 


2. Determination of potential for: M > 1 with finite first 


derivatives. When dealing with supersonic approach stream velocities 
the problem of finding a solution to Equation (1.5) is made difficult 
because the term on the right-hand side, in a whole series of cases 
close to the surface, assumes infinitely large values. On a delta wing 
with subsonic leading edges, as we get close to the characteristic sur- 
face which divides the turbulent flow from the undisturbed flow, the 
second derivatives of potential ¢ tend to infinity as 
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Because of this, the assumption that Ba* ¢, dxdz is a second-order 
quantity is doubtful, though it was valid in deriving Equation (1.5). 
The same should be said of the first derivatives d,~ of the supplementary 
velocities arising from sideslip, which in a whole region of the flow, 


can assume very large values. 


Peculiarities of this kind have been studied by Lighthill. He evolved 
a highly-developed small-parameter method applicable to cases where the 
normal method is divergent. As in [1 |] we introduce the new coordinates 


where Vi» Ug, Vy are small first-order quantities. Below, we will only 
deal with the first two terms in the small-parameter series which is the 
solution to Equation (1.1). The aim of the transformation of (2.1) is to 


choose v,, v, and v, such that, in the application of the small-parameter 


l ’ 
method to the equation for ¢ in the new coordinates, the right-hand side 
of the equation, determining the second approximation, be finite every- 


where. 


At the same time as the transformation of (2.] we introduce a func- 
tion Ww instead of the potential, using the formula 
oF OF 
) ; Vv ; v 
y { or . Oy 
If we replace the derivatives of ¢ with respect to x, y and z in Equa- 
tion (1.1) by derivatives of ~ with respect to x,, y, and a, and neglect 
third- and higher-order terms, we obtain, instead of Kquation (].1) 


Ta a M4 (x 


0z,* Or dz,* 


2M* (MM? 


The invariance of Equation (1.1) with respect to transformation (2.1) 
is evidence of the connection between particular solutions of (1.4) and 
(1.5) and such transformations of independent variables which, in the 
new coordinate system, reduce the equations for the potential to linear 


ones. If 


then, in Equation (1.1), written in the new variables, the last term dis- 
appears. (With regard to dd@/dx, d¢/dy and 9¢/dz we should only imply 
first-order quantities which have already been found in solving (1.3).) 
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The first and second derivatives of v,, v, and v, should not have any 
singularities. The appearance of singularities when differentiating the 
left-hand side of (2.4) is due to discontinuities in the values of the 
second derivatives of ¢) . Functions v,, V5 and v, can also be chosen from 
the condition 


oF OF 
Vv; + y 


or “ oY 


In Lighthill’s method the transformations (2.1) are determined from 


the condition that the right-hand side of the equation for ¢, vanishes 
only on surface discontinuities of the derivatives of the potential. This 
leads to an increase in the number of terms on the right-hand side of the 
equation for ¥,. The conditions just mentioned allow one to determine 
transformations which can simplify the problem of finding a solution in- 
volving finite derivatives. Additionally, the invariance of (1.1) with 
respect to transformations (2.1) and (2.2) allows one to give a simple 
method, emanating from tRe solution of Equations (1.3), (1.4) and (1.5), 


for determining the velocity potential, as discussed below, 


Assume, in first approximation, the velocities within a certain region 
to be continuous, while their derivatives are discontinuous. Then, in 
addition to the conditions (1.6), it is only necessary to satisfy a con- 
dition that the potential be continuous. It may turn out that the poten- 
tial is given just at the surface of discontinuity of second derivatives. 
This latter case appears, indeed, to be a general one because, in problems 
which have been dealt with until the present time, surfaces of Equation 
(1.3) have been characteristic of discontinuous surfaces, so that they 
can be regarded as boundaries of regions within which solutions are de- 
termined. Thus, we will discuss the problem of finding a solution to 
Equation (1.1) within a given region whose whole boundary or part of it 
are surfaces of discontinuity of the second derivatives of the first 
approximation to the accurate solution. At the boundaries of the region 
only values of the potential are given. Denote by $1, Po and ¢,” solu- 


tions of Equations (1.3), (1.4) and (1.5) for the given boundary condi- 


tions. Furthermore, let ¢ be a solution of the equation of the supplement- 

ary potential in the x,-, y,-, z,-coordinate system, so chosen that the 

first derivatives of the supplementary potential, determined by the small- 

parameter method, are finite. In the sum of the solutions of Equations 

(1.3), (1.4) and (1.5) we alter the symbols; instead of x, y, Zz, we write 
Z)- Then this sum will be the solution of Equation (2.3), i.e. 


Po | 


According to Formula (2.2) we have 
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OF 


Or 


In first approximation in the system of coordinates defined by (2.1), 
the equation for @, and the boundary conditions have both the same form. 
This allows us to write down on the right-hand side of Equation (2.5) 


, . oO on 
oF) ! ‘ { 


a instead of -. 


O22 


The potential @ determined by Equation (2.5) satisfies the equation 
for the supplementary potential and has finite first derivatives. We will] 


demonstrate that d satisfies the same boundary conditions as d, + dy + 


To this end, in those regions where the derivatives of ¢,, @, and 


Db,” are finite, we expand those quantities in a series of powers of v,, 


v, and Vs. Neglecting third-order and higher terms, we find that 


." 


The first derivative on the right-hand side of (% is finite for 


any X), ¥), 2): Therefore, relation (2.6) will be valid also on the 
second derivative surface of discontinuity. Thus, ¢ will indeed be the 
solution of the formulated problem, while Formula (2.5) gives a simple 
method of finding it, using a solution obtained by the usual small-para- 
meter method. It should be observed that, in the case just considered, 
on choosing v,, ¥, and v, it is possible to apply the same conditions 

to these quantities as in[1], i.e. to require that the right-hand side 
of the second-order potential equation vanishes only at the surface of 
discontinuity. The transformations (2.1) are determined solely close to 
these surfaces, and only near to these surfaces does Formula (2.5) give 
values for the velocity which differ essentially from the first deriva- 
tives of the velocity potential obtained by the usual small-parameter 


method. 


3. Examples. 1. Supersonic velocities. Let us discuss a wing with 
straight subsonic leading edges (Fig. 2). The trailing edges will be 
regarded as supersonic, and therefore condition (1.10) will not be in- 
voked. It is easy to see that a solution to Equation -5) for condition 

9 


, 2 


: 2 2 2 
(1.6) and @, = 0 on the surface z° = (M“~ —1) (y" + z°) will be 


It follows from the previous section that the values of &,° determined 


by Formula (3.1) can be used directly for calculation of the pressure on 
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the wing. When y= 


In using solution (3.1) it is easy to find, also, transformation co- 
ordinates leading to Equation (1.5) being homogeneous. Evidently, to do 
this, one should set 

M*3 tg v 
tan“ y V- 


2 2 


The boundary conditions (1.6) and @ = 0 for zs=y(m — 1) (y’ > 3 

in variables xz, y, z are of the same form. Therefore, d 9 (x), Y\> z,)- 0 

and P(x), ¥y,;, 2) is a solution to the same problem of flow past a wing 

without sideslip. (Transformations (2.1) do not, in this case, change 

the sweep-back angle of the leading edges). In going over from coordi- 

nates x), ¥), 2, to physical ones there appears a term in the potential, 
depending on 8. Its magnitude coincides with d,°, 
determined by Formula (3.1). 


2. Subsonic velocities. Suppose the leading 
edge of the wing is part of a straight line co- 
incident with the z-axis. In an incompressible 
fluid (M= 0) Dy “ is determined by a homogeneous 
equation and boundary conditions (1.6) and (1.10). 
The following is a solution of this equation: 


1 O@(E. wy. 2) o« 
Po’ 3\ f pee"! dt 


o 


The condition 0¢,°/dz = -Bdd,/dz is fulfilled not only on the 
vortex sheet, but also on the wing. In an incompressible fluid, there- 
fore, supplementary pressure on a wing surface is zero. 


In the case of compressible gas we must add the following term to the 


above expression for py” 


and this expression is a solution of (1.5) with zero boundary conditions 
on the wing and on the vortex sheet. 


A change in the direction of the vortex sheet by an angle § leads to 
local change in angles of incidence of an order a;f (a; is the induced 
angle of incidence or attack). In flow past high-aspect-ratio wings in 
an incompressible fluid, neglecting quantities of the order of a;, B, we 
can set py” = 0. This leads to well-known formulas for calculating the 
spanwise load distribution on wings under sideslip flight conditions 
[2]. The particular solution (3.1) allows us to estimate the effect of 
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compressibility of air for wings with straight leading edges to the same 
order of accuracy. 
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We consider a plane supersonic jet of ideal gas, flowing out of a nozzle 
into a region of low pressure with uniformly distributed velocity at the 
exit. 


The theoretical study of such a gas flow, with the additional condi- 
tion that the flow is steady and irrotational, was originally carried 
out by Prandtl] [1]. Using the method of small disturbances Prandtl con- 
firmed the experimental result that the jet has a periodic structure for 
small drops in the pressure. 


Then, Prandtl’s solution was improved in a number of articles. In most 
cases approximate solutions were obtained having periodic structures and 
they did not contain either the surface of discontinuity, or the singu- 
larities which lead to the necessary introduction of such surfaces. In 
particular, in [2], continuous periodic solutions were obtained by a 
method analogous to that of Khristianovich [3]. 


Yet the literature suggested that more exact solutions must contain 
the surface of discontinuity, otherwise at some distance from the exit 
of the nozzle there arises a limit line [4]. The analytical proof of 
this assertion can be found in [5]. Through the method of Lin[6] it 
was shown there that under the condition of a sufficiently small drop in 
pressure there does appear in the jet a limit line as the envelope of the 
straight-line characteristics, which converge before they can reach the 
free surface. The flow in such a jet, clearly, must have an aperiodic 
character. 


We remark, at this point, that for the calculated case of supersonic 
efflux the impossibility of continuous flow at a sufficiently large dis- 
tance from the center of the nozzle and the aperiodicity of the jet were 
established in [7]. 


1324 
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In the following article the problem of Prandtl on the supersonic 
efflux of gas from a plane nozzle into a region of lower pressure will 
be solved by the method presented in [8]. Problems connected with the 
disappearance of shock waves in the jet are considered. 


l. We take the equations for the velocity potential ¢ and the stream 
function Ww to be 


Og 4 Ow Og — ap = I a(t — 
- VEZ = Ki a (1.4) 


~ 


Here K,(t) is the Chaplygin function; € and » are characteristic vari- 
ables; t is the magnitude of the velocity vector; and @ the angle of the 
velocity vector with the x-axis. 


If we take 


K, (t) = (nem mt)* 
then for ¢ and Ww we obtain the usual solutions in the form 


m [/, (&) f.(n)] 4+ — tm m (E + ) [/,' (E i.’ (y)}} 


(m [— 1 (&) + fo(m)] + > oo m(E + ) (— fi’ (&) + fa’ (WD) 


é 


where f,(€) and f,(y) are arbitrary functions, subject to boundary con- 


ditions, and n and m are arbitrary constants [8 |. 


With condition (1.2) for the velocity v, density p and Mach number 4 


we have 


i(mtanmisint 


A (mteanmi sint 


tanynt|A (tent sin | 


M (t) 


where A and B complete the set of arbitrary constants. These may be 
suitably chosen, as well as the constants m, n, to obtain approximations 
of the degree desired [8 |. 


From (1.4), (1.5) and (1.6) we establish that p {= o and the 


maximum value of velocity is reached at t m/2m, 
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We further note the positivity of the derivative du/dt. This can be 
easily derived from the usual relation [9 |] 


(1.7 


The flow under consideration is 
evidently symmetrical with respect to 
the x-axis, passing through the center 
of the exit in a direction parallel to 
the walls of the nozzle at the exit. 
Therefore, it is sufficient to limit 
the study to the upper half of the 
flow alone. 


The set of characteristic regions, 
in which it is necessary to define the functions required, f,(¢) and 
f,(y), are represented in the physical plane of the flow on Fig. 1 and 
in the plane of the variables t,@ on Fig. 2. Let corresponding points on 
Figs. 1 and 2 take on identical notations. In the plane t,@ these regions 


are bounded with segments of the lines @ = 0 and t = t, and with segments 


of the characteristics 


where t, is > value of the magnitude of t at the exit of the nozzle, 
t, is the constant value of t on the surface of the jet and in the region 
PoP oP, and PPP ie and t, is the constant value of t in the region 
PPP... 6, is the angle characterizing the direction of the flow in the 
region P, ‘oP: 

The characteristic regions in Figs. 1 and 2 are shown for a flow in 


which the parameters t, and t, correspond to the condition 
2t,—t, << x/: (ts = 2t, —t,) (1.9) 


We shall restrict ourselves in the beginning to the examination of 
the flow corresponding to this condition (1.9). 


2. Coming now to the solution of the problem, we turn first of all to 
the result of [10]. In this paper the question of the determination of 
the stream function on a cross-characteristic in a simple wave is 
examined. This leads to the following result: if on one of the cross- 
characteristics in the simple wave the function y¥ is known, then the 


values of Ww on the second cross-characteristic can be expressed by the 
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(2.1) 


where # is a quantity which remains constant on each characteristic; the 
continuous transition from one characteristic to the other carries with 
it a continuous change in pw. Moreover, if the simple wave is centered, 
then on the cross-characteristic 

(2.2) 


where Q is the value of the stream func- 
tion at the center. 


In our problem, the pressure in the ex- 
terior region is below the pressure at the 








exit of the nozzle. Therefore, at the edge 
of the nozzle there arises a centered 
rarefaction wave. Letting Ww = QV at the 
point P, and on the surface of the jet, 
and taking Ww = 0 on the axis of symmetry, 
we get, according to (2.2) and (1.2), the 
value of the stream function on the cross- 


characteristic P,P, in the form 


Next, it is necessary to determine f,&€) and f.,(n the region 


P P,P, (region (0)) from the known values (2.3) of the function w on the 


characteristic PP, and the condition Ww = 0 on the axis of the symmetry. 
The solution of this boundary-value problem for the function K,(t) assumed 
in (1.2) can be found in [11]. In the problem considered here we get 


We next go on to region PPP. (region (1)), bounded in the plane 
t + @ by segments of the characteristics € = +7 n mn, and a segment of 
the line t t,. Here, it is necessary to satisfy two conditions: in the 
first place, on the cross-characteristic P,P, the function W must attain 


the value determined from Formula (2.1); and, secondly, on the free sur- 


face PP. the relation wv = OU must hold. 


The solution of the boundary-value problem with these given conditions 


on the characteristic and the free surface has also been given in |1] }. 
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According to the result of that paper, it is natural to represent the 


desired solution in the form 


where R, = 2m tan (mt,) and C, and C, are constants which are determined 


from the boundary conditions. 


Satisfying the condition on the free surface ¢ QO and then the con- 


dition on the characteristic P,P., we find 
s* mt), ' je" cos Zm , 2 cos*mt, cos 2ml,) (2.6) 


As a result of the integration the function f,‘!)(m) can be repre- 
34 2 7 P 


sented in the form 


os mt, cos Mm (le ty 2cos* mt, (2.4) 


In the region P_P,P, (region (2)), taking into account symmetry with 


respect to the x-axis, we easily obtain 


cross-characteristics PP. and P,P, are ob- 


The values of Ww on the 
fh Re 


tained by the relation 


It will be shown below that the solution for simple waves given on 
the cross-characteristic P,P, always contains a singularity, the limt 
line, the existence of which indicates the impossibility of further ex- 
tending a continuous potential flow in the jet. However, in the plane 
t? no such singularity, as is known, appears. Therefore, it is possible 
formally to continue the solution, starting with the condition 
VAt, 0) = 0, VUto, 6) = Q and using the relation (2.1) for the function 


y, 


In the region P,)P,,P,,. (region (3)) by analogy with (2.5) we obtain 


(n) j (n) eh 2.9 


where 


4q Cos* mt,, qe ‘COs ml, COS Ml, COS M (le t,) (2.10) 


region P,,P,,P,. (region (4)) the desired functions {PO and 
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f,‘*'(n) are determined easily in the same way as for the functions 
(2.8) ) ) > 
in region P,P,P, 


jf, () f (E) fail ‘ i, (ny) r(y ’ (2.11) 


Comparing (2.4) and (2.11), one finds a solution is obtained which 


cannot be periodic since C, ¢ 0. 


3. We now show that in the jet limit lines always occur. For that 
purpose we consider the solution in a region, abutting the character- 
. . »> p > p rr 
istics P,P, and P,P,,, where the appearance of the limit line seems to 
be most probable. 


The flow in that special region is represented by simple waves so 
that the usual method of investigation, which consists of studying the 
Jacobian A= 0(¢, )/d(v, @), is not acceptable here. In this case it is 
necessary to make use of another condition for the existence of the 
limit line, which may be obtained for simple waves from [12]. It con- 
sists of satisfying the equation 


for points of the plane €, 7, the images of which in the physical plane 
of the gas flow can be found on the limit line. 


In order that we may verify that condition (3.1) is fulfilled we will 
find the values of the function W,"(€, 7) for the points P,(é +7 
n=), Pigl€ = £5, 7 = 72) and Pi té = €,, 7 =,). If it appears that 
two of the defined quantities have different signs, then the fulfilling 
of condition (3.1) and, consequently, the existence of a limit line will 
be guaranteed. 


On the characteristics P,P, and P,,P,, the function ¥,"(¢, 7) does 
not have a discontinuity. Therefore, for the determination of the value 
of this function at P, use is made of (2.8), and to determine the value 


at Pi and P, solution (2.9) is used. 


The expression for W-“(&), on the basis of (1.3), can be represented 
in the convenient form 


ow 7 


oF 2n sin*® mt 


E) 


mf," (mn) — mcos 2mt/,’ (E 


expression for the derivative at the point P, has the form 


cot mt, [1 +- 2e*s (%—"2) ean mt, sin 2m (1 t,)] (3.3) 


(ot 2m*q 
‘ 


\ yz / 
.&%S P, 


From this it is evident that the function considered is always positive 
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at P, (t, > t,). At the point P,, we have 


(OW 


Or 


cot mt, tan Ml, Sin 2m (tz — t;) (3.4) 


ul 


This expression takes on only posigive values for the same reason as 
in (3.3). At the point P,, we have 


‘Oy im ( os m (lo [ek . 1] 
Os in mts 


(3.5) 


Unlike the expressions in (3.3) and (3.4), the derivative at Pio takes 


on essentially negative values, because 7, > no. 
- 4 — 


The analysis which has been carried out 
shows that the condition for the existence of 
the limit line in the simple wave on the 
cross-characteristic P,P, is satisfied and it 
follows that continuous potential flow at 
some finite distance from the end of the nozzle 


is impossible. This conclusion is correct both 





for small pressure drops and for larger ones. 
Thus, the condition in [5] on the size of the 
pressure drops is removed. It appeared only 


because of the method of proof used in [5]. 


Note, however, that for large pressure drops the continuous solutions 
obtained can lose their physical meaning even earlier. As an example we 
consider the solution for the region PPP. and we show that for a 
sufficiently large value of t. on some line in this region there will 
necessarily be satisfied the condition for the existence of a limit line, 


A= 0. 


With the help of the basic equations [9 ]} 


a = VK, 


at 


: 3.6 
FT (3 ») 
which are equivalent to the systems (1.1), the Jacobian A can be pre- 
sented in the form 

Og : 


A 


ov 
From this it follows that A< 0 on P,P,, where W = const. 


Next, using the solution (2.5), we find the value of the Jacobian at 
the point P.. For this we transform the expression for A to the con- 
venient form 
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I ‘Ve 5 ,? 
<a | mf,’ (E) — mcos 2mtf,’ (1 
sin? 2mt | /} cos 2mt/, (1) 


sin 2mt 


A | m fa’ (n) — mcos 2mtf,' (§) + 


After substituting (2.5) into (3.8) we get 
(3 9) 
A; we 


- — [sin 2mt, — cos 2mt, (sin 2mt, +- sin 2mt, sin 2mt, (cos 2mt, + 
’ sin? 2mts . 2 


2 sin 2mt, tg mt, + 2sin* mt,)} [sin 2mt, + sin 2mt, + sin 2m (ts — t,)|— 


[f we fix t, and we increase t,, then ft, also increases. For t, + 
7/2m the last member of the first square brackets (3.9) becomes small, 
and the second member becomes negative. It follows that for t, suffi- 
ciently close to #/2m the Jacobian at the point P, has a positive value. 
Because A in the region P,P.P, is a continuous function on some line it 
changes sign, and that means that the condition for the existence of a 
limit line in the considered region is fulfilled. 


4. If the parameters t, and t, do not satisfy the inequality (1.9) 
and 


+.1) 


then the limit line is always formed to the right of the characteristic 
) ) 

PP... 

Pag bounded by 
the segment of the straight line PP t = t,) and the segments of the 
characteristic PP, and Pate, where the characteristic P,*P,** is 
drawn in such a way that at P,° the value of the variable t is suffi- 
ciently close to m/2m (Fig. 3). 


In order to prove this we consider the region P,P ,*P 


The desired functions, which determine the solution in the divided 
region, will be the functions (2.5). We shall obtain that result if we 
first solve the boundary problem in the region P,P,P,*P,* from that 
given by (2.3), and afterwards we determine the A ae of on the cross- 
characteristic in the simple wave. 


Using (2.5), ome can find the value of the Jacobian A at the point 
P.*. If t is in P,* sufficiently close to 7/2m thén it is easy to deduce 
that at that point A will be positive. Taking into account that on P,P,** 
(the free surface) A has the opposite sign (A< 0), it is easy to see 
that the condition A= 0 is satisfied on some line. 
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The problem of a spherical (and cylindrical) shock-wave focussing at the 
center (axis) of symmetry in a homogeneous quiescent gas was investigated 
by Guderley [1]. He constructed a self-similar solution describing the 
gas motion for a strong converging shock-wave whose front propagates as 
a power of time. Below, the problem is considered of a converging shock- 


wave in a gas of variable density. 


l. Let the initial (undisturbed) condition of an ideal gas be given 


by the formulas 


p) / 


where r, P, p, VU are, respecti vely, the distance of a partic le from the 


center (axis, or plane) of symmetry, the pressure, density, and mass 


velocity. 


The equations of one-dimensional adiabatic motion of an ideal gas 


have the form 


where t is the time, y the adiabatic index; 1 l for plane, 1 


cylindrical and v = 3 for spherical waves. 


The conditions at the shock-wave may be taken in the form 


Pp, = py} 1 ay (Ar t) 
Mf ao SZ) 





A converging shock-wave in a gas 


where c is the speed of sound and D the speed of translation of the 
shock-wave front. Index 1 corresponds to conditions ahead of the shock, 


and index 2 behind the shock, where necessarily |M| > 


Let the position of the converging shock-wave be determined by a power 


§ . : 
law: r(t) = a(—t)", where 5 > 0, a> O and conditions ahead of the shock 


are given by Equations (1.1). Then from (1.1), (1.3) we have 


‘ 


In order that the inequality M > 1 be realized as 7 0, 1t is neces- 


sary that 5 < 2/(2 + s). If 5 < 2/(2 + s), then M+ ~ as r+ 0; on the 
other hand if 5 = 2/(2 +s), then M is a constant (which must be no less 


than 1), and the wave has constant intensity. 


We will suppose’ the motion behind the shock to be self-similar [2 ], 
with determining parameters r, t, w, a. With 5 = 2/(2 + s) the dimensions 
of py, are expressed in terms of the dimensions of @ and w, which is 
evident from (1.4), and the assumption of self-similarity is consistent 
with the conditions (1.1), (1.3). However, if 8 < 2/(2 + s) then since 
the shock-wave becomes strong near r = 0, the initial pressure p, may be 
neglected, and conditions (1.3) taken in the form 


wr’ 


The dependent variables v, p, p are expressed, under the assumption of 
self-similarity, by the formulas 


wr P (2), 


. c «2? - 
The notation for the multipliers 5 and 5° of V and P differs from that 


used in [2 }. 


>) 


Substituting Equations (1.6) into Equations (1.2), and introducing 1 
place of P a new dependent variable z = yP/R, we obtain the known ordin- 
ary differential equations for self-similar motion 

d Z 2 xy , 1 
‘| | ‘ vl O 1 


Here 
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Initial conditions for this system are obtained from the conditions 
at the shock-wave, in which it is necessary to substitute the expressions 
(1.6). For & = 2/(2 + s) the initial conditions have the form (M > 1) 


\ M2 for ‘A, I lI 


In the case 36 « s) we obtain the following initial conditions: 


l , 
ford (1.12 


If the number 5 is known, the problem reduces to integration of one 
differential equation (1.7) for given initial conditions, and two 
quadratures; Equation (1.9) may be replaced by the integral of adiabati- 
city [2]. 


For the determination of 5 we require that the solution constructed 
have physical sense and describe the motion of gas with a converging 
shock-wave all the way to its arrival at the center (axis or plane) of 
symmetry, that is, for all t < 0. We suppose the gas motion to be con- 
tinuous in the region behind the shock. 


In order that v and p be bounded for t = 0, r #4 0, it is necessary, 
as is evident from (1.6), that V = 0, P= 0, and consequently also z = 0 
at A = «. Therefore, the integral curve of Equation (1.7) in the Vz-plane, 
giving the solution of the problem, should pass through the origin of 
coordinates O, which is a singular point (node) of Equation (1.7). One 
integral curve passes through it with slope (dz/dV), = 1/«, and the 
others are tangent to the V-axis. 


The initial points in the Vz-plane, determined by (1.11) lie on the 
parabola 


(1.1 


where as M increases from ] to ~ the coordinates V, z of the initial 
point change correspondingly : 


from 0 to | - x from 1 to 


Thus for 5 = 2/(2 + s) the solution passes through points of the para- 


bola (1.13) between (0, 1) and N(V°, z°), whereas for 5 < 2/(2 + s) it 


passes through the point N. 


This segment of the parabola and the point O lie on opposite sides of 
the curve A(V, z) = 0, so that the desired integral curve must intersect 
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it. In moving along the integral curve which gives the solution from the 
initial point to the point O, the value of A should increase monotonic- 
ally from 1 to ~; otherwise one and the same A would correspond to differ- 
ent V and z, and the flow would be discontinuous. But for A= 0, as is 
evident from (1.8), A has generally speaking an extremum. Therefore, in 
order that the solution have physical meaning, it is necessary that the 
desired integral curve intersect the parabola A = 0 in a singular point 

of the differential equation, at which A= 0 and V= 1, or A= Be 0. 


The first possibility corresponds to the point Q(1, 0). A detailed 
analysis of the system (1.7)-(1.9) in the neighborhood of the singular 
point Q shows that none of the curves passing through it can be the de- 


sired solution. 


The second possibility corresponds to the pair of singular points 


whose z-coordinates are determined by the equation z, , = (V, ,- 


1)?, and V, and V, 
B(V) = 0, where B(V) is determined by Equation (1.10) 


(V, S V,) are the roots of the quadratic equation 


+ 


Since « > 0, Vi and V, have the same sign. Let V, « 0; then the 
desired integral curve, in going from the initial point, must intersect 
the axis V = 0 in order to pass through P, or P,. In so doing it must 
remain in the region A> 0, where the initial point lies. But from (1.8) 
with A> 0, V= 0 (therefore B > 0) it follows that d ln A/dV> 0. 
Therefore, as the curve passes from V > 0 to V< 0, A decreases, which 
contradicts the requirement of monotonic increase of A along the curve 
from the initial point to point 0. 


Consequently, a necessary condition for possible construction of a 
solution with the required properties is the existence of a non-negative 
root of the quadratic equation B(V) = 0. Substituting into it « from 
Equation (1.10), we obtain after a simple transformation 

i r(v i 2(v 
é } 


Hence it follows that the two requirements 5 < 2/(2 + s) and V >0 
are compatible only for 0< V <1 — s/2(v - 1), for which it is neces- 
sary that s < 2(v — 1). When the last inequality is satisfied, 5 may lie 
in the range 


(1.14) 


where 
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and each 5, except the minimum, corresponds to two values of V. With in- 
creasing 5 the larger of these (V,) increases from V) to 1 - s/2(v - 1), 


and the smaller (V,) decreases from V, to 0. 


Thus if s < 2(v - 1) and 5 is subject to condition (1.14), then the 
necessary conditions for construction of a solution are satisfied. It is 
then possible, generally speaking, to construct self-similar solutions 
of two types (with y, v and s fixed). 

l. We suppose that 5 < 2/(2 + s); the desired integral curve should 
pass through the fixed initial point N and run into point O, intersect- 
ing the parabola A(V, z) = 0 in one of the singular points Pi > The con- 
dition for determining 5 is that the point N lie exactly on the integral 
curve passing through the singular point in the specified direction. The 
choice of 5 and construction of the solution are realized by the method 
of successive approximations: Equation (1.7) is integrated numerically 
for different 5 (lying within the limits (1.14)) from the singular point, 
until N lies on the curve. 


2. Let 5 = 2/(2 + s); the field of integral curves is then fixed, and 
any point on the segment (1.13) of the parabola may serve as initial 
point. The singular point P, has coordinates (0, 1), and analysis shows 
that for any s > 0, along any curve passing through this point, A de- 
creases as P, is approached from the region V > 0, where the initial point 
lies. The segment of the axis from O to P, gives a trivial solution cor- 
responding to quiescence. 


Thus the desired solution for 5 = 2/(2 + s) can go only through point 


P,. If the integral curve of Equation (1.7) passing through O and P, 
(with variation of A in the desired direction) intersects the initial 
parabola (1.13) with 0 < V > V°, then it gives the solution of the prob- 
lem. The number M is determined from Equation (1.11) using the resulting 
point of intersection. 


The first case corresponds to a strong shock-wave, and the second to 
a wave of definite constant (moderate) intensity. We note that points 
Pi 2 ‘or solutions of the first type lie between points Pi 2 for the 
second case (for the same y, v and s). 


With s = 0 (vy # 1) no solution of the second type exists, since for 
s= 0, 6 = 1 point P, coincides with Q(1, 0). Solutions of the first 
type (with a strong wave) were constructed in [1 |; the integral curve 
passes through the singular point P,, which is a saddle. 


However, if the difference s ~ 2(v — 1) is negative and sufficiently 
small (v # 1), then conversely only a solution of the second type can be 
constructed, with a moderate wave. In this case point P, is a saddle; of 
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the two curves passing through it, along only one does A increase in 
passing from the region A > 0 to 4< 0. 


The slope dz/dV of this curve becomes arbitrarily large as 
[s — 2(v - 1)] +- 0, and the point P, itself is arbitrarily near to 
(0, 1); this also guarantees the intersection of the curve with the seg- 


4, corresponding to the point of 


ment of the initial parabola. The number 
intersection, tends to 1 as [s — 2(v — 1)] + — 0. It is impossible to con- 
struct a solution with a strong wave here; the integral curve passing 


through P, and P, (lying near to point (0, 1)), does not reach point \. 


As s increases from 0 to 2(v — 1) the type of solution apparently 
changes in the following way. At first (for s close to 0) only a solution 


» 


with a strong shock wave is possible, that is with (2 +s), and 
the rate of approach of *! to ~ as r + 0 decreases as s increases. For a 
certain s there is a solution passing through point \ such that 

5 = 2/(2 + s). This is a case of a solution that 

is intermediate between the first and second 

types, where the wave has constant but infinitely 

great intensity. With further increase in s only 

the solution of the second type (with a moderate 

wave) is realized, and the constant // decreases 

from « to 1 as s increases to 2(v — 1). 


A solution of the first type may, generally 
speaking, be constructed also for s < 0; here a 
solution of the second type is impossible, since 
for 5 = 2/(2 + s) the singular point P, lies in 
the region ) > 1, separated from the initial 
parabola by the straight line V = 1 (an integral of Equation (1.7)). 


A schematic view of the solutions for various s is given in Fig. l. 
2 . 
Here L, is the parabola of initial points, L, the curve z = (1 - V)* on 
which lie the singular points P, ,, arrows indicate the direction of in- 


creasing A, and $s, < sj for i <j and $s, does not exceed 2(v — 1). The 


value S$, corresponds to a solution of the first type, Ss, to the dividing 
case, and s, and s, to solutions of the second type, where ¥, > M,. For 
v #1 the value s = 2(yv — 1) corresponds only to a trivial solution — a 


segment of the z-axis. 


In the case of a plane wave (v = 1) there is only one singular point 
P,, the coordinate V, of which is related to 5 by 
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A solution of the second type is impossible for s 4 0, since with 
/(2 + s) we obtain V = 0, and point P, has coordinates (0, 1). For 


9 
0, as is evident from (1.15), 5 should be equal to 1. In this case 


B(V) = 0, and passage of the solution through the parabola A = 0 is 
possible, because A has no extremal on it. Equations (1.7)-(1.9) have 
the simple solution 


V (A)a3, 
Here V(1), z(1), RQ) are given by the initial conditions (1.11). 


Thus for s < 2(v — 1) a self-similar solution may be constructed with 
a strong or moderate converging shock-wave. After construction of the 
solution all characteristics of the solution are known for ¢ = 0, and its 
distribution is self-similar. Consequently, a Cauchy problem may be 
solved for the motion of the gas when ¢ > 0 in the same self-similar 
variables. In the case s = 0 such a solution is constructed in [1] with 
a reflected diverging shock-wave. 


2. For s > 2(v - 1) the particular points P, , for the solutions of 
the two types lie in the region } 0. Consequently, the necessary con- 
dition for construction of automodel solutions with strong or moderate 
(M = const 1) converging shock-waves is infringed. 


Uniqueness of the self-similar solution is here trivial, in the 
absence of perturbations. Since for [s — 2(v — 1)] + — 0 the intensity 
of the shock-wave for a self-similar solution of the second type de- 
creases, tending to 0, it is natural to suppose that for s > 2(v — 1) 


there exist motions with converging shock-waves, that are weak near 
r = 0. 


Having this in mind, for the case s > 2(v — 1) we linearize Equations 


(1.2). We set 


and will suppose 


P = Po: } wr’, 


We write the linearized equations of motion 


Ol Op e449) Ci 
wr U, wre | 
ot yy a 
1 Op f ysv (2.1) 
Po at or® ot 


We denote by u(r, t) the displacement of a particle from its initial 
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(undisturbed) position; then v = 0u/dt. Here, as usual in linearized 
theory, the difference between the Eulerian and the Lagrangean coordinate 
of a particle is neglected. Integrating the second and third of Equa- 
tions (2.1) with respect to ¢ under the conditions that u = 0, p® = 0, 


p°? = 0 as t + — o, we obtain after a simple transformation 


Ou ; 7 wr” 


= 
P TPo \ or . YPo 

Substituting (2.2) into the first of Equations (2.1), we obtain an 
equation for the basic dependent variable u(r, ¢): 

wr” 0*u O [du 

1) 
YP ot- orior r 
The characteristics of this linear hyperbolic second-order equation 


are 


2 Vert" 2Ver' 


(2+8)Vip  * 24s) J 


In characteristic variables, after changing the dependent variable, 
we obtain an Euler-Poisson-Darboux equation: 


aD mm og Ig \ ( 
oon §—1N 


OF On/ 


It is known that the general solution of Equation (2.4) can be found 
in closed form if mis an integer. Thus with s = 2(v — 1) we have m= 0, 


and the general solution of Equation (2.3) has the form 


rl lilt 4 J+e\t—] 


l [Po V 


For v = 1 it becomes the known solution for a plane wave. 


If the displacement u(r, ¢) is found, the excess pressure and density 
are determined by Equation (2.2) and the velocity by v = du/dt. We can, 


however, obtain also a separate equation for this variable: 


wr® 2p [Or wr° 0? p sD = 1 Op* 


TPo Ot? Lor" as ee | er oe 


It 1s easy to see that Equation (2.3) has a group-invariant solution 
of the form 
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weak shock. 


At r = 0 we have the boundary condition v(0, ¢) = 0, expressing the 
absence of sources or sinks. 


In Fig. 2 the curves 5S, and S, represent characteristics, the incoming 
and reflected wave-fronts, whose equations are x = 0, x = 1 (cf. (2.6)), 


and 1, 2 and 3 are regions in the r-t-plane in which solutions must be 


found. 


From Equations (2.7) and (2.8) it follows that with the condition of 
continuity of displacement on the incoming and reflected front, the 
relation (2.12) is satisfied on it automatically. 


Before the arrival of the perturbation, for 
—~o<x< 0 (region 1 in Fig. 2) we have 


qi i U 


The displacement on the front of the converging 
wave (at x = 0) changes continuously, and the 
velocity and pressure undergo a finite jump. With- 
out loss of generality (because of the linearity 
of the equations) we require 


(2.13) 


For the determination of the motion in region 2 (for 0 <x <1) it is 
necessary to construct a solution of the hypergeometric equation (2.9) 
with parameters (2.10) for the initial conditions (2.13), the quantity & 
remaining undetermined for the present. The point x = 0 is singular for 
the hypergeometric equation, and consideration of its linearly -independent 
solutions in the neighborhood of this point [3] for different @ shows 
that both conditions (2.13) can be satisfied only for @ = 0. Thus 


m (2.14) 


It is possible to consider also solutions with @ 4 0; then the pres- 
sure and velocity on the front of a converging wave will approach 0 or ~. 


For 6 = 0 the solution of Equation (2.9) satisfying conditions (2.13) 
is unique, and has the form (considering the values of a, f, &) 


£F (1 


where F is a hypergeometric series, converging absolutely for 
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where wis a twice-differentiable dimensionless function of the dimension- 
less argument x, and C is an arbitrary constant of dimensions (cm) ". 


If the displacement is given by Equation (2.6), then for v and p® we 
obtain, using v = du/dt and (2.2) 


1 2+84/ TP 
| Po pk ‘a (xr), 
4 i 


~ Ww pg rks(z 
W Ps -r ) 


where the functions g(x) and o(x) are expressed in terms of w(x) in 
following form: 


q (z) w' (2x), s(x) = (1 — 22) w’ [4 (k + v) w (z)] 


z2+8 


Substituting (2.6) into (2.3) we obtain an ordinary differential 
tion for the function u(x). This is the hypergeometric equation 


z(i—z)w” + [(6—(1 3) rz] w’ — aB 0 


, 


with the following values of the parameters a, fh, @ 


(2.10 
After substitution of Expression (2.7) into Equation (2.5) we obtain 


analogous differential equations for gq and o. They are also hypergeo- 
metric, with parameters 


for 6 


We construct a solution of the form (2.6) with a weak shock-wave con- 


verging in quiescent gas. At ¢ = 0 reflection of the shock occurs from 
the center (axis, or plane) of symmetry. 


The conditions on the shock-wave (1.3) may, in the case of a weak 
shock (M+ 1), be taken in the form 


Dor* (v- —v,), D 1g: wr’ 


with the plus sign for a diverging, and minus for a converging wave. 


The third condition on the shock-wave is satisfied automatically in 
virtue of the nearness of adiabatic and isentropic compressions for a 
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The functions g,(x) and o,(x) are determined by using (2.8); it is 
convenient, however, to take advantage of the fact that they satisfy 
hypergeometric equations with the parameters (2.11). The solutions of 
these equations with initial conditions g,(0) = 1, o,(0) = 1, resulting 
from (2.13) and (2.8), have the form 


qg=F (1 ,m; 1; 2), 2 :4+- m; 1; 2) (2.16) 
In order to determine the motion in region 3 (for’ 1 < x < o), it is 
necessary to find a solution of Equation (2.9) for which v(0, ¢) = 0. 
Of the two linearly-independent solutions of the hypergeometric equation 


[4] in the vicinity of the singular point x = ~ only one satisfies this 


condition, namely 


‘) 


2m: x) (2.17) 


where the series in (2.17) converges absolutely for |x| <1. 


On the front of the reflected wave the displacement changes continu- 


ously; therefore w, (1) “ w,(1), from which is found the constant 
(2.18) 


Using the same considerations that led to Equation (2.16), we deter- 


mine q,(x) and o,(x): 


G3 = Emz™—"'F | ' ;2— 2m; xr (2.19 


6g = 2ZE (1 — 2m) 2" F (- ' ;— 2m; x") 


Thus the functions w, 9g, 9 are determined in the entire region, and 
with them the solution is found for the given problem of reflection of 
a converging wave. From the equations expressing the solution in regions 
2 and 3 it follows that the condition of linearization of the equations, 


that is, the conditions |u| << r, |v| << ¢,, |p°| << po, are satisfied 
asr +0, t + 0 if s > 2(v — 1) and & > 0. Violation of these conditions 
occurs only for x near to 1 (the reflected front) since the series 


(2.16) and (2.19) diverge for x = 1. 


We investigate the behavior of the solution on certain character- 
istic lines in the r-t-plane. 


1. On the front of the converging wave (x = 0) 


2 i. s 


2+e_/ TDs 
( = Fo rk ! 28 
‘ } @ , 
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Although the velocity on the shock grows without limit as r + 0, the 
ratios v/c, and p°/p, are infinitesimally small there for s > 2(v - 1). 
This permits the conclusion that the converging wave is weak near r = 0 
and justifies the use of the approximate relations (2.12). 


2. We find the distribution of quantities at ¢ = 0. In order to cal- 
culate the values of the hypergeometric series in (2.15) and (2.16) at 
= 1/2 required for this, we use the equations 


The first of these equations appears in [5], and the second may be 
obtained as its limiting case for (a + 8 + 1) + 0. Now determining 
w,(1/2), q,(1/2), o,(1/2), we find u, v and p® at ¢t 0 from (2.6) and 
(2.7): 


3. On the front of the reflected wave (for x = 1) the deflection is 
finite and equal on both sides of the shock. Calculating w,(1), we find 
u on the reflected front from (2.6): 


To estimate g and o near x = 1 we use the equation given in [5 | 


F (a, 8 9 ) I (a 
In (1 Z P(a)l 


From this it is evident that the velocity and pressure become 
logarithmically infinite near the reflected front, where it is seen that 
the coefficient of the logarithmic term is the same on both sides of the 
front. We have the equation 
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It is evident that near the reflected front the condition of linear- 
ization is violated. 


4. Values of u, v, p® near the center (axis, or plane) of symmetry 
after reflection of the wave are determined by the asymptotic equations 


bmri™—|, TY Pobvt" , | J 


) ») 
) 


\(a.< 


obtained from the solution in region 3 asr + 0 (or x + «). If the con- 
verging wave is a wave of compression, C < 0; it follows from Equation 
(2.20) that a rarefaction occurs near the reflected front (on both sides 


of it), but a compression at r = 0. 


If m, determined by (2.4), is an integer, the general solution of 
Equation (2.3) is found in closed form. Then all the parameters of the 
hypergeometric series (2.15), (2.16), (2.17), (2.19) appear as integers, 
and these series are polynomials in x. In this case the logarithmic 
divergence at the front of the reflected wave (Equation (2.29)) dis- 
appears, because cos[wv/(2 + s)] = 0. 

For s > 2(v — 1) the number m can equal only one integer, zero, which 


occurs when s = 2(v — 1). In this Un = % UW, = f l. 


Substituting these relations into (2.6)-(2.8) we find the solution in 


simple form 


W 


C ' 7, 
> TPov, Us » Uv ’ -C Y Pov 


These equations generalize the solution of the problem of reflection 
of a plane acoustic wave (v = 1). 


The solution constructed satisfied the linear equations (2.1) also 
for s < 2(v — 1). Thus in the case of a spherical wave in a homogeneous 


gas, that is for s = 0, v 3, we obtain 





A converging shock-wave in a gas 


A compression wave reflects as an expansion wave (and conversely), 
after which the undisturbed state is re-established. 


The solution of the problem of a converging cylindrical acoustic wave 
in a homogeneous gas is obtained if we take s = 0, 1 2 in Equations 
(2.6)-(2.8), (2.14)-(2.19). This case was considered in [6] and [7 ]}. 


In [6 ] the solution of the equation that we reduce to a hypergeometric 


one is found in the form of a series, and in|7] a converging cylin- 
drical wave is constructed by superposition of plane waves. The expres- 
sion for the pressure found by Zel'dovich [7] in the form of an integral 
depending on a farameter is obtained from (2.16) and (2.19) by use of the 
integral representation of the hypergeometric function [3 | 


r (0) 0 : 
raat \z z zz) dz 


r(ayr 


However, for s < 2(v — 1) we have & < 0, and the conditions of linear- 
ization of the equations are violated near r = 0. Thus the intensity of 
the converging wave becomes infinite according to the linear solution, 
which contradicts the assumption of applicability of Equation (2.12). 
Therefore, in the case s < 2(v — 1) the linear solution under considera- 
tion is invalid near r = 0. In particular, the acoustic approximation 
for converging spherical and cylindrical waves in a uniform gas becomes 
invalid as the wave approaches the center (axis) of symmetry; there, the 
nonlinear solution constructed by Guderley [1 ] applies. 


We note that the solution under consideration is asymptotically valid 
as r + 0, t + 0 also under assumptions somewhat more general than (1.1) 
regarding the undisturbed state. Thus the quantities w and Po» can be 
continuous functions of time which does not affect the process of re- 
flection of the wave near r = 0, ¢ = 0. The initial velocity of the 
particles need not be zero; if the estimates 
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v(r,0)=o(r-*) for s<2(v—1). 


v (r, O) o(r'h—/é—/%,)) for s>2(v 


hold for r + 0, then it can be neglected in comparison with the velocity 
behind the shock, and the solution remains valid. 


Thus if the density of an ideal gas near the center (axis, or plane) 
of symmetry is distributed according to a power-law, then the behavior 
of a converging shock may be different depending on the value of s. For 

< 2(v — 1) the shock-wave is intensified, or conserves a determined 
constant intensity near r = 0, whereas for s > 2(v — 1) it weakens. The 


first case may be studied with the use of self-similar solutions, and 


the second on the basis of the linearized equations, where the linear- 


ization is correct for the converging wave. 


I regard it as my duty to express profound thanks to S.S. Grigorian 
for guidance in the execution of this work. 
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he equations of motion of a system of coaxial magneto-vortex rings are 
leveloped and some particular cases of this type of motion are invest- 
igated. By magneto-vortex rings is meant circular, vortical plasma fila- 
ments along which currents flow. Outside the rings the fluid is taken to 
be ideal: incompressible and nonconducting. The conditions for the exist- 
ence and stability of an isolated magneto-vortex ring were investigated 
in{l1]. The analog of a system of coaxial rings is a pair of rectilinear 
magneto-vortex filaments with mutually opposed circulations and currents, 
arranged symmetrically with respect to a given axis. It is assumed that 
the motion of a magneto-vortex ring does not differ qualitatively from 
the motion of the corresponding pair of rectilinear magneto-vortex fila- 
ments; the motion of such a pair in the direction of a conducting and a 
nonconducting wall is investigated. It is shown that in the first case 
the ring will approach the wall and expand. In the second case, for 
certain values of the initial parameters, the ring contracts, approaching 
the wall. If, in this case, there is an aperture in the wall, the ring 
can jump through it. Such phenomena, according to witnesses, are observed 
when ball lightning approaches an obstacle [2]. 


1. Fundamental equations. It is known that the motion of bodies 
with multiconnected volumes in an incompressible fluid may be described 
by the system of equations 
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Here q; are generalized coordinates, qj are generalized velocities, 
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T is that part of the kinetic energy which the moving bodies and the 
fluid would have in the absence of cyclic motion; the quadratic form K 
of the circulations I’; represents the kinetic energy of the cyclic 
motion; Q: is the generalized force corresponding to the generalized co- 


ordinate q,; the quantities A, are linear forms of the circulation, 


B. = al) tscke we al, whose coefficients are determined from the 
equations 


vk) (k is the order (1.2) 
of connectedness 


If the region of flow under consideration is made singly connected by 
means of k partitions, then PX; defines the mass flow per unit time 
across the partition j, and, therefore, a;; is the portion of mass flow 
across partition } associated with unit time rate of change of the co- 
ordinate q,;. Equations (1.1) are seldom used, since the quadratic forms 
T and K are, generally speaking, unknown, and can be determined only from 
the solution of the corresponding hydrodynamic problem, which in the 
majority of cases is very difficult. However, if the bodies being con- 
sidered are very thin, for instance vortex filaments, the equations can 
be applied. 


Let us go to some concrete examples. Consider an ideal incompressible 
nonconducting fluid, containing thin plasma vortex rings or rectilinear 
filaments, along which currents |; are flowing, having the same direc- 
tions as the vortices or opposite to them. Outside the vortex filaments 
the fluid motion is irrotational and cyclic, with a velocity which is 
determined by the Biot-Savart formula. The currents flowing along the 
filaments induce in the surroundings a magnetic field, whose intensity 
is also defined by the Biot-Savart law. It is considered that the field 
does not interact with the surrounding medium. In view of this, the 
circulation I’ around an arbitrary closed contour must be conserved, and, 
consequently, the vortex filaments cannot leave that portion of the 
plasma to which they became attached in the initial moment of motion; 
that is, the vortex filaments will be frozen in the corresponding plasma 
filaments. Since the rings are assumed to be very thin, and the quadratic 
form T is proportional to the volumes r of the rings, we may neglect the 
quantity T and its derivatives in Equations (1.1). 


The generalized forces Q; in the case under consideration are deter- 
mined [4] as derivatives of the magnetic energy M of the currents, 
taken in the directions of the corresponding coordinates Q; = OM /dq;. 
Equations (1.1) take the following form: 
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(1.3) 


In addition, considering the plasma rings and filaments to be ideal 
conductors, we can add to the system (1.3) the conditions for constant 
flux of magnetic induction across the surface bounding the contour of the 
conductor 

d @M 
dt al 


Thus the plasma rings and filaments must satisfy the system of equa- 
tions (1.3) and (1.4). 


Let us first investigate the motion of one plasma ring. We define the 
position of the ring by its radius r = q;, the radius of its cross-section 


uw, the coordinates (é = 92, ¥ = q,) of the point of intersection of the 
plane of the ring with the axis of symmetry, and the angle @ = q;, which 


the axis makes with a chosen direction (Fig. 1). The kinetic energy of 
the motion of the fluid due to a single vortex ring and the magnetic 
energy of the circular current are, respectively 
, ol*r 
oe . 
Here p is the density, c the velocity of light in vacuum. It should be 
noted that r and w are connected by the condition of incompressibility, 


2m*rp? = + = const. 


It is easy to see that of the quantities a_,;, which are equal to the 


J , 
mass flows through the hole in the ring, only 


he — nr* cos 9p, Le) 
are different from zero. Correspondingly, 
3o U'nr?p cos 9, 3, - Dar 


The remaining quantities 8; = 0. The equations of motion of the ring 
will have the following form: 


mr*o cos 6 6 2nrosin 61, 


2nro cos §8f'r — ar*o sin 6TU 





2urp cos 6l—§ — 2urp sin Oly 
mr*p sin 61— — ar*p cos 9TH 


) @ const Fig. 1 


It is evident that the first two equations can be satisfied only for 
r= const, @ = const. Then, from the remaining equations, it follows that 
an isolated ring can only move forward in the direction of its axis, with 


a constant velocity 


“4n 1 
p er 


This formula agrees with the formula for the velocity of forward 
motion of a magneto-vortex ring as found from the solution of the exact 
equations of magnetohydrodynamics, under the assumption that the ring 
has small, but finite, dimensions [1]. At first glance, it seems para- 
doxical that the ring can have no motion other than in the direction of 
its axis of symmetry. In fact, suppose we gave the ring some other initial 
motion, for example, rotation. Then the ring should rotate under its 
inertia for at least some time. However, having neglected the mass (a 
measure of the inertia) in the development of the equations, it 1s not 
possible to consider that the ring can have inertia, and, consequently, 
it is not possible to impose an initial velocity. Equations (1.3)-(1.4) 


determine the velocities directly, not the accelerations. 


Now let us investigate the motion of two magneto-vortex rings with a 
common axis of symmetry z. For the generalized coordinates we can take 
9, = ',, the radius of the first ring; q, = z,, the distance of its center 
from the origin of coordinates; 93 = To, the radius of the second ring; 
94 = 29, the distance of the center of the second ring from the origin. 
The kinetic energy K of the cyclic motion and the magnetic energy M are, 
respectively 
pl y*ry 
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Here Ty, f, are the volumes of the rings. 


4rire 


where F and E are complete elliptic integrals. From Equations (1.2) it 
be found that Q@i.=- nr,p, Q@o,=- mre"p, analogously to the results 
for the preceding example. All the remaining quantities a,, = 0. Then, 


calculating the values 8; and Y jj, and putting them in (1.3) and (1.4), 


we obtain 


Of} On 


OR OF; | (1.6) 
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For M = 0 the system of equations (1.6) becomes identical with the 
system of equations which define the motion of two coaxial vortex rings, 
which may be obtained from purely kinematic considerations [5]. It is 
easy to see that the system (1.6) has an integral of conservation of im- 
pulse, ys + re = const, and an integral of energy conservation, 


K + M= const. 


The first integral can be easily obtained from the first two equations. 
It has the following physical significance. From the general theorems of 
hydrodynamics it follows that any irrotational motion in a singly- 
connected region can be established by impulsive pressures applied to the 
boundaries of the region. If the rings are divided by partitions, the re- 


gion of flow under consideration becomes singly-connected and the motion 
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in it can be established by means of impulsive pressure arT, and 
In 
mr,*l', applied to the partitions. Due to the absence of external forces 


the sum of these pressures must remain constant. 


The second integral can be obtained by computing the total derivative 


de " 
Vl) - >> 


The first sum is zero, in view of the first four equations of (1.6), 


and the second sum can be transformed in the following way 


Putting this into (1.7) we obtain K + M = const. 

The system of equations (1.6) is very difficult, and therefore, in- 
stead of the motion of coaxial magneto-vortex rings, it is expedient to 
investigate the motion of a magneto-vortex pair with a common axis. By 
magneto-vortex pair we mean the combination of two rectilinear, plasma 
vortex filaments, along which equal currents are flowing in opposite 


directions, and which have equal and opposite circulations. 


If the rings are very thin, it may be assumed that the motion of 
magneto-vortex rings will not differ qualitatively from the motion of the 
corresponding magneto-vortex pairs, as is true also in the pure hydro- 
dynamic case. The kinetic energy of a system of two magneto-vortex pairs 
with a common axis y has the following value: 

2 | 


ir 2 , 2re 
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The magnetic energy is 


Here 2x1, 2X5 are the distances between the vortices of the two pairs; 
YY,» Yq are the ordinates of the pairs. Computing, as in the preceding, 
the expressions for asi Bi, y and putting them into (1.3) and (1.4) 


tj 
we obtain 
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on + 4 
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Here #,, #, are the radii of the sections of the filaments 


r ] 
] = r 


These equations, like the preceding ones, have integrals of conserva- 


tion of impulse and energy 


onst 
Yi — 
As may be seen from the equations, one magneto-vortex palr moves in 
the direction of its axis y with velocity 


® 


\ “OT In Az 
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2. Motion of a magneto-vortex pair in the presence of a 


conducting wall. Let us investigate the motion of a magneto-vortex 
pair in the direction of an infinitely conducting wall. The problem of 
this type of motion is equivalent to the problem of the motion of two 
magneto-vortex pairs with equal values of the abscissa, x) Xo = X, and 
equal but opposite values of ordinate, 


circulation and current 


In fact, in this case the fluid velo- 
city and the intensity of the magnetic 
field on the plane y = 0 will have only 





components in the x-direction, and, it 
follows, the boundary conditions at 
points y = 0 will correspond to those 
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for an infinitely conducting wall. Equations (1.8) in the case under con- 
sideration will take the form 


It is easy to obtain the integral 


{ 
const 


Therefore ¢ = const. Thus we 


dy _ s 


dt : £31 


From Equation (2.3) it is evident that for [> 0, € <1 or for I< 0, 
¢ > 1, the magneto-vortex pair recedes from the wall and shrinks; for 
I'< 0, €< lor for > 0, € > 1 the pair approaches the wall, expanding, 
and for ['= 0, ¢ = 1 the pair is motionless. 


Figure 2 shows the trajectory of the motion of the magneto-vortex pair 


in the direction of the conducting wall. Assuming that rings behave in a 
similar fashion, it can be proved that a magneto-vortex ring interacts 
with an infinitely conducting wall exactly as an ordinary vortex ring 
interacts with a solid wall [5 ]. 


3. Motion of a magneto-vortex pair in the direction of a 
nonconducting wall. The equations of such a motion may be obtained 


by investigating the motion of two rings having equal radii, equal but 
opposite circulations, with one of the rings having magnetic energy, the 
other being purely vortical having zero current. We will assume that the 
rings are arranged symmetrically with respect to some plane. Then the 
normal component of velocity at points of this plane is equal to zero, 
and the normal component of magnetic intensity is different from zero. 
These are the conditions that we would have on a stationary solid non- 
conducting wall. As before, the motion of a magneto-vortex ring will 
imitate the motion of the corresponding magneto-vortex pair. The system 
of equations for the motion of such a pair, under the condition that the 
plane y = 0 is nonconducting, has the form 


20 In Aa @ 


The equations have the integral 
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along the integral curve (3.2). Then 


4t,* In*® Aa 
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We will assume that at the initial instant x 
;- Then, from the last equation of (3.1), we 


@ = 2C, IndAa 


The behavior of the function f(x) is shown in Fig. 3. The values of 
the roots Xi, +++» *, of the function f(x) 
in the interval 1/A < x < ~ and their 
number are determined by the initial con- 
ditions. However, the number of roots is 
always even, since f(x) + — « for x + » 
and f(x) + 0 for x + «, from the negative 
side. 








Depending on the magnitude of the 
initial value x = a, the following cases Fic. 3. 
may occur: 


First case. a< x,. For [> 0 the radius of the ring decreases and 
the ring approaches the wall with increasing velocity. For I'< 0 the 
radius of the ring grows and the ring recedes from the wall. Depending 
on the relation between the initial values of magnetic and kinetic 


energies ¢, the following may occur: 


(a) For a large value of ¢, the root x, is large and the ring can 
recede so far that the presence of the wall is no longer felt; the 
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derivative dx/dt + 0 with increasing y and x + x, < x,. In Fig. 4 are 
shown the integral curves corresponding to the initial 
values A= 5, a= 2, b= 3, Cy = v¥ 2 (curve 1) and also 
Co = V 3 (curve 2). For positive value of the circulation 
I‘ the ring approaches the wall very fast, and for nega- 
tive values it recedes. If there is an aperture in the 


wall, the ring jumps through it and goes to infinity. 


(b) If the value ¢, is not large (of order 1), the 
ring will recede from the wall, growing until the time 
when the value x = x, is reached; then the velocity dy/dt 
changes sign and the ring begins to approach the wall, 
continuing to grow. Then, when the value of x becomes 
equal to x, the ring again begins to recede. Such oscil- 

latory motion will continue until the ring grows so much that the velo- 
city dy/dt becomes zero. Actually, the ring becomes diffuse at some dis- 
tance from the wall. 


Second case. x, < a< x,. For I'> 0 the diameter of the ring decreases, 
but the ring moves away from the wall. 


(a) If for this case the quantity ¢, is small, the ring recedes from 
the wall. 


(b) If ¢, is not very small then with decreasing radius the ratio of 
the magnetic to kinetic energies ¢? = M/K 
increases and after x reaches the value x, 
the ring returns to the wall. On Fig. 5 are 
shown the integral curves for the case where 


Ce is small (¢, = 1/2, 1/ y 3). For positive 


circulation (increasing x) the ring at first 
recedes from the wall like a pure vortex 
ring. On Fig. 6 is shown the integral curve 
corresponding to small difference between 
the initial values of magnetic and kinetic 
energies. The ring at first recedes from the 
wall and then approaches it. 


For ['< 0 the ring expands and approaches 
the wall; for small values of ¢, the root x, 
is located far away, and when x reaches the 
value x, the velocity dy/dt, even though it 
changes sign, will be so small that the ring will practically stop and 
diffuse at some distance from the wall (Fig. 5). 


If < 


9 is equal to unity, the root x, and the following ones may be 





Dynamics of magneto-vortex configurations 


relatively near. The ring will exhibit an oscillatory motion toward the 
wall and away until it also diffuses at some distance from the wall. 


Such a regime of the motion is shown in Fig. 6. It corresponds to the 
initial values Co = 2/V5, a= 2, b= 4, A = 5. Further cases of the 
magnitude of the initial values x = a 
will not differ qualitatively from 
the case considered in the dependence 
on the roots of f(x). The difference 
will consist only of the number of 
oscillatory movements toward the wall 
and back. In [1 ] it was shown that 
for sufficiently high values of ¢, 
there may be pressures inside the 
magneto-vortex ring which greatly ex- 





ceed the pressure in the surrounding 

gas. It was shown there that the 

magneto-vortex ring is stable to small 

perturbations of its surface. These two circumstances make it valid to 
investigate the magneto-vortex ring as a possible model of ball light-- 
ning. The magnetc-vortex ring motion toward a nonconducting wall invest- 
igated in this article shows that ball lightning can penetrate into a 
room through narrow apertures [2°]. 


In conclusion, the author expresses his gratitude to his adviser L.I. 
Sedov for valuable suggestions and advice. 
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In 1921 Karman | 1 ] considered the problem of the motion of a viscous 
incompressible fluid under the influence of an infinite plane disk, uni- 
formly rotating around its axis. For this case the Navier-Stokes equa- 
tions can be reduced to a system of ordinary differential equations with 
a single independent variable. Given below is a generalization of the 
Karman problem to the case of the motion of a liquid having a finite 
electrical conductivity, in the presence of a magnetic field which is 
uniform and perpendicular to the plane of the disk at infinity. The 


electrical conductivity of the disk is assumed equal to zero. 


1. The magneto-hydrodynamic equations for a viscous incompressible 
fluid with finite electrical conductivity o in the steady state have the 
form [2 | 


Here WV is the velocity vector of the liquid, H is the magnetic field 
intensity, p is the pressure, p is the density and v is the kinematic 


viscosity. 


We introduce a system of cylindrical coordinates r, @ and z, in which 
the plane z 0 coincides with the plane of the disk. The angular velo- 
city of the rotating disk is designated by {). The boundary conditions of 


the problem have the form 





Motion of a viscous electrically-conducting 


at 
at z (1.2) 


The axial component of the velocity does not vanish at infinity, but 
tends toward some limiting value subject to determination. This is be- 
cause of the fact that, inasmuch as the liquid near the disk moves 
radially under the action of a centrifugal force, in order to insure 
continuity there must exist a steady influx from infinity in the direc- 
tion of the disk. Since the magnetic field is constant and a change in 
sign of the field at infinity does not change the form of Equations (1.1) 
it follows that, taking account of the fact that H, is an even function 
and He and Hy are odd with respect to z, it is possible to write the 
boundary conditions for the components of the field in the plane of the 
disk 


H, H, 


The magnitude of the axial component of the field #_ at z= 0 is 
subject to determination. Thus the problem reduces tc a consideration of 
the flow in one (the upper, say) half-plane. We shall seek a solution in 
the form 


V 4np Qrg (C 


QvP 


The radial and tangential components of the velocity and of the 
magnetic field are assumed here to be proportional to the distance from 
the axis of the rotation disk, and the vertical components Sf and A, and 
the total pressure (the sum of the hydrodynamic and magnetic pressures) 
are constant throughout each horizontal plane. Projecting (1.1) on the 
axis of the cylindrical coordinates and substituting (1.4), we obtain a 
system of ordinary differential equations for dimensionless variables 


, 


Here, the prime indicates differentiation with respect to ¢. The last 
of these equations can be integrated: 


P 4 


It is clear that the total pressure P is found to be a constant 
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independent determined from the remaining equations. We notice here that 
the fourth of these equations (1.5) can be written in the form 


hu wf (1.7) 


by use of the first two. 


The third equation of (1.5) can be obtained from (1.7) and the first 


two equations of (1.5). Therefore, the final system of equations which 


are to be integrated can be written in the form 


The boundary equations, on the basis of (1.2), (1.3) and (1.4), take 


the form 


The number of these conditions exceeds the order of the system (1.8) 


because the point at infinity is a singular point. 


2. We investigate the asymptotic behaviour of the system (1.9) as ¢ 


approaches «. We designate 


Then the solution in the neighborhood of the point at infinity can be 
put in the form of an expansion in exponentials 
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Here A,, A,, B, and B, are arbitrary constants subject to determina- 
tion. In addition to A we have five such constants in conformity with the 
number of boundary conditions for ¢ = 0. From the expression (2.2) for 
the coefficients a,, @, it follows that the disturbance of the magnetic 
field, and the velocity field die out, and the solution of the form con- 


sidered exists only when 


The magnitude S determines the ratio of the magnetic force, character- 


ized by the stress H /4m, to the inertial force pV__°, or the ratio of 
the density of magnetic energy H,?/8n to the density f kinetic energy of 
the material, 1/2p pe At the same time it is equal to the square of 
the ratio of the velocity of propagation of the Alfven waves to the velo- 
city of the current. If the intensity of the magnetic field at infinity 
is sufficiently large so that S> 1, a disturbance of a wave type may be 
propagated an indefinite distance from the disk; so that flow of this 
type may be considered physically impossible. Thus the region of exist- 
ence of the desired solution is limited to the interval of values of the 


parameter 0 < S< l, 


We consider now the behavior of the solution near +» 0. The principal 
terms of the expansion of the desired function in the neighborhood of the 
point ¢ = 0 have the form 


Since u’ (0) > 0, h(0) > 0, it follows that at the surface of the disk 
the radial component of the magnetic field is negative and the axial con- 
ponent has a minimum. Thus it can be assumed that the magnetic lines of 
the axisymmetrical part of the field a. = (H._, H,) diverge as they 
approach the disk. 


3. The solution of the system of equations (1.8) may be obtained by a 
numerical method. However, this presents considerable difficulty in view 
of the large number of boundary conditions (1.9). Therefore, there is 
some interest in the consideration of approximate methods of solution. 
One of these methods may be based on the assumption that the parameter 


which characterizes the ratio of the electrical resistivity to the visco- 
sity of the liquid, is large compared to unity. This assumption is usual- 
ly made; thus, for mercury, the magnitude of k is of the order 6 x 10°. 
For k >> 1, the flow region may be divided into two parts: the viscous 
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boundary layer at the surface of the disk, with thickness 5, ~ 1, and 
the external stream in which the influence of the finite electrical con- 
ductivity is greater than that of the viscosity; this has a character- 
istic normal dimension 5, ~ k, The calculation of the flow in these 
regions can be carried out by a method of successive approximations in 
which the original condition for computing the boundary layer is the 
velocity field in the absence of a magnetic field, already known from 
solutions obtained in [9,3]. The system of equations of the first 
approximation for the outer portion of the current differs from (1.8) by 
the absence of the second derivative of the velocity in the last two 
equations, since their ratio to the remaining terms will be of order I/k. 
This corresponds to the fact that the role of viscosity is unimportant 
here. The solutions obtained must be matched along the outer boundary of 
the boundary layer; in other words, the boundary conditions for the com- 
putation of the outer part of the flow are determined by the asymptotic 
values of the variables in the boundary layer. In practice, the boundary- 
value problems for both regions may be approximately solved, for example 
by integral methods [1 ]. 


4. In conclusion, we shall derive the expressions for the components 
of the vectors of current density and electric field intensity, which 
can be determined on the basis of the equations [2 | 


1 


, :,  * . 
iad rot H, : — j+-(H, V] 


Using the solution of (1.4), we obtain 
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The problem is considered of the injection of an electrically-conducting 
fluid into the boundary layer formed on the surface of a flat plate, in 
the presence of a magnetic field perpendicular to the surface of the 
plate. 


1. Suppose a plane semi-infinite plate immersed in a gas flow with 
constant temperature T_, density p, and velocity u_. Through the surface 
of the plate an electrically-conducting liquid (gas) is introduced, form- 
ing a thin layer on the plate as it is entrained by the external flow. 
The flow proceeds in a magnetic field H, perpendicular to the plane of 
the plate (Pig. 1). We choose a system of coordinates oriented with axis 
* along, and axis » perpendicular to, the surface of the plate. The 
layer on the wall and the exterior flow are separated by a surface of 
discontinuity, on which the physical-chemical properties of the material 
change. The layer on the surface and all the quantities in it we shall 
designate by the index 2, and the part of the boundary layer relating to 
the exterior flow we shall designate by the index 1. 


We go over to dimensionless variables according to the formulas 


T°=T,T, H° =H,H(z) 


v, j m * 3 36 A k (1.1) 


VR 


Here u and v are the velocities in the x- and y-directions respective- 
ly, 7 is the coefficient of dynamic viscosity, k is the coefficient of 
thermal conductivity, o is the electrical conductivity of the medium, | 
is the characteristic dimension along the plate, A. is the characteristic 
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intensity of the magnetic field, H° is the normal component of the mag- 

netic field on the wall, R= pu l/n,, is the Reynolds number. The 

dimensional quantities Neo k_ refer to the inflowing stream, o is the 
> 


characteristic conductivity of the injected fluid and quantities with 


oo 
the superscript ° have dimensions. 


We assume that the conductivity of 
the medium in region 1 may be 
neglected in comparison with the con- 
ductivity of the injected fluid, and 
the magnetic Reynolds number, based 
on the length of the boundary layer, 
is of 5rder unity, whereas the quan- 
tity 1/VR is small: 


Us, Fig. 1. 


R 


In dimensionless variables, the equations of motion in region 1 may 
written 


Oy 


In region 2 the motion is described by the system 


Ou 7 7] Ou - Oou 
yoH? (x) u, 
Oz Oy Oy 


01 oT : Ou \? i @ oT 
yu + Net } 


Ox . 7 Oy P, oy Oy 


In the systems (1.2) and (1.3) the following constant parameters are 
introduced: 


The equations of motion are supplemented by conditions on the surface 
of the plate, the line of discontinuity D(x) and the surface of the 
boundary layer. On the outer surface, we have uy 1, T, = 1. On the sur- 
face of the plate we assume that Us 0 and that the temperature condi- 
tions and the time rate of introduction of the fluid are known. Finally, 
it is possible to show that when the magnetic permeabilities of the two 
media are the same (4; = Hy = 1) the relations on the surface of discon- 
tinuity can be reduced to the form used in [1], in which the solution 
of the problem of fluid introduction without the magnetic field is found: 
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The problem posed is self-similar if the magnetic field and the time 
rate of introduction of the fluid are proportional to 1/yx 


We introduce the Blasius variable ¢ = 1/\x and the function w(u) = 
ndu/d€; Equations (1.2) and (1.3) can be reduced to the system of ordi- 
nary differential equations 


@” + K,? ; za U, T* +-T P) : 


2@ 


Here u* is the velocity along the line of discontinuity 


The functions i." K,? and Ww depend only on the temperature because 
the pressure is constant in the entire boundary layer. The system (1.5) 


is supplemented by the relations 


The nine conditions (1.6) are sufficient for the solution of the two 
systems (1.5), each of which is of the fourth order, and for the deter- 
mination of the velocity on the surface of discontinuity. 


2. The solution of the system (1.5) with boundary conditions (1.6) 
was obtained in the case of constant values of £,". K.* and Ww where the 
parameter a," has a large magnitude. For this the coefficient of dynamic 
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viscosity in region 1 should be proportional to the temperature (K,? = 1) 
and the motion in region 2 should take place with negligible discon- 
tinuity in temperature (then the density, conductivity and coefficient 
of dynamic viscosity may be considered constant). The condition ‘" = 

K? >> 1 is satisfied if one require that the density and coefficient of 


dynamic viscosity in region 2 are larger than in region 1. Then 


O (1) 


For these assumed conditions, it is possible to solve the dynamic 
problem (determination of the velocity field) separately from the thermal 
problem (determination of the temperature field). From the system (1.5) 
we obtain the following closed system of equations: (2.4 


*. for 0: 


for u 
for u 
We introduce expressions for the coefficient of friction and the over- 


all drag of the plate. For the force acting on unit area of the plate we 
have the expression 


Introducing the friction coefficient and 
the total drag by the formulas 


we obtain 


‘Vi aVR C 


is 


K 


We make use of the fact that the parameter K is large. The solution 
of the system (2.1) can be obtained by expansion in a power series in 
g-? as described in [2], Omitting the unwieldy details, we present the 
final results. For the friction coefficient and the total drag we obtain 


(2.2) 
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For the parameter of magneto-gasdynamical interaction y* equal to 
zero, we obtain the solution of the problem of injection of fluid with- 
out the magnetic field. This problem was solved in[1] by use of a 
numerical integration of the equations. In the absence of a magnetic 
field and fluid injection Formula (2.2) gives the classical solution of 
the boundary-layer equation. In Fig. 2 is shown the dependence of epVR, 
on the injection constant C for K = 5 and different values of y = yy, 
computed by taking account of first-order terms in K~ *. The curve ° @* 
is also presented, as computed for Y = 0, taking account of second-order 
terms in K~ |, The dotted curve is the curve obtained in [1]. In spite 
of the relatively small size of K, for values of the constant C in the 
range from 0 to 2, excellent agreement with the exact solution is ob- 
tained when only the first approximation is used. This is evidence of the 
effectiveness of the proposed method of expansion in terms of the small 
parameter 1/K. As is evident from Fig. 2, the presence of the magnetic 
field leads to a decrease in surface friction. The first-order total 
drag, as follows from Formula (2.3), coincides with the friction drag in 
the absence of the magnetic field. The increase in drag by reason of the 
cutting of magnetic force lines by the stream is compensated by the de- 
crease in the surface friction. Further, calculation of the terms of 
order K~? indicates that the overall drag of the plate with fluid in- 
jection in the presence of a magnetic field increases. However, it does 
not exceed the drag of the plate in question without injection and with- 
out taking account of the magnetic field. 
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Many papers are devoted to the problem of the nonlinear attenuation of 
the shock-waves in a homogeneous medium, for example [i-4]. 


The propagation of shock-waves of small amplitude in an inhomogeneous 
medium was considered by Gubkin [5], who applied for this purpose the 
method of integration of the equations along the characteristics. 


Below, the problem of the propagation of shock-waves in a moving 
medium with varying density and temperature is considered under the 
assumption that the shock-wave is weak and the wavelength is much smaller 
than the characteristic dimension of the problem. It seems that nonlinear 
effects in this case may be determined using an approach analogous to the 
one applied by Landau in [1]. Asymptotic formulas for excess pressure at 
the wave-front are given for linear pressure profiles and certain laws of 
variation of the density of a mediun, 


In the case of a "weakly varying medium", simple approximate formulas 
are obtained which allow the excess pressure at the wave-front with 
linear pressure profile to be calculated. 


1. We shall consider the propagation of weak shock-waves in an inhomo- 
geneous medium. We assume that the undisturbed pressure p, density p, the 
velocity of sound a and the velocity of gas motion a (wind velocity) are 
functions of the coordinates. We shall also assume that in the whole 
region under consideration 


Ap 
I } 


(1.1) 


where Ap is the excess pressure in the wave, | is the wavelength (in 
what follows we shall consider 1 to be the length of the compression zone 
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of the wave), # is the characteristic dimension of the problem, i.e. the 
distance in which the parameters of the medium substantially vary, R is 
the radius of curvature of the wave-front. 


From the last inequality (1.1) it follows that cylindrical and spher- 
ical waves in any small region may be considered to be locally plane. We 
shall introduce the Cartesian coordinate system x, y, z. 


We shall assume that the solutions of the equations of motion in the 
approximation of geometric acoustics are known, i.e. the configuration 
of the trajectories and the variation of the excess pressure Ap’ and the 
wavelength 1” along the ray (primed values mean that the values of the 
corresponding parameters are taken in the approximation of geometrical 


acoustics). 


It is proposed to establish the additional attenuation not accounted 
for by acoustics of a shock wave with a linear pressure profile along an 


arbitrary chosen trajectory &(x, y, 2). 


As the basis of the considerations below will be taken the properties 
of one-dimensional travelling waves, which are determined by Riemann’s 
solutions of the equations of motion (so-called simple waves; see, for 
example, [6 |, Section 94), according to which the translational velocity 
of a point of the wave-profile U is equal to the sum of the local sound 
velocity and the gas velocity in the wave wv or, in a slightly different 


form, 


where the quantity a is given in brackets for an ideal gas; « is the 
ratio of specific heats for constant pressure and constant volume (for 
air a = 1.2). 


For a shock Riemann’s solution loses its validity; however, for waves 
of small amplitude, up to the terms of the second order with respect to 
\ p/p, the wave remains simple, and the location of the discontinuity is 
found by the use of a simple rule, described in [6], Section 95. 


According to (1.2) an additional translation of the profile element 
of the wave which occurs along the trajectory in the direction of the 
normal to the wave-front in the time from t, to t is determined by the 
expression 


where, in first approximation 
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U is the so-called ray velocity, equal to | am + a|, where nm is a unit 
> 
vector, directed along the normal to the wave front and dé is the differ- 


ential of an arc along the trajectory. We have 


Ap’ dé 


where fo is the location of an element of the wave-profile at the time ty 
on the trajectory under study; hereafter we shall denote by &, the loca- 
tion of the shock-wave for t = ty). 


Note that the wavelength in the approximation of geometric acoustics 
is determined by the expression 


N (t) N (8) E)+ 
to), —- 


N (to) N (Ep) E) + uy, (Eo) 


Taking into consideration (1.3) and (1.4) and repeating, essentially, 
the arguments of Landau [6], Section 95, we obtain the following ex- 
pressions for the wavelength | and the excess pressure at the wave -front 
AP (for the wave with linear pressure profile): 


N (=) _— — 
"0 N (Eo) Vi+@(E, &o), 


\P@ (E 


2. Let us investigate the asymptotic behavior of shock-waves in an 
isothermal medium at rest with varying density. In this case the trajec- 
tories will be straight lines, and 

oie Apo 7) he ‘ 
Apa’ (5) Te x “4 (App = AP» (50), Po = P (So)) 
where vy = 0, 1/2, 1, corresponding to the case of plane cylindrical and 
spherical waves. Then for (1.6) we obtain 


Apo 
Po = ey | 


s/Se/ 
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If Vp increases along the trajectory faster than é'-”. then the 
particular law of attenuation of the intensity of a shock-wave will be 


Ve 


Vv 


_ 


i.e. the same as in acoustics. 


It is to be noted that to fulfil the condition (1.1) the density must 
not increase along the trajectory faster than exponentially. 


If p = const, then from (2.1) we obtain the asymptotic formulas of 
Landau {1 ]: 


for v 
for Vv 


- for v 
E V In (E/E*) 


If Vp along a trajectory decreases (or increases, but not faster than 
em). then formally it is not difficult to obtain the asymptotic laws 
of the attenuation of a shock-wave in this case also. However, the re- 
quirement that the inequalities (1.1) be fulfilled imposes a substantial 
limitation upon the laws of density variation, for which an asymptotic 


representation for \ pp is possible within the limits of the approxima- 
tion considered. 


In the case of y¥ p ~ ' litte? where -1< ¢< 1, i.e. if p decreases not 
4 


faster than €~ *, then in the limit 


In this case, if \ pp is represented in the form 


r 


App ~ dps PB (p) 


vo 


where \p, is the excess pressure at the wave-front propagating in a 
homogeneous medium (see Formulas (2.3)), then for & 


& + wo the following 
equations are valid: 


1 
)‘* 


for v = Oandv 


»9)'* Vin (& / E*) for v 
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The function p(p) characterizes the nonlinear attenuation of the 
shock-wave intensity, determined by the variation of the density of the 
medium. 


3. We shall investigate a medium in which all the hydrodynamic para- 
meters in the unperturbed condition depend only on one coordinate, for 
example z. Assume that in the entire region under consideration 


grada) | grad u | 
a ff . A. 


-—£, < e 
apo ay 


In that case, up to terms of ordereé, the quantity Ap’ along a tra- 
jectory may be represented in the form 


where the index 0 denotes the values of the flow parameters in some 
chosen cross-section 0 of an infinitely narrow stream tube constructed 
around the given trajectory and s is the area of cross-section of such a 
stream tube. Formula (3.1) may be proved in the following manner. From 
[5] we have 


where in the case under consideration 


, 
oy 
du, du, 


1 j \ 
exp 2 \ adivn- Zs ®a"st Je By", )dt 


0 


(integration is along the trajectory). Since div w/a = 0 and dt = 
then up to terms of order € we have 


Note that Formula (3.1) up to terms of order ¢€ coincides with the 
formula for Apg given in [7] and obtained from the condition of con- 
servation of average energy in geometric acoustics for stationary pro- 
cesses. The divergence of the stream tube s/s, is not difficult to obtain 
using the law of deflection of a ray in an inhomogeneous medium, as de- 
veloped by Chibisov [8 ]. 


For linear variation of sound velocity in the absence of wind, we 
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have* for a wave propagating from a spatial point source a first approxi- 
mation ¥ s~ €yvVa, so that 


(Ey is the energy of 
explosion) 


the results, obtained from the formula of Landau [1i1!, which is Formula 
(3.2) when p and a are constants, coincide with the results of numerical 
calculation for a point explosion when the back pressure is taken into 


account { 10-12 l. 


Therefore, for an approximate calculation of \ pq in a weakly varying 
medium with a constant gradient of sound velocity for € >> € the 
following formula may be suggested: 


0’ 
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An exact solution is obtained for the problem considered here of the dis- 
charge of a jet from a straight slot using the hypersonic approximation. 
It is shown that for any relationship of Mach numbers in the undisturbed 
jet and on its boundary, shock-waves form before its first compression. 
The solution is obtained for an infinite sequence of discrete values of «x. 


1. Non-steady one-dimensional motion of a gas and plane irrotational 
hypersonic flow are defined by the same equation 


ary 4 ox 3 


0z* = (x — 1)" dg? * x 


where the variables have for one-dimensional non- 
steady motion the following meaning: z is the sound 


velocity and @ is the particle velocity. For plane 

hypersonic flow z= 1/M= a/r, where a is the sound 
velocity, r is the modulus of the particle velocity 
and @ is the angle between the velocity vector and 

the x-axis. 


The variables of the flow-plane t, y or x, y are 
determined by the formulas 
x — 1 dX , OY 
S (oe 6) 2s Oz’ 4 : 76 


These results are based on the well-known hyper- 
sonic analogy. 


For one-dimensional isentropic gas motion Forn- 
ulas (1) and (2) are exact [1]; for plane steady hypersonic flow they 
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are obtained if the quantities h? 5” and 3? are assumed [2] to be small 
compared to unity, where h? =(k + 1)/(k — 1). 


For values kK = (2n + 3)/(2n + 1) where n is an integer, the general 


solution of Equation (1) is 


2. The solution which describes a simple wave 


y (gtzjzr-4 Tle) 


is not contained in the general solution (3) and is a singular integral 
of Equation (1). As a result, a flow of the form (3) may follow a region 
of steady flow only by going through the intermediate stage of a simple 
wave. On the boundary of a simple wave-characteristic, the function y 
(z, 0) takes the value [1 | 


\ 7 (6) d@ 


3. We shall consider the problem of the discharge of a plane hyper- 
sonic jet from a straight slot into a medium at rest, which corresponds 
to the problem of the motion of a piston in a closed pipe when the 
pressure on the piston is constant. The determining parameters of the 
problem are: the value Zo in the outflowing jet, the value 21° at the 
free boundary of the jet, which depends on the parameters of the medium, 
and the half-width 1 of the jet. 


The dimensionless coordinates in the plane of the flow zx = toa /l, 
y = y'/l depend on one parameter: 7 = ay *” and the dimensionless vari- 
ables z = 2° /z, “and 6 = O°/ 25°. 


It is sufficient to investigate only half the jet by considering its 
plane of symmetry to be a solid wall. 


At the exit the boundary of the jet will first be linear and emanate 
from the point O (see figure) with an angle @ = 2(m — 1)/(« — 1); from O 
also emanates a centered rarefaction wave*. In the plane zy in region 1 
there will be a uniform flow z= 1, @ = 0, and in region 2 there will be 
a rarefaction wave y = (0 + z)x; in region 2° there will be a uniform flow 
z=n, 6 = 2m — 1)/(« — 1). In region 3 the expansion wave interacts 
with the wave reflected from the wall; in this region we have [3 |] 


* The case of the outflow of a jet into a medium at high pressure is 
considered at the end of the article. 
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Ps (4) 


Region 3° is a constant flow with parameters z= 27 — 1, @ 0, region 
3” is the rarefaction wave y = (0 — z)z + F,°(@); here F,* <0) is the 


value of yx, on the characteristic DB, i.e. for z= 27 — 1— 1/2(x — 1)0. 


4. The flow in region 4 is determined by the boundary conditions at 
the characteristic A,D, and at the free boundary of the jet. Regions 3 
and 4 have common boundaries along the characteristics DB and A,D,. 
respectively, with one and the same simple wave. Therefore, as a result 


of (5) we have 


) 


Xy=%s for : = 2y 


The condition at the free boundary will be obtained from the fact that 
the jet boundary is a stream line and on this line (in the hypersonic 


approximation) 
dy / dz § for 


Since here 0/00 = d/d@ we obtain, using 


dz OX \ dz 
} 


\z + 9 55 — ae 


which is possible only if 


ory x { OY 


oe? od Coz for E 


If the derivative dzx/d@ becomes infinite this would mean that the jet 
boundary in the region of its interaction with the simple expansion wave 


is linear. 


As a consequence of Equation (1) condition (8) may be represented also 


in the form 


5S. Condition (7) defines the function w,(u) 
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Yh, (u) = Ys (u) + D (d, Ons: G4 (2y —1), Pa’ (2H — 1), » Pe * (2 - 1); u) 


where ® is a polynomial in u with proportional coefficients 
Pa(2n—1), i(2n—1),..., gi (2y—1) (11) 
The constants b.. eee Daw ; are determined by the fact that the func- 
tion x(z, @) is represented as the (n — 1)th derivative of d or yw. In the 
expression for the function y(z, @) these constants will disappear and, 


consequently, we may assume 
by : b, 1 (12) 


Condition (9) yields a linear inhomogenous equation of order (n — 1) 
with constant coefficients for the function @,(u). In the solution for 
@,(u) there will be (mn — 1) arbitrary constants, which are defined by 
b,(2n- 1), &’(2n- 1), ..., $f ~*(2n- 1), and by the condition of co- 
incidence of the coordinates of the connecting point of the free jet 
boundary in regions 4 and 2 (one condition). This condition in general 
will be 


(13) 


for z and @ which correspond to the connecting point (here 2a is the 
number of the region). There are no conditions to determine the magni- 
tudes of d,(2n- 1), O,°{2n- 1), ti Dian- 1), and therefore it 
may be shown by direct substitution that they are unnecessary, since 
they all will disappear in the expression for the function y(z, @). In 
this manner we may assume 


Pa (2M — 1) = Ga’ (2H—1) =... (14) 


From the definition of the function ® and the relationships (12) and 
(14) it follows that ®= 0 and 


Ps (u) = Hs (u) = a (u* — 1)” (15) 


According to (3) the condition (9) will be written in the form 


(1 
\— Mal 2-4 


\ 
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It is easily seen that the particular solution of this equation will 
be 


Pa (u) tps (u) 


Indeed, accorcing to (15), the expression 


Ys 


will be a polynomial in 3° of order (n — 1). The general solution of (16) 
will be 


ay de 
Pq (u) Ys (u) + a, exp} + @2 exp | - u 
\4 4 


where a a are the roots of the characteristic equation cor- 


ye °c n+ 1 
responding to (16): 


1)(n + 2) 


9) 
- 


, an 
nea | 


A (19) 


The constants Gps see are determined from conditions (13) and 
(14). 


6. In region 5 the condition on the characteristic having a common 


boundary with 4, 


44 for < 


results in the equations 


The condition dy ./d@ = -—1 for @ = 0 in the plane of symmetry of the 
flow, together with (21), determines Wi. (a) in the form 


Pq (u) i ‘ (22) 


In the subsequent regions the determination of the functions ® and wv 
is similar to the one already investigated for the regions 4 and 5; they 
are all expressible through the two functions found above, namely YW, (4) 
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and @,(u). Below are given the expressions for the functions ¢ and wW for 


the various flow regions. 


Region ° . : rf g etc. 
Pa + Pa + 2s etc. 
Ga + 2s Gs <¥3 etc. 


7. In regions 4 to 6 the flow has the character of compression waves 
and, consequently, it is possible that the characteristics of one family 
may cross, thereby vitiating the isentropic property of the flow and 
causing the formation of shock-waves. 


If the characteristics do not intersect in this flow, the coordinate 
x of the jet boundary in region 6 must be a monotonic function of 6 or 


of the characteristic parameter A = 7 + (kK - 1)/2@0 in the interval 


If the characteristics do intersect, then in this region of parameter 
variation the function x(A) must have an extremum. Using the expressions 
given above for the functions ¢ and WwW in region 6, we obtain, according 
to (3) and (2) 


where b, does not depend on A. Hence 


tpA 
exp ; 2 exp 
7 
It is easily seen that the root of this function is the value A = 7, 
located in the indicated interval of the variation of A. This means that 
for any configuration of Mach numbers in the discharging stream and on 
its boundary with the medium (i.e. for any value of 7) and for any «x the 
characteristics intersect in region 6 or earlier. 


In such a manner the isentropic flow in a hypersonic stream never 
extends further than the first compression of the stream. Calculation 
shows that for 0 <7 < 0.5 a shock-wave is formed as a result of the in- 
tersection of the characteristics in regions 3 and 4, for 0.5 <7 < 0.88 


a 


in regions 4 and 4”, for 0.88 < 7 < 1 in regions, 5, 5” and 6. 
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The possibility of formation of shock-waves in the supersonic jet was 


explained by Pack [4] by numerical calculation using the method of 


finite differences for two examples of flow. The given solution is 
applicable directly in the case of discharge of a jet from a straight 
slot into a medium of high pressure. In this case, upon discharge into 
the medium, a shock-wave is formed, the front of which is linear. The 
free boundary is also linear. From the meeting point of the shock-wave, 
reflected from the plane of symmetry, with the free boundary emanates a 
central rarefaction wave and the flow considered above begins. 
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We shall investigate the motion of the gas behind a spherical piston 
which moves with constant velocity in a medium where the density varies 
according to the law 


(1 


where z is a Cartesian coordinate, « is a small parameter, p, and « are 
constants. 


The analogous problem for a strong explosion was investigated by 
Karlikov [1]. We shall take spherical coordinates r, 6 and & in space. 
According to the conditions in the problem, the pressure p, density p, 
velocity components v.. and v, and entropy S do not depend on the coordi- 
nate @ and the velocity coordinate %% = 0. All these physical quantities 
are functions of the variables t, r, 9 and of parameters Pye Pye €+ Ks 
y= €,/ey: From these quantities we may form only three dimensionless 
variables 

TP t? 
Pi Fr’ 


In this manner the desired dimensional functions may be represented 
in terms of dimensionless functions which depend upon the dimensionless 


variables 


r . . 
Vo’ (A, B, 8), 


a(5)* Pu, 0), p= pr ROB, 8) 


The problem of the gas motion behind a piston moving with constant 
velocity in a homogeneous medium was solved by Sedov [ 2 ]. Let 
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VifA), Pi), Ry (A) be the solutions of this problem. Then we shall re- 
present the desired linearized solutions in the form 


V_'= pV ,° (A,9), P P, 0 


0 ' 


R Ry (A) + wR? (A, 8) 


The basic equations in spherical coordinates have 


Opv, Sin § 


ov 


4 oP 
it) or 00 
After transformation to the dimensionless variables and variation with 
respect to yp we obtain the system of partial differential equations for 
v Vo°, P° R°. This system of partial differential equations may be 
reduced to a system of ordinary differential equations if*‘use is made of 
the Fourier method. We shall express the desired functions in the form 


F (8) V..(2), P F (§) P(A), R F (0) R()), } NV (6)V, (A) 
1 @P 
| F (6) P. (cos 6), N (0) - 
\ . n* av 
where P (cos @) is a Legendre polynomial and vy is an integer. If we 
assume that V, = n?v'¥) a), then the solutions for V°,p°, R° and ‘V,° 
may be looked for in the form of infinite series of the following form: 


. | “ 
S P, (cos § Ve"(A) 


0 


’ 
P ‘S P (cos §) P** (A), 


) 


We shall investigate the boundary conditions. At the piston the normal 
gas velocity is equal to the velocity of the piston v_ u, and since 
Vo 1, then VA) = 0; A, is the value of A on the piston and uw is the 
velocity of the piston. 


At some distance in front of the piston there is a shock-wave. To 
simplify the problem we shall assume that the velocity of the piston is 
large and the conditions at the shock-wave will be accounted for in the 
form 
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where c is the velocity of the shock-wave. 


The conditions at the shock-wave after transformation to dimensionless 
variables and after variation with respect to p have the form 


Pit} 


j (Q) 

r* | 
where A* is the value of A at the shock-wave. The radius vector r. 
shock-wave will be represented in the form 


roo [1 + w* / (8)] (9) 


where p* €r,. and f(@) is an unknown function. As is well known, for 
f 20 


automodel motion VofA), Py tA), Ry (A) cannot be expressed in analytical 


form. After transformation to the independent variable Vo we find an 


approximate solution by expanding the desired functions in powers of 


(1—- Vo) 


(10) 
where A 50° Poo and Roo are the values of the functions on the piston. The 


system of ordinary differential equations for the functions Pad 
( ' (v 
gts AYE ad Pe 


v,*”) ¢V¥,) has a singular point at Vo = 1, We shall 
look for the solutions in the form of series of powers of (1 —- Vo): 


The characteristic equation of the ] the following 


The roots of this equation, if (10) is taken into account, have 
following values 
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The roots $) and So denote the solutions with a logarithmic singular- 
ity(3]. If s, and s, 


ay) v,°¥) neglecting (1 — Vo)? may be represented in the following 


are not integers, the solutions for = pi) 


form: 


where the condition at the piston is already accounted for. The unkno 
‘ me (v) (vy) (v) 
constants do, » Co, » Oo) 


the shock-wave. In the case « 1 the solutions are as follows 


are determined fror he conditions 


rs 


will be an integer In that case 


In the case « 2 the root 8. 
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The final formulas for 


V,) | 3cos § sin § [In (1 


J 


ba“ (3cos* § ) . 


‘o)| In(t Vi)+1 


Cos’ (3cos? § - 1)) (1 


= Ce (3cos? 0 


Results of the calculation of iy as a function of A/A,, for 6 = 0 and 
Vv.” for @ 45° are presented in the form of graphs in Fig. 1; Fig. 2 
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shows the variation of R by solid lines and that of p by dashed lines. 
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We shall investigate the problem of constructing the generatrix AB (Fig. 
1) of a body of revolution, which ensures minimum wave resistance of the 
body of revolution when the velocity w_ of the uniform oncoming flow and 
the coordinates of the points A and B are 

given. We shall study only the case for 

which the shock wave AC is attached. Let BC 

be a characteristic of the second family 

and CD a characteristic of the first family. 


The gas flow is determined by the equa- 
tions 





Q- (wp) 


Here x, r are Cartesian coordinates in the meridional plane of the 
flow; wis the velocity referred to the critical flow velocity a; @ is 
the angle of inclination of the velocity to the flow axis x; p is the 
gas density referred to the density of the oncoming flow p_; p is the 
pressure referred to Poot,” x is the adiabatic index; and w is the stream 
function, where 


dp rou (cos 0 dr - Sin Odzr) 


The solution of the formulated problem is given in [1] for the case 


rR <4 and for the flow in the region DCB for the case rp>r, if the 
functions obey the Euler equations on BC. 
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The unknown functions satisfy the following equations on BC 


A. (% sin 20 sin 2a) + xp (1 cos 20 
APA (a) cos ¢ V xra (a) sin? $ = 0 
VY xrdr/dy @A (a) sin (0 ao 0) 


V xr*du / dp + pA (a) [A cos (0 —a usin (0 1)] 


Here A is a constant and w(wW) is a variable Lagrangian multiplier; a 


is the Mach angle, where p »’ sin’ a= kp 


08 28 | 


cos Za 


a a(p), v 0 (ap) 


We shall designate by y the value divided by 27 of the wave resistance 
of the body of revolution with the generatrix AB. The quantity y is ex- 
pressed with the aid of Equation (2) as a contour integral along AC and 
BC, Subsequently we shall investigate @ as a function of the angle of 
inclination of the shock-wave to the x-axis, which we shall designate by 


ow). 


In searching for the contour AB the following variational problem 
arises. For the’ given constants ¥+ Tar TR X= ap- *, find the function 
o (vw) which realizes the extremum of the function 


for the conditions (4) which relate the functions a, #, r, pw with the 
unknown function o and for the well-known relations at the shock 


a (s,.), 0, 0 (s,.), 2y, 


The statement of the problem considered, with the requirement that the 
first two equalities be satisfied, is not, of course, the only one pos- 
sible. Continuous functions o(v) which satisfy the properties [2] of 
solutions of the system of equations (1) to (3) are possible. 


We note that [3 ] is devoted to this same problem. 


The formulated problem is degenerate. Nevertheless, we shall attempt 
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to solve it by the methods of classical variational calculus. We shall 
introduce the new independent variable z through the formula 3? = 20. w. 
For determining the functions a(z), 0(z), @(z), r(z), pz) for 24 <2 S%¢ 
we obtain the following system of Eulerian equations: 


, 1 Og ' 
(*. ¢ as) 


A 
0 Py’ [A cot( — a) + p] sin®c 
sin 20 +- sin 2a) + xp (1 — cos 20) 
V xa(a)rsin? AA (a) @ cosa 
q, 2a (a) [A cos (& — a) + 


+ psin (d a)}] sin? s sin? O 
Pig. 2. 


The functions a, 6, o, r, p must satisfy the isoperimetric condition 
(6), the boundary conditions 


(12) 


where rp is a given quantity, and the tranversality condition at z= z¢ 


{ . 
a(a)|cos @ — sin asin (@ 
x 


- 
@ (cs) A (a) cos (0 — a) 


1 
u[; = @ (cs) A (a) sin (@ 
4w., x 


Condition (13), as S.N. Eliseev and B.M. Kiselev have shown, is satis- 
fied as a result of the relations at the shock-wave and the first two 
equations of (4). 


Four arbitrary quantities occur in determining the functions: the 
differential equations (7) and (8) give rise to two arbitrary quantities 
and, in addition, the quantities A and zc¢ are arbitrary. Conditions (6) 
and (12) give five relationships. 


Thus the formulated variational problem, generally speaking, does not 
have a solution in the classical sense. However, for certain special re- 
lations of the quantities wy TA :Z, rp: X such a solution is possible. 
We shall find these special relationships [4]. To do this we shall elim- 
inate the quantities A and » from Equations (9) to (11); as a result we 
obtain 
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A (a) @,’ (s) (sin 2a + x sin 20) sin (0 — a 


csien Vxr 
+. 2x sin? & | — 


= A (a) @.’ (s) cos (0 
z@ (sc) sin* c Po \ 


A solution then is found when Equation (14) is satisfied at 
as a result of the relations at the shock wave. 


We shall mentally substitute in Equation (14) the expression for ic 
at the shock wave ic = %,.'c and the functions a(o-) and #(0-) which ex- 
press the relations at the shock-wave. Then we obtain the equation €(w, 
oo) = 0. The quantity »_ is a parameter in the equation « = 0. 


The roots of the equation « = 0 are presented in Fig. 2, in which the 
quantity M, the Mach number of the oncoming flow, is plotted along the 
abscissa instead of v,,- One of the roots of the equation « = 0 is 

i 

Se are sin M 
(line ab). This root corresponds to the case for which rp r,4 and the 
shock-wave AC degenerates into a characteristic of the oncoming flow. The 
line ag denotes those values of O¢ for which sonic velocity is attained 
behind the shock-wave. For greater values of or the velocities become 
subsonic behind the shock-wave, and the theory under consideration is not 
applicable in this region. Finally, the lines ef and cd give two more 
roots of the equation « = 0. 


Let wv be fixed. We shall take a a, which is a root of the equation 
= 0 and, making use of the arbitrariness in determining the scale, we 
shall assign a certain value to rc We shall calculate p(o,) with the 
aid of the relations at the shock-wave and ¢,’(o,). We shall then find 
an Ve, zc from the first equations of (12), A from Equation (10) and 
(Zz) from Equation (9). This gives the initial conditions at z = z- for 
integrating the system of equations (7) to (11). 


We shall integrate Equations (7) to (11) from z= z,. to some z 
such that z. < %& and the velocity behind the shock-wave is equal 
sonic velocity for o(z ). Making use of the equality 

. 


1 


u 


— ( cot odz, r 


z==2, 


at the shock-wave and the equality 


a)) sin?o 
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on the characteristic BC, we shall construct the shock wave AC and the 
characteristic of the second family BC (Fig. 1). 


The flow, which is determined by the data given on ACB, can be found 
in the following way. The solution of the Cauchy problem for Equations 
(1) to (3) with the data given on AC permits the characteristic of the 


first family CD to be found, where zp = 24 The known characteristics CD 
and BC determine the solution of Equations (1) to (3), for example, with- 
in the triangle ABC, 


All streamlines (lines of z = const or w= const) of the flow in the 
triangle ABC give the desired profiles. This means that if, for example, 
the line y(EF) is a streamline of the constructed flow, then of all the 
generatrices of bodies of revolution (at least of those near the line y) 
which connect the points E£ and F the line y gives precisely the least re- 
sistance. This assertion is valid because the Eulerian equations are 
satisfied for Zp * zs ic and all of the corresponding boundary conditions 
are satisfied for z= zo, i.e. for the profile EF all of the necessary 
extremum conditions are satisfied. 
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). 3881 
). 3029 
. 2067 


1078 


The great number of streamlines of such a flow exhaust all the special 
solutions of the desired form since any other choice of initial data at 
z= zc violates the boundary conditions (12) and (13) or leads to non- 
fulfillment of Equations (9) to (11). 


In Fig. 3 are presented examples of calculations for various M. Shock- 
wave AC, characteristics of the first family CD and of the second family 
BC are shown. Some generatrices of bodies of revolution which have minimum 


resistance are presented. In the table are shown the geometrical charac- 
teristics of the points A and B and the resistance coefficients C. re- 
ferred to the area mrp’. 


The author wishes to express his deep gratitude to L.V. Papandin who 
prepared the program for the electronic computer and carried out all of 
the calculations. 
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In view of the mathematical complexity of the problem of supersonic flow 
around blunted bodies, no sufficiently accurate analytical solutions 
have yet been found which are free of strong assumptions. The experi- 
mental study of the blunt-body problem is also hampered by serious 
difficulties (especially at high Mach numbers) and generally yields 
results of insufficient accuracy. Therefore, in recent times, numerical 
methods based on the use of high-speed computing machines have been 
widely applied to the problems of supersonic flow around blunted bodies. 
One of the most effective numerical techniques is the integral method 
suggested by Dorodnitsyn [1] and developed by Belotserkovskii [2,3 } 
for two-dimensional and axisymmetric supersonic flows around blunt bodies 
with detached shock-waves. This method permits the construction of the 
mixed-flow field in the region of influence in the neighborhood of the 
nose of the body. 


The supersonic flow downstream of that region can be computed by the 
method of characteristics. In the present paper, a method of character- 
istics, adapted to electronic computing machines, is described and 
applied to a series of blunted wedges and cones. 


In the usual method of characteristics used in gasdynamics, the basic 
variables are the coordinates xz, y, the Mach angle a, the angle between 
the local velocity vector and the x-axis @, and the entropy s. However, 
in such a case, the characteristic equations contain trigonometric and 
exponential functions, which lead to a large number of sub-programs for 
the calculation of elementary functions and absorb much machine time. 


Ehlers [4] suggested the use of the following unknowns in the method 


of characteristics: 
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Vy t ten 9) 


This allows the reduction of the coefficients in the characteristic 
equations to algebraic functions and provides substantial economy of 
machine time. However, the method in the form presented by Ehlers cannot 
be used altogether generally. (Ehlers examined only the simplest example 
— that of two-dimensional potential flow in a nozzle.) In Ehlers’ form- 
ulation, the iterations in the computation of the shock-wave do not 
always converge, an unfortunate choice of the constant in the entropy 
function precludes computations for the case M = « (s in the free stream 
was assumed zero), and no allowance was made for the possibility that 
the characteristic curves may be vertical or horizontal. The numerical 
method of characteristics, presented below for the computation of the 
supersonic part of flows around blunted bodies, consists of a combination 
of the two methods mentioned above. 


For the unknown functions in this procedure we take x, y, 8, ¢, and 


g= in(p/p*), where p is the dimensionless density, referred to the free- 


stream density, p,, p is the dimensionless pressure, referred to Pec 


(a. designating the critical speed of sound), and «x is the adiabatic ex- 
ponent. 


Let us represent the differential equations for the characteristics 
and for the relationships valid along them for the first and second 
family in the form 


and where j = O for two-dimensional flow, j = 1 for axisymmetric flow, 
and « = (Kk — 1)/(«k + 1). The system (1) to (2) is written for the case 
where the characteristics of the first family are not horizontal and the 
characteristics of the second family are not vertical (with only the 
upper half-plane of the flow field under consideration). 


The entropy s depends only on the stream-function Ww so that we may 
introduce a modified stream-function Y through the equation 
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D dy 
Then, we shall have along the characteristics of the second family 
(for example) 


d¥ 
di 


The entropy s can be obtained from Y through the relationship s y 
established along the shock-wave. 


(b) 
Fig. 1. 


In evaluating the quantities x, y, 8, ¢, V, s at an arbitrary point 
of intersection (Fig. la) of a characteristic of the first family, I, and 
of a characteristic of the second family, II, from the corresponding 
known values at points 0 and 1, we apply Equations (1) to (3) in the 
finite-difference form. Let us write these finite-difference equations 
in a form similar to that of [5 |: 


Jit; + KBi—1 


This system of equations is solved by an iteration process in which 
the first iteration uses coefficients evaluated at points 0 or 1, respect- 
ively, and subsequent iterations use the mean values of the cofficients 
between the points 0 and 2, or 1 and 2. Usually three iterations suffice 
to give adequate accuracy. The point 2 in Fig. ib on the body (y= f(x)) 
is computed by the iteration method described by Ehlers. In this proce- 
dure the contour is approximated by a line tangent at the point 


1°(2,"s x»') in each iteration, First one finds 


nz Un i (Xe) Xe! 


i’ (a 
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by using on the right-hand side of this equation the value x» from the 
preceding iteration. (In the first iteration the value of x, from the 
preceding point on the contour is taken.) Then, from the now-known Xo» 
one calculates y, = f(x,), Cy = f'{x_),and from Formula (5) the quantities 
By (since the entropy S, on the contour is known). All the coefficients 
are determined in the same manner as described for the field points of 
Fig. la. The iterations proceed until sufficient accuracy is achieved. 

For the control of the accuracy one uses the value of VY at point 2 and 
compares it with the known value of ¥ on the contour. 


The evaluation of point 2 on the shock-wave S (Pig. ic) is achieved 
by successive estimates of values for the tangent of the shock-angle é. 
at this point. Starting from an estimate f, (close enough to the value 
at the preceding shock-point 0), one determines the following quantities 
from the shock-equations: 


1) M_2 \ 


and the coordinates Xo» Yo from Formula (4), using na = 1/2(5 + 4) in- 


stead of n, and approximating the segment of the shock-curve by a para- 
bola. Verification of the correctness of the estimated value of os is 
obtained through the equation along the characteristic of the first 
family: 


L (ye — y1) — P (82 — 8) = 0 


The evaluation of the unknown functions is completed with 


8e 


So ' 2 , 1+-j 1+ 
exp + exp (yo Td Yy, 
Px 1 x - )\ ” 


2(1 + 7) 1 


The supersonic parts of flow fields around a series of blunted two- 
dimensional and axisymmetric bodies of simple shape at zero angle of 
attack were computed by the described method of characteristics. The 
blunted wedges and cones had half vertex angles 5 of 0, 20, 30, and 40 
degrees, and the blunted contours were circular. The two-dimensional 
bodies were computed at M= 3, 4, and 5, and the axisymmetric bodies at 
M= 3, 4, 6, 10 and oo. For these cases, the whole flow field was con- 
structed, and in particular the shock-shapes and the pressure distribu- 
tions on the bodies were obtained. The coefficient of wave-drag ¢. Tre- 
ferred to the cross-sectional area of the body, was also determined: 
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~ Poo) y’ dy 


Some of the results of these computations are presented graphically. 
Figure 2 displays the flow field around a cone of half-angle 5 = 20° at 
M= 6, In particular, the shock-wave S and the sonic line CD are shown. 
The computations by the method 
of characteristics were started 
on a radial line OB in the 
supersonic region, on which the 
initial values were known from 
the second approximation in the 
integral method. Only a part of 
the characteristic net is seen 
in the figure — actually the 
segment AB was divided into 48 
intervals. In some cases, where Pig. 2. 

a very sharp deceleration of 

the flow downstream of the transition from the circular to the straight 

profile was present, successive characteristics of the first family, 
issuing from this region, did intersect. 
This fact points to the formation of a 
"freely hanging" shock-wave in the flow 
field. 


At large distances downstream, the 

shock-wave of the blunted body approaches 
a conical shock-wave which corresponds 
to the body without blunting. Figure 3 
shows the detached shock-wave for the 
blunted cone 5 = 30° at M= 6. The cor- 

responding conical body and its attached 

shock are shown as dotted lines for com- 

parison. Also shown is the characteristic 

of the first family AB, which starts at 

the juncture between the spherical cap 

and the conical body and thus separates 

the purely spherical part of the flow 

field. If, at B, the shock which cor- 

responds to the spherical cap is weaker 

than the corresponding cone-shock, the 

shock-wave of the blunted body will have 

a point of inflection. Such a case occurs 

in Pig. 3. 
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The dotted lines in Fig. 4 represent the pressure distributions on 
blunted wedges and the full lines those on blunted cones with various 
half-angles 5 at M= 4. The pressure p is here made dimensionless with 
the pressure Po at the stagnation point and the axial distance x with 

radius of the blunting contour R. The pressure-curves 

have two branches — the one on the left corresponds to 

the circular part of the contour and the one on the right 

to the rectilinear part of the body. The part of the left 

branch between the stagnation point and the point where 
the characteristics method was started is 
not shown. The corresponding pressure on 
unblunted wedges and cones is given by the 
horizontal lines at the right of the 
figure. 


The pressure distributions on a cone, 
5 = 20°, are exhibited in Pig. 5 as func- 
Fig. 5. tions of M_. Here also the unblunted cone- 
pressures are shown at the right for the 
same Mach numbers. It can be seen that on blunted cones at high Mach 
numbers the pressure continues to fall even on the rectilinear part of 
the body and that over a sizable part of the body it remains lower than 
the corresponding pressure on a sharp cone. 


The variation of the wave-drag coefficient c. of the blunted cones 

0, 20 and 30° at M= 6 with the distance to the base cut-off is dis- 
played in Pig. 6. (The case 5 = 0° refers to a cylinder 
with a half-sphere for nose.) In the graph, point O cor- 
responds to the stagnation point, for which c. is simply 


equal to the pressure-coefficient Cpe and 
point A to the limit of the region of in- 
fluence of the nose. The points By, B 


20 
and B35 represent the junctures between 


the spherical and the straight portions of 








the body for the respective values of 8. 
Here the dotted horizontal lines indicate 
the value of c¢, on unblunted cones. It is 
seen that blunting influences the drag of 
Pig. 6. a cone only over a relatively small portion 
of the body. 


Before concluding let us note that the present computations by the 
method of characteristics were carried out under the author’s guidance 
on the electronic computing machine at the Institute of Numerical 
Techniques of the Academy of Sciences of the Chinese People’s Republic 





Supersonic flows round blunted bodies 


(Peking). I express by deep appreciation to the Chinese mathematicians 
Van Shu-Lin, I Chen-Ghuci, Ku Yuan and Len Zun-kai, who set up the pro- 
gramming and carried out the computations on the machine. The author also 
wishes to acknowledge his indebtedness to 0.M. Belotserkovskii and Iu.D. 
Shmyglevskii for their valuable advice and interest in this work. 
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The problem of the title is considered here for the particular case of 
axial symmetry. In contrast with known methods of solution based on the 
application of expansions in terms of spherical wave functions (see the 
bibliography of [1,2 ]), a different approach is given here, which 
consists of the representation of the diffraction potential by means of 

a single integral. The boundary conditions lead to a Fredholm integral 
equation of the second kind for the auxiliary function which appears 
under the integral sign. Even though this equation is not solved in final 
form, one can obtain, nevertheless, without difficulty an approximate 
solution by the method of a small parameter, which in this problem is a 
dimensionless quantity ka (where k = 27/A is the wave number, a is the 
radius of the aperture). This approach is a modification of the method of 
the complex potential which was developed by the author for a restricted 
class of problems on the Newtonian potential for a half-space [ 3. 


1. Let us introduce cylindrical coordinates r, 0, z. For the plane 
= 0 we select the plane of a rigid screen in which there is an aper- 
ture given by r< a. The oscillation source is assumed to lie in the half- 
space z < 0. The wave-potential ¢(r, z) which corresponds to the given 
source distribution in the absence of the aperture is assumed to be known. 
The phase factor is taken in the form gs, Therefore, the solutions 
will decrease at infinity in both halves of the plane as Ro 1 tkR where 


R=zy (r? + :*) (conditions of radiation). Let us denote by Wir, z) and 
X(r, z) the diffraction potentials in the half-spaces z< 0 and z> 0, 
respectively. The continuity of the velocity over the aperture is 


guaranteed if one sets ¥(r, z) = — \x(r, —z). The remaining boundary con- 
ditions will be 
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at the | OX outside the 
aperture ’ Oz | aperture 


We shall try to find a solution by means of the superposition of 
elementary solutions of the form 


” 


[r? + +- iv)*] ‘exp {ik [r? + 


which have singularities at the pure imaginary points of the z-axis, 
z 0 and z = —iv. The square root of a complex number is taken under 
the condition that the real part be positive. Therefore, if w= u+ iv 
is a complex number, then (r? + w)'/? is evaluated in the plane cut 
along the imaginary axis from +ir to +ie and from —ir to ~iew, The re- 
quired particular solution will be taken in the form 

—1 \ exp [ik Vr? + ( a i ( explikVr 

: way \ em 


- “ Vr? + (r iv)* 
—§ z—is 


It represents the potential due to sources that are uniformly distri- 
buted in the region z = ~—iv, —s < v< s. We have @(r, z; 0) = 0, and the 
following formulas for the derivatives: 


Ot if exp | ky} r z + is)?] explikVr 


| Vr z + is)? Vr z 
exp lik Vr? (Z —- is)}* F exp | tc} 


V r?+-(z s)* Vr 


Next, let us introduce a complex function g(s), of the real variables, 
0 < s < o, whose real and imaginary parts are piece-wise monotone, and 
which is such that g(cco) = 0. 


We construct the diffraction potential in the regior 
form of a Stieltjes integral 


Let us assume that the integral converges and that it is permissible 
to differentiate with respect to the parameters. This will be justified 
in the process of the actual construction of the solution. Integrating 
by parts, we reduce y(r, z) to the form 


LF jeplayeEEOR , ply 
“@ yr’ z + is)* yr; (2 


Differentiating (1.5), we obtain 
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op) _ expliknVA ++ UPN) a7 
V r? + (z — is)? j 


Assuming that z = +0, we obtain the boundary values 
r 

* exp [ik Vr? — s*] g (s) de + i 

Vr? — 33 : 

E (=~ -s dg (s) 


0 VY s?— r? 


a. 


It is clear that if we impose the condition that g(s) = 0 for all 

s > a then the second boundary condition will be satisfied, and the pre- 
viously made assumptions on the convergence and differentiability with 
respect to the parameters of the integral will thereby be justified. 
Furthermore, since the integration is in reality carried out over a finite 
interval 0< s< a, one can see that the solution (1.6) satisfies the con- 
dition of radiation. The first boundary condition leads, however, to the. 
integral equation 

r 4 a 

. cos ky r s* 

\ _ gis)ds 

* J r- 2 


U 0 


sin k yr’: - otha 4.10) 
Vy r?- s2 
This equation can be reduced to a Fredholm equation of the second kind 
if one multiplies each of its sides byl[ r cosh k V (a* - r*)), V (u? - 
integrates with respect to r from r= 0 to r= u, and then differentiates 


with respect to u. One thus obtains 


a 
zi 
(u) + \ K(u )el(s)ds 
% « 


0 


rcoshk J u* 


Vue 


1 fsinhé (u S$} sinh k (u $) 4 
+ ? if 12) 


K (u, s) 


u-s u 


The original form (1.10) is, however, more convenient than (1.11) for 
practical computations of the first few terms of the expansion in powers 
of the small parameter k (or ka). 

2. In case of a planar wave, we have 


Qtr, Zz) é 


The substitution of 
(2.1) 


into (1.9) leads to a recurring system in which g,, ,;(s) is found from 
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the preceding g,(s), (k= 1, «.+, m) @S8 a solution of Abel’s equation 
with the kernel (r? = g?)~ 8/2 and a polynomial right-hand side. The 
evaluations are elementary. The first terms of the expansion are 


2. 16\ 


x x? /} 2 


g (8) 


It is assumed here for the sake of simplicity that a= 1. In case of 
relatively large values of ka, from 0.5 up, it is more convenient to use 
Equation (1.11). Its kernel (1.12) can be approximated quite well by 
means of polynomials. For numerical analysis it is best to use the ex- 
pansion of sinh kx in terms of Chebychev polynomials T, (2). 
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1. Let us consider a nonautonomous oscillatory system, with two degrees 
of freedom, of the form 


(t) + p® (1.1) 


Let us suppose that the functions f and ¢& are continuous periodic 
functions of time t of period 27. The functions F and ® are assumed to 


be analytic in the variables x, x", y, y’, #, and continuous periodic 
functions of time t with the same period 27. The coefficients a, 6, ¢ 
and d are constants. The quantity uw is a small parameter. In the case of 
resonance, the fundamental equation 


will have either a zero root or roots of the form t pi where p is an in- 
teger. Another instance, which will also be referred to as a resonance 
case, occurs when the fundamental equation has roots which differ from 
the indicated critical values by a quantity which is an infinitesimal of 
the order of pn. This case can be reduced, however, to the former one by 
the introduction of correcting terms into the functions pF and p®, 


Furthermore, we shall assume that the coefficients of the pth harmonic 
in the Fourier expansions of the functions f(t) and d(t) are either ab- 
sent or are infinitesimals of the order of p. The generating system 
(p = 0) 

d*x 


dt? °° 
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can have the following families of periodic solutions 


a) If the fundamental equation has four roots t ik, +t ia, where k and 
m are integers and k # a, then 
Yo (t) = Pyke? (t 


f° (t) and d° (t) are the particular periodic 


Ay cos kt + 


E, cos mt 


where Ay, By, Ey and Do are arbitrary constants. 


b) If the fundamental equation has only two roots is 
integer, then 


oq (t) ”) (t) + f° (t), 


c) If the fundamental equation has multiple roots & = a, 


a 
A, coskt + j kt +- f° (t), Yo (t) Ey cos | 


The case of zero roots is not considered in this work. 


We shall look for periodic solutions of the fundamental system (1.1) 
by the method of a small parameter. Let us consider the case (a). The 
initial conditions are taken as 


)) + Ao 4+ 


y (0) = pm ( + p ~~: Ppl 


y’ (0) = @’ (0) + P, Bo + Pm Po 4 


where the quantities 6; are functions of pm which vanish when p = 0, 
this case the solution of the system (1.1) has the form 


x z(t, B1, Be, Bs, Ba, #), y y (t, 81, Be, Bs, Be, us 


We shall determine the structure of these functions. Let us suppose 
that they can be expanded into series of integer powers of the parameters 
By, Bo, B;. 6, and wp. Let us find those terms of these series which de- 
pend on B,, B,, B, and B, but not on w. It is easily seen that all these 
terms, with the exception of those that are linear in f§,, B,, B, and B,, 
vanish because their coefficients satisfy a system of homogeneous differ- 
ential equations with zero initial conditions. The coefficients of the 
linear terms, obviously, have a form analogous to that part of the 
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generating solution which corresponds to the periodic solution of the 
homogeneous equations corresponding to (1.2); one needs only to replace 
Ay» By, E, and Dy by B,. B,, B, and By. respectively, in accordance with 
the form of the initial conditions (1.6). 


Thus, the solution of Equation (1.1) can be given in the form fi] 


All the Cy» H, and their derivatives with respect to B; are taken with 
B, Baws 6, = p= 0, The coefficients C, and H, satisfy the system 


+ bH, = F,, + cC, +dH, =, (1.8) 


n 


with the initial conditions C,,(0) = H,,(0) = C,,° (0) = H,,” (0) 0. Here 


ad"! ® 


1)! du” 


®,, 


The quantities d*~ + F/d"~' ana d"~ 'd/a"~' are total derivatives 
of the functions F(t, x, x", y, y’. #) and A(t, x, x", y, y's pw) with 
respect to uw. We present the first three functions r. in explicit forms 


O2F 
Oy Ou 


Analogous formulas exist for P,: The subscript 0 at the parentheses 


indicates that the x, x, y, y and mw are replaced by 
and 0 in the derivatives. 


y 


or *9 + Yor Xo 
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Having solved the system (1.8) and taking into account the relations 


b 


” 


k* 6 
: —\ F,, (t) sin kil 


. 
} 


{ 
\ F,, (t) sin m (t 
— 


{ 


It is easy to show that the particular periodic solutions f° (t) and 


° (t) can be represented as the sum of two terms f,(t) and f,(t) so 
that 


In the case of nonautonomous systems, 


as well as in the case of auto- 
nomous ones, 


one can show that differentiation of ee and 2° with 


respect to B,. B,, Bs and B, is replaced by differentiation with respect 
to Ay, By. Ey and Do, respectively. 


The final solution x(t, By, Bo, Bs, By, #) and y(t, 
of the system (1.1) is expressed in the form 


OB. 


Hence, for the construction of periodic solutions of a nonautonomous 
quasi-linear system with two degrees of freedom it is sufficient to con- 
struct the functions Sp, Xe fy and Fan which enter into the x-coordinate. 
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The variable y is constructed by multiplying Xp, Ze, fi and f, by con- 
stants and adding the result, just as in the linear systen. 


In case (b), Formulas (1.9) take on the form 
Py (2, | 


In case (c), Equations (1. be factored and the solution can be 
written in the form 


Here, the coordinates x and y are not interconnected (which is also 
the case in linear systems). 


For the construction of these solutions one has to know how to com- 
pute the coefficients c,{*)(e) and c*™) (et) of zw". The remaining coeffi- 
cients of the series (1.10) are found by successive differentiations of 

(k) (a) with respect to Ay, By, Ey and Dy. 


cy and Cc. 


2. Taking into account the conditions (1.6) we can write down the 
conditions for the periodic functions in the following form: 


(By 4 


Substituting into the left-hand sides of these equations the expres- 
sions for x, x, y and y’ from (1.10), we obtain 
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AL and es are replaced by c_(4) 
(kh) c_(&) : a”, c,'"’ and their deri- 
vatives with respect to A), By. Ey and Dy are here evaluated at the point 


and two more formulas in which C 
C (m)* 
. ; 


and The functions Cc. 
t }, = p= 0, Since pp, — p, # 0, we have in place of (2.2) the 


next set of equations: 


Let us assume that B,, B,, B, be expanaed into series 
the form 


Let us substitute B; into the left-hand sides of Equations (2.3), and 
equate to zero the coefficients of the series. The terms which are in- 
dependent of ~ yield the results: 
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OC ky’ B 1,47" . Ky’ D 
OBs 4 oe | sit aD» l 


ac, ’ acd y ac,” 


OB ‘ Ok : ODyg 
The coefficients of the second-degree terms in p yield 


ac; 
+ OB, 
ac,” 
OE 
1 ac," ac,” 
2 OD, ”? * GAOB, “1 T GAB, 
ac,” 2c") 


0B, OL, Bil . JE, 0D, 


1,2; 
E,D, 


(k) 


and three more equations in which the C; are successively replaced by 


c,‘*), c,(*) and c,‘* . The system of equations (2.5) determines the 


constants Ay, By, By and Do when these equations have simple roots, i.e. 
when the Jacobian 


are Uk) ~ (im 
O(Cy°", Cy 


Ay 0 (Ao, | 


In this case we determine A), B,, Ey and D, by means of the linear 
System (2.6), and we find Ay, B,, E, and C, from (2.7), and so on. All 
these equations are linear in A,» B., E., and Da» and all have the same 
determinant A.. 

In case of repeated roots of the system of equations (2.5), the deter- 
minant Ai = 0. If there is to be a periodic solution with finite ampli- 
tude of the system (1.1), it is necessary that an auxiliary condition be 
satisfied: the rank of the fundamental matrix of the linear system (2.6) 
and that of the augmented matrix (obtained by attaching a column of the 
free terms) must be the same. If this condition is satisfied then there 
can occur a bifurcation of the solution of the generating equations. If 
this condition is not satisfied, then the system of equations (2.6) can 
lead to infinite values for the coefficients A, B,, E, and D,. In this 
case the periodic solution of Equation (1.1) cannot be found by this 
method. 


In all those cases when there exists a periodic solution of the system 
(1.1), this solution can be represented in the form of a power series in 
pt: 


(t) Z(t) + pay (t) +- pe*arq (t) seas DE Yo (Lt) heyy (f) [* ye (t 
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The generating solution is given by (1.3) -4) and (1.5). Here 


; dD; 
sin kt + FE; cos mi 


We have analysed above the case (a). For the cases (b) and (c) one 
obtains different forms. These results can be extended to systems with na 
degrees of freedom. 
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It is pointed out that in the solution of problems on the self-synchron- 
ization of identical mechanical vibrators the result of the investigation 
of the stability of the synchronized motion is obtained in a form which 

is similar to a certain integral criterion of stability. It is shown by 

a number of examples that the conditions of stability, obtained earlier 
by rigorous methods as the result of fairly cumbersome arguments and deri- 
vations, can be found quite simply by the use of an integral criterion. 


The object of this paper is to prove the criterion, and also to deter- 
mine the class of nonlinear systems and their motions for which there 
exist similar criteria of stability. A simplified method is given for 
obtaining relations which determine the phases of rotation of vibrators 
in synchronized motion. 


1. Simplified method of finding synchronized motions and an integral 
criterion of stability in problems on self-synchronization of vibrators. 
In the solution of concrete problems on the self-synchronization of 
mechanical vibrators [1,2 | the most difficult step is the separation of 
the stable motions from all the found synchronized motions. 


The synchronized motions which are far from resonance can correspond 
to each of the real solutions of some system of transcendental equations 
(Equation (2.18) of [1] and Equation (2.6) of [2]) in the quantities 


Air see, & (k is the number of vibrators), which are called generating 


phases. The generating phases are determined by the mentioned equations 
to within an unessential additive constant ay. In other words, one of 
the phases, for example a,, can be assumed to be zero without loss of 


generality. 


The process of the investigation of stability consists of the 
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construction of an algebraic equation of degree k —- 1, written in the 
form of a determinant of order k — 1, and of the study of the signs of 
the real parts of the roots of this equation, which correspond to each 
solution of the mentioned transcendental equations. The coefficients of 
the indicated determinant are computed separately for each of the various 
classes of problems on self-synchronization; in [1] this was done for 
the case of a vibrating object with one degree of freedom, while in | 2 | 
it was carried out for the case of a vibrating object in the form of a 
solid: body performing planar parallel motion, i.e. having three degrees 
of freedom, 


One of the interesting practical particular cases of the problem on 
self-synchronization is the case of identical (or almost identical) 
vibrators having the same (or almost the same) positive partial angular 


velocities. * 


In all concrete problems studied by the authors of this note and 
related to this case, the result of the previously described process of 
investigation of the nature of the possible synchronized motion and of 
their stability has indicated that the following assertion is true. 


In all synchronized motions, determined by the solutions a,°, 


of the equations for the generating phases, only those will be stable 


which correspond to the minimum value of the mean, rer the period 27 
of Lagrange’s function 


evaluated for the auxiliary body (7) and Il, are the kinetic and potential 
energy, respectively, of the auxiliary body; mw is the angular velocity 
of the synchronized rotation of the vibrator).** 


* By identical vibrators we mean vibrators all of whose parameters, with 
the possible exception of the rotating moments L., are the same. With 
regard to L., we assume only equality of absolute values. In the case 
when one considers rotation of identical vibrators with the same and 
positive partial velocities ®, = aL. (0 @,)/k,, one has: @p @, > 0 

and o L. (0 w,) — k.@) = 0, where k. = k is the coefficient of the 

rotational resistance of the rotor of the vibrator [2]. 


By the auxiliary body we mean a rigid body which at every instant of 
time coincides with the given body on which the vibrators are in- 
stalled (vibrating organ). The auxiliary body is obtained from the 
given solid body by adding to it the mass of all unbalanced rotors 
concentrated on the axes of rotation of the vibrators. 
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Hereby, the values of the generating phases a,*, +++, @,*, which cor- 
respond to the synchronized motions, can be determined up to within an 
additive constant from the conditions that the function Ap (@), sees @,) 
by stable. These conditions are thus equivalent to the transcendental 
equations mentioned earlier. 


It is important that for the application of the formulated integral 
criterion of stability to the considered problems on sel f-synchronization 
it is not necessary to find the exact values of the coordinates and velo- 
cities of the system of synchronized motions, but it is sufficient to re- 
strict oneself only to the initial approximation which corresponds to the 
generating solution. This solution corresponds to the uniform rotation of 
the vibrators according to the law 


Q, S. (wt + a,) ‘ , , ‘ (1.2) 


(o, is equal to +lor —1, depending on the direction of the rotation of 
the sth vibrator) and to the stabilized forced oscillations of the 
vibrating organ under the action of the disturbing forces produced by the 


vibrators moving in accordance with the law (1. 2). 


The investigation is considerably simplified also because of the fact 
that Expression (1.1) does not contain the kinetic and potential energies 
of the entire system, but does contain much simpler expressions T, and Il, 


which are quadratic forms of the generalized velocities and generalized 
coordinates determining the position of the vibrating element. 


The authors do not know of any general principles or theorems of 
mechanics which might imply directly the above-formulated assertion. The 
integral criterion of stability of synchronized motions has been used for 
the purpose of obtaining predictions on the nature of stability of motion 
in complicated cases of the problem for which the solution has as yet not 
been obtained by the methods of Poincaré and Liapunov. These predictions 
have all been verified by experiment. 


Of great interest is the problem on the determination of the class of 
systems and motions for which similar integral criteria of stability 
might exist. We shall not go into the consideration of this general prob- 
lem, but shall restrict ourselves to the illustration of the application 
of a simplified procedure for finding the equations for the generating 
phases and of the integral criterion of stability with the aid of a 
number of simple examples. 


2. Problem of self-synchronization of two identical vibrators in- 
stalled on a vibrating element with one degree of freedom. We shall in- 
vestigate the synchronized motions of a given system (Fig. 1) by the 
method presented in Section l. 
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The equation of small oscillations of the vibrating element, when the 
vibrators are rotating in accordance with the law 


1 5 (wt -+- ay), G2 Sq (wt + ae), 
has the form 
PF 
Ti] [cos (wl L a) + cos 
It is assumed here that the motion is independent of the values of the 


parameters 0; and 0» which determine the direction of the rotation of 
the vibrators. 


Here, Mis the mass of the system, A = y c/M is the frequency of the 
characteristic oscillations, c is the rigidity of the elastic elements 
and F is the amplitude of the disturbing forces developed by each 


vibrator. 


The periodic solution of Equation (2.2) which corresponds to the 
forced stabilized oscillations is given by 


FP 


“M (Q?. @?) [< OS (@f + a) 


over one period, of Lagrange’s function is 


\o 


where a = a, — @ is the relative phase shift of rotation of the vibra- 


tors, and Co is a quantity which depends on a. 


Equating to zero the derivative d A ,/da, we obtain the equation 
sin a = 0, which has two essentially different roots (a), = 0, (a), = IL 











In the pre-resonance region (w <A) the first solution corresponds to 
a minimum, while the second solution corresponds to a maximum of the 


function Aga. In the post-resonance region (@ > A) the value a = (a),=0 
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corresponds to a maximum, while the value a = (a), = Il corresponds to a 


minimum. Hence, according to the integral criterion, we can draw the 
following conclusions: in the pre-resonance region we have only in-phase 
Stable synchronized motion, while in the post-resonance region we have 
only opposite-phase synchronized motion of the vibrators irrespective of 
the direction of rotation. 


These results, which were obtained by the use of the integral criterion 
of stability, coincide completely with the results found for the given 
case by the methods of Poincare and Liapunov a: 3. 


3. Problem on the self-synchronization of ‘two identical vibrators 
placed symmetrically on a softly damped vibrating element with three de- 
grees of freedom. Suppose that the vibrating element is an absolutely 
rigid body which can perform planar parallel motion and which is con- 
nected to a fixed base by means of a system of Gamped springs. The springs 
will be considered to be so soft that the largest frequency of the 
characteristic oscillations of the body on the dampers is negligibly 
small as compared to the frequency of forced oscillations (Pig. 2). On 
the vibrating element there are placed, symmetrically to its center of 
gravity, two identical unbalanced vibrators with parallel axes of rota- 


tion. 


The equations of motion of the vibrating element during the rotation 
of the vibrators according to the law (2.1) have the following form: 


Mz } | 


Here, x and y are the coordinates of the center of gravity of the 
vibrating element in the fixed system of axes xOy, @ is the angle of 
rotation of the vibrating element with respect to these axes in the 
clockwise sense, M is the mass of the system, J is the moment of inertia 
of the rigid body and of the vibrators computed under the assumption that 
the mass of the unbalanced rotors is concentrated on their axes of rota- 
tion, r is the distance from the axes of rotation of the vibrators to the 
center of gravity of the body, F is, as before, the amplitude of the dis- 
turbing forces developed in each vibrator. 


Because of the assumption on the softness of the elastic supports 
one can assume that the potential energy of the system is zero. Hence, 
having determined xz, y and & for the stabilized motion by integrating 
Equations (3.1), we obtain 
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2M w?* 


Here, a a, ~- @, is, as before, the relative phase shift of rotation 
of the vibrators and C, is independent of the angle a 


Equating to zero the derivative d ‘ da, we obtain the equation 
0 


sin a = 0, which has two essentially distinct roots (a 0 and (a).=IL 


It is obvious that if the vibrators rotate in the same direction 
(0 1%» = 1) the first root corresponds to a minimum of the function \y (a) 
under the condition that 


Mr? ; 1 


The second root corresponds in this case to a maximum of the function 
\y (a). If the condition (3.3) is not satisfied, the opposite conclusion 
is valid. 


In case the vibrators rotate in opposite directions (0 04 -—1), the 


value a (a), = 0 corresponds always to a maximum, while the value 


a (a), = Il will correspond to a minimum of the function A,(a). 


According to the integral criterion, if 77> 1 and if condition 
(3.3) holds, only the in-phase motion is stable, while if (3.3) is not 
satisfied then the stable motion occurs when the vibrators rotate with 
opposite phase; if 71%, -1, only the opposite-phase rotation is stable. 
It is not difficult to prove that in the given case the results obtained 
by means of the integral criterion coincide completely with those found 
by the methods of Poincare and Liapunov [2,3]. 
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We shall study in the following the dynamic stability of a thin elastic 
shell filled partly or completely with an ideal incompressible liquid. 
Use will be made of a paper by Moiseev [1] which deals with free vibra- 
tions of an elastic beam containing a liquid, as well as of [2] and[3], 
devoted to the study of dynamic and static stability of elastic systems 
without a liquid. 


1. The problem indicated reduces to the solution of the variational 
equation 


where T”-and U”-are the kinetic and the potential energies, respectively, 
of the perturbed system, so that 


+ 


ice 
= \ \ [Tie: + Tee S@ Mix, M xX, at 


, 


while the quantity A” represents the work of a certain reduced loading 
arising as a result of perturbations of the system, done in the dis- 
placements of such perturbations. The determination of the reduced load- 
ing is achieved in the same manner as in| 2]. In such cases when, in the 
determination of these loadings, the inertial terms can be neglected, or 
when the initial state (the state which is to be investigated for stabil- 
ity) of the shell is approximately a membrane state, they will be 
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a ” oe , 
~ (e, P) T Oa (eePS )+s5 Oa (@2Q) — Wp (e; +- &9) 
F. = T\°x + T2°%2 


. £e = a 0 ’ 0 
(e,Q0T, ) T 2 da (e2Q) + ap (e,QS )-+ S aa (&1P) — Ja (e1 £2) 


0 
PO [ a8 (e,;PT?°) T,° 


05 


| 
PO | da 


and then 


\[F au + Fyv + Fw)ds (4.5) 


{ ” 


5 


a 


Here and in the following we shall denote by: = the middle surface of 
the shell; a, £8 the curvilinear orthogonal coordinates in the middle sur- 
face; na normal to the middle surface; P, Q the coefficients of the 
first quadratic form of the middle surface; u, v, » the displacement con- 
ponents of a perturbation of the shell in the directions of a, f, n, re- 
spectively; =), p mass densities of unit surface area of the shell and 
unit volume of the liquid, respectively; € 1+ €9» @Ky, Ko f relative 
deformations of the shell, expressible in terms of ua, wv, w» by means of 
well-known formulas of the linear theory of shells; T T,, 4S, Mi, M,, H 
stress resultants and couples of the shell, expressible in terms of the 
relative deformations by means of Hooke’s law; T,°, T°, S° stress 
resultants of the non-perturbed shell, which characterize the initial 
membrane state of the shell; G+ % Wn external surface loadings, acting 
on the shell, possibly functions of time; a the acceleration of the 
translational motion of the system; S the free surface of the liquid in 
the state of rest; V the volume occupied by the liquid; ¢ velocity 
potential of the liquid in that domain; =") the wetted surface of the 
shell;>, the part of the boundary of V where the derivative dp/dh is 
known; 2, the part of the boundary of V where the function ¢ is known; 
G Green’s function of Neumann-Dirichlet’s problem for Laplace’s equation 
in the domain V. 


The potential d can be expressed in terms of G in the following 
manner: 


(1.6) 


The solution of Equation (1.1) reduces to the solution of the four 
differential equations 


Ly (u) L 2 (v) ; Ly3 (w) 
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i 
Ia (u) T Lee (v) + Liz (w) a 


Lm (u) + Lee (v) 4 


with boundary conditions corresponding to fixed edges of the shell, and 
conditions for the velocity potential of the liquid on the boundary of 
the domain V. The edges of the shell can be fixed in various ways, there- 
fore we do not formulate here the boundary conditions corresponding to 
them explicitly. The conditions for @ are 


a 
ow 
dQ Aw on the wetted middle 


on the free surface z= 0 1.8) 


—— 7 surface of the shell (1.9 


The operators Li sees L5, appearing in Equations (1.7) are the left- 


hand members of the equations of the theory of shells [ 4,5 - 


2. It is not difficult to introduce into the discussion such operators 
L, M, E, N and a vector X(u, v, wv, &), so that Equations (1.7) appear in 
the form 
Ox 


ot 


LX 2.1) 
The operators L, M, E, N satisfy the conditions of existence and 
uniqueness of the generalized solution in accordance with Theorem 3 of 


[6]. 


3. As an application of the theory developed above we consider in the 
following the question of dynamic stability of a circular cylindrical 
shell filled with a liquid and with hinged edges. 


Let us introduce a system of cylindrical coordinates r, z, @ oriented 
in the usual way. Assume the cylinder under consideration of radius R to 
be situated between the planes z = 0 and z= Il. The inner space of the 
cylinder is partly filled with a liquid of density p up to a level z= 1,. 
We choose the curvilinear coordinates a and § in such a manner as to have 
B= 6, a= 2z/R, where 6 is the angular coordinate of the cylindrical 
systen. 


Assume the cylindrical shell considered to be under the action of a 
distributed radial loading q,(@, t). This can be, for example, a hydro- 
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static loading. The shell is, in addition, acted upon by a longitudinally 
distributed load %q (a, t) and by a longitudinal compressive force F(t). 


For the case under consideration the coefficients of the first 
quadratic form will be P= Q= R, while the curvatures are K, = 0, 
K, = 1/R, 

We assume that the shell is initially in a membrane state of stress, 
characterized by the stress resultants T,°. T,°. 


Integrating the equations of the cylindrical shell in the membrane 
state of stress we obtain 


z 


R \ qT. (a, t)aa 


Re a,/ 
2nkR In 


The relative deformations of the cylindrical shell will be 


Lou vt \ 1 dw 1 /d*w ) 
Roa’ @—R\Br" “a= Ride? “=— Rr oper ™ 
The components of the reduced loading are determined by Formulas (1.4), 
which lead to 


1 du #7, 
w)——+ —; 
0) R? da da* 

1 - O*w « (Ou 


a 17 5q2 r Ts \ aR T vif 


We now turn to the determination of the velocity potential & of the 
motion of the liquid. 


Relaxing the boundary conditions at the section z= 0 and neglecting 
the wave motion on the free surface, we shall assume that at the sections 
= 0 and z = ly we know the additional pressure p produced by the per- 

turbation of the system under consideration. 


It is obvious that such an assumption is justified in the case of long 
cylinders, because in this case the energy of the wave motion is small 
as compared with the total energy of the system and, besides, long 
cylinders lose stability in a non-axisymmetrical deformation, when 


\\ u aco { 
Ys 


which means absence of expulsion of fluid, i.e. p = 0. Consequently, the 
function d is known at the sections z= 0 and z = Li; we consider these 


sections as the domain 2». On the lateral surface we know the derivative 
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O¢/dn = Oe/dt, therefore we choose the wetted surface of the shell as 
our domain 2): 

In order to determine @ from Equation (1.6), we write down Green’s 
function for the cylinder 0<a«< L/R, r<R, with the condition that 
0G/dr = 0 when r= R, and G= 0 when a = 0 ora = 1, /R 


e 
sin iaisin(u.a ) eg 
va By in \B, ] 


r r 


par 1, (Myr R) 
a, 


(uy) ld, (Hy) Aq\Yp R ‘a\¥p R 


q 


A prime at the sign of sum means that half the term of order zero 


should be taken. 
Eliminating @ from the third equations of the system (1.7), we obtain 


O7u i—wv du 1 4 ) Ow 
Oru 
0a 03 
Ov 


2 
05 


The tangential components af u/de*, nod" v/a et’ of the inertia forces 
and those of the reduced loading, namely the components F and F 2, are 
usually neglected in the theory of shells [2] in comparison with the 
normal components ad? w/a t” and Fi respectively. 


If use is made of this simplification and if we introduce a new un- 
known function D(a, Bf, t), connected to the old variables by the rela- 


tions 


POD POD em 
\ da? da 08 62208 ~ 
POD QD 


29a 7 2 
oa*o'ss 0 


V “Dp 


Vv 


then the first two equations will be fulfilled identically, while the 
third equation will serve for determination of ®: 


OF ‘ 


it v*v7?® I ran 5; VD + 
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moR* 3? 
D 3d 


In order to satisfy the boundary conditions 
Orn { 

da? and o R 

boundary conditions 


we prescribe for the function ® the 
l 
(3.9) 


am HOD em 
hi : ) () and 
D da? da* da® and @ R 
integro- 


we try to find the solution of the 
the method of Galerkin in the form of a 


Satisfying these conditions 


differential equation (3.7) by 


series 


, (t) sin A..a cos n8B 
: m 


2.10) into Equation (3.7) 


Substitution 


x x (ft 
yy’ y! } 

— — | 
rY 0 n=O 


in more detail the last term of this equation. 


Let us consider 


Y 2nl,/R 
1 1 1 804 a4 
>» 2 > 2 a \\ R UY Fm 


H 


in f% SID po 


co 7 


y 8p R® g. (RR) (A, 
iD 


RR) (2, 


} Sin 2 cos nB 


mn 
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Substituting this expression into Equation (3.11) and equating the 
coefficients of cos nf to zero, we obtain the system of equations 


Multiplying the last equation by sin A ,a and integrating between the 


limits 0 and a = 1/R, we obtain for determination of f an (t) the following 
infinite coupled system of equations: 


Here, the notation is introduced 


The applicability of the method of Galerkin to the solution of the 
problem under consideration proves the convergence of the system of 
equations (3.14). This leads to the conclusion that an approximate solu- 
tion of this infinite system can be obtained by using a truncated finite 
system of equations (3.14) with a, i Re econ Me 


As a result we shall obtain a system of Hill’s equations and an in- 
vestigation of this system will permit us to answer the question con- 
cerning the natural frequencies and critical forces for the system, con- 
sisting of shell and liquid, and to establish the region of dynamic 
stability in the space of the system parameters n/R, l, i, L/R, a5? for 
various external loadings. 
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4. Let us consider in greater detail the case when the liquid fills 
the entire inner space of the cylindrical shell. This corresponds to the 


case l l In the infinite sum I there remains the term p = 1 and, 


y ant 
further, —_ = 0 for all numbers a # i. For a= i we obtain 


2Rtol : . 
PD Bin (R. R) (A? +h? (4.1) 
Furthermore, we replace the stress resultants T, (a, t) and T,° (a, t) 


by the mean values 


; 


T° (a, t)da (4.2) 


Then the coefficients Fp vanish for all numbers a fA i, while for 


i they become 


R 
(2) “ 5 9 7 O«% fe 2 j , 2\ 7 ) ? 
Fini tpi“ \A , ry \ T api ' } th ) T,°* (t) (4.3) 
By virtue of these simplifications the infinite coupled system (3. 14) 
reduces to a system of ordinary Hill equations 
1? ' , 
1.) Tin | [J,' J . (t)] Fin (4) 


> tr I 
di* ‘ 


This system is conveniently written in the following form: 


The quantities 
[(inR/l)* + n* +1)? D 
R* [mo + 4apRg,,, (R,R)) 
D (1 — v) (inR / 1)? [(inR / 1) — n*) + (in R/ 1) (1 —v)/ P (4.6 
R* [my + 4aRpg,, (RR)) [ink |? + nf ane 


appearing in (4.5) are of the nature of natural frequencies of the shell; 
the quantity anpRg;,(R, R) represents the added mass due to the presence 
of the liquid in the shell. The quantities 
a 2 +- 4] Rog R, R i x. 
r* Min” [Mo + alt in V )] T,* @; t_ {mo + 4npRg,\(R, R)) 
(inR / ly n* — 1 
represent the critical longitudinal and normal loadings; their physical 
meaning is that if the stress resultants _— or he exceed those 
values the solution of Equations (4.5) will increase exponentially, which 
corresponds to the loss of stability of the shell. 


The analysis of the dynamic stability of the shell can be carried out 
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with the aid of a diagram of stability of Hill’s equation (4.5). In this 
case it will be possible to indicate for any value of shell parameters 
whether the latter will be stable under the action of given forces. 


It must be stated that the presence of liquid masses causes consider- 
able decrease of the natural frequencies for the first harmonics of the 
bending mode. In some examples the ratio of decrease amounts to several 
hundred. 


It is also essential that the critical values of the stress resultants 
for loss of static stability are not influenced by the presence of a 
liquid. It is, in analogy to the case of vibrations of a beam with a 
liquid [1 l, impossible to indicate an equivalent shell, although it is 
possible to indicate the equivalent mass of shell for each bending mode. 


The authors express their gratitude to N.N. Moiseev for the statement 
of the problem and for his frequent valuable advice. 
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When finite deformations [strains ] in elastic-plastic bodies are studied, 
the choice of the tensor which describes the total deformations becomes 
essential, as well as the determination of the separate tensors of the 
elastic and plastic deformations. 


Independently of the choice of the tensor which describes the total 
deformations we shall subject the elastic and plastic deformation tensors 
to the following conditions: 


1) They shall be introduced analogously to the total deformation 
tensor. 


Indeed, the plastic deformation tensor is the total deformation 
tensor for processes which end in complete unloading. At that time, the 
entire deformed state can be assumed to be elastic if one does not refer 
it to the actual initial state but to the state which corresponds to 
complete unloading from the given state. 


2) The elastic and plastic deformation tensors shall be introduced 
independently from one another. 


Let, for instance, the deformations be described by the tensor ¢€: 


(1) 


wherein e* are the unit vectors, fixed in the medium, forming the basis 


of the Lagrangean coordinate system é‘', bij are the components of the 
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metric tensor G in the final (deformed) state of the material: a‘, g, are 
the same quantities in the original state; Wi, »* are the components of 


the displacement vector w= w’* a, = w,ai. 


> 


Let us study, together with the initial state (~) and the final state 
(*), the state (*), which may be obtained from the state | by the pro- 


cess of complete unloading. The components of the metric tensor G in the 


>. 
state (*) shall be denoted by g..,, and the base vectors of the Lagrangean 
o ij 


coordinate system by a, 
" 


e 


The elastic «* and the plastic ¢? deformation tensors are usually ex- 


pressed in terms of the following formulas: 


Herein, the following equation holds for the covariant components of 
the tensors «°, ¢€? and ¢, which refer, respectively, to the bases a', a 


and 9°: 


This equation is independent of the choice of the Lagrangean coordi- 
nate system &* and transforms tensorially from the system &* to another 
Lagrangean system o”. It cannot, however, be written as a tensor relation 
between ¢€, €* and ¢e? and is not satisfied for contravariant and mixed 
components of these tensors. The equation, also, does not hold for con- 
ponents computed in some Eulerian reference system. For instance, for the 


mixed components (e J)*, (e ;J)? and ej) we have: 


(5;2 


Thus, if the deformations are described by the quantities ei, 7° 
and (e -J)? then, for finite deformations, the elastic deformations are 
not equal to the difference between the total and the plastic deforma- 
tions. This effect is also apparent when the elastic deformations are 


small, as long as the plastic deformations are finite. 


Various functions of the tensor ¢€ can be employed as the deformation 
characteristic. If the total deformations are described by the tensor 


) 


T j(e), then it follows from conditions (1) and (2) that 





T°? fi e TP f (e?) 


One can, for instance, use the "strain" tensors E and "true deforma- 
tion" tensors H, which are given by the formulas 


H t In (G — 2e) 


The principal values of these tensors are especially simply related 
to the initial 1° and the final 1; length of the element lying along 
the ith principal axis of the deformation tensor 


In 
a | 
The values E; and h; are often used in experimental work. The elastic 


and plastic deformations should then be determined by the formulas 


and also 
n° ‘In (G — 2e H! 


The tensors E and H are now linear functions of the deformation tensor 
€. In different problems it may be convenient to use also other functions 


of ¢€, for instance, @: 
@ =e ) 2e)-! — G] 


The contravariant components of the tensor @ with respect to the basis 


9; can be simply expressed by means of the contravariant components of 


the metric tensor G with respect to the bases a, and 2," 


l 


Let us assume that 


@? — e? (G 
Thus, we have 


10) 


Analogous equations for the corresponding covariant and mixed compo- 
nents are not satisfied. It is evident from (4) and (8) that if the 
principal axes of the elastic and plastic deformation tensors coincide, 





Tensorial characteristics of finite deformations 


i.e. the matrices 


are commutative, then the following equation holds: 


which relates the mixed components of the tensors 
H® = (h;’)*a‘o,, H? 

This will always be the case when in the process of deformation the 
principal axes of deformation of the element do not rotate. Consequently, 
when simple loadings or some forms of complex loadings are described, one 
can assume, when using the tensor H, that the sum of the elastic and the 
plastic deformations is equal to the total deformation. One should not, 
however, generalize this to the case of arbitrary deformations. Relations 
(3) and (10), on the other hand, are always correct. 


The use of the quantities « ; and @*/ is also helpful in another con- 
text. The deformation tensors should be so chosen that the stress- 


deformation relations would have a most convenient form. The character- 
istics of these relations are largely determined by thermodynamics; in 
particular, the expression for the elemental work of the internal forces 
has a greater meaning. It is well-known that the elemental work of the 
internal forces per unit mass is equal to 


(12) 


Here p is the density of the material P= p*’a,» p..278 is the 


x 


stress tensor, ¢€,, are the covariant components of the tensore with the 


basis 0” 


The work dA‘*? can be expressed just as simply by the introduction of 
928 then we have 


Indeed, 
pde, P, 
If the material is such that the principal axes of the stress tensor 


coincide with the principal axes of the deformation tensor (as, for in- 
stance, in the isotropic elastic body), then 
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In the converse case this is not true, and one can show than that a 


~¢ 


tensor L=l1;:/a'‘a f(e) does not exist which would satisfy the equation 
d 4‘) - ) dl 
ie , ‘a 


The representation of the work of the internal forces in the form (12) 
(13) or (14) leads to the fact that the corresponding components of the 
tensor (1/p)P possess a potential and are derivatives of the free energy 
with respect to the elastic deformations. 


Thus, of all the above-studied deformation characteristics, the 
quantities € aA gr and, to a limited extent, h,’ possess two convenient 


properties: 


1. The laws of elasticity for an arbitrary elastic-plastic medium are 
represented in terms of these variables in most symmetric form as 


OF 


0 (§7" hy 
(The last relation holds when (14) is correct). 


2. The elastic deformations are equal to the difference between the 
total and the plastic deformations, and thus it is convenient to repre- 
sent graphs in the form "stress versus total deformation." Actually, the 
unloading lines on these diagrams give a graph of the laws (15) shifted 
with respect to the origin by the amount of the plastic deformations. 


as 
In some cases, however, the values €aZ and @ are not the most con- 


venient characteristics of the deformations. 


For instance, let us analyze the problem of the influence of the 
plastic deformation upon the elastic properties of the material. We shall 
show by means of a simple example that the correct choice of the deforn- 
ation characteristic is of essential importance. 


Let us study a simple stretching of a cylindrical specimen which has 
an initial length 1°. Assume that 1 is its final length, l* is the cor- 
responding residual length, and the deformation of the sample is charac- 
terized by a strain E= (1-— 1°) 1°. Then (according to conditions (1) 
and (2) 


At the same time, let us study also three other characteristics of 
the elastic deformation 
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firy° 


and ( e 
1) and (051) in 


of the relative elongation with the condition that the axes of the 


The last two formulas give the expressions (é 


Lagrangean coordinate system £* coincide with the distances of the 
cipal deformation axes, and the axis é1 coincides with the axis of 
specimen, 


Let us assume that the elastic relative elongations satisfy one and 
the same linear Hooke’s law independently of the magnitude of the plastic 
deformations, i.e., that &* = ks 


Then, when using the values Be (e P (ettye, the laws of elasticity 


for this medium will become 


r 
(@31) 


(i1)¢ 4+ ks)" (14 kP)-2 
i.e. they clearly contain the characteristics of the plastic deformation. 


Thus, the problem of the dependence of the elastic laws on the plastic 
deformation is not only connected with the physical processes that take 
place in the material but also with the choice of the deformation charac- 
teristics. 


Let us introduce the following definition. 


The elastic-plastic medium is a medium whose elastic properties do 
not change with plastic deformation, if its free energy F can be repre- 
sented in the form 


° 
F (6,3, (e 


} 
ij 


Here Bi: are the components of the metric tensor G in the state (*), 
which plays the role of the initial state during repeated loading; the 
parameters X, are the characteristics of the plastic state; they depend 
on the path of the plastic deformation. 


For such a body, the laws of elasticity, written in the usual foro, 





OF, 


y if ) 
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contain plastic-deformation characteristics and change during the plastic 


deformation. 


The invariants of the tensor (1/p9)P, however, depend in this case only 
on the invariants of the elastic deformation tensor «© and the tempera- 
ture 7; the laws of elasticity written in terms of mixed components of 
the corresponding tensors do not depend on the plastic deformations 

OF, 
° 


Ole- 
z 


the formulas 


Thus, the influence of plasticity upon the elastic properties of the 


body is more conveniently studied if one constructs unloading lines in 


. 2 ; s4 
the plane of the variables (1/p)p a, (€, )©, Since 


* . . i* . 
the unloading lines in the (1/p)p. ap, ¢€ diagrams change their form 


: 
during plastic deformation for bodies with the elastic law (17) 
In conclusion, I wish to express my deep gratitude to L.I. Sedov for 


his numerous discussions of the problems investigated here. 


Translated by M 
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1. The theory of isotropic rigid-plastic body is the most developed 
chapter of the mathematical theory of plasticity [ 1-¢ . A characteristic 
feature of the ideally plastic flow is its shear mechanism and, consequent- 
ly, an appearance of slip lines and slip surfaces. The mathematical forn- 


ulation of these phenomena reduces to hyperbolic differential equations. 


In [7] was considered the problem of the construction of a theory for 


a body which is: a) homogeneous, b) ideal, c) isotropic, d) incompress- 
ible, e) rigid-plastic and f) which exhibits like behavior in tension and 
compression, i.e. the yield points for tension and compression are equal, 
and, with the reversing of the stress sign, the velocities also reverse 
their sign. We shall call in the sequel the isotropic bodies which satis- 
fy condition (f) normal isotropic bodies (normal isotropy); otherwise, 


we shall call them anormally isotropic bodies (anormal isotropy). 


The following proposition was advanced [1-6 |: among all admissible 
plasticity conditions within a given group of mechanical properties of 
materials there exists only one true condition. We note also that a given 
plasticity condition determines a plastic flow law associated with it. 


It was also shown that a true plasticity condition for a homogeneous, 


ideal, normally isotropic, rigid-plastic body is the Tresca condition. 


It is known [8,9 | that the Tresca condition permits a theory to be 
developed for an ideally plastic body with unique qualitative character- 
istics, which correspond well to the shear behavior of ideally plastic 
flow. 


It is also known that any other plasticity condition, except for the 
cases when such a condition essentially coincides with the Tresca condi- 
tion, leads to equations which in the general case give results which do 
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not correspond to the qualitative nature of ideal plastic flow. Among 
others, the von Mises condition belongs to this group, and it leads in 
the general case to elliptic differential equations. 


The class of all admissible plasticity conditions is determined by a 
family of functions convex relative to the origin: 


const (1.4 


where ~., 2, are the second and third invariants of the stress deviator 


tensor respectively. 


For torsion and plane-strain problems (and for some other cases) all 
plasticity conditions are reduced to one, namely 


y~2 = const (1.2) 
For plane-stress and three-dimensional general axisymmetric problems 
there exists a priori a possibility of choice of various plasticity con- 


ditions within the class (1.1). 


In[7] it was assumed that the value of the yield stress in tension 
and compression for all plasticity conditions (1.1) is the same. Thus, 
in each specific case an arbitrary constant was detérmined, which appears 
on the right-hand side of (1.1), and thus a class of all admissible 
plasticity conditions has been determined (Fig. 1). 


Obviously, if an additional requirement is set forth that a class of 
admissible plasticity conditions satisfies some other given stress combi- 
nation, then the relative position of yield surfaces will be different 
[10] (Pig. 2). In the case, when for a class of admissible plasticity 
conditions a value of the yield stress in shear is fixed, then the rela- 
tive position of yield surfaces is as shown in Fig. 3. 


For all considered cases of admissible plasticity conditions only one 
experimental point is common. This fact is explained as follows. For a 
given ideally plastic body the initiation of yield for a given stress 
combination must be completely determined. However, this condition, viz. 
the specification of one experimental point, does not impose any limita- 
tions on a class of admissible plasticity conditions. The selection of 
an experimental point determines only relative positions of the yield 
surfaces. 


In{7] three theorems have been formulated. 


Local theorem, For all given deformation increments of an element of 
a body the work of external forces attains its minimum for the true 
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plasticity condition. 


Pig. 3. 


Integral theorem. (1) For given boundary displacements of a body the 
work of external forces attains its minimum for the true plasticity con- 
dition among all admissible plasticity conditions. (II) The work of given 
external forces attains its maximum for the true plasticity condition 
among all admissible plasticity conditions. 


These theorems were formulated for completely determined configurations 
of admissible yield surfaces (Fig. 1). If an experimental point in shear 
is given (Fig. 3), then the word "minimum" has to be replaced by “maximun", 
and vice versa. 


Let us consider in greater detail the case 
when one experimental point is given. Assume 
that on the basis of an experiment it was 
established that plastic flow of an ideal, 
normally isotropic, incompressible, rigid- 
Plastic body takes place after some combi- 
nation of the stresses achieves the value 
represented by point A in Fig. 4. Figure 4 
represents one sixth of a deviatoric plane; 
this is sufficient for further considerations. 
Assume that OA 1. All admissible convex 
yield polygons are bounded by broken lines 
BCD... and B,C,D,... . Assume now that an 


angle AOB is fixed and is equal to y. A variable angle @ will be measured 
counter-clockwise from OB. Note that angle BOD = 1/3 m7 and angle BOC 


1/6 7, We shall assume that the displacement increment vector de is given 
and for simplicity we set | de| = 1. 


To begin with, let us consider the Tresca plasticity condition repre- 
sented by the segment BD. The direction of flow for the interior points 
of BD is 6 = 1/67, and the other remaining flow directions correspond 
to the points B and D. 





It is easy to see that the magnitude of the work of the stresses along 
given deformation increments for the Tresca plasticity condition will 
have the form 


] 1. = ods 


To the segment B,C, corresponds the flow direction @ = 0, and to the 
segment CD, corresponds the flow direction 0 = 1/3 m7. The other remain- 
ing directions correspond to the vertex C)- Clearly, the magnitude of 
the work for this plasticity condition is 


dA* ode 2°3 cos ¥ cos | ; (1.4) 


The von Mises plasticity condition is characterized by the magnitude 


of the work 


d ly ode (1.5) 
Hencky [11 | established the stationary character of the work for the 
case of the von Mises plasticity condition. 


Figure 5 represents the variation of the work with angle @. 


Fig. 5. Fig. 6. 


Furthermore, the variation of dAr is represented by a curve abe and 
that of dA* by dfe. The horizontal line an corresponds to the work dAy 
for the von Mises plasticity condition. 


Obviously, the plasticity condition satisfying the minimum work re- 
quirement is represented by the broken line B, ACA, D. In this case the 
work is 

d 1, cos (4 


d Ay 


A corresponding curve in Fig. 5 is dkble. 
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original experiment is simple tension or compression, then the work 
diagram is as shown in Fig. 6. In this case the Tresca plasticity condi- 
tion satisfies the minimum work requirement [7]. 

If y= 1/6 m7, i.e. if the original experiment is pure shear (0, —Fo, 
2 9,-9%,- 9%, 0), then the Tresca plasticity condition satisfies the 
maximum work requirement among all other admissible plasticity conditions 
(Pig. 7). 


The von Mises plasticity condition does not satisfy the extremum con- 
dition of work along given displacement increments among all admissible 
plasticity conditions. The von Mises circle is bounded below by a broken 
line B,ACA,D,..., and from above by a broken line EFG... (Fig. 4). In 
other words, for an arbitrary original experimental point and for arbi- 
trary deformation increments it is possible to find within a class of 
admissible plasticity conditions two such plasticity conditions for which 


where dA, and dA, are the increments of work of the stresses for some 


specially selected plasticity conditions. 


We shall now formulate the above point of view. In the theory of a 
homogeneous, ideal, incompressible, normally isotropic, rigid-plastic 
body there exists only one true plasticity condition (a basic proposi- 
tion). 


There are evidences (such as qualitative behavior of observed flows 
of metals being close to the ideally plastic behavior; the experiments 
which demonstrate that the metals with the more pronounced plateau at 
the yield point behave in closer conformity with the Tresca plasticity 
condition) which permit the assertion that this true plasticity condi- 
tion is the Tresca condition. 


There exist energy criteria which single out the Tresca plasticity 
condition among the class of all admissible conditions, if one accepts 
as the criterion of the class of admissible conditions a known value of 
initiation of yield in tension, compression or pure shear. 


The development of such concepts may permit us to formulate a criterion 
for the determination of a true relationship between the stresses and de- 
formations within a given group of the mechanical properties of materials. 


We would like to dwell longer on the work [10]. In the first section 
of this work one finds the following: "close attention was given to the 
determination of a plasticity condition for the case when a limiting 
tensile stress is given and when the two extremal principles are utilized". 
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For a body element in [7] an extremum of the work of the stresses 
along given increments of deformations was determined; in other words, a 
vector de was given. (The modulus of this vector, for the sake of 
simplicity, was taken as unity). Then the following expression was con- 
sidered: 


ode scos(¢, de) (2.1) 


In {l10] two extremal principles are mentioned for a given element of a 
body. One does not find, however, any formulation of these principles 
there, and moreover in both cases an extremum of the same quantity (2.1) 
was considered. 


When an element of a body is considered one can assign a vector de 
and compare the magnitude of the work of the stresses (2.1) along given 
deformation increments for all admissible plasticity conditions. It is 
impossible, however, to assign in a general case the stress-vector a, 
and thus it is meaningless to speak about two local variational prin- 
ciples. 


In the first section of [10] it is pointed out that if the yield sur- 
face of an admissible plasticity condition lies outside the von Mises 
circle, then the work (2.1) is greater or equal to the same expression 
for the von Mises circle and, conversely, if the yield surface of an 
admissible plasticity condition lies inside the von Mises circle then the 
work (2.1) is less or equal to the same for the von Mises circle. 


But .this is a special case of a more general situation.* If in the 
deviatoric plane a yield surface of some admissible plasticity condition 
is outside another yield surface (they may have common points), then the 
work (2.1) for the former is larger or equal to the work for the latter. 
Note that Expressions (2.1) are equal for a given vector de. 


In the second section of [10] it is said: "D.D. Ivlev points out in 
his work that he does not take into consideration the other experimental 
points because of the inaccuracy of the experimental procedures". 


A simple review of [7] would show that no such statement was made. 


The problem is not that of accuracy of the experiments. An experiment 
may be executed perfectly. A given experiment, however, is dealing with 
real materials and the ideally plastic body is only a model. Thus, a 
more accurate experiment will show more drastically the deviations in the 





* Iu.N, Rabotnov drew the author’s attention to this fact in 1958 while 
[7 ] was in progress. 
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behavior of real materials and models. 


The use of one experimental point, as has been demonstrated, does not 
impose any limitations on the class of admissible plasticity conditions, 
and permits the consideration of the totality of all admissible plasti- 
city conditions. 


Next in[10] it was said: "Since from the point of view of the 
simplest isotropic,ideally plastic theory the selection of a fixed ex- 
perimental point should not influence the results of the investigations, 
it can be asserted that in the most general case of specification of an 
experimental point only the von Mises plasticity condition remains a 
physical invariant characteristic." 


To date, the ideally plastic theory has dealt with the concept of an 
isotropic body but not with the concept of “an isotropic theory" (this 
terminology appears twice in [10]). This terminology should be clarified. 


If the von Mises plasticity condition were only a physical invariant 
characteristic, then the question would automatically be resolved in 
favor of the author of [10]. It is not so, however, and this has been 
known since the time of Tresca. Moreover, any plasticity condition forn- 
ulated in terms of the invariants is an invariant characteristic. 


In the framework of the considered energy criteria there does not 
exist a single case where the von Mises plasticity condition appears to 
be preferable to any other condition. 
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The conditions of the stress function being real, applicable to the solu- 
tion of inverse problems, are derived. A few such solutions are given as 
illustrative examples. The conditions of the stress function being bi- 
harmonic in the plastic range are also determined. 


1. Consider a homogeneous isotropic material in the plastic state. The 
stress components satisfy the equilibrium conditions 


OS 
VU 


OT Ov 


and the Huber-Von Mises (or St. Venant-Tresca) plasticity conditions 


where k is the yield limit in shear [1]. We introduce the stress func- 


tion F: 


Equation (1.1) is satisfied identically, and (1.2) is left for the de- 
termination of function F, This equation can be represented in the con- 
plex variable z= xz + iy as 


From physical considerations F has clearly to be real, i.e. 
F(z, 2) 


Now (1.4) can be written as 
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©(z, z) is a real function. Integration of (1.6) results in 


iy exp [iO(e 


Theorem 1. The necessary and sufficient condition for the function 


F(z, z) defined by (1.7) to be real is 


Proof. Applying the operator 


to the functions F(z, z) and F(z, 2) and taking into account (1.5) we 
obtain the proof of the necessity of the condition (1.8). To prove that 
this condition is also sufficient we write (1.8) as 


OF OAF 


A2z2Az2 Oz*0z? 


F by a biharmonic additive term which can be selected so that F = F, Thus 
the theorem is proved. 


The operator (1.9) is biharmonic, and consequently F can differ from 


The condition (1.8), for practical purposes, may be conveniently re- 
presented in the Cartesian coordinates 


or in the polar coordinates 


JA JA 
or og 
f 06 \2 2 Ee) 


} 


' OF"g r drop 
Introducing the notation exp[ i@] = u+ iv, (1.8) 


O2n 


Or oy ' . 4 Oy (1 12) 


Theorem 2. A particular solution G = @(z, 2) of (1.8), which does not 


contain arbitrary parameters, determines the stress components within a 
constant hydrostatic pressure. 
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Proof. Theorem 1 and Expression (1.7) show that the solution 
G = G(2z, z) determines a real stress function F(z, z) within an additive 


term pzz (p = const) which represents constant hydrostatic pressure. 


Special interest attaches to stress functions which satisfy the bi- 
harmonic equation in the plastic range. 


Theorem 3. The necessary and sufficient condition for the stress func- 
tion F to be a biharmonic function is that the function © = @(z, 2z) 
satisfies the following system of equations: 


\e 


re ae ao a] oA ) 


ox* oy* —< 03 1 . dy 
Proof. If F, represented by (1.7), is a biharmonic function, 
conjunction with (1.6) the following holds: 


OF 


Representation of this relationship in Cartesian coordinates leads to 
(1.13), and thus to the proof of the necessity condition. 


Inverse arguments lead from (1.13) to (1.14) and to the proof of the 
sufficiency condition. 


It is obvious that the solutions of (1.13) are also solutions of (1.8) 
or (1.10). 


The class of solutions of (1.13) is apparently very small, but it is 
not empty. As an example we propose the following solutions: 


1. G@ = const, corresponding to a uniform stress field 
2. G= -—2 tan! (y/z) + const. This case was utilized by Galin[{2]. 


Note 1. Equations (1.10) and (1.12) possess the following features. 
If G= @x, y) is a solution of (1.10), then ¥, = - @(—x, y) and 
¥, = — @(*, -y), and consequently ¥, = O(—-z, -y) are also solutions. If 
w»=u+ tv is a solution of (1.12), then », = 4, + tv, is also a solution 


of the same equation, 


Note 2. If some solution of (1.8) is known, then it is not necessary 
to find the stress function from (1.7) and to calculate the stresses 
from this function. It is easier to utilize the equilibrium equation 
(1.1) and the fact that @ determines uniquely the difference between the 
normal and shear stresses. 


2. We shall now determine a few particular solutions of the equilibrium 
equations in the plastic range by solving (1.10) and (1.11). 
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1. We seek a solution in the form @ = O(y). Equation (1.10) can thus 
written 


Solving this equation we find © sin /(Ay + B). This corresponds to 


a case of a strip compressed by two rough plates [1,3 
2V1 ly 3 ; J Ay+- B 2.1) 


where the stresses are represented relative to the magnitude k. A solu- 
tion in the form © = G(axz + By) reduces to the previous one by rotat- 
ing the coordinate axes. 


) 


2. Seeking a solution in the form © = —-2¢@+ R(r) reduces Equation 
-12) to 


d?*R dR 
tan /? 


dr* 


Solving this equation we find 


R— are sin\a 


and the corresponding stress components are 


7 In[yV 1 ZV 


The displacement components found from a simplified Hencky-Von Mises 
theory [1] and independent of the angle ¢ are 


0 then 


Vy 1 a* ° 6-9) 


The solution represented by (2.3) and (2.4) is the most general solu- 


tion among all known closed-form solutions. By specializing the values 
of the parameters entering into this solution, we obtain a series of 
particular solutions. 
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0, we obtain 


>r | 
* | 


represents an axisymmetrical stress field [1 | 


For a= 1, 6= 0, we obtain 


~| 


5. 
is a solution for a plastic wedge with uniformly loaded faces. 


c) For 6 = O the superposition of the two previous cases results in 
(cf. [1 }) 


a? (Inr? 3 


d) Por a= 0, 6 = — e¢ there results a most general case of axisyn- 
metric loading [1 |: 


3, ) 
3.) 


e |In(V r*—e? 


e) Letting a= = ¢ we obtain a new solution of a problem pre- 
sented in [3 ]: 


} 4 r 


Along the contours r = 0 the stresses and displacements are 


Letting d 0 and r+ o we obtain 
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The present paper is concerned with the frictionless drawing of a thin 
tube through a conical die, assuming that the end section of the tube is 
free of stress. This problem is related to the problem of deep-drawing, 
formulated and solved by Hill [1] subject to the yield criterion of 


Tresca, 


Let us consider the problem of the draw- 
ing of a thin tube using the usual yield 
criterion and the corresponding relations 
between the stress components and the rate 
of strain components. 





The initial distance of a particle in the 
tube from the symmetry axis will be denoted 
by ro and the end-section radius by a (Pig. 
1). The distance of this particle from the 
axis will be denoted by r when the radius of 
the end section is a (Pig. 2). 


The radial velocity v is conveniently measured relative to the radius 
as the time scale, and the initial radius @, can be set equal to unity. 


The stress- and strain-rate fields in the conical tube will be deter- 
mined by the stress components 71» % and by the strain-rate components 


€1+ €9 in the meridional and circumferential directions so that 


v 


r 


The differential equation of equilibrium of a conical tube of thick- 


ness h has the usual form 





V.V. Sokolovskii 


hs, ) 


or 


and the yield criterion is 
@? 
The relation between the stress- and 
strain-rate components is of the form 


e) &2 


OD / ds, OD | Ose’ 


which leads to 
Pig. 2. 


Usually, the condition for the incompressibility of the material is 


written in the form 


(4) 


The above system consists of four equations in four unknown functions, 
namely, J,» %, v and hk. It belongs to the hyperbolic type and has two 


families ro and a of real characteristics. The family ro is given by the 


differential equations 


dH 
H 


while the family a is given by 


dH 
H 


Clearly, the initial conditions are 


for 'o= 4 


Let us express the stress components a; and o» in terms of a new vari- 
able d using the substitution 


so that ¢ = 27/3 corresponds to a, = 0. 
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It is clear that the differential equations given by Equation 
now be rewritten in the form 


dv sin (@ + x /6)dr dH cos (@ +"n /f 
i sin (@— 2/6) r * H cos (9 -- 2 


while the differential equation given by Equation (6 
in the form 


Equations (7).and (8), together with 
the initial and boundary conditions, show 
that for a 1 


Moreover, for 


Numerical solutions of the differential 
equations given by Equations (7) and (8), 
using the method of finite differences, 
are shown in Figs. 3 and 4. The continuous 


curves are graphs of o,= 90 and hk as functions of r for different values 


of a between 1.0 and 0.5 (in steps of 0.1). The dashed curves show graphs 
of o and A as functions of r for r, between 0.5 and 1. (in steps of 


0.1). 


0 


Let us now consider the problem of the drawing of a thin tube using 
the linearized plasticity conditions and the corresponding relations be- 


tween stress- and strain-rate components, as put forward by Prager [ 2]. 


The differential equation for the equilibrium of a thin tube of thick- 
ness A is, as before 


while the yield criterion 


@ 
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The stress- and the strain-rate components are related by the simple 
formulas 


The usual condition for the incon- 
pressibility of the material is now 


1 


; 
fi 


The above system of equations consists of four equations in four un- 
known functions, namely, 0,» Fo. v and h. It also belongs to the hyper- 
bolic type and has two families ro and a of real characteristics. 


The ro family is defined by the differential equations 


a ar dH 
at. H 


while the family a is defined by the differential equations 


dH 
—— H 
These equations, together with the 
initial and boundary conditions, enable 
us to obtain the solution in closed 
form, 


If the constant parameter p # 1, then 
it is convenient to use the quantities 


remembering that the parameter a lies 


between 3 and o,. The variables r, and 


0 
a are related by 


The stress component a) o is determined by 
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and the radial velocity wv and thickness 


a 
| 
\r 


The integral which enters into the previous equations for values of 


corresponding to integral values of a, can be expressed in terms of 
elementary functions. Thus, for example, when yp 1/2 or a= 3, it is 
clear that 


If, on the other hand, p 1, then the solution of the problem is 
particularly simple. The variables r, ro and a are slated by 


The stress componer , is given 
by 


and the radial velocit 
ness A are given by 


Y—1 


a a aa 


Numerical solutions based on Equations 
(15) and (16) with p 1/2 are plotted 


in Figs. 5 and 6. The continuous curves show 9,=90 and Aas functions 


of r for values of a between 1.0 and 0.5 (in steps of 0.1). The dashed 


curves show o and fh as functions of r for values of r, between 0.5 and 


1.0 (also in steps of 0.1). Comparison of o and A obtained by a numerical 
solution of the differential equations (7) and (8) by the method of 
finite differences, with the values of o and h obtained 


(15) and (16), shows a considerable difference between them. 


from Equation 
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Von Mises [1] was the first to give the yield criterion for an aniso- 
tropic material. Later, Hill [2] considered a number of problems in the 
theory of anisotropic, perfectly plastic bodies. A further paper con- 
cerned with this subject is that by Hy [3]. 


We discuss below the problem of the indentation of a rigid stamp into 
an anisotropic plastic medium in the case of plane strain. We shall use 
the yield criterion given in [4]. 


Let us begin with the basic equations. The equilibrium equations are 


| 


4k? (8) 


and the law of plastic flow is 


es 


k (Ss, — Sy) + kT, k(s, — 6.) — k’t 





xy 


where k” = dk/d@. Using the substitutions 


6. =¢—kcos 20, 6, = 6 + k cos 20, Tan k sin 20 (4) 


it is easy to show that Equations (1) and (2) are of the hyperbolic type. 
The equations of the characteristics are [4 | 
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(ty k’ cos 20 — 2k sin 20+ Yk" 


dz) ——¥ sin 20 7 Dk cos 20 


1,2 


along which we have the integrals 


ot \Vr + 4k? d® = const 


The equations for the strain-rate components (3) are of the hyper- 
bolic type and their characteristics are given by Equation (5). Along 
these characteristics we have the Geiringer re- 
lationships 


du - s U. dv + uda U 


which express the absence of elongations along 
the characteristics, where a is the angle between 
the characteristics and the x-axis and is given 
by Equation (5). 


From the integrals given by Equation (6) one 
obtains the formulas which establish the pro- 
perties of the network of slip lines 


Sia — Sy 


® (8:2) — D (6;;) = D (822) — ® (O»)) 
Figure 1 shows the families of slip lines & and 7. 


As a consequence, we find that if a certain section of a slip line & 
is a straight line, then o, @ and 7m are constant along it. If both 
families of slip lines are straight lines then the stresses are uni- 
formly distributed in this region. 


If a certain section of a slip line of the family & is a straight 
line, then all the corresponding sections of lines 7, cut by the lines 
&, are straight. These properties are a consequence of the analog of the 
first theorem of Hencky for the form of anisotropy under consideration. 


Consider now the problem of the indentation of a stamp as formulated 
by Hill [2]. We shall seek the solution for bodies having an arbitrary 
form of anisotropy and assume that the material is homogeneous. The solu- 
tion will be obtained as a combination of the uniform state-of-stress 
fields coupled with a centered fan of characteristics as shown in Pig. 2. 


Suppose that the normal and shear components of stress C., and r, are 
given on the contour. Noting that 
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5, sin? @ +- T,,, sim 2q 


and using Equation (4), we have 


‘n 


where @ is the angle between the normal to the contour and the x-axis. 


Assuming absence of friction on the surface of contact and that the 
remaining surface is free of stress, we can use Equation (9) to determine 
the state of stress in the triangular regions ABC and BDE of Fig. 2. In 
the triangle ABC we have @ = —7 /2, and the inclination of the slip lines 
ac is given by Equation (5). The triangle BDE will experience a simple 
compression parallel to the x-axis, and Equation (9) gives @ = 0 and 

= —k(@). The angles of the triangle can be determined from the equa- 
tions of the characteristics (5). The hydrostatic pressure o in the tri- 
angle ABC along the characteristic ac can easily be determined from Equa- 
tion (6) and is given by 





The stress components the triangle ABC can be found from Equation 
(4) and are given by 


The latter formula determines the limiting pressure p of the piston 
on the surface of an anisotropic, perfectly plastic medium, It follows 
from the above formulas that the limit load depends on the form of the 
functions k(@) in the range -7/2 < @ < 0. In the case of an isotropic 
material, the Prandtl formula is automatically satisfied. 


Consider now the distribution of the rates of displacement. The tri- 


angle ABC slides as a solid body along AC with a velocity V/sin a), 


where V is the rate at which the stamp is pressed in and a, is the angle 


BAC. In the centered field BCD, the velocity is V/sin a, along ed and zero 


l 
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in the perpendicular direction. The triangle BDE moves in the direction 


of the line de with a velocity V/sin a). 


The distribution of stress and velocities to the left of the point A 


can be obtained in a similar way. Clearly, in the case of an isotropic 
material, the distribution of displacement velocities will be the same 


as in the Hill solution [2]. 
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1. Many problems of mathematical physics can be reduced to the problem of 
finding an unknown function x, (of the integer argument na) which satis- 
fies two functional equations of the form 


s X,,Q,, @,, (z) f(z) 


n 4) 


aD 
S XR, (2) h (x) 
— Ti 


Here, f(x) (0 < x< a) and A(x) (a <x b) are given functions of zx; 
Q, and R, are known functions of the index n, while ©, Lb sce) 
is a system of functions which is complete in L? | 0, 6). Im a recent work 
by Cook and Tranter [1 ] the particular case of Equations (1)is investi- 
gated when 


where J is the Bessel function of order v (vy > ‘ is a positive 
root of the equation J, (a) = 0. In this note shall consider another 


special case 


SN’ X. (n 
n 
a 
n 0 
where Fo (cos v) are Legendre polynomials. It is assumed that the func- 


tions f(v) (0 <v <a) and hA(v) (a v <7) have continuous second-order 


derivatives on the indicated intervals and that the quantity - is 
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bounded and decreases (as n approaches infinity) not slower than 


o4 
=T®) (eg > 0) 


Note that without loss of generality one may assume in (2) that 
h(v) = 0 since the case h(v) # 0 can be reduced to the case A(v) 0 by 


a known transformation [ 2]. 


In the sequel we give a specia] method for solving Equation (2) which 
makes it possible to express x, in quadratures by means of an auxiliary 
function which is the solution of a homogeneous Fredholm integral equa- 
tion with a continuous kernel; hereby we make use of certain ideas pre- 
sented in [3]. 


2. We shall try to find a solution of Equations (2) (under the condi- 
tion that A(v) 0) of the form 


a 


\ (1) cos (n , ~) nd 


U 


where ¥(7) is an auxiliary function having a continuous derivative on the 


interval [o, al]. Por such a choice of the quantity x, the second equa- 


tion in (2) is satisfied identically. One can easily verify this by inte- 
grating by parts the integral in (3) and making use of the next equations 
[5 1: 


x 


S' sin (n ) » P,, (cos v) 


2 { 


V 2 (cos Vv Cus N) 


In order to find the function W(7), we substitute Formula (3) into 
the first equation of (2), and obtain 
z 


" I 
M,,) P,, (cos v) | P(n) cos (2 » ) nan f(v) 


Furthermore [4 l, 
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Therefore, the first of the equations of (2) will take the form 


» (yn) dn 1/5) ndn 


" gi(n)sec'/. ndn 
\ ' [ } 


/ V 2(cosn os V) 


0 


Here, the function g(n) 


is determined 
tion 


' g(n)sec' .ndy 
iv! 


« (cos } cos V) 


Setting g(7) = G(tan 7/2), f(v)= F(tan+v/2), 
tion r tan 7/2, s= 


= tan vw/2, we derive the integral equation 


& (tT) dt 
j OF 


0 


from which we obtain G(r) by the 


It is obvious that because of the assumption on the nature of the de- 


crease of _- at infinity, the function K(y) and its derivative will be 
continuous. With the new notation, Formula (4) can be transformed into 


n) se 


The last equation will be satisfied for all vw if the function wim) is 
a solution of the homogeneous Fredholm integral equation with the con- 


tinuous kernel K(mn — t) + Kim + t): 


\% t) [K (y 


T 





and making the substitu- 
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There exist well-developed methods for solving such equations [7]. 1f 
UW(n) is known, X, is determined by Formula (3). 


We note that the presented formal derivations can all be justified on 
the basis of the actual properties of wv. 


3. As an example, let us consider a problem in electrostatics. Suppose 
we are required to find the electric field of a system of conductors 
which consists of a sphere S and of a non-closed spherical surface Si; 
the sphere and surface are assumed to be concentric as shown in the 


figure. The spherical surface S, is charged and has a potential V, the 


sphere has zero potential. The determination of the electric field can 
be reduced, as is well known, to the finding of the potential U satisfy- 
ing the Laplace equation AU =0 and the boundary conditions 


on ; } on x 


We shall look for a solution in spherical coordinates of the form 


S' xy 


oe 


n | re” 


where r and v are spherical coordinates, ry is the radius of the sphere 
S; r, is the radius of the surface Si 6 = ri/ro < 1 and x, is the sought 
function. The function U defined by Equations (7) satisfies formally 
Laplace’s equation and the boundary condition U = 0 on S’, and is con- 


tinuous in the entire space including the surface S). 
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From the boundary condition UJ = V on S,, and from the condition that 
the normal derivative of the potential U be continuous on the remaining 
part of the surface ro, one can obtain functional equations for the de- 
termination of x, 


Six. 


\) 
n 


These equations are particular cases of Equation 


We have | 4,6 | 
K (y 
It is not difficult to show that the function win) is an even func- 


tion. The integral equation for its determination, therefore, can be 
written in the form 


Let A be the first characteristic number of the corresponding homo- 
geneous equation. On the basis of a well-known estimate |A > 1/M, where 


cos '/9(n 


22 


cos (H 


we have 
3? } sin . 


Hence, Equation (9) is always solvable by the method of successive 


approximations. 
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Determination of real roots. Suppose we are given the equation 


nm 
z A z 
—) 


If Equation (1) has a real root A then this equation can be written 
in the form 


Let us determine the coefficients a; in such a way that Equation (2) 
may differ from (1) only by a term not containing x. This can easily be 
accomplished by solving the system of equations 


The product A,* =-a,A,; yields the term not containing x, and is, 
generally speaking, different from Ay. 


Having two values Ay” and A,” which correspond to two arbitrarily 
chosen values Ay and A» of the root under consideration, we determine a 
new value A; by interpolation: 


It is useful to select A, and As so that A,” - A, and Ay - A have 
opposite signs. Having computed Ae for the new value A., we determine 
the next approximate value A by interpolation with the values A; and A 
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for which A," - Ay and Ay? ~ Ay have different signs, and so on. 


Determination of complex roots. We first consider the case when the 


characteristic equation possesses only one pair of complex roots. 
Suppose we are given the fourth-degree equation 
x4 132 Aor 1, A, 
Let us rewrite this equation in the form 
bx 


and let us determine the coefficients a., 6; under the earlier-mentioned 


condition. This leads to the following equations: 


It is obvious that one of the coefficients, 
assigned arbitrarily. 


for example @, 


The value of the term which does not contain x is equal to A, 


From the two values A,* and Ay’, which correspond to two values a,” 


a,” of the coefficients a 


- 3 : , 
1» we find a new value a) by interpolation as 
follows: 


Repeating this process, we find a," for which A,‘ differs but little 


from Ay» and we thus determine an approximate value of the sought solu- 
tion. 


Let us consider the equation which has an pairs of complex roots: 


Ay 
We rewrite this equation in the following form: 


1,2 


Having been given the values of the coefficients a) and a5, we deter- 
mine the coefficients bon 3° bon— 4 +++ 59 by requiring that, after 
the multiplication of the two factors in (10), the coefficients of the 


resulting equation be the same as the corresponding coefficients of 


Equation (9) except for the last two terms which may differ from A, and 


Ay. 
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The necessary conditions on the coefficients are given by the equa- 
tions 


Fixing ay and varying a), we use the earlier-given method to determine 
the value of @, so that the coefficients A,” of zx in Equation (11) may 
differ little from the coefficient A). 


Repeating this procedure for different values of a, we determine for 
what values of a, and a the coefficients of Equations (9) and (10) will 
be nearly equal. In this manner we find approximate values for the first 
pair of complex roots. We thus obtain a new equation whose degree is 
less, by two, than the degree of the original equation. 


The construction of the curves a, (A), Ay“ (a) and A,“({a), a 
A,“{a,, a,) is helpful in finding the roots. 


0)» 


The method presented requires only quite simple computations; it is 
routine and easily adapted for programming on computing machines. 


Translated by H.P.T. 
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MIKHAIL ALEKSEEVICH LAVRENT’ EV 
On his sixtieth birthday 


Mikhail Alekseevich Lavrent’ev was born on November | 1900 in Kazan, 
into the family of a teacher of mathematics. Under the influence of his 
father, Alexei Lavrent’ev, he became interested from his earliest years 


in mathematics, mechanics and astronomy. 


Lavrent’ev completed six years at the Kazan commercial college and 


then in 1918 entered the physics-mathematics faculty of the University of 


Kazan. 


At the University of Kazan, Lavrent’ev was most influenced by the 
professors of mathematics and mechanics, N.N. Parfent’ev, D.N. Zeiliger, 


and E.A. Bolotov. 


In 1921, Lavrent’ev transferred to the mathematics department of 
Moscow State University. Working at that time at Moscow State University 
was Nikolai Nikolaevich Luzin, famous for his investigations into the 
theory of functions of a real variable. The first scientific interests 


of the young scientist were built up under the influence of Luzin. 


Lavrent’ev was also greatly influenced by S.A. Chaplygin, who at that 


time was directing the instruction of mechanics at Voscow University. 


Upon graduating from Moscow University in 1922, Lavrent’ev worked at 
the Higher Technical Institute of Moscow, first as an assistant, and 
later as docent of the chair of mathematical analysis 


At the same time, during the period 1922 to 1926, Lavrent’ev was an 
aspirant (doctoral candidate) under Luzin, who held the chair of analysis 
in the theory of functions of a real variable. At the beginning of 1926 
he defended his candidate’s thesis, in which questions in the theory of 
geomorphism were developed. 


With the successful completion of his dissertation, Lavrent’ev was 
given a scientific assignment to France, in February 1927. Here he spent 
half a year. He met the famous French mathematicians, Danjois and Montel, 
attended the lectures of Goursat, Borel, Julia, and others, and took part 
in the seminar on the theory of functions which was directed by Hadamard. 


At the end of 1927 Lavrent’ev was elected privat-docent of the chair 
of analysis of the Moscow State University, and also a member of the 
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Mathematical Society. At Moscow University Levrent’ev gave his first 
course in the theory of conformal transformations. 


In 1928 Lavrent’ev took part in the International Mathematical Con- 
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the Joukowski Central Aero-Hydrodynamic Institute. The director of the 
theoretical division of this institute, Chaplygin, invited Lavrent’ev to 
become senior engineer of the division. The work of this division had a 
great influence, in its time, on the development of aviation, ship- 
building and other sciences of our nation. 


Here Lavrent’ev worked in collaboration with the talented young 
scientists, M.V. Keldish, N.E. Kochin, L.I. Sedov, and others. Independ- 
ently, and together with them, Lavrent’ev worked on the theory of flow 
over wing sections, investigations into impact on water, applicable to 
the landing of seaplanes, and other problems. 


In 1932 Lavrent’ev was awarded the degree of Doctor of Technical 
Sciences, and in 1933 the degree of Doctor of Physical-Mathematical 
Sciences. In those years he headed the department of the theory of func- 
tions at the Mathematical Institute of Moscow University. He worked at 
Moscow University from 1931 to 1939 and from 1950 to 1958, and for some 
time directed the unified department of analysis. 


From 1933 Mikhail Alekseevich worked at the Steklov Mathematical 
Institute of the Academy of Sciences of the USSR, directing the depart- 
ment of the theory of functions. 


In 1939, at the invitation of A.A. Bogomolets, president of the 
Academy of Sciences of the Ukrainian S. S. R., Lavrent’ev came to Kiev; 
he was elected a full member of the Academy of Sciences of the Ukrainian 
S. S. BR. and made director of the Institute of Mathematics of the Academy. 


During the war years, the Institute of Mathematics together with other 
establishments of the Academy of Sciences of the Ukrainian S. S. R. was 
evacuated to Ufa, the capital of the Bashkir A. S. S. R. Here Lavrent’ ev 
worked hard solving various problems connected with the defense effort, 
and on problems connected with the perfection of artillery weapons. 


After the return of the Academy of Sciences of the Ukrainian S. S. R 
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to Kiev in 1944, M.A. Lavrent’ev directed the work of the Institute of 
Mathematics. The experimental laboratory of the Institute of Mathematics, 
built on his initiative, quickly became a center of many investigations. 
In this laboratory, students of higher educational institutions of Kiev, 
Leningrad, Dniepropetrovsk and other cities obtained practical training. 
Mathematicians, physicists, specialists in mechanics, in strength of 
materials and construction, as well as biologists, all have worked in 
the laboratory. 


In 1945 Lavrent’ev was elected vice-president of the Academy of 
Sciences of the Ukrainian S. S. R As vice-president, he exerted great 
efforts for the development of science in the Ukraine. During that time, 
Lavrent’ev was carrying on a number of researches, also directing the 
work of the Institute of Mathematics of the Academy of Sciences of the 
Ukrainian S. S. R., and carrying on teaching work at the Kiev State 
University. Seeing clearly the role of computing technology in the pro- 
gress of science and technology, Lavrent’ev paid much attention to the 
development of computing machines in the U.S.S.R. On his initiative, 
there began in Kiev the construction of the first Soviet small electronic 
computing machine, which was built in the Electrotechnical Institute of 
the Academy of Sciences of the Ukrainian S. S. R., under the direction 
of S.A. Lebedev. 


The scientific activity of Lavrent’ev in the Academy of Sciences of 
the Ukrainian S. S. R had a significant influence on the development of 
mathematics and mechanics in the Ukraine. 


For his outstanding work in the field of mathematics and mechanics, 
Lavrent’ev was elected a full member of the Academy of Sciences of the 


U.S.S.R. in 1946, 


In 1949 Lavrent’ev returned to Moscow and was appointed director of 
the Institute of Exact Mechanics and Computational Technology of the 
Academy of Sciences of the U.S.S.R. Here, on his initiative, work was 


begun by Soviet mathematicians on problems of programming, and also the 


work on the development of domestic digital machines was extended. 


From 1951 to 1956 Mikhail Alekseevich was twice elected Academician- 
secretary of the Division of Physical-Mathematical Sciences of the 
Academy of Sciences of the U.S.S.R. 


Following the resolution of the Twentieth Congress of the Communist 
Party on the development of industry and utilization of resources of 
Siberia and the Far East, Lavrent’ev, together with Academicians S.L. 
Sobolev and S.I. Khristianovich, proposed the creation of a Siberian 


division of the Academy of Sciences of the U.S.S.R. 
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By a decision of the Council of Ministers of the U.S.S.R., Lavrent’ ev 
was appointed in 1957 to be chairman of the organizing committee and 
director of construction of the science center of the Siberian division 
of the Academy of Sciences of the U.S.S.R. At the same time he was in- 
stalled as director of the Institute of Hydrodynamics of that division. 
In September 1957, Mikhail Alekseevich was elected vice-president of the 
Academy of Sciences of the U.S.S.R.; in May 1958 he was elected Chairman 
of the Presidium of the Siberian division of the Academy of Sciences of 
the U.S.S.R. 


In March 1958 Lavrent’ev was elected a deputy of the Supreme Soviet 
of the U.S.S.R. 


Lavrent’ev’s first scientific results were obtained in the theory of 
functions of a real variable; in 1924 he published an article on the 
convergence of transfinite series, and also an investigation on the de- 
scriptive theory of functions. In 1925 Lavrent’ev published a theorem, 
now bearing his name, on the sub-classes in Baire’s theory of numbers. 
This result was based on the investigation of the geomorphism of various 


classes of numbers. 


In the same year he constructed an example of an ordinary differential 
equation which has a solution at every point of the plane and in addition 
is not singular in any neighborhood of it. 


However, Lavrent’ev’s scientific interests soon changed to the theory 
of functions of a complex variable, in which he set a number of scientific 
directions. In one of his first papers Lavrent’ev, using a theorem of 
Luzin and I.1. Privalov, established the geometrical conditions for the 
invariance of boundary manifolds of zero measure in conformal transforma- 
tions, and gave a quantitative determination of the deformation of the 


measure in these transformations. 


To Lavrent’ev, together with Keldish, is due the example of the con- 
struction of a region of arbitrarily small diameter bounded by a curve 


such that, in a normalized transformation of that region onto the unit 


circle, every arc of the bounding curve transforms into an arc of equal 


length on the circle. 


The development of papers on the properties of boundary points in con- 
formal transformations resulted from Lavrent’ev’s investigations into 
the variational principles of these transformations; he gave a number of 
variational principles which are important in both the theoretical and 
appl I ed sense. 
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With the help of variational principles, Lavrent’ ev continued his in- 
vestigations into the properties of boundaries in conformal transforma- 
tions. Thus, using the generalized principle of Lindelof, he obtained an 
estimate of the derivatives of a mapping function on the boundaries of a 
region. The variational-geometric methods of Lavrent’ev were applied by 
him in extremal problems of the theory of functions. 


Lavrent’ev’s investigations into the theory of approximations in the 
field of functions of a complex variable laid the foundations of a new 
line of work; of special significance here is his work on convergent 
series of polynomials. 


Significant influence on the further development of mathematics was 
exerted by Lavrent’ev’s investigations into the theory of quasi-conformal 
transformations, i.e. transformations in which a smal! circle transforms 
into a small ellipse with given eccentricity or with other given para- 
meters. 


Lavrent’ev extended his methods from the theory of conformal trans- 


formations to the theory of quasi-conformal transformations. He estab- 


lished for them the same variational principles, proved the same funda- 
mental theorems on the existence of transformations of given regions onto 
a circle or strip, and investigated the properties of the boundaries. 
This theory made it possible to obtain new results in the theory of 
analytic functions, in the theory of conformal transformations of Riemann 


sur faces. 


In the theory of three-dimensional quasi-conformal transformations, 
described by strongly elliptic systems of partial differential equations, 
Lavrent’ev established variational principles as in the plane case. This 
enabled him to determine certain solutions of Dirichlet’s problem in 


three-dimensional space. 


Finally, mention should be made of the paper, with Keldish, "On the 
stability of solutions of the Dirichlet problem with respect to a change 
in the boundary ", in which there was obtained the solution to a difficult 
and very interesting problem, important in mathematical physics. 


Lavrent’ev’s first investigations in mechanics were in connection with 
the construction of aerodynamic profiles. In 1933 he published the first 
paper, in which the construction of the flow over an arc of given shape 
is reduced to an integral equation; a converging sequence of computations 
was very nicely adapted to its solution. 


4 second paper by Lavrent’ev in 1934 was concerned with the variational 
problem of determining the optimum profile shape. He also investigated 


the problem of the flow over a system of two arcs. 





Mikhail Alekseevich Lavrent’ev 


The theory of the impact of a rigid body on the surface of an incom- 
pressible fluid was developed by Lavrent’ev, together with Keldish and 
Sedov, in 1935-36. These investigations were connected with the landing 
of airplanes on water. The distribution of velocities and impulses over 


a plate representing a pontoon was determined. 


The work of Lavrent’ev and Keldish in the theory of an oscillating 
wing was a development of the investigations of Chaplygin and Prandtl on 
the non-stationary motion of a wing. In this work the theory was made 
more precise with the help of the method of conformal transformations. 

It was shown that for a periodically changing angle of attack of the wing, 
the mean value of the lift over one period is equal to that value which 

is obtained by putting the mean angle of attack into Joukowski’s formla. 
In addition, it was shown that there exist regimes of oscillation for 


which a horizontal force (drag) arises. 


In the paper by Keldish and Lavrent’ev, "On the motion of a wing be- 
low the surface of a liquid", a thin wing is in motion near the surface 


of an incompressible fluid on which small waves are formed; the angle of 


attack is also taken to be small; to determine the flow around the wing 
it is replaced by a set of vortices. Under these assumptions, the charac- 
teristic stream function is represented in the form of an integral of the 
stream functions of isolated vortices and their density distribution. 

The lifting force and the drag of the wing are determined; detailed 
calculations are carried out for a thin wing in the form of a circular 
arc. It is also shown that for large values of the Froude number the wave 
drag of the wing tends to a finite limit. 


To Lavrent’ev is due a fundamental result in the nonlinear theory of 
waves on the surface of a liquid. In 1944 he proved the theorem of the 
existence of a solitary wave. This investigation terminated a discussion 
which had gone on over a span of a hundred years following the initial 
investigations of Scott-Pussell. The name of Lavrent’ev is closely con- 
nected with an important area in the theory of fluid motion with free 
boundaries. In these investigations, there is introduced an approximation 
for the square of the velocity by a function which involves the form of 
the boundary and its derivatives. This idea of Lavrent’ev is connected 
with his investigations into approximations of conformal transformations 
of narrow strips. 


With the growth of Soviet science and modern technology, the area of 
scientific interests of Lavrent’ev also increased. 


A series of investigations by Lavrent’ev, published in the period 
from 1936 to 1957, was related to the study of dynamic phenomena con- 
nected with very high velocities, in particular, the study of explosions 
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and the cumulative effects of explosions. Lavrent’ev noted that visco- 
sity and plasticity became unimportant in the case of motion at very 

high velocities and pressures. Therefore, in many cases it can be assumed 
that the medium behaves like an incompressible fluid. In this approach, 
the dynamics of explosion phenomena can, in a certain region, be investi- 
gated by the methods of classical hydrodynamics. This idea proved fruit- 
ful for many problems. Thus, it allowed Lavrent’ev to explain the 
cumulative effect of an explosion. 


Making use of theoretical considerations and also the results of ex- 
periments, Lavrent’ev determined the effect of a pulsating jet on an 
obstacle, and showed that the resistance to penetration is determined by 
the inertial properties of the medium. This approach made it possible, 
for the first time, to obtain the relations for computing the directional 
effects of exploding charges. In the case of pulsating jets, the velo- 
cities are of the order of 10 km/sec. In a paper in 1959, Lavrent’ev in- 
vestigated impacts at velocities of the order of 50 to 100 km/sec; this 
is the problem of the penetration of a cosmic spaceship by small 
meteorites. The distribution of deformation velocities in the body re- 
ceiving the impact is determined, and so is the impulse which it receives. 


Examining the results of an underwater explosion, Lavrent’ev pointed 
out the singular form of instability of the round metal pipe which was 
used as the charge container. The pipe became unstable with the formation 
of corrugations on the periphery, whose number increased in proportion 
to the proximity to the point of attachment of the charge. The investiga- 
tions carried out by Lavrent’ev together with A.lu. Ishlinski showed that 
in the case of a suddenly applied stress there is an instability of the 
pipe, corresponding to high harmonics. The form of the instability deter- 
mined was confirmed by experiments. 


The scientific, organizational and pedagogical services of Lavrent’ ev 
have received high public appreciation. The Soviet government decorated 
him with three Orders of Lenin, four Orders of the Red Banner of Labor, 
and the Order of the War of the Fatherland, Second Degree. 


The personal qualities of Mikhail Alekseevich gained him the deep 
respect and love of his comrades in work, his students, and all those who 
had occasion to come to him on scientific or public questions. 


The scientific community of our country sincerely congratulates Mikhail 
Alekseevich on his sixtieth birthday, and wishes him good health and con- 
tinued success in his work. 
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List of the Scientific Works of 4.A. Lavrent’ ev* 
1924 


Sur la recherche des ensembles homéomorphes. C.R. Acad. Sci., Paris 
Vol. 178, pp. 187-190. 


Sur la representation des fonctions mesurables B par les series trans- 
fines de polynomes. Fundam. Math. Vol. 5, pp. 123-129. 


Contribution a la theorie des ensembles homéomorphes. Fundam. Math. Vol. 
6, pp. 149-160, 


1925 


Sur les sous-classes de la classification de M. Baire. C.R. Acad. 
Paris Vol. 180, pp. 111-114. 


Sur une equation différentielle du premier ordre. Math. Zs. Vol. 
197-209. 


1927 


Sur la representation conforme. C.R. Acad. Sci., Paris Vol. 
1407-1409. 


Sur un probleme de M.P. Montel. Ibid. pp. 1634-1635. 


Sur quelques problemes du calcul des variations. Ann. di Mat. Series 4, 
Vol. 4, pp. 7-28. 


1928 


Obshchii ocherk razvitiia teorii funktsii kompleksnogo peremennogo v 
SSSR za vremya s 1917-1927 gg. (General outline of the development of 
a complex variable in the USSR in the period from 1917 to 1927). Mat. 
Sb. Vol. 35, supplementary number, pp. 5-20. (In collaboration with 
I.I. Privalov). 


Uspekhi teorii funktsii deistvitel’ nogo peremennogo v SSSR (Advances in 
the theory of functions of a real variable in the USSR), Ibid. pp. 21- 
42. Bibliography, pp. 40-42. (In collaboration with D. Menshov). 








The present list is a portion of the full bibliography of the papers 
of M.A. Lavrent’ev, prepared by A.P. Epifanova and published in the 
journal, "Prikladnaya mekhanika i tekhnichiskaya fizika" (Applied 
Mechanics and Technical Physics), No. 3, 1960. 
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1929 


Sur la correspondance entre les frontiéeres dans la représentation con- 
forme. Mat. Sb. Vol. 36, No. 2, pp. 112-115. With Russian summary. 


Sur un probleme de M.P. Montel. C.R. Acad. : : Vol. 188, 
689-691. 


1930 


Sur une méthode géometrique dans la representation sonforme. Atti del 
Congresso internazionale dei matematici. Bologna 3-10 settembre 1928. 


Comunicazioni sezione I (C-D) + VI, pp. 241-242. Zanichelli, Bologna. 


Sur un probleme de maximum dans la représentation conforme. C.R. Acad. 
Sci., Paris Vol. 191, pp. 827-829. 


Sur la representation conforme. Ibid. pp. 1426-1427. In collaboration 
with V. Chepeleff). 


Sur l’ existence de la dérivee-limite. Bull. Soc. Math. 
175-198. (In collaboration with P. Bessonoff). 


1931 


K voprosu o raschete neravnomerno nagruzhennogo, mn poletnogo lonzhe- 
rona postoyannogo secheniia (On the question of the computation of a 
non-uniformly loaded multiplane longeron of constant cross-section). 
Tekh. Vozd. Flota No. 1, pp. 33-39. 


Sur l’existence des derivees-limites. Mat. Sb. Vol. 38, Nos. 3-4, pp. 


51-58. With summary in Russian. (In collaboration ith V. Holtzmann). 
1932 


O postroyenii potoka, obtekaiushchego dugu zadannoi formy (On the Con- 
struction of a Flow over an Arc of Given Form). Gos. Aviats. i Avto- 


rakt. Izd., Moscow. 53 pp. with figs. (Tr. TSAGI No. 118). 
1934 


Ob odnoi ekstremal’noi zadache v teorii kryla aeroplana (On a Certain 
Extremum Problem in the Theory of an Airplane Wing). GTTI, Moscow- 


Leningrad. 40 pp. with figs. With summary in German. (Tr. TSAGI No. 
155). 


Programma kursa "“Variatsionnoye ischislenie" (Program of the course 


"Variational computation"). Mekh.-Math. fac. MGU, Moscow. 2 pp. Litogr. 
Izd. 





Mikhail Alekseevich Lavrent’ev 


K teorii konforminykh otobrazhenii (On the theory of conformal mappings). 
Tr. Fiz.-Math. Inst., Otd. Mat. Vol. 5, pp. 159-245. 


Sur deux questions extrémales. Mat. Sb. Vol. 41, No. 1, pp. 157-165. 
With summary in Russian, 


Sur la représentation conforme. Uch. zap. MGU No. 2, pp. 39-41. With 
summary in Russian. 


1935 


Osnovy variatsionnogo ischisleniia (Fundamentals of Variational Calcula- 
tion), Vol. I, Part 1, Funktsii mnogikh peremennykh. (Functions of Many 
Variables). ONTI, Gl. Red. Obshchetekhn. Lit., Moscow-Leningrad. 148 pp. 
with figs. (In collaboration with L.A. Liustrenik). 


Ibid. Vol. I, Part 2. ONTI, Gl. Red. Obshchetekhn. Lit., Moscow-Leningrad. 
400 pp. with figs. (In collaboration with L.A. Liustrenik). 


K teorii biplannoi korobki kryl’ev (On the Theory of a Biplane Box Wing). 
TSAGI, Moscow. 38 pp. with diags. (In collaboration with Ia.I. Sekerzh- 
Zenkovich and V.M. Shepelev). (7r. TSAGI No. 153). 


Geometricheskie voprosy teorii funktsii compleksnogo peremennogo (Geo- 
metrical questions in the theory of functions of a complex variable). 
In Trudy II vsesoiuznogo matematicheskogo s°’’ezda. (Trans. of the 
Second All-Soviet Math. Congress), Vol. I, Plenarnye zasedaniia i ob- 
zornye doklady (Plenary Session and Survey Reports), pp. 258-270. Akad. 
Nauk SSSR, Moscow-Leningrad. 


Obshchaia zadacha o zhestkom udare o vodu (The general problem of a hard 
impact on water). In Sbornik statei po voprosam udara o poverkhnost’ 
vody (Collection of articles on questions of impact on the surface of 
water), pp. 5-12 with figs. ONTI, Gl. Red. Aviats. Lit., Moscow- 
Leningrad. (In collaboration with M.V. Keldish). (Tr. TSAGI No. 152). 


Obzor rabot TSAGI po udaru tel o vodu. Teoreticheskie raboty (Review of 
TSAGI paper on the impact of bodies on water. Theoretical papers). In 


Trudy I vsesoiuznoi konferensitsii po gidrodinamike (Trans. of the 
First All-Soviet Conference on Hydrodynamics), pp. 13-14. TSAGI, Moscow. 


teorii kryla aeroplana (On the theory of an airplane wing). In Sbornik 
obshcheteoreticheskoi gruppy TSAGI (Collected Papers of the General 
Theoretical Group of TSAGI), pp. 37-38. TSAGI, Moscow. (Tekhnicheskie 
zametki TSAGI No. 45). (TSAGI Technical Note No. 45). 


teorii biplannoi korobki (On the theory of a biplane box). Ibid. pp. 
39-40. (In collaboration with Ia.I. Sekerzh-Zen’ kovich and V.M. 
Shepelev). 
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teorii kolebliushchegosia kryla (On the theory of an oscillating wing). 
Ibid. p. 48. (In collaboration with M.V. Keldish). 


teorii biplannoi korobki kryl’ev (On the theory of a biplane box 
wing). In Trudy III Vsesoiuznoi konferentsii po aerodinamike (Trans. 
of the Third All-Soviet Conference on Aerodynamics), 23-27 Dec. 1933. 
Part 2, pp. 202-203. TSAGI, Moscow. (In collaboration with Ia. I. 
Sekherzh-Zen’ kovich and V.M. Shepelev). 


teorii kolebliushchegosia kryla (On the theory of an oscillating wing). 
Ibid. p. 223. (In collaboration with M.V. Keldish) 


nekotorykh svoistvakh odnolistnykh funktsii (On certain properties of 
univalent functions). Dokl. Akad. Nauk SSSR Vol. I, No. 1, pp. 1-2. 


Sur quelques propriétés des fonctions univalentes. Ibid. pp. 2-4. 


K teorii konformnykh otobrazhennii (On the theory of conformal mapping). 
Dokl. Akad. Nauk SSSR Vol. I, Nos. 2-3, pp. 85-87. (In collaboration 
with M.V. Keldish). 


Sur la représentation conforme. Ibid. pp. 87-88. 


Ob absoliutnykh konstantakh tipa A. Blokha (On the absolute constants of 
A. Bloch). Dokl. Akad. Nauk SSSR Vol. I, No. 5, pp. 279-282. (In col- 
laboration with A. Bermant). 


Sur les constantes absolues analogues a la constante de M. A. Bloch. 
Ibid. pp. 282-284. 


Sur une classe de representations continues. Mat. Sb. Vol. 42, No. 4, 
pp. 407-424, with figs. Summary in Russian. 


Sur l’ ensemble des valeurs d’une fonction analytique. Ibid. pp. 435-450. 
Summary in Russian. (In collaboration with A.F. Bermant). 


O nekotorykh prilozheniiakh konformnykh otobrazhenii k gidrodinamike (On 
some applications of conformal mapping to hydrodynamics). Tr. VVA RKKA 
sb. 13, pp. 18-27. 


Sur une classe de representations continues. C.R. Acad. Sci., Paris 
Vol. 200, pp. 1010-1012. 


1936 


Sur les fonctions d’ une variable complexe repréesentables par des séries 
de polynémes. Hermann, Paris. 64 pp. (Actualités scientifiques et 
industrielles, 441. La theorie des fonctions, V). 
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semeistvakh odnolistnykh funktskii (On families of univalent functions). 
In Trudy II Vsesoiuznogo matematicheskogo s’’ezda (Trans. of the Second 
All-Soviet Mathematical Congress), Vol. 2, Sectional Reports, pp. 170- 
172. Akad. Nauk SSSR, Moscow-Leningrad. 


konstantakh Blocha (On Bloch’s constants). Ibid. pp. 172-173. (In 
collaboration with A.F. Bermant). 


nepreryvnosti odnolistnykh funktsii v samknutykh oblastiakh (On the 
continuity of univalent functions in closed regions). Dokl. Akad. Nauk 
SSSR Vol. 4, No. 5, pp. 207-209. Literatura 4 nazv. 


Sur la continuite des fonctions univalentes. C.R. Acad. Sci. URSS Vol. 4, 
No. 5, pp. 215-217. Littérature 4 noms. 


O nekotorykh granichnykh zadachakh v teorii odnolistnykh funktsii (On 
certain boundary problems in the theory of univalent functions). Mat. 
Sb. Vol. I, No. 6, pp. 815-846, with figs. Summary in French. 


Sur les suites de polynomes harmoniques. C.R. Acad. Sci., Paris Vol. 202, 
p. 1149. (In collaboration with M.V. Keldish). 


1937 


dvizhenii kryla pod poverkhnost’ iu tiazheloi zhidkosti (On the motion 
of a wing below the surface of a liquid). In Trudy Konferentsii po 


teorii volnovogo soprotivleniia (Trans. Conf. on the Theory of Wave 
Resistance), pp. 31-64, with figs. TSAGI, Moscow. Summary in English. 
(In collaboration with M.V. Keldish). 


Ob ustoichivosti reshenii zadachi Dirikhle (On the stability of solutions 
of Dirichlet’s problem). Izv. Akad. Nauk SSSR, OWEN, Seriia mat. Vol.I, 
No. 4, pp. 551-595. Summary in French, (In collaboration with M.V. 
Keldish). 


edinstvennosti zadachi Neimana (On the uniqueness of Neumann’s problem). 
Dokl. Akad. Nauk SSSR Vol. 16, No. 3, pp. 151-152. (In collaboration 
with M.V. Keldish). 


Sur l’unicitée de la solution du probleme de Neumann. C.R. Acad. Sci. URSS 
Vol. 16, No. 3, pp. 141-142, 


O nekotorykh svoistvakh odnolistnykh funktsii (On certain properties of 
univalent functions). Mat. Sb. Vol. 2, pp. 319-326, with figs. Summary 
in French. (In collaboration with V.M. Shepelev). 


Sur les suites convergentes de polynomes harmoniques. Tr. Tbil. eat. 
inst. Vol. I, pp. 165-186. Summary in Georgian. (In collaboration with 
M.V. Keldish). 
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Sur le probleme de Dirichlet. C.R. Acad. Sci., Paris Vol. 204, pp. 1788- 
1790. (In collaboration with M.V. Keldish). 


Sur la représentation conforme des domaines limitées par des courbes 
rectifiables. Ann. sci. Ec. norm. sup., Paris Vol. 54, Fasc. 1, pp. 
38. (In collaboration with M.V. Keldish). 


Kurs variatsionnogo ischisleniia (Course in Variational Computation), 
ONTI, Red. tekhn.-teor. lit., Moscow-Leningrad. 192 pp., with figs. 
(In collaboration with L.A. Liustrenik). 


Teoriia funktsii kompleksnogo peremennogo (Theory of functions of a 
complex variable). In Matematika i estestvoznanie vw SSSR. Ocherki raz- 
vitiia matematicheskikh i estestvennykh nauk za dvadtsat’ let (Mathe- 
matics and Natural Science in the USSR. Outlines of the Development of 
the Mathematical and Natural Sciences over Twénty Years), pp. 30-35. 
Akad. Nauk SSSR, Moscow-Leningrad. (In collaboration with I.I. Privalov). 


teorii strui (On the theory of jets). Dokl. Akad. Nauk SSSR Vol. 18, 
Nos. 4-5, pp. 225-226. 


Sur la theorie des sillages. C.R. Acad. Sci. URSS Vol. 


225. 


O nekotorykh svoistvakh struinykh techenii (On certain properties of jet 
flows). Dokl. Akad. Nauk SSSR Vol. 20, No. 4, pp. 235-237. 


Sur quelques proprietes des courants discontinus d’un fluide. C.R. Acad. 
URSS Vol. 20, No. 4, pp. 235-237. 


K teorii struinykh techenii (On the theory of jet flows). Dokl. Akad. 
Nauk SSSR Vol. 20, No. 4, pp. 239-240. 


Sur la theorie des sillages. C.R. Acad. Sci. URSS Vol. 
239-240. 


Ob odnom differentsial’ nom priznake gomeomorfnykh otobrazhenii trekhmer- 
nikh oblastei (On a differential criterion of homeomorphic transforma- 
tions of three-dimensional spaces). Dokl. Akad. Nauk SSSR Vol. 20, 

No. 4, pp. 241-242. 


Sur une classe de transformations quasi-conformes et sur les sillages 
gazeux. C.R. Acad. Sci. URSS Vol. 20, No. 5, pp. 343-345. 
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ON HILL’ S METHOD IN THE THEORY OF LINEAR 
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(Received March 12, 1960) 


We consider a certain class of systems of linear differential equations 
with periodic coefficients which have the property that, by means of the 
Laplace transformation, they may be converted to a system of linear 
difference equations. The latter may be solved by the method of infinite 
determinants, i.e. the method of Hill [1-7]. We consider the convergence 
of a certain type of infinite determinants which are not normal [3]. In 
the particular case of a single differential equation with sinusoidal 
coefficients we construct the Laplace transform of the solution by means 
of continued fractions [8]. We study the dynamical stability of the 
solutions of certain differential equations which occur in engineering 


[6]. 


Capital letters denote matrices and vectors, while lower-case letters 
refer to scalars. A matrix which depends upon a certain variable will be 
said to be holomorphic (or bounded, etc.) in a certain domain provided 
that each element of the matrix is holomorphic (or bounded, etc.) in this 
domain. By the application of the Laplace transformation [| 9 ] to the 
matrix Y(t) (t 40) is meant the application of the Laplace transformation 
to each of the elements of the matrix Y(t) (t > 0). The correspondence 
between the original matrix Y(t) (t > 0) and its transform F(p), supposed 
to be continued analytically to its entire domain of existence, will be 
denoted simply by 


Y (t) <= F (p) 


l. Consider a system of linear differential equations with periodic 


coefficients of the special form 





Valeev 


ath. (d)¥ (t) (DP (¢ 


Here Y(t) is an m-dimensional vector, w #0 is a purely imaginary 
number, | is a finite number, L (a) is a linear differential operator 


and the Aaj are constant, complex, m-by-m matrices such that 


1.3 
with the matrix E being the identity matrix. Let us seek the solution 
Y(t) of the system (1.1) satisfying the initial conditions 


Y (0) : , i “(U0 


In order to do this, let us suppose that @(t) (t > 0) possesses a 
Laplace transform Q(p) which is regular and bounded for Re p > b. 


Applying the Laplace transformation [9] to the system (1.1) for 
t > 0, and using (0.1), we obtain for F(p) the system of linear differ- 
ence equations 


S' Ly (p oq) F ( p oq) Ri p 


— 


where 
R(p)=@(p) LQ Valp + 9), VY, (p) 


Let us seek a solution F(p) of the system of difference equations 
(1.5) which is regular and bounded for Re p >b,'(b, = const). Such a 
solution, for example, is the transform of Y(t) itself. Replacing p+@k 
by p in (1.5), and then dividing through by (kw)” (k 4:0), we obtain 
instead of (1.5) the following infinite system of linear algebraic equa- 
tions in the quantities F(p + wk) (k = 0, +1, + 2, ...): 


’ “~) 


> (k@) nf (p L a (/ q)) F (p @ (A q)) (k@)~’ R(p 


where p may be considered as a parameter in the coefficients. Further, 
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in order not to have to consider the special case k = 0 in particular, 
let us include (1.5) in (1.7) by agreeing to regard (kw)~* as equal to 
one when k = 0. 


The matrix determinant of the system (1.7) is itself a quasimatrix 
with quasimatrix elements ((k - q )w)~"L (p +q@k). This determinant, 
which will be denoted by A(p), has the form 


a ZL 1 (Pp) 
\ | p) , : Ly (P) 


n 


w){ ®@) Ly (p) { @ ) * Lo 


2. Consider the sequence of determinants A\(p) () l, 2, .«-3, Come 
taining (2y— 1)m rows and columns, whose matrix is obtained from the 
matrix of the matrix determinant A(p) in such a way that the quasi- 
element Ly(p) lies at the center of the determinant A,(p). 

Suppose that = is a finite domain of the plane of the complex variable 
P. Consider the convergence in = of the determinant A(p) and of the 
algebraic complements of the elements of the column which contains L,(p); 
that is, the convergence of the determinants Ap) as y ~ ~, and the 
convergence of the algebraic complements of the corresponding elements 
occurring in A.(p) (y is supposed to be sufficiently large). Let us de- 
note the elements of the determinant A(p) by c, 42" (p), where the sub- 
scripts and superscripts mean that the element c,,7"(p) lies on the 
intersection of row s and column r of the quasi-element a "L_(p + wk). 
From (1.2) and (1.3) it follows that the elements along the principal 
diagonal are given by 


Ww 


’ for 9 


a) If ag = 0(s ¢ r when gq = 0), then the determinant A(p) may be re- 
duced to the class of normal determinants [3]. One only needs [2] to 
multiply each column consisting of the elements (2.1) by 

exp { (¢ nP eo. Ira)’ 9 . ) m) 
This transformation does not alter the value of the determinants 


Ap), and the sum of all the elements of the infinite determinant (not 
counting the ones along the main diagonal) converges absolutely and 
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uniformly for p@2. Consequently, A,(p), and the algebraic complements 
to the elements on the columns which pass through L,(p), converge uni- 
formly for p@= = to functions p which are holomorphic in 2; and hence 
all of them are bounded in absolute value by a certain constant. 


b) If ag # 0 (r 4 s when g = 0), then one no longer has the absolute 
convergence of the elements off the main diagonal. Let us order these 
elements c°F(p), k 4 0, which lie along the diagonal as follows: the 


element c8a(p) precedes c}%(p) provided that |a|<|y|; if |a|=|y|, 
then a> y; ifaz=y, then B> 6. 


Consider the diagonal element c°*(p) and the elements c9*(p) of the 


column passing through the element cop), lying below it for k > 0 (and 
above for k < 0) and belonging to the quasi-element 


((k q)@)” La (p lL. @k), /, & k q 1 (hk 1, k q 1) 


Let us multiply the row containing the element c®*(p) by ef and 


subtract it from the corresponding row containing the element ct (p), 

and so forth. Let us proceed analogously with the elements in the rows 
lying to the right for k > 0 (to the left for k < 0), but only for k >1, 
k—~q>l1(k <-1, kR-qe- 1). 


The determinant A*(p) so obtained may be reduced to the type of deter- 
minant considered in (a). In order to do this it is necessary to carry 
out a countable number of operations, and it may be verified that the 
determinant A. (p) may be expressed as a linear combination of a finite 
number of the minors of the determinant A,*(p), and that A.(p) — A*(p) 
as y+, pc . The algebraic complements to the elements lying in 
the columns passing through L,(p) in the determinant A(p) may be ex- 
pressed as linear combinations, with coefficients which are bounded in 
absolute value, of the corresponding columns in the determinant A*(p). 


Thus, in view of the arbitrariness of the domain >, the following 
theorem has been proved: 


Theorem 2.1. The determinant A(p) in (1.8), and the algebraic comple- 
ments of the elements lying in the cOlumns which pass through L,(p), con- 
verge to entire functions of p which are uniformly bounded in absolute 
value on each finite domain = of the complex variable p. For p= the 
convergence is both absolute and uniform. 


Note 2.1. The determinant A(p) and the algebraic complements of the 


elements in the columns passing through Ly (Pp) are entire functions of the 
coefficients a, % of (1.3). 
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Note 2.2. If A(p,) = 0, then AP) will have a zero which is arbitra- 
rily near to p, whenever y is sufficiently large. 

It will be supposed, further, that the domain 2 is so chosen that al] 
the vectors 


F (p ko), (k@)" iR (p-7 kw) 


are bounded whenever p<. Such a finite domain lies, for example, in 
Re p > b,. Let us suppose that A(p)>« > 0 for p=. Let us solve, 

in succession, the systems of equations arising from (1.5) and (1.7), 
with determinants A, (p) as unknowns, by Cramer’s rule, it being under- 
stood that all other terms in these equations are first transposed to the 


right-hand sides. 


In view of Theorem 2.1, we obtain, as y + ~, in the domain Re p > b,, 
a solution for F(p) in the form of a certain infinite determinant divided 
by A(p). Expanding formally this numerator determinant along the column 
with components R(p + kw), we obtain the solution of the difference 
equations (1.5) in the form 


F (p) >> A" (p) B, (p) R(p 


ny 


where the elements of the matrices B,(p) are entire functions of p. From 
the properties of the solutions of system (1.1) it may be asserted that 
the series (2.3) converges for Re p> b,, and that it indeed represents 
a solution of (1.5). 


An approximate solution of the system (1.1) may be obtained by find- 
ing the inverse Laplace transform of an approximate solution for F(p) 
whose components are the ratios of finite determinants. In this way one 
may seek a solution of the nonhomogeneous system (1.1) subject to initial 
conditions. 


3. Let us employ the methods of [4] to obtain another representation 
for the determinant A(p). Let us factor out the terms along the main 
diagonal of the determinant A(p). Let p.,(s = 1, 
be the roots of the equations a°°(p) = 0. Then 


ll [| (ko) “ a (p wk) = “ |] I] sin — } Ds) 
k © s=] ; s=1h=1 a 


Let us call the remaining determinant D(p). Since the product (3. 1) 
of the diagonal elements is convergent, it follows that the determinant 


D(p) converges at all numbers which differ from the numbers P shh: 





K.G. Valeev 


y 
AW 


The determinant D(p) is a periodic meromorphic function of p with 
period a Let us reduce it to normal form by the method of Section 2. 


Then 
D \P ‘ for | Rez 
Suppose, for simplicity, that the numbers p,,, are all distinct (the 
case where some of them coincide is considered in [2] ) and we obtain, 


from [4 |: 


D (p) 


where the 5., are certain constants. Let us express \(p) in terms of 


D(p) and the product (3.1), setting, in (3.1) and (3.4) 


i6,, (2 


From (3.4) it follows that the braces contain a polynomial with the 
leading term z™" and the constant term 2) 1212°++2Z_n° Equating this de- 
terminant to zero we obtain the characteristic equation for the multi- 
pliers of the solutions of system (1.1). The factor in front of the 
braces in (3.6) does not vanish for any finite value of p. From this it 
follows that the Hill determinant A(p) of (1.8), times a certain known 
multiple, may be expressed directly in terms of the coefficients of the 
characteristic polynomial of the solutions of the system (1.1), due 
account being taken of (3.5). The theorem is proved. 


Theorem 3.1. The solution of the system of linear difference equa- 


tions (1.5), which is bounded for Re p > b,, (b, = const), is uniquely 


l ’ 
representable in the form (2.3), where the elements of the matrices 
B,(p) are entire functions of p, and A(p) is an entire function of p 
with period w, whose zeros are the characteristic exponents of the solu- 


tions of the system of equations (1.1). 


The last assertion of Theorem 3.1 has been known for a long time [1, 
2]. In these papers, and also in[5, 7], representations of the form 


(3.6), or their modifications, are used to determine the constants 5 en 
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In [6] the determinant A(p) is used for the solution of the equation 
\(p) = 0. In Section 5 of the present paper a method related to that of 
[6] is used. 


4. Consider the linear differential equation with sinusoidal coeffi- 
cients [10 ] 


n 


’ 
S (aio 
—_ a 
k 0 


where a,J? are complex constants; @(t)«— g(p), where g(p) is a regular 
and bounded function of p for Re p> 6, Re w= 0. Let us seek the trans- 
form f(p) of the solution y(t) (t > 0) with initial conditions 


y(U 


Let us assume that 


that is, the coefficient of the highest-order derivative does not vanish 
for any t. Let us introduce the notations 

, ] n 
y y 


la \p @q)/] (p @q) g (p) 


Forming the ratio of infinite determinants, and expanding them (see 


Section 2), we obtain the solution of (4.1) as a series 


/\P) , ir (p) = [ 1.0) 


‘; 


where s(p) and /A(p) are 


Pp) 





In view of (4.3), the continued fractions (4.7) converge for all 
values of p to meromorphic functions [8,10]. The representation of the 
transform f(p) of the solution y(t) by means of (4.6) and (4.7) is very 
convenient for the numerical computation of the solution of Equation 
(4.1) in the special case when ¢(t) is a sum of terms of the form 

t”ie*i" | It should be noticed that all roots of the equation V(p) = 0 
are characteristic exponents of solutions of (4.1). The converse is not 


always true. 


The equation for the characteristic exponents of the solutions, in 
the form 


\p \P (Pp) h(p) 


was obtained by Ince [11] for Mathieu's equation, and for Equation (4.1) 
by Patry [10], as a result of expanding the solution y(t) of (4.1) in a 
Fourier series. 


Example 1. [12]. Consider Mathieu’ s equation in the presence of 
friction 


The characteristic exponents of the solutions of Equation (4.9) 
obtained from the equation 


P) 


where fo (P) = p? + cp + a. Using (4.10), let us write the equation of 
the boundary of the yth domain of instability of the solutions of Equa- 
tion (4.9). Since at the boundary of the domain of instability one of 


the characteristic exponents equals yi, where y is an integer, the de- 
sired equation is Viyi) = 0. In particular, for y = 1 we obtain 


b? 


Equation (4.10) holds for finite a, ; it is also the equation of 
all odd domains of instability. 
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5. Consider the system of differential equations of the form 


d*)y iY 


wi\ 6) = (C uP (6t))) 


’ 9 . ‘ 
where C = (w,”, - w,*) is a diagonal matrix, @ 
., m), and pw is a small parameter: 


(k) 


- ' ome , 
ith complex constants Vig je 


and | is a finite number. 


Let us assume that # = 0, +A, (A= const), 4) 0, and let us apply 
Theorem 2.1, in order to obtain the characteristic exponents of the 
solutions of Equation (5.1), as functions of the parameter nu. Consider 
the general case of resonance and the set of 2m numbers 


Wy), . »5 Om, Wi, - : ® (5.3) 


Let us divide them into two groups, putting in one group all the 


numbers (5.3) which differ among themselves by quantities k@,, where k 


0 ’ 
is an integer. These groups are 


(Pay > 738,)> »\Pats ee ey P ) be + . 2 2m) 


Let Pih indicate one of the numbers (5.3): if this is the number @, 


or @ ,, then the symbol [jh ] will indicate number s, where ) designates 
the group number and A the number within a group. 


Let us suppose that the p., are arranged in nonincreasing order for 
BE a eas B;, and let us denote 


where the numbers Rh are nonnegative integers satisfying 0 = k 
€ Bias 
JPJ 


Let us set p = ip ;, +ipz, for j} = l, ..., @, in the determinant A(p) 
of (1.8). Since for Equation (5.1) we have (see Section 1) 


uP : L (Pp) u.\ I uP(-@ (¢ = 0) (v.06) 


then along the main diagonal there are terms of order u, and off the 
main diagonal all terms are of order uz. 





Let us make use of Note 2.2 of Theorem 2.1. In order to do this, con- 


sider a sufficiently large determinant A.(p) (see Section 2). It may be 
regarded as an approximation to A(p). Regarding the equation AK ip 5) + 
in z) = 0 as an equation defining the algebraic function z(yz), we obtain 
from Newton’s diagram [9] that the characteristic exponents of the solu- 
tions of system (5.1), Pen), 4 e-k. at 2 By wees B;) may be 


expanded in series of the form 


Lees 


where 0 5g > general fractional numbers, and the numbers 


sR ~= ], ..., B;, are roots of the equations 


’ ’ 


Kronecker’s symbol 


For the proof, let us mark the columns and rows which contain elements 
along the main diagonal of the determinant A (ip 5 + ty z) which vanish 
for u = 0. Consider the determinant formed by the intersection of these 
columns and rows. This determinant differs only by an unessential factor 
from the determinant (5.8). The remaining elements need not be taken into 


account in a first approximation. 


Knowing the numbers z.-, we may seek to determine the stability of 
system (5.1) in first approximation. Upon varying A we may determine in 
the plane 6 wide domains of parametric resonance which are adjacent to 
the frequency 9). It should be noticed that the finiteness of |, y does 
not influence the final formulas (5.8), (5.9). Consequently, the func- 

tions N(r), P(r) may be regarded as of integrable square on the interval 


[0,27]. 


Formulas analogous to (5.8), (5.9), for the canonical case of system 
(5.1), have already been obtained by Iakubovich [ 14 }. 


Example 2. Consider the system of equations 
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where € 1), «+++ @ 9 are real numbers, and 5 


In the notation of Section 5 we have 


Equation (5.8) for Zi1* 212 takes the form 


2) 


If we require that the inequalities Im z,,; > 9 Im 2), 0 hold for 
every /((— « x , we obtain the conditions 


In view of the fact that the coefficients of system (5.10) are real, 
Im Zo, ? O, Im Zoo > 0; therefore conditions (5.12) are the conditions 
for the asymptotic stability of the solutions of (5.1 for small values 


of p. 


In the equation \(p) = 0 let us make the following simplifying trans- 
formation: let us divide the rows of the determinant by the elements of 
the rows which lie on the principal diagonal of the determinant \(p), 
with the exception of the rows in which these elements vanish for p 0, 
p P 5, If we expand the determinant so obtained in terms of the first 
order in p P ii + pzt, we must first seek the elements which lie on the 
intersection of columns and rows passing through elements which lie on 


the principal diagonal of Np 5) + #zi) and vanish for pu 0. In the 


following higher-arder terms there appear only elements lying in the 


f in (5.1) the matrix 


already-mentioned rows and columns. In particular, if 


P(@t) is self adjoint, then 


(i.e. the relation w@, + @ = kO, holds only for the given g, h, k), we 
obtain an equation for p, written below, including third-order terms in 


- (k). 





((p 
5 ¥ 
_ Ss r 2 dv. + 1He)* 


I 


where the prime indicates that the terms in the summations with zero de- 


nominators are omitted. 


If Pe dis % 0, then Equation (5.13) enables one to determine 


two characteristic exponents which are near tw, up to second-order terms. 
By requiring thet Equation (5.13) have a multiple root near p Co. « 


we obtain the equation of the boundary of the domain of stability, up to 


terms of second order with respect to eee 


Example 3. [13]. Consider the equation 


where 


we obtain that Equation (5.13), constructed for Equation (5.14), 
multiple root provided that 
2 Vow 


Por 6 <0 0,, the characteristic exponents have a nonzero real 


and the solutions of Equation (5.14) are unstable [is], 


In conclusion, I wish to thank A. I. Lur’e for his suggestions and 
his help in connection with this paper. 
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Let the functions Gift), woos Qplt) jetermine the position of the points 


of a material system at an arbitrary instant of time t > t,, where ¢t) is 
a given initial instant of time. We denote the derivatives of these func- 


tions with respect to time by Tb + , (tt), seer Gopi t)- Every set of func- 


tions q,(t), pees Go,'t) describes some motion of a material system. One 


; 0 
of these motions, described by the set of functions q, (t), 


we shall call the undisturbed motion; all other possible motions 


material system under consideration we shall call disturbed motions. 


Let the functions Q,4q)- + Gope ts wees Ulgy)s wees Gop, 


3’ and t be given. Assuming that the quantities 
are dimensionless, we introduce the notation 


the quantities gq 


max 7.(t 


i Xe 
eae | 


In this notation, Liapunov’s [41, pp. 12-14 ] jefinition of 
which was extended by Chetaev [2 pp. 9-11 } to the 


S» Je 


stability, 
case when the Q; de- 


pend explicitly on t, is completely equivalent to the following defini- 
0 


tion the undisturbed motion q. (t) is said to be stable with respect to 


the quantities Q; if for every givene > O there exists a number 0 0 


such that for every disturbed motion q,(t) which satisfies at the initial 


instant t, the condition 
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The problems on stability are usually considered with the assumptions 
that the functions z,(t) are continuous for all t >t,, while the func- 
tions Q@; are continuous in the q. and t. Hereby the functions p, and p 


have the following properties: 


0.1. The function Po(q(t), t) is a real nonnegative quantity which 


vanishes when t >t, for the undisturbed motion q. 


0.2. The function p(q(t), t) is a real nonnegative 


vanishes when t >t, for the undisturbed motion q(t 
$s 


0.3. Since the quantities Q; are continuous 
follows that for every given « > O there exists numbe ) such that 


f \ « . 
if Ppolq(ty), te) Oo then Pl(q(ty), ty) - 


; 


0.4. Since the functions x, (t) are continuous alongs n iisturbed 


motion (t), the function p(q¢(t), t) is continuous f 
q. q 


Having given the general definition of stability he undisturbed 
motion Pay with respect to the quantities Q; based on inequalities of 
the type (0.1) and (0.2), Liapunov developed his so-called direct method 
[1] on the basis of a definition of stability whic! llows from the 
general one under an auxiliary assumption (4, ~ ae n the properties 
ef the functions Qi In our notation this assumptior in be formulated 


in the following way 


0.5. Por every given « 0 there exists a number 0 such that if 


Plq(t,), ta) oO, then Pol(qity), ty) €. 


It is easily seen that if the five listed properties are satisfied 
then the above-given definition of stability is completely equivalent to 


the following definition: the undisturbed motion q, (t) is called stable 


for every given ¢ 0 there exists a number Oo f ich that for every 


ljisturbed motion q,(t) which satisfies at the initial instant t, the con- 


iition 


is true that 


This more restricted definition of stability, whic is based 


‘qualities (0.3) (0.4), or on equivalent ones, has become 
in the works of Liapunov but a! in the works of 


, Liapunov calls attention to the existence 





of the more general definition based on inequalities of the type (0.1) 
and (0.2) for the particular case when n< 2k and each of the quantities 
Qi is simply one of the quantities qs (a definition of stability with 
respect to some of the variables). In [4] theorems are formulated which 
are applicable to this definition of stability. These theorems deal with 
the properties of Liapunov’s functions which are sufficient either for 
the stability or instability of the undisturbed motion with respect to 
some of the variables; two of these theorems (on stability and on 
asymptotic stability) are proved and illustrated by examples in [5]. In 
[6] a theorem is proved which is applicable to the general definition 
based on inequalities of the type (0.1) and (0.2). This theorem deals 
with properties of the integral of the equation of the disturbed motion 
which are sufficient for the stability of the undisturbed motion q,°(t) 
with respect to the quantities Q; Appropriate examples to illustrate the 


theorems are also given in|[6]. 


The present work is based on the omission of the property (0.5). We 
return to the general Liapunov definition of stability, generalizing it 
to the case when the processes which are being examined for stability are 
not necessarily connected by a finite number of variables q.° Q;: hereby 
the structures of the left-hand sides of the inequalities (0.1) and (0. 2) 
may be arbitrary as long as the hypotheses 0.1 to 0.4 are satisfied (in 
problems on the mechanics of solid media, the left-hand sides of (0.1) 
and (0.2) may depend, for example, not only on the displacements and 
velocities of the points of the solid body, but also on the deformations, 
the stresses, temperatures and so on, [7,8 }). In order to avoid ambi- 


guities with respect to the choice of the initial moments of time to, we 
consider it useful to indicate explicitly the set Ty of possible initial 
moments t, in the definition of stability. Furthermore, in addition to 
the definition of stability, we shall consider also the definition of 
stability which is uniform on To. For each of the definitions there is 


proved a theorem of the direct method of Liapunov on the properties of 
functionals which are necessary and sufficient for the existence of a 
given type of stability or instability. Since it is not known in advance 
whether the processes under consideration possess the properties of con- 
tinuity with respect to the initial values on a finite time interval, it 
is sensible to avoid wherever possible any assumptions on the boundedness 
or unboundedness of the time-interval T on which the stability is being 
investigated (see the note on the definition of stability on a finite 
time-interval in[9, p. 10]). The definition of stability here has many 
similarities to the definition of "correctness" in the theory of partial 
differential equations [ 10, pp. 28-32 l, [ 11, pp. 80, 83 ]. In the proofs 
of the theorems on stability, the uniqueness of the solution is not 
assumed. On the contrary, certain results on the uniqueness are obtained 
as consequences of the existence of some functionals having certain 
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definite properties. 


l. Let Z be a set consisting of points z of an arbitrary nature. We 


Zo, to, t), beginning at z, at the time fp, 


in Z if, to every value of the real parameter (time) ¢ from the interval 
ty SE < log, OF tg < F< bog 
to the time-interval A there corresponds a definite point z z( 


say that a curve 2z( is given 


(or, more briefly, (t,, t,),)), belonging 


00 

Zo) ty, t) 
from Z, and Z9 = z(z,, ty, t,). From the class of all possible curves, 
we select a subclass of curves which we shall call "processes". These 


curves must satisfy certain conditions and possess the following proper- 


ties (in the numbering of the properties (axioms), definitions and 


theorems, the first number is the number of the section) 


1.1. Every process, which is defined on (t,, to, still be a 
process if it is considered in an arbitrary interval ,, t,,) contained 


in (to, tog): 


1.2. If two processes have a point in common at the time t,, then the 


1? 
composite curve, which consists of the points of one of the processes 
when ¢t « ti, and of the points of the other process when t > t,, is also 


a process. 


1.3. There exists a process which is defined on the entire interval T. 
We shall denote it by z z°(t) and say that it is the undisturbed pro- 


cess; all other processes z(z t) & z°(t) we shall call disturbed 


0? 
processes. 


The process for which ty too will be called the degenerate process. 


If ty, = ~, we shall say that the process is non-shortened. 

By a point z one may mean an arbitrary set of parameters, functions 
and so on, which describe the state (mechanical, physical, chemical, 
etc.) of a material system at a given moment of time ¢t, or one of its 
properties which may be of interest in some investigation. In such a case 
che process z(z 
the process 0 t ; 
mechanical, physical, chemical, etc. process which takes place within 


0° t) becomes a mathematical abstraction of a 


the material system in course of time. 

2. If the point z at the time t belongs to some process, then we say 
that the pair (z, t) belongs to this process. Let us suppose that for 
every pair (z, t) of any given process there have been defined distances 


(metrics) po {z, t) and p(z, t) having the following properties 


2.1. The distance P,(z, t) is a real nonnegative number for every pair 
(z, t) of any process, and 
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2.2. The distance p(z, t) is a real nonegative number for every pair 


(z, t) of any process, and 


t) is continuous with respect to the metric 
e. for every number > 0 
0 ] 


« will be satisfied for all pairs 


2.3. The distance p(z, 
, Po om » 7 eo we _ T T 
Poiz, t) [uniformly ] on a given set l ri Pe 


and for every ty: T>, there exists a number O(c, ty) > 0 [ble ) 


such that the inequality p(z, ty) 
(z ) belonging to any process and satisfying the condition 


“~» 


Polz, ty) <9. 


) t) of the argument t is con- 


2.4. The real function p(z(zp, ty, t), 


tinuous in t for every non-degenerate process z(z), to, t) in the inter- 


val (ty, tog) where it is defined. Here p(z(2z5, t,, t), t) denotes the 
distance from the undisturbed process to the point z which belongs to 


t t) at the time t. 


the process z(z 0 


0? 


The distances p, and p satisfying the conditions 2.1, 2.2 and 2.3 can 
obtained, for example, if one introduces into the set Z the metrics 


Zo)» Polzy, 2) which satisfy the usual axioms of a metric space 


be 


. 23] except for the requirement that P, (2, zo)= 0, Pol2z), 


z zo, and if one assumes then that 


(t)) 


The property 2.4 will also hold if the processes z(Zo, ty, t) are con- 
tinuous with respect to the metric p.. When we speak of the metrics p, 
and p in the sequel, we shall mean the distances Po lz, t) and p(z, ¢t) 


having the properties 2.1 to 2.4. 


3. Comparing the undisturbed process z°(t) with the various processes 


(Z9, t,, t) which begin at the moment ty belonging to the given set 


r.—T , we give the following definitions of stability: 


Definition 3.1. The undisturbed process z°(t) is said to be stable 
with respect to the metrics p, and p on the interval T for a choice of 
the initial moment T, from the given set 7’, 7, if for every number 
¢ > O and for every initial moment 7, I, there exists a number 


5(e, t,) > 0 such that for every disturbed process z(zo, ty, t) satisfy- 


ing at the initial moment / / the condition 


re 


it 1s true that 
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in the entire domain of definition of the process. 


Definition 3.2. The undisturbed process z°(t) is said to be uniformly 


stable, with respect to the metrics Po and p on the interval 7, on the 
given set 7,7 of initial momentst,, if for every number € > 0, and 
for every initial moment /,=7, there exists a number d(e) > 0, the 
same for all ¢,@7',, such that for every disturbed process z(z), to, t), 
which satisfies condition (3.1) at the initial moment / Tf, it is true 
that condition (3.2) is satisfied in the entire domain of definition of 
the process. 


Conditions (3.1) and (3.2) imply the definitions of instability. 


Definition 3.3. We shall say that the undisturbed process z°(t) is 


not stable with respect to the metrics p, and p on the interval T for a 


choice of the initial instant of time t, from the given set / T., if 


0 


for some number « 0 there exists at least one initial instant / r, 


l 
such that for every number 5 > 0 there exists a disturbed process 2(z 
to, t), Zo 


cated time t 


0’ 
= z,(d) for which condition (3.1) is satisfied at the indi- 


and at some time t, > ty in the domain of definition of 


0’ 
the process it is true that 


0 
ty 


Definition 3.4. We shall say that the undisturbed process 
not uniformly stable with respect to the metrics p, and p on the inter- 
val T, on the set 7,C7 of initial time-moments t,, if for some number 
g» tg t) 
z,(d), ¢, t,(0)&T7,), for which condition (3.1) holds at the 
initial moment t, and condition (3.3) is satisfied at some time t 
in the domain of definition of the process. 


0 and for every 5 > 0, there exists a disturbed process 2z(2z 9? 


l 


The mention of the metric P, in addition to the metric p (the analog 
of the quantity Q; in Liapunov’s general definition) in the definition 
of stability results from the circumstance that in various problems the 
measure of the initial disturbances can be related to the various 
characteristics of the processes under consideration. The metric p, 
serves as a measure of the initial disturbances. In Liapunov’s general 
definition of stability the measure of the initial disturbances is not 
explicitly agreed upon, for it is assumed that this measure is once and 
for all connected in a definite manner with the deviations in the co- 
ordinates and velocities. In the case when p P, we shall say that we 


are dealing with stability with respect to the (single) metric p. 


4. Let R> 0 be a fixed number. Any process z(z,, t,, t), which is 


0’ tog): 


0 t), t) < R, is called an R-process. Let us denote by RZT 


such that for every given t from the domain of definition (t 
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the set of pairs (z, t) for each of which there exists an R-process be- 
ginning at z at the moment t. We shall say that a real functional f(z, t) 
is defined on RZT if to every pair (z,t)— RZT there corresponds a de- 
finite, unique real number f(z, t). The value which is taken on by the 
functional f(z, t) at the time t at the point z belonging to the R- 
process z(z,, ty, t) will be denoted by f(z(zo, to, t). The metrics 
Po(z, t) and p(z, t) are, obviously, examples of functionals. 


Definition 4.1. The functional will be said to be positive-definite 
with respect to the metric p, if f(z, t) > 0 for every pair(z,t)=RZT 
and if for every positive number « < R there exists a number ple) > 0 
(depending only on ¢) such that the inequality f(z, t) > holds for 
every pair (z,t)@ RZT satisfying the condition that p(z, t)>e (if 
such pairs exist). 


Definition 4.2. The functional f(z, t) will be said to be nonincreas- 


9» t) the function f(z(z), ty, t), t) 


of the time t does not increase with t in the domain of definition (ty, 


ing if along any A-process z(z5, t 


ty)) of the R-process. 


Definition 4.3. The functional f(z, t) is said to be continuous with 
respect to the metric p, on the set 7, if for every number ¢ > 0 and for 
0 0 
that the inequality | f(z), t)|<« is true for every pair (2), ¢,)@RZ/ 
satisfying the condition Po ( 


every moment of time ¢,@7', there exists a number O(c, t,) > 0 such 


Z9, t,) <6 (in consequence of the property 
2.1, the functional f(z, t) is continuous with respect to the metric py 


on the set T,, and satisfies the condition f(z°(to), ty) = 0 for every 
_.€7,). If in this definition one can find one 8 which will work 

for all t,@7y, i.e. if 5 depends only on «(5 = S(e) > 0), then the con- 
tinuity property 4.3 will be called uniform continuity on the set 7). 


Definition 4.4: The region R(f > 0) is the set of pairs (2,t)©RZT 
for which f(z, t) > 0. The functional f(z, t) will be said to be bounded 
in the region R(f > 0) if there exists a positive number NV such that for 
every pair (z, t) of this region it is true that f(z, t) < N. 


Definition 4.5. We shall say that the functional f(z, t) has a 
positive-definite derivative in the region R(f > 0) if the derivative 
df(z(zy, to, t), t)/dt exists in the entire domain of definition (ty, too) 
of every R-process z(z5, to, t) for every flz,, t,) > 0, and if this de- 
rivative is bounded from below by some positive number (which will depend, 
in general, on the chosen R-process). 


3» We shall prove the theorems of the direct method of Liapunov on 
stability and uniform stability, and also the propositions on asymptotic 
stability and on the connection between the properties of functionals 
and uniqueness. 





Stability of processes with respect to two metrics 1513 


Theorem 5.1. In order that the undisturbed process z°(t) may be stable 
with respect to the metrics Po, P on the time-interval 7 for a given 
choice of the initial time-moment t, from the given set 7,C 7, it is 
necessary and sufficient that for some number A > 0 there exists on RZT 
a nonincreasing functional f(z, t) which is positive-definite with 
respect to the metric p and continuous with respect to p, on the set T>. 

Theorem 5.2. Let the distance p(z,t) be uniformly continuous with 
respect to the metric P oz, t) on the set 7, 7. In order that the un- 
disturbed process z°(t) may be uniformly stable with respect to the 
metrics p, and p on the time-interval T in the set 7 TY of initial 
time moments t 
R 


9» it is necessary and sufficient that for some number 

0 there exists on RZT a nonincreasing functional f(z, t) which is 
positive-definite with respect to the metric p and uniformly continuous 
with respect to p, on the set 7). 


We shall carry out the proofs of Theorems 5.1 and 5.2 simultaneously 
by enclosing in square brackets those additions or modifications which 
pertain to uniform stability on 7). 


Vecessity (in Theorems 5.1, 5.2, 6.1 and 6.2 the necessity is proved 


for the purpose of revealing the consistency of the requirements imposed 
on the functional f(z, t) by the hypotheses of the theorems). Let RA be a 
given positive number. We associate with each pair (2,/)@& RZT the set 
R(z, t) of all pairs (z,, t,) which belong to all possible R-processes 


that start at the point z at the time ¢ 
We introduce the notation 


s 2) sup p(s, ) 1» fa) Ri 


(A functional of the type (5.1) was used in [13 }). 


Because R(z, t) is defined for every pair (2,,/,)= it follows 
that (z,, t,) < R. Hence, f(z, t) < R and Formula (5.1) associates with 
each pair (z,f)©@ RZT a unique real number f(z, t). 


From the manner in which the set A(z, t) was defined it follows that 
,t)& R(z,t), and from Formula (5.1) we deduce that f(z, t) >p(z, t). 
From this and from property 2.2 it follows that the functional (5.1) is 
positive-definite with respect to the metric p (Definition 4.1), and that 
one can select for ule) the number ¢, i.e. one may set ule) = e€. 


The functional (5.1) is nonincreasing (Definition 4.2). Indeed, let us 
consider some R-process z(z5, to, t) and any two of its points, 2’ = z(zo, 
ty, t°) and z= z(z9, to, t” ) where t”> t”’ > to. In view of properties 
3 


1 and 1.2, all pairs (z, t) of the set RZT, which belong to all 
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possible processes beginning at the point z” at the time t’, belong also 
. ; 
to some processes beginning at the points z’ at the time t . Hence, 
Riz’ tyOoOR (st From this and Formula (5.1) we obtain the result 
- ; ; . - i / 
that f(z’, t') > ), or more precisely, that f(z(zo, ty), t ), t ) 


ae 8, £ 


Thus, the functional (5.1) has the properties 4.1 and 4.2 independ- 
ently of the fact whether the process z°(t) is stable or unstable. Let 
us assume that the process z°(t) is stable with respect to the metrics 
P, and pon the time-interval T for any choice of the initial time t, from 
the set / / (uniformly stable on the set T,). This means that for 
every ¢, > 0, and for every instant of time /,</7', there exists a 


number 6 , (« )> OL 5, (e,) > 0 ] such that for every disturbed process 


z(z5, to, 2 Veotiaieinn at che initial instant /, [., the condition 
Polzq, to) 5, it is true that p(2(z5, to, t), t)< €, in the entire 
domain of definition of the process. By the definition of the set R(z, t) 
we now have the result that p(z,, t,) <e¢, for every pair(2;, /;) R (z,, to) 
0 ty) €y Hence, the 
functional (5.1) is continuous with respect to the metric p, (uniformly 


and from Formula (5.1) it follows that 0 < f(z 


continuous) on the set 7). For the number 6 we may choose, for example, 
the number O(e, ty ) = 6 5 a t,) [ S5(e) = 5 fe 7 i, 

Sufficiency. Let us assume that for some number R > 0 there exists on 
RZT a nonincreasing functional f(z, t) which is positive-definite with 
respect to the measure p and continuous (uniformly continuous) with re- 
spect to the metric P» on Te Let a positive number « be given. Obvious- 
ly, in the proof of the theorem one may assume that « < R. 


Case 1. For the givene, there exist pairs (z,/)<= RZT, which satisfy 
the condition p(z, t >e. 


The functional f(z, t) is positive-definite with respect to the metric 
p (Definition 4.1). Hence, there exists a number p(e) > 0 such that 
f(z, t) >p for every pair (2,/)< RZT, satisfying the condition 
plz, t)> e. 


The functional f(z, t) is continuous (uniformly continuous) with re- 
spect to p, on the set T, (Definition 4.3). Hence, for the number p(e )> 0 
and for any instant of time ¢,©@7', there exists a number 5 (ule), t,)>0 
[5 (ule )) > 0] such that the inequality | f(zg, ty)| < w is satisfied for 


0 
every pair (2,/,)*~/?Z7 satisfying the condition p,(z ty) 5). 


e*~""o 


The distance p(z, t) is continuous (uniformly continuous) with respect 
to the metric p,(z, t) on T, (property 2.3). Hence, for every given « > 0 


)>O0 


and for every time-moment :,@7, there exists a number 5afe, t 


0 


[5,(e) » 0} such that the inequality p(zo, t,) <«€ is satisfied for every 


0 


pair (z,,/,)~ H2Z7 satisfying the condition p,(z,, to) « 9° 
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Let us introduce the notation 


6(e, t,) min (5, (uw (e), t,), 2 (e, t,)), in (0, (uw (e)), O» (¢ 


0 ( 


and let us show that for every initial instant of time ¢,@/, every 
disturbed process z(z5, ty, t) satisfying condition .1) in the entire 
domain of definition will satisfy condition (3.2). Suppose this 1s not 
true, and that for some instant of time ‘,@/, there exists a disturbed 
9» to t) for which condition (3.1) holds, while at some in- 
stant t, > t, from the domain of definition of the given process we have 


process 2z(z 


") 


In view of the choice of the number 5 < 4 fol] from condition 
(3.1) that 


In view of the choice of the number 6 < 4 1] from (3. 
that 


From this and condition (5.2) it can be seen that ¢ 


Uv 


considered process is non-degenerate. Let us consider the set of all 


those values t from the interval t~<t<t, for which it is true that 


to, t), t) >«. This set is non-empty, for by property (5.2) it 


p(z(z5, 


contains the value t = t,. Let us denote the lower boundary of this 


bounded non-empty set by too and the corresponding point of the process 


under consideration by Zo0 Z( Zo, to, tog). From the continuity of the 
function p(z(z5, to, t), t) (property 2.4), and from the definition of 
the lower boundary, we find that for every t of the interval ¢ 


it is true that p(z(zo, to, t), t) <«, and that 


0 


Therefore, (see the beginning of the proof) 


Since « < R, the considered disturbed process 2z(z t)is an R 


"0? ” 
process in the interval (t, <t . too): For this A-process the inequality 


(5.3) holds when ¢t to; when ft too > ty we have the inequality (5.4) 


which contradicts the condition that the functional f(z, t) 
ing (Definition 4,2). 


is nonincreas- 





Case 2. For the given « there exists no pair ,t)E&RZT which 


satisfies the condition p(z, t)> «. 


The distance p(z, t) is continuous (uniformly continuous) with respect 
to the metric p,(z, t) on the set T, (property 2.3). Therefore, for the 
given number « > 0 and for every instant of time / / there exists a 
number O(e, t,) > 0 [S(e) > 0) such that the inequality p(z5, ty) < € 
holds for every pair (z,, ¢,)@RZT satisfying the condition that 
5. For the found 5, condition (3.2) is satisfied for every 


Polzo, to 
disturbed process z(z», ty, t) satisfying condition (3.1) in the entire 


0’ 
domain of definition of the process. Let us assume that this is not true, 


and that there exists a disturbed process z(z), t,, t) for which condi- 


tion (3.1) holds, and that due to the choice of 4 


but that for some instant t, ty from the domain of definition of the 


process, condition (5.2) holds. Comparing (5.5) with (5.2), we see that 
t, ty, 
of the continuity of the function p(z(z,, ty, t), t) (property 2.4) there 


exists an instant of time t. in ty t t, such that the point 
> 


z(z,, ty, t.) satisfies the equation o{z , t.) =e. Since « < R and 
) 0 . * * 


(z,, t.) © RZT , we have arrived at a contradiction to the initial hypo- 


i.e. the process under consideration is non-degenerate. Because 


thesis of Case 2. Theorems 5.1 and 5.2 have thus been proved. 


Supplement on the asymptotic properties of the functional f(z, t). 
Let us assume that the undisturbed process z°(t) is stable with respect 
to the metrics p, and p on the time-interval 7 and uniformly stable on 


the set T T of the initial instants t and let there exist unabridged 


0 0’ 


processes z(z», ty), t) which approach asymptotically (in the metric p,) 


the undisturbed process z°(t), i.e. they satisfy the condition 
Po (Z (2, fo, t), t)—>0 when t > (5.6 


Then, for some number R > 0, there exists on RZT a nonincreasing 
functional f(z, t) which is positive-definite with respect to p and uni- 
dos 7 


(this was already proved in Theorem 5.2) which vanishes along any R- 


formly continuous, with respect to the metric , on the set 7, 


process that satisfies condition (5.6); this means that 


>O when f 


(This result will still have to be proved. ) 
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Proof: Let « > 0 be given, and let z(z,, t,, t) be any A-process 
satisfying condition (5.6). We must show that there exists an instant of 
time t, > t, such that for all t >t, | flzlzg, ty, t t)| < «€ along all 
the R-processes under consideration. 


The functional f(z, t) is uniformly continuous with respect to the 
metric p, on the set T, = T (Definition 4.3). Hence, for the given « 
and for every instant of time ‘@7Z7 there exists a number O(¢) > 0, de- 
pending only on ¢«, such that | f(z, t)| < « for every pair (z,t)@ RZT 
satisfying the condition p,(z, t) < 5. In view of condition (5.6), and 


by means of the found number 5(e), one can find an instant of time 


t, > t, such that p,(z,, t,) < o at the point z, z(z», ty, t,), and 


hence, | f(z,, t,) «. Since the functional f(z, t) is positive-definite 


and nonincreasing (Definitions 4.1, 4.2) for all instants of time t > ti, 


the inequality 


ty) « 


holds along any one of the A-processes under consideration, which was to 


be proved. 


Supplement on the asymptotic behavior of perturbed processes. Suppose 
that for some number R > 0 there exists on RZT a functional f(z, t) 
which is positive-definite with respect to the metric p, and suppose 
there exist unabridged R-processes z(zo, to, t) along which the func- 
tional f(z, t) vanishes, i.e. satisfies condition (5.7). Then every such 
R-process approaches asymptotically with respect to the metric p a certain 


undisturbed process z°(t), i.e. the following condition holds 


t), t)—»+ U0 when t{— « 


Proof. Let z(z5, to, t) be some unabridged A-process satisfying con- 
dition (5.7) and let ¢€ be a given positive number such that « < R. We 


must show that there exists an instant of time t, > such that p(2z(z5, 


t t), t)<e forall tat 


9? on the R-processes under consideration. 


l 


[If the considered R-process does not contain any pairs (z, t) which 


satisfy the condition p(z, t)>«, then the proof is trivial and ¢, ty. 


Suppose that the considered R-process contains a pair (z, t) for which 
p(z, t) >e. The functional f(z, t) is positive-definite with respect to 
the metric p (Definition 4.1). Therefore, for every given positive number 
€ there exists a number ple) > 0, depending on «, such that f(z, t)> pu 
for every pair (2, t)@ RZT, satisfying the condition p(z, t)> «. The 
functional f(z, t) vanishes along the considered R-process z(zo, to, t). 
Hence, for » > O there exists an instant of t, > t,. such that f(z(zp, 


ty, t), t) <p for all t > t,. But then for all t > t, we must have 
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for in the opposite case we would have 


@<p(z(2Z, to, t), O<R 


for some t > ti, and, hence, we would have f t)> yp. This 


establishes the relation (5.8). 


Supplement on the connection between the properties of functionals 
and uniqueness. An undisturbed process z°(t) will be said to possess on 
the set T, the property of p-uniqueness to the right if, for every pro- 


cess z(z°(t), ty, 


t) starting at the point z°(t,) of the undisturbed 
process at the time ¢,@7, it is true that p(z(z"(ty), to, t), t)=0 
in the entire domain of definition (it is obvious that because of the 
properties 1.1 to 1.3 the undisturbed process z°(t) which has the pro- 
perty of p-uniqueness to the right on 7, will also possess this property 
on every subset of the interval T which lies to the right of the lower 


boundary of Ty ). 


Consequence of the theorems on stability. If there exists a functional 
, t) which has the properties specified in the hypotheses on Theorems 
: 0 the 
property of p-uniqueness to the right. Indeed, suppose that this is not 
t), t 1, for which 


0 


f(z 
5.1 and 5.2, then the undisturbed process z°(t) has on the set T 


so and that there exists a process z(2°(t)), ty, 


at some time t, > t,, the following condition holds: 


Oo.) 


The disturbed process under consideration satisfies for every given 
0 condition (3.1) since we have, by property 2.1, that 


0) 


But by (5.9), with e =e ;» condition (3.2) is violated at the time 
t, > ty. Hence, under the stated hypothesis, the undisturbed process 


z°(t) cannot be stable with respect to the metrics P, and p on the inter- 
val T for a choice of the initial moments from T,. This contradicts the 
conclusion of the theorems of stability (sufficiency). 


It is obvious that the theorem of [6 ] is a consequence of the 
theorem 5.1 (sufficiency) for, by the hypothesis made in [6 l, the inte- 
gral (1.5) of [6] satisfies the conditions of Theorem 5.1 if one intro- 
duces the metrics Py = 2 ae p= y’ (the positive-definiteness of @ 
with respect to the metric p follows from the inequality (1.6) of [6 ] 
and from the hypothesis on the positive-definiteness of the function 9; 
the nonincreasing nature of ¢ follows from the fact that ¢ is an inte- 


gral; the continuity of @ with respect to the metric Po follows from the 
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hypothesis on the continuity of the function © with respect to all its 


variables). 


6. Let the following conditions be satisfied 


> 


6.1. For some number R, > 0 we have on R, ZT the condition of unique- 
ness to the right. This means that for every pair hi, ZT any two 
H) -proc esses z, (29, to, t) and Zg(Zo, to, t), which begin at one point 


at the same time t,, coincide fort »t, in the common part of their 


zo 0? 0 
domains of definition (this hypothesis is used only in the proof of 


necessity). 


) 


6.2. For every pair /?.Z7 there exists an unabridged disturbed 
process which begins at the point z at the time ¢ (this hypothesis is 


used only in the proof of sufficiency). 


Under the above conditions the following theorems on instability are 
valid. These theorems generalize the theorem of Chetaev [2] to the case 


of two metrics. 


Theorem 6.1. In order that the undisturbed process z”(t) may not be 
stable with respect to the metrics p, and p on the time-interval T for 


any choice of the initial instant of time t, from the given set / 


0 
it is necessary and sufficient that for some R>O, there exist on RZT a 
bounded functional f(z, t) which has a positive-definite derivative in 
the region Pf(f > 0), and that for at least one instant of time ] 


and for every given 6 > 0 there exist a pair (z,, t,) in the region 


R(f > 0) satisfying the condition Py(2Zo, t,)< 5 (the point 
depends, in general, on the chosen o: the instant of time 


for all 8). 


Vecessity. Let us take any positive number 2 < fi. Let (2), t 
definite pair of the set RZT. From all possible R-processes z(z), t t) 


z, at the time t we select the one for which 
0 0’ 


the domain of definition (to, too? is the largest. We call this process 


the maximal process. In view of the assumed uniqueness to the right 


0” 
which begin at the point 


(condition 6.1), there corresponds a unique definite maximal R-process 
zz, to, t) to each given pair Zl. We shall say that the 
maximal R-process z(zo, t), t) can be extended to the boundary p(z,t)=2 


if its domain of definition is of the form ty t t too o , and if 
there exists a disturbed process z(z,, t,, t) for which 


Along any maximal A-process z > entire domain, 


t ), we set 


its definition (t), too), 
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if z(z,, ¢,, ¢) can be extended to 


the boundary (¢, ¢) R (G4 


if 2(2,, , t) cannot be extended to 


) 


the boundary (2, f) R 


(A functional of the type (6.1) was used in [14] ). In this manner there 
is associated with each pair (2, f) RZT a unique real number f(z, t) 
(the uniqueness is a consequence of the uniqueness to the right, while 
the existence of the number is obvious from Formulas (6.1)). 


Formulas (6.1) show that the condition 0 < f(z, t) < 1 is satisfied 
for every pair (z, t)< RZT; hence, the functional (6.1) is bounded in 
the region R(f > 0) (Definition 4.4). 


Along any R-process z(zo, ty, t) for which f(z 9, ty) > 0, the func- 
tional (6.1) takes on valves which are given by the first of Formulas 


(6.1). The derivative 


d 
—f(z(z,, t), t), t) = exp(t loo) 


al 


exists everywhere and is bounded from below by the number exp (t,- to) > 0. 
Hence, the functional (6.1) has a positive-definite derivative in the 
region R(f > 0) (Definition 4.5). 


Thus, independently of the stability or instability of the undisturbed 
process z°(t), the functional (6.1) satisfies the requirements of Defini- 
tions 4.4 and 4.5 (we call attention to the fact that this does not imply 


that the region R(f > 0) is not empty for the functional (6.1)). 


Suppose that the undisturbed process z°(t) is not stable (Definition 
3.3). Then for every number ¢, > 0 there exists at least one initial in- 
stant of time ¢,<— 7, such that for every 5 > 0 there exists a disturbed 
process z(z5, to, t), Zo z, (3) for which condition (3.1) holds at the 
indicated initial instant t, and for which condition (3.3) is valid at 


some instant of time t, >t, from the domain of definition of the process. 


Let a positive number 5 be given. It is obvious that in the proof of 
the theorem one can consider 5 to be so small that, in view of the con- 


tinuity of the distance p(z, t) with respect to the metric Poiz, t) 
(property 2.3), the inequality (3.1) mst imply the inequality 


}? 
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where R is the smaller of the two positive numbers ¢, and #,. For the 
given § we take a disturbed process z(z5, to, t) which satisfies condi- 
tions (3.1) and (3.3). Then, because of the sufficient smallness of 8, 
condition (6.2) will also be satisfied, and because of the choice of the 


number R <¢,, we will have the inequality 
ty £ he 


Comparing (6.2) and (6.3) we see that t, > t, and that the considered 


process z(z), t,, t) is non-degenerate. Because of the continuity of the 


function p(z(z 


0’ 
. o” fo c 

of (6.2) and (6.3), that there exists a finite instant of time t,, > ty) 

such that the disturbed process under consideration satisfies the condi- 


t), t) (property 2.4), we can conclude, on the basis 


tions 
th< R when f, = (2 i. 2. R 


9), this disturbed process z(z), t,, t) on 


is a maximal R-process which can be extended 


Hence, for the pair (2), t 
the interval t, < t < too 
to the boundary p(z, t) = R. The functional (6.1) constructed on RZT 
takes on positive values along this R-process. In particular, 

f(z, t 
R(f > 0) and satisfies, for any given number 5 > 0, the condition 


9? exp (ty - too? > 0; the pair (29, to) belongs to the region 


5, which was to be proved. 


Sufficiency. Let R> 0 be given, and suppose that there exists on RZT 
a bounded functional f(z, t) which possesses a positive-definite deriva- 
tive in the region R(f > 0). Furthermore, let us suppose that for some 


instant of time ¢,<—VZ7J, and for every given number 6 0 there exists a 


S™ 0 
Ze, ty) from the region R(f > 0) which satisfies the condition 
Po(zq, tg) < 6 (the point z, = zy 
5; the instant t, is the same for all 5). Let us assume that the undis- 


pair ( 


(5) depends, in general, on the chosen 


turbed process z (t) is stable with respect to the metrics p, and p on 


0 


the time-interval T for a choice of the initial instant of time t, from 


the given set 7,7 (Definition 3.1). Then, for the number R > 0, and 
there exists a number 


for the above-indicated instant of time 4, =7),, 


5(R, ty) > 0 such that for every disturbed process z(z,, ty, t), satis- 


fying at the initial instant to condition (3.1), it is true that 
p(z(zo, t 


0 t), t) < R in the entire domain of definition. This means 


that the process is an R-process. 


On the basis of the condition of the theorem, one can find, for the 


found 6, a pair (Zz, t,) from the region R(f > 0) whicl satisfies the 


0 
condition p,(z), t,) < 8; and, because of condition 6.2, one can find an 
unabridged process z(z,, t,, t) which corresponds to this pair and which 
is an R-process, as was already shown. Since the functional f(z, t) 
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possesses in the region R(f > 0) a positive-definite derivative (Defini- 
tion 4.5), it follows that for some number v > 0 the next displayed in- 
equalities hold along the considered unabridged R-process z(z), ty), t) 


for all t in the interval ty: < oo; 


Since f(z», ty) > 0 and vy > O, the right-hand side of the last in- 
equality is positive for every t from the interval t, < t < ~ and, for 
large enough t, it exceeds any previously given number. This contradicts 
the hypothesis on the boundedness of the functional f(z, t) in the 
region R(f > 0) (Definition 4.4). This completes the proof of Theorem 


(6.1). 


Theorem 6.2. In order that the undisturbed process z°(t) may not be 
stable with respect to the metrics py, p on the time-interval 7 and not 
be uniformly stable on the given set 7’, 7 of initial moments of time 
t), it is necessary and sufficient that for some number R > 0 there 
exist on RZT a functional f(z, t) which is bounded and has a positive- 
definite derivative in the region R(f > 0), and that for every number 
t,), of the region R(f > 0), which satis- 


5 > 0 there exist a pair (z 0 


<6, 4,47, (the point z, = z)(5) and 


fies the condition p,(z ) 
5) depend, in general, on the chosen 5). 


Z0 
o” fo 
the instant of time t,) = to ( 


Necessity. In the proof of Theorem 6.1 it was established that if 
condition 6.1 was satisfied then, independently of the stability or in- 
stability of the undisturbed process z°(t), the functional (6.1) will be 
bounded and possess a positive-definite derivative in the region R(f> 0) 
(Definitions 4.4 and 4.5). 


Let us assume that the undisturbed process z°(t) is not uniformly 
stable on the set T> (Definition 3.4). Then, for some number €,> 0, and 
for every number 5 > 0 there exists a disturbed process 

t) (t, = t,(6)ET,, 2, = z, (8)), 
which satisfies conditions (3.1) and (3.3). Making use of this, and re- 
peating word for word the end (from just before Formula (6.2)) of the 
proof of necessity of Theorem 6.1, we establish that the functional 
(6.1), constructed on RZT where R is the smaller of the two positive 
numbers ¢, and R,, also possesses the third property of Theorem 6. 2. 


Sufficiency. Let R be some positive number. Let us suppose that there 
exists on RZT a functional f(z, t) which is bounded and possesses a 
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positive-definite derivative in the region A(f > 0). Furthermore, let us 
suppose that for every 5 > 0 there exists a pair (z,, t,) of the region 
R(f > 0) which satisfies the condition P,(2,%,)< 6, ¢,<@7, (the point 
Z9 = z_ (5), and the instant of time t, = t, (5) depend, in general, on 


the chosen 5). Let us assume that the undisturbed process z°(t) is stable 


with respect to the metrics p, and p on the time-interval 7 and uniformly 
9 (Defini- 
tion 3.2). Then, for R > 0, and for every initial instant ¢,<@ 7 there 


stable on the given set 7,C 7 of initial instants of time t 


exists a number 5(R) > 0 (the same for all instants ¢,<—/7, } such that 


every disturbed process z(zy, ty, 
t.=T, satisfies condition (3.1) will satisfy also the condition 
p(z(z5, ty, 
will be an R-process. Making use of this and repeating word for word the 


t) which at the initial instant of time 
t), t) < Rin the entire domain of definition; namely, it 


end (from the second paragraph on the sufficiency) of the proof of 
Theorem 6.1, we establish the existence. of an unabridged R-process along 
which there is violated the condition on the boundedness of the func- 


9 


tional f(z, t) in the region R(f > 0). This proves Theorem 6. 2. 
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Methods for the selection of the input parameters of linear systems are 
given. The object of these methods is to insure the transition of the 
system from the given initial state to a new nearby state. 


l. Let us consider the nth-order linear differential equation 


ay tha\*-? tan L ay, | *u, (t) 


where vee: a,(t) are continuous functions of time for t > 0; 
a(t), ..., u(t) are a given set of linearly independent functions; 
C), «++, ©, are constant parameters which can be chosen within certain 


limits. 


Suppose that at t = 0 we are given the set of numbers 
(n= 1) 
m— 1) and suppose that f(t) is a given function defined on 0 « 


T <c. We state two problems 


1) The problem is to find a set of parameters c, such that the solu- 
tion x(t) of Equation (1.1) satisfying the conditions 


Q) es ecco, Oe (1.2) 


may also satisfy the condition 


when ft ty > Q, 


2) The second problem is to find a set of parameters c, such that the 


solution x(t) of Equation (1.1) which satisfies (1.3) may approximate 
the given function f(t) on the set t, <t <T. 
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If one solves these problems simultaneously, one is looking for piece- 
wise constant functions c,(t) which change their values when t t,) and 
which guarantee the transition of the system at the time t, into a new 
state with an ultimate approximate realization of the given process f(t). 


During the time 0 t t, a transient process is taking place which be- 


0 
gins at t, with a new set of parameters c;. This new set of parameters 
must approximate as much as possible the solution x(t) of Equation (1.1) 


to the given function f(t). 


In solving the first problem we shall endeavor to find the smallest t, 
for which the given boundary-value problem has a solution. While solving 
the first and second problems we shall remember also that in applied 
problems one cannot select the parameters c, arbitrarily, for they are 
restricted by the structural characteristics of the system under consider- 
ation. These circumstances put the first problem into the class of prob- 
lems on optimum control with respect to speed. Krasovskii [1] was the 
first to call attention to the possibility of applying Krein’s L-problem 
theory to the given class of problems. This approach is used in the pre- 
sent paper. We note that the search for the optimal control in the form 
of a trigonometric polynomial was carried out by Krasovskii in [2]. 


The second problem is a problem in the theory of approximations. It 
has been considered, in particular, by Kulinovskii [3,4]. In the present 
article a different method of solution is used from that given in the 
indicated works. Following the ideas expressed in [5,6], one can avoid 
computational difficulties by replacing the problem on best approximation 
of the function f(t) by the problem of finding-such parameters c, for 
which the function f(t) satisfies Equation (1.1) with the least error. 


Let w(t, r), ..., w,(t, r) be a linearly independent system of solu- 
tions of Equation (1.1) satisfying the conditions 


; is Kronecker’s symbol) (1.4) 


The solution of Equation (1.1) which satisfies Equation (1.2) can be 
expressed in the form [7 | 


m 


> Ci \ Wy (t, tT) uj (t) dt 
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It is not difficult to select the functions u.(r) in such a way that 
the m+ n-functions w,(t, w(t, 0), y,(t), or y,(t) be linearly 


independent. 


For the purpose of justifying our formulation of the problem, we 
digress from our main aim, and first attempt to select the parameters c 
and the initial values Xo, Ze > ore — 1) in such a way that the 


solution of Equation (1.1) 


t 


Ciy; (t) .% 


wi(t,U) when 


t) Yi—n (f) when 7 - 
will be the best approximation to the given function f(t) on the interval 
(0, T). 


When one speaks of the best approximation in the space L,, that is, 


when one requires that the quantity 


H? \ (2(t) {(t))* at 


be a minimum, then it follows from the theory of mean-square approxima- 
tions [4,8] that the initial values and parameters can be found by means 
of the system 


where the numerator and denominator are the Grammian determinants of the 
corresponding systems of functions. 


The problem becomes considerably more complicated-when one looks for 
the best approximation in the space C, i.e. if one requires a minimum 
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for the quantity 


max | z(t) — / (t) 


The theory of uniform or of Chebyshev approximations does not yield 
any methods which are as simple as the above-described procedure for 
finding the b,. 


Let us denote by x,(t) a solution of Equation (1.1) which satisfies 
the conditions 


We have, obviously 


z(t) 


’ w, (t, to) (a 


—_— 


k=1 


the solution of the problem can be carried out in two stages. At the 
first stage we shall attempt to eliminate the difference between the 
actual and the desired initial conditions of the system (i.e. we accom- 
plish the transient process). At the second stage, we select new values 
of the parameters; we attempt to diminish the difference between the 
actual x(t) and the desired f(t) processes. The indicated stages corre- 
spond exactly to the above-stated first and second problems. 


We call attention to the fact that the control c,u,(t) +... + c u(t) 
for which we are searching need not be expressible as an explicit func- 
tion in t. Indeed, the function C)U, + «+. + c u(t) obviously satisfies 
some linear equation L,(u) = 0 of order m. The problem on the determina- 
tion of the parameters c, can be formulated in this case as the problem 
on the finding of the initial values for the solution of the indicated 
equation. 


2. Let us proceed with the solution of the first problem without put- 
ting, for the time being, any restrictions on c,. Making the change of 
variables z = x — f(t) in Equation (1.1), we obtain 


(2.1) 
a, (t) 2" i +- Ay (t) z C,U, (Lt) kes - me 648) L (f (t)) 


Taking into consideration conditions (1.2) and Formulas (1.5) and 
(1.6), one can write the solution of Equation (2.1) in the form 
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(t)= Vi ey; (t) —r (0) ‘r(t) {/o)— SV w, (t 
— \ —_ 


i=] k=1 
When t = 0, this equation satisfies the condition 


(%) 


(0) = ay” — # (0) (k 


Differentiating (2.2) n— 1 times, we obtain 


m 


2) (t)= YS cy (t) — r™ (t) 


t=] 


The problem consists of selecting such values of the parameters c, 
that for t = t, > 0 the equation 


m 


>> cy (to) r‘*) (to) 


i= 1 


may have a solution. 


Since the system (2.5) is inconsistent, we must find a solution by 
the method of least squares [6, p. 449], i.e. we must look for such a 
set of parameters c, that the quadratic 
form 


in these parameters may have a minimum 
(here and in the sequel we omit the 


argument ty). 


Next, let us consider the vectors 


Yi(yi, yi’, ooo Hi*™Y) 


Since they are n-dimensional vectors, there exist among them p linearly 
independent vectors (here p <n, p < m). We shall denote these vectors 
by Fi, coe, Y By Q we shall denote the hyperplane generated by the 
given vectors. Obviously, all remaining vectors Y; lie in this hyper- 
plane and the quadratic form F is the square of the distance from the 
point A, whose radius vector is equal to R(r, r’, ..., r'"™~*, to the 
point B with radius vector S= c,Y, + ... + c,¥, lying in the plane Q 
(see Fig. 1). But then F must be a minimum if the vector S is the pro- 
jection of the vector R, or, which is the same thing, the point B will 
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be the projection of the point A. Since the system of vectors Y,, 
is a basis for the subspace Q, we have 


S=c,Y¥,+...+¢p) 


p 
+ 


In accordance with [10, p. 204], the parameters c,(1 : 
here determined by the system 


(Yi, Yi)e, +... + (Vi¥p) Cp = (Yi, RB) 


Here, (Y,, Y,) stands for the inner product of the vectors Y; and Y;- 


Thus, the c,; with i > p do not enter into the solution and they can be 


set equal to zero. 


The minimum H? of the quadratic form F is equal in the given case to 
(2.8) 


where the numerator and denominator are the Grammian determinants of the 
corresponding systems of vectors. Finally, we have the important relation 


(Y1, Y3) . Y1, Y,) Y; 


From Formulas (2.8) it follows that H*= 0 if p = n and, hence 
m>n. In this case the number of the linearly independent vectors Y; is 
a maximum, and the vectors generate the entire n-dimensional space in 
which the vector R lies. 


A system of functions u.(t) is said to be essentially linearly inde- 
pendent on some set if the set of zeros of the function 


CU, (Lt) foe + TH CmUm (L) when ¢;*-+4 
is nowhere dense in this set. 
We prove the next lemma for later use. 


Lemma. If the system of functions u(t) (i=1, ..., mj a>n) is 
essentially linearly independent on the interval [0, 7], then the set 
of points t, for which the rank of the matrix 
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is less than n is a closed nowhere-dense set. 


Indeed, let us assume that on the interval t, < t t. the rank of 


the matrix (2.10) is less than n. We construct the differential equation 


It is obvious that on the indicated interval all the m-functions y(t) 
satisfy this (n - 1)-order differential equation with continuous coeffi- 
cients b,(t). But since m >n, the function y,(t) must be linearly de- 
pendent. This means that there exist constants a, such that 


9 


Me ne TF me == 0, HY, (Ct) a x 


on the given interval. Since L(y ,(t)) = u,(t) (L is the operator defined 
by Equation (1.1)), we have a,u,(t) + ... + au (t) everywhere on 


it,, t.). 


The closure of the set under consideration follows from the fact that 
the complement of the set of points where the rank of the matrix (2.10) 
is equal to n is, obviously, an open set. 


We shall call the points t, where the rank of the matrix (2.10) is 
less than n critical points; at these points one cannot eliminate the 
error H by increasing the number of functions u(t) to n (or higher) 
even in the absence of any restrictions on the parameters c,;. We note 
that in concrete examples the critical points are distributed sparsely. 
From simple considerations it follows, for example, that if the func- 
tions u,(t) and the coefficients of Equation (1.1) are analytic, then 
the critical points are isolated. At the noncritical points, with m= n, 
we obtain the exact solution of the first problem by selecting the para- 
meters c, in accordance with (2.7). 


3. Let us now consider the first problem when the parameters c,; are 


subjected to restrictions. We shall assume that the parameters c,; are 
connected by the inequality 
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(3.1) 


The points of the hyperplane Y with radius vectors of the form 
S = c)Y, ksae. Co where the c; are connected by condition (3.1), 
fill some region G. Two cases can arise. In the first case, the minimum 
of the quadratic form F is attained by the vector S with its end B in- 


side the region G. In this case the system (2.7) yields the complete 
solution of the problem. 


In the second case, the minimum form F is attained on the boundary 
(Fig. 1) of the region G; it is obviously equal to the square of the dis- 
tance from the point A to the point C on the boundary of the region G 
and nearest to A. Since AC? = CB* + AB®, and since the component AB 
does not depend on the size and shape of the region G, the point C is 
also the nearest point of the region G from the point B. Thus, the error 
4C with which the problem is solved has, seemingly, two components CB 
and AB. Selecting a noncritical value to and taking m= n, one can 
eliminate the component AB. Hence, one needs only to find ways for de- 


creasing the length of the component CB. 


This last task represents the problem on a conditional extremum; but 


when m >n for the noncritical value t one cannot deal directly with 


0’ 
the extremum of the form F, for in this case the system of equations is 
a consistent set of simultaneous equations. Here, one may make use of 
Krein’s [11 ] method. 


Suppose m>n, and ty, is a noncritical value. We shall consider the 


s , ) 
vector space R. generated by the m-dimensional vectors y*(y,‘* or 


y,‘*)) (k 0. 1, ...g n- 1). Since ty) is noncritical, the vectors y* 


are linearly independent, and the dimensionality of the space R, is n. 
Alongside the space R, we consider the space E, of the vectors 

Clc,, ..., ¢,). Suppose that in this space there is given a norm 

o(C) ple, _— i.e. a function satisfying the conditions 


(aC) x0 (C). o(C, 


| 


The space E, can be considered [12, p. 113] as a space of linear 


functionals @ acting in R according to the rule 


R 


n 


Hence, in R, as well as in the space R, which is an adjoint to the E. 
space, the norm || X is defined by the rule 
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max (C, X) under the condition p (( 


The system (2.5) can now be represented in the form 


. Y*) 


Let us determine the function Ato, m) by means of the conditions 
n—1 n—] 


’ , de ‘ 
min when >) Ye? (3.4) 
ae 


Y 


From the basic result of [11] it follows that the system (3.3) has a 
solution C(lc _ c,) satisfying the condition p(c,, ..., c,): MW if, 


l ’ 
177 ] it also 


and only if, A(t, m)< M. From the same work [11], p. 1 


follows that the vector y,¥° + y,Y' +... + y y"~ + will be a minimiz- 
‘0 se | l 


~—_ 
ing vector of the problem (3.4) if, and only if, the vector Cle), cate c,) 


satisfies the system (3.3) and also the conditions 
n—1 
yi 
| 4 


k 


From these results it follows first of all that the function A(t), m) 
is a continuous function ty on the set of noncritical points. 


However, in contrast with the work of Kirillova [13], one may not 


assert that A(t, m) is a monotone function. 


Let us show that the function A(t, m) is a nonincreasing function a. 
Indeed, suppose the minimizing elements of the problem (3.4) are 


Yo Y° (mg) 7,°Y* (my) 


ane Yo Y° (m,) 1 ve. *(m,) 


Obviously, we have 
Yo Y° (my) + ¥,'Y* (mo) 
Yo Y° (my) + ¥,°¥* (my) 


But since the vector ¥,’Y%\(a,) +y, Y'(m,) + 


“Y“(m,) + 


the projection of the vector ¥9 ¥%(a,) +y 


l 
we have 


Yo Y°(m,) + ¥,'Y' (m,) 4 


Yo Y° (my) 7,°Y* (my) 
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From relations (3.4) and the inequalities (3.7) and (3.8) we deduce 
that 


(te, Mo) > A (to, m,) 


which proves our assertion. 


If the number ty is a critical number, then the vectors y*, k= 0, 1, 

., (n= 1) will be linearly dependent. In this case it follows from 
(3.4) that A(to, m) = o. Hence, the function A(t, m) will be a continuous 
function on the set of points where A(t, m) M. It follows from this 
that the equation A(t, m) M has a smallest root ty which is not a 


critical number. This number t, gives us the optimum noncritical time of 


0 
the transient process. We call attention to the fact that t, # 0, for 
the number 0 is always a critical value. With the equation A(t, m) = M 
one can also determine the minimum number am of the control parameters C; 


for which there exists a solution of our problem. 


4. Let us consider some examples of concrete metrics in the space EF. 


We consider first the Euclidean metric, i.e. we set 


V c,* 


In the adjoint space R. the norm of the vector X(x,, ee x.) is de- 
fined by an analogous formula || X || , (x,? > oon s). 


By means of (3.4) we find first A(t,, m) from the relation 


n 9 t/, 
l . — 
min , 


h when 


After that, one must find the smallest root ty of the equation 


A(t, m) = M, and then the corresponding values Y p kReQ@. il. ..., (n=-)) 
which yield the minimum (4.1). Since in the given case 


it follows from (3.4) that 


m > 8 


> cj rey b®) >) ec? 1 > s rey) 
: l a ‘ 


- 4 
te! i l 


But the last equation will be valid when the numbers c,; are pro- 


protional to the numbers Yo¥ir + soe + Ve re 1). Finally, we obtain 
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Next, let us consider the case when the norm p(c), 
fined by the formula 
max ic 


l ’ 


In this case there is induced in R. a norm K(x), x.) given by the 


formula 


We determine the function A( to, m) and the minimizing vector y,Y¥ 


0 
y,¥' 7 ose T Fan ” l by means of the relations 


l 


mins |S yy S' 


From (3.4) it follows that the minimizing vector must satisfy the con- 


dition 
From this it follows that 


let us consider an example. Let the following equation be given 


It is required to transfer the point x 0, x on the straight 
line x l into the point x 1, x° = O under the restriction that 
‘ 9 9 


‘9 + C3) + l. 


4 


[his means that in the given problem f(t) _ mM l. We obviously 


have 


We also have 


Sit 


It is easily seen that the critical values of t rT spond to the 


points t 2k mw. The system (2.5) has the following rm in this case 
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Since ple,, ee 
given by the relation 


Yi Sin cl 
under the condition that y, = l. It is not difficult to calculate that 


¥Y, = — (8 sin t + sin 2t)/10 and 


sin 2t)* = @ (t) 


In order to have attainability it is necessary that A?(t) & 
®(t) > 1. This condition is fulfilled, for example, when t = 7/2. The 
shortest time for the [transient ] transfer process is found from the 
equation ®(t) = 1, which we shall not solve here. Knowing y,, y, and A(t) 


we can easily find C; by Formula (4.2). 


3. Let us proceed to the solution of the second problem. Taking into 
account the transformation z = x — f(t), introduced in Section 2, and 
Equation (2.1), let us formulate the second problem in the following way: 
the problem is to find such parameters c; that the solution z(t) of Equa- 
tion (2.1) which satisfies the conditions z*(t,) = 0 (k=0, 1, ..., 


n— 1) may approximate z = 0. 


How the approximation is to be carried out in the L, space, i.e. on 
the basis of mean-square deviations, was shown in Section 1. Here, 
following the ideas of [5,6], we shall try to find ways of selecting 
the parameters c, which will diminish the maximum deviation of z(t) from 


zero. From (2.1) we obtain, in analogy with (1.5) 


; 


t) = \ wy (ft, T) { >; cu; (t) — q (t)) dt (L (f (T)) 


te i=] 


Making use of the Buniakov-Schwarz inequality we obtain for t,<t<T 


1 
2 


(t)— @(t)) dt 


max { \ Wr® (t, t) dt) 


; 
o 
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In the case when Equation (1.1) is an equation with constant coeffi- 
cients we find that in accordance with [6 | 
: 
(\ w,* (7, t) dt) 


‘ 
‘e 


We select the parameters Cc; so that the integral 


cu; (t) —q (r)) dt 


} 


will have, for a given m, the minimum value. In other words, we must find 
the best mean-square approximation of the function @(t). We have already 
solved a similar problem in Section 1, and know that, for example, the 

c, must be found from the system of equations 


> (uy, Ux) Cy (uj, @) 


n 1 


If the system of functions u,(t), t = 2, ..+, 1s a complete system, 
then by taking m sufficiently large, one can make H~* less than any given 
positive number. 


We note now that the proposed method of approximati 
effective over large intervals of time if the quantity 
bounded as a function of T. This condition holds, for example, when 


w(t, r) satisfies the condition 


w,, (t, Tt)! « Be-= (t 


which holds, in particular, in the case when the zero solution of the 
equation L(z) = 0 is stable according to the exponential law [14,p.310 ]. 


Next, we shall consider the case when all the coefficients c, are 
bounded by the inequality 


O(C,, . » & V 


This gives rise to the problem of finding the best mean-square approxi- 
mation of the function #(t) under certain restrictions on the coeffi- 


cients of the polynomial c,u,(t) + ... + c.u(t). If the coefficients c, 


] 
found by means of (5.3) do not satisfy condition (5.4), then the more 
natural method of finding the required set of coefficients consists of 
solving a problem of a conditional extremum. In this case, Lagrange’s 


method leads to the system 
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the function ee ¢,) satisfies conditions (3.2), then again, 
as in Section 3, one can apply to this problem the method used in 
L-problem of Krein. 
s denote by U; the vector with the projections (u,, u,), k 
In accordance with [11], the system (5.3) has a solution 
Cc. satisfying the inequality (5.4) if, and only if, the function 


defined by 


mith y' 


—_— 


satisfies the inequality A(m) 


Here the norm || l is defined in the space generated by the vectors 
U; as in a space which is adjoint to the space E, of vectors C(c),..., ¢,) 


with the norm ple), view Ge 
- 


Let us note now that if the functions u(t) form an orthonormal system 
on the interval [ ty, T |, i.e. they satisfy the condition (u,, u,) 0 
when t # k and (u,, u;) 1, then the problem under consideration can be 
solved quite simply. Indeed, in this case the system (5.3) yields 


Ch (u,, ,) (k a cane Oe 


For an arbitrary system of coefficients b, we have 


Ss | ‘)) dt = 


— 


Suppose that the the inequality (5.4). The difference 


Vv 


ee 


does not depend on the shape of the region (5.4); it can be diminished 
only by increasing m. For a given m one can decrease H? only by decreas- 


1 , 2 , 4 9 
y : - 1° = s . } . “ whic > ace 
ing the quantity fh ( yy Cy , Se ona ae ) c af , which in the space 


of the parameters is equal to the distance from the point C(c,, ..., c,) 


to the point Bb,, — 6.) lying in the region (5.4). 


p 12 , 
but this means that h* will be a minimum when we choose for the point 
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7 b.) the point in the region (5.4) that is nearest to C. (The 
author is indebted to S.B. Stechkin for this observation). 


If, for example, ple, a - c,) =v (lc oe , )» then it follows 


from the indicated considerations that 


7 | 


M 


ve > she ; the 
If, however, ofc), “ee ,)* ‘ when | hen 
M signc; when when Vv 


By developing further these considerations one can obtain a new method 


for solving problems in the general case of a non-orthonormalized system. 
It is known [8, p. 320] that an arbitrary system of linearly independent 
functions can be orthonormalized. Let us suppose that the process of 
orthonormalization yields the system of functions | v,(t)}. Then the poly- 
nomial c,u,(t) + ... + c.u.(t) will be transformed into the polynomdl 


b,v,(t) +... + bv (t), whereby the coefficients c, become linear func- 
tions of the coefficients b,. Condition (5.4) takes on the form of a 
restriction on the coefficients b.. Hereby, the region G, given by the 
inequality (5.4), is transformed linearly into a new region G, in the 
space of the coefficients b.. The problem is thus reduced, obviously, to 
finding within the region G, the point nearest to the point with the co- 
ordinates equal to the Fourier coefficients... 


In conclusion, let us remark that the above considerations are applic- 
able to any problem in which it is necessary to find the best mean-square 
approximation under restrictions on the coefficients of the polynomial. 
Thus, returning to the problem solved in Section 1, one can render it 
more complicated and look for a solution of Equation (1.1) in the form 
of a mean-square approximation of the function f(t) under a restriction 


on the initially given parameters c, 
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In analytical mechanics of nonholonomic systems an essential role is 
played by so-called transpositional relations [ 1-10, 14, 21], which 
usually means the relations containing the operations dé and dd, with d 
being differentiation with respect to time and 5 being virtual variation. 
There are two types of transpositional relations corresponding to two 
points of view on the commutativeness of the operations d and 5 in the 
presence of non-integrable kinematic constraints. According to one point 
of view (supported, for instance, by Volterra and Hamel), interchange- 
ability of the operations d and 5 exists in all the essential coordinates 
Gyr tees Upp independently of the fact that a system is holonomic or 
nonholonomic. According to the other point of view (Suslov, Levi-Civita 
and Amaldi), interchangeability of the operations d and 5 exists only in 
the case of holonomic systems. 


For nonholonomic systems, the relation 


, , Re l ) 
ddq. ddq. ' 


applies only for the generalized coordinates whose variations (compatible 
with nonholonomic constraints) may be considered as independent. The 
transpositional relations for the remaining coordinates are derived from 
the equations of nonholonomic constraints, and they prove to be differ- 
ent from (0.1). This second point of view has been generally recognized* 
and its numerous adherents consider the first point f view as being 
erroneous | 7-13 ]. Hamel remarked in [14] that the accusation of error 





Also in [23], the relations (0.1) are assumed not for all general- 
ized coordinates. 
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is not irrefutable, and he proposed a method of utilization of the trans- 
positional relations in which the first point of view does not lead to a 


contradiction. Hamel did not, however, justify his considerations. 


The question of the transpositional relations was clarified in [15 ] 
where it was shown that, with a proper approach, both points of view are 
correct and are not contradictory, as had been alleged. It was explained 
that the contradiction was due to lack of definition of basic concepts, 

of the operations dd and Od entering into the transpositional rela- 

ct, the quantity g is determined only on the trajectory of 
the operation 0 represents variations in the directions 

which are, 1 general, different from the direction of actual motion. It 
is thus necessary to determine from the very beginning the meaning of the 
operations 0, dO and Od. We note that it is sufficient to define these 
operations on an arbitrary line q; q,;(t) of the actual or kinematically 
admissible motion, and it should be done in relation to this given line. 
The definition of the operations d and 0 is equivalent to the prescribing 


of vector fields corresponding to these operations 


l. Some definitions. In mechanics, the operation d represents 
differentiation with respect to time, and therefore is determined only 
for the points qj q,t) of the trajectory of motion of the system. The 
correspondence can be established between the operation d and the field 
of vectors with the components q,at, — q,at. An arbitrary operation 
from an infinite set is understood as the virtual variation 5, for which 


the corresponding vectors are virtual displa ements of the system, 1.ée. 
er 2 
obtained in a certain way according to kinematic constraints of the 


all linear combinations of m linearly independent vectors l 


system. Thus, the operation 6 is determined at all points of configura- 


tion space. 


[It follows then that at the points of an arbitrary (actual or 
kinematically admissible) trajectory the operation dé is determined, but 
the operation Od is not determined. Consequent ly, the definition of the 
operation d should be complemented in such a way that the operation dd 
becomes meaningful. It is important to note that the operations d and 8 
may be defined arbitrarily beyond the trajectory of motion q; 7, (t), 
but on this trajectory they should coincide with the operations of 
differentiation with respect to time and virtual variation, respectively, 
in order to maintain the validity of the equations of d’Alembert and 


Lagrange. 


[here is an infinite number of ways of complementing the definitions 
of the operations d and 5 while maintaining their meanings on the tra- 


jectory of motion. Here, the following way will be outlined. We introduce 


in the vicinity of the considered motion q; q,(t) a system of curvi- 
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linear coordinates 1; q,;(u,, Us, «+, u,) in such a way that the lines 
Us ar ++ =U, 0 coincide with the trajectories of motion; the para- 
meter u, on this trajectory is identical with time t and the planes 


tangent to the surfaces u u 0 at the points u,. u 


aa gD 00 
u, = 0 are the planes of virtual displacements of the system. 


; 


We assume, to be specific, that the equations of kinematic constraints 
are linear and nonholonomic of the type (1.2). In the surrounding of the 
line FP ],(t) we define 


Here and in the following, summations are be arried on with 
respect to indices repeated twice, mis the number o! degrees ot treedor 


k is a constant integer (0 k n—m), and the indi assume the 


va ] ues 


For Us us _— u, 0, the operation d coin 
entiation with respect to time, and the operation 
virtual variation. According to the introduced defi: 
changeability of the operations d and 6 exists only 
the displacements dq, and 5q, are compatible with the constraints 


the values of r, except r m+ li, 


For a nonholonomic system with the constraints 


‘ 


of the relations 


According to (1. a l] ng relations 
dOq Odq» 0. 


whe re 
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[wo points of view mentioned above correspond to k = n— m and k = 0. 


2. Different forms of the equations of motion of non- 
holonomic systems and transpositional relations. Using rela- 
tions (1.4), it is possible to obtain the equations of motion in the 

form from which, in particular, the equations in quasi-coordinates of 
Boltzmann and Hamel, or the equations in true coordinates of Voronets 


and Chaplygin, can be obtained. 


“Ne transform the equation of d’Alembert and Lagrange to the form 


aT io, 
dq; | — 67 be, — = 
O”q : 
1 


59; Oidqi (2.1) 


Substituting the first and the third of relations (1.4), we obtain 


i] aT a* 
Og 67 : Bq bq; VU Og (2.2) 
q 0”. 


According to (1.2 and (1.3), the variations of coordinates and quasi- 


coordinates are connected by the relations 


Oo ] 


We introduce the function 


which is obtained from the kinetic energy T(q;, q;) by eliminating 


generalized velocities Ges kp oo In with the use of 
and exchanging 91» Vor +++ Wma oo Maas with the 


of (1.3). Passing to quasi-coordinates in .2), we have 


T° 


tubes + Yay =e lB, Sarbs, H,) d= 0 


According to the conditions of nonholonomic constraints, it follows 


— On a4 9 -+. = Omi, Q. Since the variations On ) are 


independent, the remaining sum results in m equations of the type 


that dz 
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2.6) 


\<. 


The obtained equations (2.5) represent a compromise between the equa- 
tions of Boltzmann and Hamel in quasi-coordinates and the equations of 
Chaplygin and Voronets. 


In fact, for k = n— m the components 


a7 
> q b. 

079, 

vanish and Equations (2.5) coincide with the equations of Boltzmann and 

Hamel [4, 17]. 


For k = 0 Equations (2.5) become the equations of Chaplygin and 
Voronets. They are written in true coordinates and, therefore, it is 
necessary to substitute a_, be = 5 1 in relations (2.5). Hence, and 
from (1.5), it follows that y;), = 0. 


In addition, for k = 0 the function 7* becomes, according to (2.4), 
the function T° = T(q;, q;), which is commonly used in deriving the 
equations of Voronets. In this way the equations 

d aT aT 


a; 
al dq, 07” ¢ 
l 


are obtained, which are identical with the equations of Voronets [1 }. 


For nonholonomic systems of Chaplygin, they coincide with the known 
equations of Chaplygin [18 ]. 


3. Different forms of Hamilton’s principle and the trans- 
positional relations. According to Hamilton's principle, the actual 
motion of a dynamical system satisfies the equation 


\ (67 6A) dt 0 (3.1) 


where 5T is the virtual variation of the kinetic energy of the system 

and 5A is the virtual work of applied forces. Usually, this principle is 
formulated for holonomic systems. Up to now, there is no unique point of 
view on its applicability for nonholonomic systems. Some authors (for 
instance, Appell [20] ) consider that Hamilton’s principle (3.1) should 
not be applied to nonholonomic systems. Others (for instance, Hamel [ 22] ) 
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maintain the opposite point of view (Chaplygin pointed out the applic- 
ability of Hamilton’s principle to nonholonomic systems which admit a 
reducing factor). 


But, at the same time, a general approach to this problem is possible, 
since the applicability of Hamilton’s principle is closely related to 
the question of the transpositional relations. 


In fact, let us integrate Equation (2.1) in the interval from the 
initial state to the final state of the system. With the condition that 
the variations are zero at the ends of this interval, the expression 

ty “ . 
\ 6/7 re | . Og 
\ 


is obtained, which may be considered as a general formulation of 
Hamilton’s principle. It follows from (3.2) that a particular form of 
the principle depends on the assumption of certain transpositional rela- 
tions. The form (3.1) corresponds to the relations (1.4) with k = n-— ao, 


and leads to the equations of Boltzmann and Hamel, according to the 


previous considerations. 


Note. Voronets [1 } proposed a method of derivation of the equations 
of motion for nonholonomic conservative systems starting from the ex- 
pression (using the notation of this paper) 


\ (87+ u)4+ 5 


. 


with the condition of interchangeability of the operations d and 6 for 
all essential coordinates. In spite of the apparent differences between 
(3.3) and (3.1), both these forms result from the same transpositional 
relations and, therefore, one expression can be reduced to another. In 


fact, assuming the true coordinates as first m quasi-coordinates, we have 


Substituting this into (3.1), we obtain expression (3.3) of Voronets. 
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l. We shall consider the motion of a particle subject to the action 
of the so-called gyroscopic force F, i.e. a force which is perpendicular 
to the velocity v of the particle. Further, we shall assume that such a 
force can be represented by a vector product 


F=vx® 


where the vector ® depends on the coordinates of the particle only. 


As an example consider the motion of an electron in a magnetic field 
subject to the action of the Lorentz force 
F = —vxH, ®= —H (1.2) 
where H is the intensity of the magnetic field, e is the charge of the 
electron and c is the velocity of light. 


As a second example consider a particle attracted by a fixed axis 
with a force proportional to the distance of the particle from the axis, 
and study the motion of this particle with respect to a coordinate system 
which rotates uniformly with angular velocity w with respect to the 
above fixed axis. The law of relative motion then reads 


mw —kr+J,+ J., a mro*, 2mv x @ (1.3) 


Here r is the vector directed from the particle to the axis along the 


shortest distance, J, is the transport (centrifugal) inertia force and 


) 
2 


Be is the Coriolis inertia force. If we put k = mw*, then we have 


mw 2mv Kw, @ = 2mw 


Consider first some general properties of the motion of a particle 
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subject to the action of a gyroscopic force. Let the equation of motion 
be of the forn 


(1.4) 


mass m= m(t, v) is a variable quantity which depends on the 
me t and the velocity v. Then 1 vr, 1 ds/dt, where r is the unit 


vector along the tangent. We easily find that 


d (mi ) 


at 


(dr/ds)(ds/dt) then finally we have 


x @ 


Multiplying scalarly both sides of this equality by the unit vectorr, 


we obtain 


From the last equation follows the law of conservation of the scalar 


quantity, < alled the quantity of motion [ moment um } 


q mi const 


onversely, from this conservation law it follows that, due to (1.5 
the force is directed along the principal normal to the trajectory. 
the particular case where the mass depends only on the veloeity, it 
follows from (1.6) that the motion is uniform and hence the mass is con- 


stant. 


grad ) 


Now let the particle be subject to a potential! force F 


0 0 


as well as to the gy roscopic torce. Then 


Vv) 


grad V, @ (1.7) 
Vultiplying this equality scalarly by the vector 2, » obtain 
Vv) 


dr: - - v-d(mv) grad } dr 


Introducing the notation 


ro 


\ ri di 


midi 





Properties of motion in presence of gyroscopic forces 


2 , . , 
Hence, d(m + V Q. Thus, we have the law of conservation 


h (7 * mi 


9 a 
In the case of constant mass A (1/2) mv* T, and equality (1.9) ex- 
presses the law of conservation of the mechanical energy. In relativisti« 


mechanics we have 


m, 1 ? . 
m : ’ (1.10) 


Vi — p/c2 


and in this case (1.9) expresses the law of conservation of energy of 


the electron (cf., for example, [2, Chapt. 10 }) 


mv 


2. Now let the particle be subject to the action of an arbitrarily 


given force F, and a gyroscopic force F = vx®, where ® is a constant 


0 
vector. In this section we shall consider the mass of the particle to be 


constant. 


On the basis of (1.3) » can assert that in the presence of a gyro- 
scopic force the motion of the particle is identical to the motion of 
this same particle with respect to a coordinate system which rotates 
uniformly with angular velocity w= (1/2 m)® about the axis coinciding 
with the vector ®, the particle being subject to the action of a force 
of attraction to the axis of rotation, equa] ir@~, instead of a 
gyroscopic for e. 


If the vector ® is so small that the square ol 


gible, then this supplementary force can be neglex 


In particular, in the case of the motion of an electron in a magne 
field, we have, as was said before, ® (e/c) dd. The quantity 
@= (e/2cm)H is called Larmor’s angular velocity (cf for example, 
| l, Sect. 15 | ). 


As an illustration consider the motion of a particle in the Oxy-p] 


subject to the action of a central force F,, and a gevroscopic force F. 


U n 
Assume that the Oz-axis coincides with the constant direction of the 


vector ®. 


Using the expressions for the projections of the ve ity and acce 
ation of the particle on the radius vector and the perpendicular to t 
latter 
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rt) ? j rte 


we obtain the projections F. = r®é, vo = —~r® of the force F = vx® and 


the equations of motion 
*) 
(2.1) 


rt?) ra riD v. yA . =f) r®D Z2mro 
From the second equation we find the generalized area integral 


@)| a r= (0 @) 


Solving this equation for @ and substituting the expression so obtained 
into the first equation of (2.1), we obtain the law of motion of a 


particle in the radial direction 


mr I - mro" 


This is the same as if the particle were subject to the action not 
only of a central force but also of a force of attraction to the center, 
proportional to the distance from the latter, and a force of repulsion 


from this center, inversely proportional to the cube of this distance. 


’ 


If the central force is a function of this distance only, so that 


F) — grad Vo, then 


mr grad V , 


These results may be useful for the investigation of motion of an 
electron in a cylindrical magnetron, the cathode and the anode of which 
are coaxial cylinders of radii r, and r,, respectively, and the intensity 
H of the magnetic field is directed along the common axis of the 
cylinders. If ¢, and ¢,( > ¢, ) are the potentials of the cathode and 
anode, respectively, then it is easy to see that the potential V, of the 
electric field is 


(2.5) 


In order to investigate the problem of hitting the anode by the 
electrons radiating from the cathode, apply Equation (2.3), putting 


e (Pe @,) 1 


grad V, (2.6) 


In(re/r1) r 
. . 9 . 
Since from (2.4) follows the equality (1/2)mr* + V = const, then it 
is easy to obtain from here the condition that the trajectories of 


electrons radiating from the cathode with radial velocity v. hit the 


0 
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anode, namely 


Here, by virtue of (2.2), we can write that C .’ r, eH 2cm. 


3. Consider now a simple electro-mechanical analogy. Consider an ideal 
flexible inextensible string, each element ds of which is subject to the 
action of the force F ds. As it is well known, the equilibrium condition 
of the string is 


d . ' 
j (ut) | F, 0 (3.1) 


; 


where the scalar quantity » is the tension of the string. Let us compare 
this equation with that of the motion of the particle 


— (mv) 
which can be rewritten in the form 


I d 
4 — (mvt) 
adids as 


d 
(mvt) 
at 


It is evident from this that the curve, 
which is the equilibrium form of the string, 
coincides with the trajectory of the 
particle moving under the action of the 
force F = - Fv. In particular, if the force 
acts along the normal to the string, the tension » is constant in abso- 
lute value and equal to the constant quantity of motion of the particle 


Let F, =-rx®, and let the curve MPN be the equilibrium form of 
the string (Figure). At the points M and N the string hangs over infinite- 
ly small ideal pulleys, and at the free ends of the string are attached 
equal loads P, = P, = w. Let us impart to each element of the string a 
virtual displacement dr, and let the string assume a new position MQN. 
Then the elementary work done by the force F ds is 


F ds -ér (¢x@), drds (dr x r)-@, / tds (3.2) 


If we introduce the vector dS = dr x 5r, then its modulus 
dS =|drx 6dr! is equal to the area element dS, shaded in the figure, 
and the vector itself is directed along the normal nm to the area. There- 
fore 


F,ds-dr = dS-O = @,dS 


i.e. the elementary work done by the force is equal to the flow of the 
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vector ® through the area element dS. Introduce a vector A, which is 
determined by its vorticity and divergence in the whole infinite space 


rotA M. divA 0 


(in the particular case of the motion of an electron it differs from the 
vector potential of the magnetic field only by a scalar multiplier). The 
sum of the elementary works done by the forces F ds along virtual dis- 


placements is 
=F ,ds-ér : \\ Onds \\ rot, A dS 


. 


B B 


where the region B is bounded by the curves MPN and MQN. Applying 
Stokes’ theorem we obtain 


EF,ds.dr = | A-ds— | A-nd 6 | A-tds 


MPN MQN MPN 


The sum of the elementary works done by the forces P, and P, is 


Pihy + Poh, =| s \ ds = —6 ( uds 


MPN MQN MPN 


According to the principle of virtual displacements, the algebraic 
sum of the elementary works done by the above forces must be equal to 
zero, i.e. 


u)ds = 0 


a 
MPN 


Thus, the curve MPN, along which the integral 


( (A-% u) ds 


M 


assumes a stationary value, turns out to be: 


1) The equilibrium figure of a string under the action of the force 


F ids (<x M) ds, @M rotA 


At the points M and N the string is hanging over infinitely small ideal 
pulleys at the free ends of which the loads P, = P, = m are attached. 


2) The trajectory of a particle under the action of a gyroscopic force 
F = v x ®. The quantity of motion of the particle u = mv is constant by 
virtue of Section 1 under the assumption that the mass depends only on 
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the velocity of the particle. 


Consider as an illustrative example the problem of a focussing magnetic 
field. Let the intensity H of the field be directed parallel to the z- 
axis, and let H be a function of a single coordinate y. It is required to 
determine this function from the condition that the trajectories of the 
electrons, issuing from the given point W(x), 0) of the Oxy-plane, pass 
through the given point V(x5, 0) of the same plane. Here pz mv is a 
given quantity. 


The corresponding mechanical problem is the following. Consider a 
cylindrical membrane [cloth ], the lateral surface of which is closed 
and the free ends of which are hanging over horizontal rollers with axes 
parallel to the elements of the latter. The radii of the rollers are in- 
finitely small, and at the ends of the membrane there are attached equal 
loads P, . P, = p. Find the law according to which the density of a heavy 
nonhomogeneous fluid filling up this vessel must change in order that 
there exists an infinity of equilibrium forms for the membrane. 


4. Let us return to the trajectories of the particle subject to the 


action of a potential force F, and a gyroscopic force F. Without having 


recourse to the analogy with the equilibrium form of the string, let us 
show now that the trajectory of the particle, subject to the action of 
these forces, differs from all other curves passing through two given 
points by the fact that it assigns a stationary value to the action 


1.1 


where L is the Lagrange function. The initial and final instants (t, and 
t,) are given, and at these instants the moving particle must be at the 
given points. In relativistic mechanics we have, by virtue of (1.10) 


In the particular case of constant mass and a gyroscopic force equal 
to zero we have A= 0, A = (1/2)mv* = i.e. we arrive at the principle 
of least action in the form of Hamilton and Ostrogradskii. 


For the proof construct the Euler equations for the variational prob- 
lem 
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oT 
Thus, considering the mass as a function of the 


velocity only, 
can be excluded. We then obtain 


\ (mv" A-v) dl, 


i 
*) 


A-*)dt 


Thus, the trajectory of a particle moving under the action of a 


potential and a gyroscopic force assigns a stationary value to the inte- 


gral (4.4) in comparison with all other curves, passing through the given 


points / and N. Here we have set 


mv ds mv V x* + y* z? ds 


and the velocity v must be found from the 


function of the coordinates 
acting, then gq 


law of conservation (1.9) as a 
If a gyroscopic force only is 
const and we arrive again at the equality (3.4). 


for a given h. 
Mu 


In relativistic mechanics we have, by virtue of (1.11) 





Properties of motion in presence of gyroscopic forces 


From here it follows that 


and thus 


If we set A= 0, he= moc? + h, and let c + «, then we arrive at the 


principle of least action in the form of Maupertuis and fuler. 
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Considered is the effect of gyrocompass free oscillations upon a system 
as a whole, with consideration of a possible error in the initial condi- 
tions of the integrating device. This problem, formulated by Ishlinskii 
[11], is solved for an orbitrary maneuver of the base. A simple relation 
between the calculated trajectory and the motion of the compass vertical 
is obtained. 


The system, suggested in [1] is considered. Section 1 describes 
system aspects most applicable to the investigations being carried out. 
Sections 2 and 3 prove two statements which reduce the problem from 
system oscillations as a whole to oscillations of the gyrocompass 


vertical. The mechanical model for the compass is given in Section 4. 


The investigation is carried out assuming all elements of the system 
to be ideal. 


l. The problem of determining earth coordinates for an object is equi- 


valent to the determination of its location on a stationary sphere S, co- 
inciding with the earth surface, but not taking part in the diurnal 
rotation of the earth. If the coordinate network for the sphere S co- 
incides with the earth geographical coordinate network at t 0, then the 
object with the latitude d(t) and the longitude A(t) on the network of 
sphere S has the current earth coordinates #(t), A(t) — Ut, respectively, 
where U is the angular velocity of earth diurnal rotation. This transfer 
causes no error, therefore in the following we consider the problem of 
determining the location on the sphere Ss. 


For the solution of this problem, [1] suggests the use of a digital 
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computer, a horizon compass and a directional gyroscope. 


The digital computer solves the system of equations 


@, (¢)sin v, - > @, (f) cos v tang 


>, are given as initial conditions for ¢, A, » (Fig. 1), 


and if the coefficients are taken as certain functions w,(t) and w(t), 


then the computer output yields the current coordinates @(t), A(t) of a 


certain spherical trajectory. This computed trajectory originates from 


the point Qo, Ag at an angle #, towards the parallel, and in this motion 


the natural Darboux trihedron would have 


Such a trajectory is unique. 


The horizon compass and the directional compass give the angular velo- 
cities of the compass trihedron w, and w.. The quantity @, is related to 


the angle « for separation of the gyroscopes by 


and @ is measured directly by the directional gyroscope, the sensitive 
axis of which is rigidly attached to the compass trihedron. The @,- and 


w -magnitudes are supplied to the computer as coefficients. 


Note that here and in the following the symbols w J. » | denote the 


angular velocity of the trihedron about its own axis yz]; it is always 


specified, however, which trihedron is meant. 


If definite initial conditions are satis- 
fied for the compass [2], then the compass 
trihedron coincides with the natural Darboux 
trihedron for any motion of the base on the 
sphere S, and the computer is given @, and 
@, for the Darboux trihedron of the base 
trajectory. If, at the same time, the given 
initial conditions Do, Ag, Bp correspond to 
the initial position of the base and to the 
initial direction of its velocity, then, 
according to the stated characteristics of Pig. 1. 
the computer, the output of the computer 
will yield the current coordinates for the true trajectory of the base. 
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If some initial conditions are not satisfied, the computed trajectory 
of the compass or the computer does not coincide with the true trajectory, 
but is related to it in a certain way. The character of this relationship 
is clarified in the following sections. 


2. Let us consider the case when the required initial conditions for 
the compass are satisfied and the computer is given @, and w, for the 
Darboux trihedron of the true base trajectory. We will show that in this 
case for arbitrary introduction of ¢), Ay, 0, the computed trajectory is 
congruent with the true trajectory. 


In pe fa with the characteristics of the computer, in this case 
the w,(t) and w(t) of the Darboux trihedron for the computed trajectory 
are ee equal to the corresponding angular velocities of the 
Darboux trihedron for the true trajectory. It follows, therefore, that, 
independently of ¢), Ay, &,, the following are identically equal in pairs 


for both trajectories: 
a) Velocities V(t), since V(t) = R @, (t); 


b) Traversed distances s(t), since s(t) is a definite integral of V(t); 


c) Geodesic curvatures as functions of time K At), since 


K, (t) = @, (t)/V (t) 
d) Geodesic curvatures as functions of distances K.(s), since K_(s) is 
already given parametrically by functions K(t) and s(t). 


The last point indicates congruency. 


From the proof presented it follows that the general solution of 
system (1.1) for an arbitrary fixed pair of functions w(t), w(t) is 
obtained from any particular solution by recording it on an arbitrarily 
rotated spherical system of coordinates. Three constants, characterizing 
this rotation, play the role of three arbitrary constants in the general 
solution. 


Two close particular solutions (Fig. 2) are obtained from each other 
by rotation through a small angle 5, depending only upon the difference 
in the initial conditions of 4, A, ®, and the angular distance along the 
great circle between any points of these solutions corresponding to equal 
times does not exceed A. Obviously A= 5. Thus, the question to be con- 
sidered is the stability of any particular solution. 


It is important for the problem considered that, as was stated before, 
the existence of an error in the initial conditions ¢,, Ay, Bo does not 
produce a cumulative error in the determination of current location. 
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Fig. 2. 


Maximum possible error does not exceed some angle 5 dependent only on the 
initial error. The smaller the initial error, the smaller is the angle 4 
and it is zero when there is no initial error. 


3. We will prove the following statement for the general case when the 
necessary initial conditions for the compass are likewise unsatisfied, 
in order to utilize the results from the previous section. 


The trihedron of a compass oscillating because of unsatisfied initial 
conditions, realizes physically the Darboux trihedron for the spherical 
trajectory of that point on the sphere S, whose true location vertical is 
at each moment colinear with that of the compass. In short, the axes of 
the compass trihedron are at each moment parallel to the corresponding 
axes of the Darboux trihedron for the indicated trajectory. 


If r,(t) is a umit vector of the z-axis for the Darboux trihedron, 
then its x-axis is directed along F(t) and y-axis along r,(t) x F,(t) 


In accordance with the compass equations [| 2-5 ], w, = 0 for the compass 
trihedron, therefore if r,(t) is a unit vector for the z-axis of the 


compass trihedron, then its x-axis is directed along r,(t) and the y-axis 
along r,(t) x r,(t). 


For the trihedrons considered r,(t) r,(t), whence 


r, (t) r, (t), r, (f) xr, (f) ra (t) Xe 


This proves the colinearity of the corresponding axes 


It follows directly from the proof that, in the general case, the 
computer receives w(t) and w(t) for the Darboux trajectory given in 
the formulation of the statement, and in accordance with Section 2 its 
congruent trajectory is calculable. 
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Thus, in the general case, when there is an error in the initial con- 
ditions of the compass and in the initial values ¢, A, 0, one can say the 
following about system performance (Fig. 3). A compass whose base is 
moving along an arbitrary trajectory A and which is oscillating because 
of unsatisfied initial conditions yields the parameters (w,(t) and w(t) 
for the Darboux trihedron) for a different trajectory B. This trajectory 
on the sphere S would be described by a vector of the compass vertical 
originating at the center of the sphere. The digital computer yields the 
current coordinates for the trajectory C, which is the same as B except 
that it is rotated on the sphere S in accordance with the given initial 
conditions for ¢, A, 0. These initial conditions indicate the origin and 
the direction of the trajectory. In particular, one may say that for any 
maneuvering of the base the considered system of autonomous coordinates 
has no other cumulative error than that which the compass may have in de- 
fining the location vertical 


4. In conclusion, we introduce the mechanical analogy for an ideal 
horizon gyrocompass. Such an analogy permits a more descriptive inter- 
pretation of the compass vertical be- 
havior for arbitrary base maneuvers 
and for proof of the stability of its 
coincidence with the location vertical 
for the case of simple courses 
[ missions |] 


An arbitrary maneuver of the base 
on sphere S may be prescribed by the 
unit vector of the local vertical 
r,(t) passed from the center 0° of 
sphere S (Fig. 4). The behavior of an 
ideal horizon gyrocompass in this 
maneuver is fully characterized by 
the unit vector of the compass vertical. 
Indeed, if r,(t) is the unit vector 
for the z-axis of the compass tri- 
hedron, then on the strength of the 
identity w. = 0 we obtain for the unit 
vectors of the x- and y-axes the ex- 
pressions . 


[x] =, Ly] 


ry 


and the angular velocities of the compass trihedron are 


Fo (f2 ~ Fo) 
W, Pol, @®, 
r.2 
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Thus, all quantities entering into the compass equations 


/ 
d ‘ . 
— (2B cos e) 
al 


o,2B cos e 
may be expressed by means of r,(t), r,(t) and their derivatives. 


It should be remembered that M. and M, are moments created by the 
gravity forces mgr) and inertia forces in nRr,, i.e. 


mE ry 


R 


and the moment is 


After calculations 


M, amR 


ry 


After substituting (4.2) and (4.5) into (4.3) we have 


Eliminating 2Bcos «/amR from the 
simplifying and considering that 


we obtain 


This yields the following differential 
equation: 
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(4.7) 


where a is the constraint reaction |r, | = l, 


Consider now the following mechanical model (Fig. 5). Point A of a 
unit mass is located on a unit sphere and is attracted to another point 
O on the sphere by the spring with rigidity g/R. Point O on the sphere 
is fixed; 0, is the sphere center. 


Denote unit vectors 0,0 and 0,A by p, and py, respectively, and the 
vector OA as p. The motion of the sphere is defined by the vector p,(t). 
The equation of motion for point A is 


p f P — %P2 


but since p = p, — Pp, 


Po + pa = pit FP (4.8) 


Equation (4.8) coincides with Equation (4.7),-where p, is analogous 
to fr, and p, to r,, and therefore in Fig. 5 r, and r, are used. Thus, 
the considered model which represents the Schuler pendulum is a mechanical 
analog for an ideal horizon gyrocompass. 


According to this model, the material point is in a potential field 
controlled by an ideal but nonstationary constraint. In the particular 
case of a simple course (rest or motion along 
a parallel with r = const) the uniformly rotat- 
ing vector r,(t) describes a cone of rotation 
(Fig. 6). In a system of coordinates rotating 
with a definite velocity about the cone axis, 
the constraint is stationary and the force 
field remains potential, since to the central 
field is added only a centrifugal force field 
also possessing a potential and the Coriolis 
forces which do no work at all. Consequently 
there is an energy integral in this case. This 
integral can be obtained directly as follows. Introduce vector w, such 
that 

r= oxr, (4.9) 


In the general case w = r, x F, + yr, for any fF, and y. Perform 
scalar multiplication of (4.7) by the vector 


ry, — xP, 


Using (4.9) we obtain 
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d ijf,-; g 2 ' 
qi 2 i[rs —¥, + (fy — 1) x @)? + R — w*)(Ps —¥,)* + [w-(r, r)I*} t 


+ w-{(r, — r,) x (rz —1,)} = 0 (4.10) 


The relationship (4.10) is valid for any maneuver r,(t) and for any 
@ satisfying (4.9). For a simple course one may take as @ a vector 
directed along the stationary cone axis described by r,; in view of the 
constancy of rotation, |@| = const, i.e. @= 0. Expression (4.10) then 
becomes the energy integral 


) (tr. — ,)* + [w-(r. — r,)]* = const (4.11) 


, :, ‘ g 
[r. —ry + (fa — M) x w)? 4 \R- 


proving the stability of solution r,(t) = r,(t) for all @ and for 


®! € V g/ R. 
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Estimates are presented in this paper, enabling us to decide in certain 
cases whether the equations of motion arising from the applied (preces- 
sional) theory of gyroscopes are applicable for large variations of the 


position coordinates and of the velocity. 


The author wishes to thank A.Iu. Ishlinskii and Ia.N. Roitenberg for 
their valuable remarks, which were instrumental in the improvement of 


this paper. 


lL. In a general case, the dependence on time of the motion of the 
platform, of the masses of the gyroscopic system, of the generalized, 
ordinary and reactional forces, all of which correspond to the cyclic 
coordinates, is arbitrary and the equations of motion of mechanical 


systems with gyroscopes are written [1] as 


JI DR DR (1.1) 
Jit Dai Dq; i 


Here we use the notation for the derivatives the way it is used in 
the mechanics of variable masses, where the derivatives are calculated 
keeping the masses constant; q,(i = 1, ..., s) are the position coordi- 
nates; Q, and se are, respectively, the ordinary and the reaction forces 
of the absolute motion which are functions of their position coordinates, 
of their time derivatives, and of time; J[/J[t is the partial derivative 
with respect to time, when m and t are independent variables; D/Dq,; and 
D/D q; are partial derivatives with respect to the indicated variables 
when m, t, qj and q; are independent variables 

The Routh function for the absolute motion of the system, correct 


’ 


within an additive constant, is [1 ] 


r 


R NS! Cx (H h,) \) ajkq a,* .. 


k=1 j=1 
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gy 


where C, is the axial moment of inertia of the kth 
number of gyroscopes, H is a sufficiently large const 
tion of time, a is the cosine of the angle between 
q 
of the angular velocity of the platform along the axi 


city vector and the axis of the kth gyroscope, a 


{ 
scope. 


In Formula (1.2) the quantity 7* represents the ki 
absolute motion of the elements of the suspension of 
system, of the inner rings (cases), of the motors of 
also the kinetic energy of the rotors spinning about 


Substituting (1.2) in Equations (1.1) we obtain 


H\|S' 


l l 


x) 


Here we introduce 


Writing down the equations of motion arising fror 
set T*= 0. 


we obtain the equations 


of 


nates 


gyroscopes we Denoting in this cas¢ 


as 
é Vi 


where among the ’s the g are the 


0 
t 


y , ) f 
Rij io 5 position 
term the position coordinates and the velocitie 
’s. 


and g 
am uy 
When a gyroscopi< 

0, 


system rests on a fixed platf 


k 0. 


0 hence Zio 


In practice, gyroscopic systems rest on moving 


of the same order as the angular velocity of the e 
In 


approaches in magnitude H. 


sufficiently small. 


) 
<i 


is, some gyroscopic systems ti 


appearing in We must t 


account the peculiar features of the gyroscopic syste 


AAC 


stems 


roscope, r is the 


ant, h, is a func- 


k 
1e angular velo- 


* 


is the component 


s of the kth evyro- 


netic energy the 


ol 
ne gyroscopi< 


and 


> 


ne gvros¢ opes, 


neir axes. 


. :, 
he applied theory 


position coor iji- 


linates, and 


rep Lac ed DY 


rms and are 
10 


rotation, that 
e pendular moment 


therefore into 


m under investigation. 
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We shall assume that the matrix || g; | is non-singular, that the 


coefficients Qijs Biz and Zig are of the order zero or less (like #), 


and that all the functions in (1.4) can be expanded in power series. 


Let us consider the differential equations containing the small para- 


meter 
a 


>) 6§9ia + BAP + 10, — 1710, = 0 


1 
=1 


The superscript (1) indicates that in the corresponding functions the 
position coordinates and the velocities are replaced by the variables 
Vi and Vit 


By the Poincaré small-parameter method [2] the variables q,, and qi 

are determined from Equation (1.5), correct within the terms of order A. 
- | 
Assuming that in a special case A = H™ °, we have 
O(H ‘) (1 6) 

2. Let the gyroscopic system rest on a fixed platform, and let the 
generalized forces of the absolute motion contain only terms of zero 
order with respect to H. 


We shall try now to obtain a solution of Equations (1.3) in the form 
qi qi, (H7't) + 2 (Ht) (2.1) 
In our case, the variables 9:1 satisfy the equations 


H \! g \l qin Ne \) 
1 


The initial conditions are 


0. H™S' g. . : re i dix (2 3) 


The derivatives with respect tor, = H™ lt and r, = Ht will be denoted 
by primes. When Og; /dt and 0 2 ; /ot equal zero, or if they are of the 
order H~* or less, then we shall say that our gyroscopic system satis- 
fies conditions (A). From Equations (2.2) and conditions (2.3) it follows 
that 91 and qs) are of the order zero with respect to H, and further 
that qs are of the order H, and when the conditions (A) are satisfied 
they are of the order zero with respect to H. 


By (1.3), (2.1), (2.2), and by setting Bio * 0, we obtain equations 
which determine x, 





On the motion of nonlinear gyroscopic systems 


s 


S' [aij(Qmi (M242) +2m, A t2) 2; + Bi; (Gm (Ht, 
H™? | Qs (qm, (42) + 2m, H> gun, H 


H-*x,), H-qm,(H-*t,), H7x,)| 


m (H7*t3) + 2m, H its] gi (H t 
1 


Ss’ lei (Gmi (4 -*t,) + tm, Ht) 


l 


Bij (dma (H *t.), H 'ts)| Gi (4 *t. 


When the quantity + is of the zeroth order, let 
nj, ¢)) SU (1;) 


Interesting cases in practice are those for which o = 0, l, 


2; we are 
going to dwell on these cases. The functions f 


are of the order #7, and 
when the conditions (A) are satisfied they are of t! 


order zero with 
respect to H. 


By the Poincaré small-parameter method [2] we 


opt 


; 


yi’) O(H™) 


The variables y, have the same initial values as the variables 


and they satisfy the equations 


> [ais (Vm tT Ym, 0) y;" £ij \Fn tr Um; U 


l 


~H ’ 82; (Gm t Ym; Hymn’, U) 


When o = 0, 1, 


then the right-hand side of (2.5) 


an be replaced by 
zero. When o = 2, then Gis Rage and the right-hand side of (2.5) is of 
order zero with respect to H, and by (2.5) the order of y., and y’- is the 
same as the order of y and y“°, that is, H~ 7 , . 


Therefore, as a consequence of (1.6), (2.1) and (2.4), we obtain 
i) | Hl ; } 2 6) 


In our case Formula (2.6) constitutes the foundation of the applied 
theory of gyroscopes. 


Note. In order to prove the convergence of the series by the Poincaré 





V.S. Novoselov 


method, we require that the variables 951 ~ 8% qi1 - g; considered in 
Section 1, and the variables x, — y,, x — y. considered in Section 2, 
be bounded. Thus, the derived asymptotic estimates are valid for an in- 
finite interval of time only when the above-mentioned variables are 
bounded. In a general case with a possible instability of the gyroscopic 
system, the estimates would be valid at any instant of time if the vari- 
ables were within a domain which, however large, is bounded. This remark 


applies to everything which follows. 


We shall derive estimates for positional velocities. Introducing the 
= & se 
parameter » = H~ “*, and taking into account that in the general case 97) 


are of the order H, we obtain 
O(H-), (ar; 


The variables z; have the same initial values 


from the equations 


2.3) 


, 


When the (A) conditions are satisfied, then gq ‘ are of zero order with 


respect to H, and on the right-hand side of (2.83 the last term contain- 
I 


ing q; (0) can be omitted. If, besides, o = 0, then the whole right-hand 
side of (2.8) can be omitted and set equal zero. 


Since by (2.2) 
strength of (1.6), .1) and (2.7) we have the following estimate of 
positional velocities: {4 z,3 O(H™ *), 


the derivatives qi are of the order H~ - on the 
(2 


We shall examine, for example, a gyroscope of variable mass, whose 
exact equations of motion are [3 


16 Ap? sin § cos 6 (g wy cos 9) sin 4 mg! sin 6 


p sin? 6) i [(q p cos 8) cos 8 AK cos § 


il d 
\q 


Here the moments of inertia A and C, the pendular moment mgl, and the 
reactive moment K are known functions of time; we find that 
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1 cos H 


Equations (1.3) assume the form 
10 iy? sin Ucos 6 —- ¢ 
yp sins 9 2 Athy sin 8 cos 6 


From the applied theory of gyroscopes we obtain 


As has been shown, the slow precession (2.9) determines the solution 


: : : — 
of the exact equations, correct within terms of the order H ? 


We have thus reached the following conclusion: if a fast-spinning 
gyroscope of variable mass is deflected from its vertical position 
through an angle Oy, then it will begin to oscillate with respect to the 
motion (2.9) in variables @ and Ww, and the amplitude of these oscilla- 


‘ 


tions will be of the order H~! and the frequency of the order H. 


3. We shall consider now a gyroscopic system on a moving platform 


with generalized forces of the order // (the pendular moment, for example.) 


Let g be determined by differential equations (1.5 ind let them be of 
the order A with respect to Hi. The solution of Equations (1.3) will be 


in the form (2.1). The variables qi) will satisfy the equations 


H({S' 


— 


In this case we cannot regard 9J,;, as functions of the argument 


—] 
H t. The equations which determine x, are 


where 


i 
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When gj are of the zero order, then we consider 
O” = max (H*, 60 ()) 


This corresponds to cases interesting in practice. 


The functions F; depend on two small parameters H~* and pu, and they 


vanish when the parameters equal zero. Denoting by O°: the largest order 
of H~' and of p and applying the Poincaré small-parameter method, we 
obtain 

O) f4 — Yi, r;' yi ) 0’ 


\ 


In this case the variables y,; are determined from the equations 


Ht.) y;" 253 (Gmy 


| 


H *1Q4 (ami Yn» Yn Hym', H7t,)— Qi (Gmi, Gm, H7t,)| 


1 
From the estimates (1.6) and 


From Equations (3.3) it follows that y,; and y; are of the same order 


as their initial values, that is, H™ . 


(3.2) we find 


O (qi — 8: (3.4) 


Fromula (3.4) can serve as a criterion in deciding whether the equa- 
tions of the applied theory of gyroscopes can be used with a moving- 
platform problem or not. 


Consider the example of a gyroscope of constant mass with the axis of 
the outer gimbal ring fixed in the platform moving with constant speed 
in constant direction on the earth’s surface. 


Using the applied theory of gyroscopes (7T*= 0) and neglecting the 
eastern velocity component, we obtain 


R C(H h) (w cos 4 vvnR ‘sin 6siny @ COS @ SID §cos + @SIN@ cos §) 


Here 6 and Ww are the Eulerian angles measured from the local vertical 
and parallel of latitude (in an easterly direction), Vy is the northern 
velocity component of the platform, R and-w are, respectively, the 
radius and the angular velocity of the earth, ¢ is the geocentric lati- 
tude. The equations of motion in variables g are 

Ys (vy cot §sin p + wcos geot 6 cos p + wsin @) wae 


unit cost — @cos @sin 
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It has been shown previously that the solution of Equations (3.5) re- 
presents the motion of a gyroscope in coordinates @ and wW, correct with- 
in terms of order 0’, where 


vy \2 . (| ®n®@ \ [ vy mgl f @ mgl 
O’ = max {x OF a). 0 (w?), O | a}, Ol ana |. 0| aT 


4. We shall consider now a gyroscopic system with n auxiliary equa- 
tions solved for the highest derivatives 


Ga + Qadir Gis Gr Ge Ger =O, Ga+ QWe(Gir Gis Gor Gos Gor O) i.1) 


Here a,v=s+l, ..., s+ nj; By=s+n,+1, ..., +2. The 
functions 2; which appear in Equations (1.3) depend in this case on the 
same variable as {2,, 2,; the coefficients Gis» Bij» Bi depend on s + n 
Lagrangian coordinates. 


The equations of motion derived from the applied theory of gyroscopes 
form a compatible system (1.5) and (4.1) in which the variables q and 
their derivatives should be replaced by the variables g and their deriva- 
tives with the appropriate indices. Further 


By qv oY q 
The replacement of the variables Vive War Vie Vie I by the 
ables g., g a» Zs» & is correct within terms of or ler H~' 
= i’ y? By i’ Vv . , - . 


The equations determining the variables x, (Pp =l, ..., s+) are 


SN) [ai, (Fp I 


1 


» | 
+ H ” 122; (dps 


H~'t,)7;" +- gi; (9m 


Pp? 


—Q4(9p1, Fir» Gar» H-z,)| + Fi(H™, pw, 2p, t 


, 


le + H-[Q, (gp Lp, dis . Haz,’ Gar Hz,', H™ 1, 


2. (9p1, Jin, qa, H™ 


tq’ + H- [Qs (qm + tp, Gu + Hai’, gar + Hae’ H-t,) 


Q8 (dp Git» Vat H~*t,)| 
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1 . - 
H~* rt.) Ji T Sio' 


shall consider that if Ag.) 0 then 


O” = max {H?, cO(;), cO(f 


=a / 


the Poincaré small-parameter method we have 


The variables y ; 


The variables y, and y, satisfy the same equations as %,, and %,. 


The variables Vp - are of the same order as their initial values. 


Hence e 


O(H™ 


Finally, we obtain, in the form of the following estimates, the 
criteria for deciding whether or not the equations derived from the 


applied theory of gyroscopes are acceptable 


i) 1] 
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This paper gives a solution of the problem of the variable scattering 
and absorption of light in a medium, the optical properties of which are 
changing. The amount of scattering material (for example, droplets of 
water existing in the dispersed state in air) is assumed to depend on 
the total energy of absorbed light. The initial concentration of the 
scattering material is assumed to be constant. At later times, it de- 
creases, the decrease depending linearly on the quantity of absorbed 
radiation. 


Relations of this type will be observed, for example, in the case 
where solar radiation acts on a cloud, when the quantity of moisture 
occurring in the form of an aerosol will be reduced by vaporization. The 
rate of vaporization — that is, the quantity of water vaporized in unit 
time — will obviously be proportional to the quantity of absorbed radi- 
ation. Any inertia of this process is neglected. 


We shall be concerned with a one-dimensional problem: that is, with a 
semi-infinite medium which consists of parallel layers, the optical pro- 
perties of which are functions of z and t. Radiation from outside this 
region penetrates into the medium. 


lL. We propose for consideration a radiation flux I which is a function 
of the time t, the coordinates z and, in the general case, of two angular 


coordinates @ and @, the center of which is located at the point from 
which the radiation originates. 


In this case we have for the determination of I a system of two equa- 
tions [1 ] 
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(1.1) 


Here the case is considered in which equilibrium exists at each moment 
of time, as far as radiation is concerned; and therefore in Equation 
(1.1) one may neglect the time derivative of I which is divided by the 
speed of light [2]. In the second expression, the integration is carried 
out over the solid angle. We assume the scattering is uniform over a 
sphere. In the more general case, the integral will have the following 
form : 

re dw’ 
\\ 2% (1) 3 
a ait 
a 


Here x(y) is the scattering index, which specifies the fraction of 


radiation flux scattered in a given direction. The quantity y is the 
angle between the incident and scattered light. 


In the case of the spherical index for light-scattering, the light is 
scattered equally in all directions, so that «(y) 


In Equations (1.1), a* is the volume coefficient of absorption of the 
medium, that is, the quantity of radiation (expressed, for example, in 


calories), which is absorbed per unit volume. 


We shall consider the medium in which the scattering material is con- 
tained; the volume coefficient of absorption will be proportional to the 
concentration of that material p(z, t). Thus, a* ap (z, t). 


The quantity 8 (the ratio of the scattered to the absorbed radiation) 


will be assumed constant. 


Thus the basic assumptions relating to absorption and scattering are 


as follows: 


a) The absorption coefficient is proportional to the concentration of 


the absorbing material. This would be valid, for example, in the case 


where absorption is dependent on multiple reflection and refraction from 
the different particles of which the absorbing and scattering material 


is made. 


b) The ratio of scattered radiation to absorbed radiation is constant, 
and does not depend on the dispersion of the particles. This corresponds 
to the assumption that the albedo of each particle does not depend on 


its size. 


Equation (1.1) may be written in the following form 





Galin 


Or, in other words 


wa 


where v? is the angle between the direction of the beam of radiation and 


the z-axis. 


If we introduce the new variable 


then from (1.3) we obtain 


Equation (1.5) corresponds to the case of absorption and s¢ attering 
] I 
f 


of radiation in a medium for which the coefficient of absorption is con- 
stant and equal to unity, and in which the variable r performs the func- 


tion of the variable z. 


We first consider the case where the intensity of radiation entering 
the medium from outside is constant. Later we shall also consider the 
case where the intensity of radiation depends on time. If we introduce 
the function B(r), equal to the quantity of radiation absorbed per unit 


volume and per unit time 


1.6) 


then one obtains the following integral equation [1] for its determina- 


tion: 


1.8) 


In calculating B(r) it is convenient to use the method of successive 


approximations. The first approximation, corresponding to the case of 


the absence of scattering, will be 
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The second approximation 
By (t 


Succeeding approximations may be obtained in an analogous manner. 


If we revert to the original system of coordinates, then for the 


amount of absorption of radiation per unit volume we have the expression 
B Z, 4 Bit 
Since, according to the original assumptions, the mcentration ot the 


scattering material decreases linearly with the quantity of absorbed 
radiation, we obtain for determination of p(z,-t), the following equation 


B T 


Here p, is the initial concentration of scattering material, and A is 


0 
the coefficient of proportionality relating the rate of change of con- 


centration of that material with the intensity of absorbed radiation. 


From (1.4) we have 


We introduce the function 


Then we obtain 


16 


If we consider successive approximations, then, using (1.9), we obtain 


1.1% 
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The next approximation, resulting from (1.10), will be 


~\ dt \e° Ei r—w!)dw)) (1.18) 


On the basis of (1.16), Equation (1.14) takes the following form: 


2¢ : O® (tT 0 ToT , 
hao or | = - uw (rt) 8) (u Aa) (1.19) 


izol 02 OZ 
The function r, which satisfies this equation, may be expressed 


through functions of z and t. 


From (1.19) it follows that r satisfies the following ordinary differ- 
ential equation: 


u® ( t) = f(t) (1.20) 


We set the boundary conditions for the determination of r. The func- 
tion r is determined within the quandrant of the zt surface in which 
0< t < « and 0 < z < ow. We have the expression (1. 4) 
a\ (6, t) dt 
From this it follows that r = 0 where z = 0. At t = 0, the initial 
condition is p(z, t) = Pg On this basis, r = To = 4Poz for t = 0. Since 
r = 0 for z = 0, and in view of the fact that dr/dt = 0 from (1.20), we 
have 
} (t) u® (0) 
From this we obtain 


dt 


u(D(t)—@(0)), or \ 5H 3G - 


dt 
dt 


Since r, = ap,z for t = 0, we finally obtain 


ie dt ne 
= \ o_O (1.23) 
ApPy_z 
From this, after some manipulation, and determining r as a function 
of z and t from (1.13), we obtain the concentration of the scattering 
material p(z, t). We obtain the function ®r) from the integral equation 
(1.7) and the relation (1.15). 


Approximate expressions for ®r) are given in (1.17) and (1.18). 


In the case considered above, the intensity of incoming radiation was 
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constant. Ii this quantity (designated by J,(t)) depends on time, then 


from (1.12) we have 


; 


A > OT , yf 
| Lo(s) Bn) - ds (1.24) 


In this case it is necessary to introduce a new variable 


t 


\ 1, (s) ds 


as a result of which Expression (1.24) is transformed into the form 
(1.12). Thereupon, repeating the previous steps, we arrive at the follow- 
ing equation for the determination of r 


\ ; | , (1.26) 


Aa } O(E)—OW 

2. We consider the problem in which radiation is only absorbed and 
not scattered. This would correspond to the case where we use Expression 
(1.17) to specify O(r ), which appears in Equation (1.19). In this case 
it is not hard to obtain an expression for p(z, t) in explicit form. It 
can be obtained by transformation of the integral (1.23), which in this 
case is reduced to elementary functrons. A slightly different method of 
obtaining r and p is given below. 


Thus, let @(r) - if” . In this case the equation takes the form 


- pl e* = f(t) 2.1) 


d 
Li 


The solution of this equation depends on one function of z, and also 


on one function of t, since the function f(t) on the right is arbitrary. 


[The substitution dé = e&” reduces (2.1) to the Bernoulli equation 


Jul q vip- 


e introduce a new variable and desi mate 


exp \q le 


For the function Ww we obtain the following expression 


From this we obtain 





q 


Further, in conformity with (1.13) and (2.3), we have 


1 
a 


d 
7, lig 9] 


Substituting in this Expression (2.6), we obtain 
, t) = (2.8) 
lo determine the functions e(s) and A(z) we use the boundary condi- 
tions. Since r = —lg d= 0 for z = 0, and consequently d= 1, then 
s 


roe h (0) 


On the basis of the condition that p Po for t Q or s 0, we ob- 


’ 


tain 


(2.10) 


Using (2.10) and (2.11), 


and also reverting to the previous variables, 
we obtain for the concentration of scattering material 


i 


é 


2.11 


2.12) was obtained for the case in which the radiation 


begins to penetrate the medium at the time t 0 


Expression ( 


, and is subsequent ly 
constant in intensity. However, the result can easily be generalized to 
time-dependent radiation by the method reported at the end of the pre- 
ceding section. 
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1. Formulation of the problem. We shall take a rod (shaft) of 
variable section to mean a body formed by the rotation of some plane 


curve L about an axis lying in the same plane as the curve. 


let us consider a system of cylindrical coordinates r, z, @ with the 
z-axis as the axis of the shaft. Let us suppose that the load applied to 
the body is distributed symmetrically about the z-axis and that it acts 
in a direction perpendicular to the plane ¢@ = const. In this case the 
displacements of points of the shaft will also be distributed symmetric- 
ally, i.e. they will be independent of ¢. We can assume that the dis- 
placements v(r, z) take place in a direction perpendicular to the plane 
a) const. 


With these assumptions the equations of elastic equilibrium in terms 


of displacements reduce to the single equation 


Equation (1.1) is closely related to the Laplace equation given in 
[1 ]. Putting u(r, z, 4) v(r, z) e*? we have Au 


With stresses given on the surface of the shaft, in order to simplify 


the boundary condition it is expedient to replace the function v(r, z) 


by a stress function ®r, z) related to v(r, z) by the expressions 


1 od _ o 1 od shear 


or 


1lus_ 


The function r, z) satisfies the equation 
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The stresses can be expressed in terms of @(r, z) by the formulas 


{ am " { a@ 
. - ) 
r= Os ’ 7 r* Or \ . 


The remaining components of the stress tensor are zero. 


On the boundary L the values of ®(r, z) can easily be found from the 
known values of the stresses 


(1 5) 


7 \ds \(t2, 


Here f(s) is a given function of the arc length s of the boundary L, 


and C is an arbitrary constant. 


2. The general solution of Equation (1.3) and the reduc- 


tion of the boundary problem to an integral equation. 1. Let 
us assume that 


Z ° (2.1) 


Mir, z r°w(r, 


The function w(r, z) satisfies the equation 


Equation (2.2), which is related to the Laplace equation 
¢ : ‘ 
Al w (r, \e2 iP} 0, is considered in [1 ]. The general solution to 


tion (2.2) is given by the integral [2 ] 


zy)cos 2AdA 


Here W(& + iz) is a function, regular within the area formed by an 
axial section of the shaft (it is assumed that any line perpendicular to 
the z-axis intersects the boundary L at one point only); also, the func- 
tion Ww must satisfy the requirement that Re WE + iz) = Re W(- & + iz), 


1.e. the requirement that it is even with respect to r. 


. ; 
(2.3) is not a unique solution; any linear function ar + 6 can be 


added to W(t) (which was not pointed out in [1 } ). 


After integrating twice by parts we can express w(r, z) as an integral 


which satisfies the uniqueness theorem 





The problem of torsion of shafts 


r?\ Re xy(rcosa iz) sin* Adi 


Thus 


r4 \ Re ircos Ar 


If we now put x = const we obtain the solution to the problem of a 
circular cylindrical shaft subjected to a torque applied at infinity. 


We can therefore try to find a solution to the problem of torsion in 
a cylindrical notched shaft in the form (2.5), putting y(r) = c + Xo (r), 


where x . (r ) is a function which vanishes at infinity. 


In solving a problem on torsion in an infinitely long shaft with 
different diameters at opposite ends we assume that 


ic In (t, / Te (* Sn 


where c and c, are real constants and To 18 any point lying outside a 


neridian section of the shaft. Formula (2.5) can also be written in the 
form 


- a ~ 
The function u(x, y, z) w(r, ze? *4 is, in fact, even with respect 


to x and y. Therefore, dw/dr= 0 at r= 0, and from (2.3) we have 
that Re W*(tz) = 0, i.e. Re y(& + iz) is an even function with respect 
to €. 


(2.6) can be considered as a Volterra integral equation of the first 
kind in the unknown Re )(é + iz) if we take r as a parameter and ®r, z) 
as a known function of r. This Volterra equation can be solved with the 
aid of a Riemann-Mellin integral transformation. In this way it can 
be shown that (2.5) is the general solution to Equation (1.3). 


Putting ¢ = é tz, we have from (2.6) that 
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_ ; 1 } 
The boundary I is shown in Fig. 1. Further, 


it is known [3 |] that the function } 9 \t), which 
is regular within the boundary L 
nage in the z-axis, can be 


L~ , where 


L~ is the mirror i 
expressed uniquely by an integral of the Cauchy 


type with a real density A(t) 


Here ds is an element of arc length, t is the 


comfy lex coordinate of a point on the boundary 


L*+ L~ . From (2.7) and (2.8) we have 


na 


\ q (t)@, (tf, 


Re {[(t 


We shall set v(t) D\ - — ¢ , noting that 


and from (2.9) we have 


(Dir. v(4)@D. t)d 10) 


The integral expression (2.10), which contains an arbitrary real func- 


tion v(t), is more general than (2.5): it can be used for the solution 


of problems on torsion of hollow shafts with the cavity formed by bodies 


of revolution. 


Let 9 be a point on the boundary L; then from (2.10) as r + t,) we 


obtain for the unknown v(t) an integral equation of the first kind 
\% (t)@. (ft. 
j 
: ‘ . 
Here f(t,) 1s a given function. An equation of the type (2.11) can be 


transformed to a Fredholm equation of the second kind [1]. In practice, 
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however, it is more convenient to solve Equation (2. | lirectly. 


3. Torsion of a cylindrical shaft with a peripheral notch. 
Let us suppose that i” is the upper portion of the boundary of the 
notch, and that L,* is the upper cylindrical 


portion of the boundary L. L,, L, are the 


corresponding parts of the lower portions of 


the boundary L. 


We shall denote the torque at infinity by 

the radius of the cylindrical portion of 
the shaft by R, and the radius of the 
narrowest part of the shaft at the bottom of 


the not I 


stress tunction 


From the condition on the boundary L it follows 


(D . ns 


in view of symmetry with respect to the r-axis 


equation 


Obviously @® (¢t, 7) r). Therefore, 
> > 


equation on > upper boundaries L,” and in” 


at the same me the condition that (r, z) 
boundaries ion and L 
. : 

aitering the variab we can transitor mquati 


of integral equations ol the first kind over 
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l 


\ ba (2) Di (x,y) b (x) D, (x,y)| dx 


\ [a (x) D, (x,y) b (x) D, (x,y)} daz 


Ml ; 
= (R* — r’ (y)) 


@, (t' (x), tT (y)), @, (xz, y) = M, (t’ (xz), t” (y)) 


y) = @, (t" (x), t’(y)), @, (xz, y) = OD, (t" (xz), Tt’ (y)) 


We shall consider that with this change of variables the point x = 0 


corresponds to the point t* = Ry afd t” = to + R. 


The functions under the integral signs in (3.3) have an infinite 
second derivative for x = y. In a numerical solution of the problem, 


therefore, it is expedient to apply to these integrals the quadrature 


formula of Nikolskii [4 ] 
| de 4. 2 m—i , 
(x) d(x) ; ray ; =r 7 f (9) 


which is most suitable for the class of functions W‘*) (M, 0.1) 
given natural m. Setting y = y, = 


for a 
(2k+ 2)/(2m+ 1) in Equations (3.3), 
we obtain a set of (2m+1) linear algebraic equations in (2m+1) un- 


knowns a, = a(x,), b, = b(x,) and a(0). After solving this set of equa- 


tions we can find an approximate expression for ®(r, z): 


m—l 
Mir, z)= = S| [a,D, (t,’, T) by. (t,”, T)] 


{ 
I 


; 2 (0) ®, (ta, T) 


The computer "Strela" at the Computer Center of Moscow University was 


used to give a solution for a shaft with a semicircular notch with the 
following data: 


R 


We give below values of the coefficient k found for a number of 
different values of A 
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9.549 


10.67 


The calculation for each value of A takes 


approximately three minutes on the "Strela". 


The continuous curve in Fig. 3 has been 
drawn from these results. As a comparison the 
approximate values of k = k® (the broken line 
in Fig. 3) given by the formula of R. Sonntag 








have also been shown. 


It will be seen from Fig. 3,that, for large values of A, Sonntag’s 
formula, which is the one normally used in engineering analysis, gives a 


decreased coefficient of stress concentration. 
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The paper gives the solution of some problems of torsion for shafts of 
circular cross-section of variable diameter. Cases are being studied in 
which the shaft has the form of a truncated circular cone twisted in the 
one case by a load distributed over a part of its lateral surface and in 
the other by concentrated moments also applied to the lateral surface of 
the shaft 


Another subject of study is the torsion problem for a hollow hemi- 
sphere by a load arbitrarily applied to its surface. 


The solutions of these problems are represented by means of series in 
terms of Legendre’s polynomials and of trigonometric functions. 


The torsion problem of a conical shaft acted upon by moments applied 
to its end surfaces was first considered by Foeppl [1 ]; he obtained the 
solution of the problem with the aid of a potential function. The torsion 
of a conical shaft among other solids of revolution has been studied also 
by Lokshin [2 ]. The solution of the torsion problem for a hollow conical 
shaft was given by Panarin [3 ]. The torsion of a conical shaft with the 
twisting load applied to its lateral surface according to a power law 
was investigated by the author [4]. The torsion problem of a sphere 
under concentrated moments is considered in the contributions of Snell 
[10 ] and Huber [11]. Some further problems dealing with torsion of 
shafts of variable cross-section have been studied in spherical coordi- 
nates in a publication by Solianik-Krassa [5 ]. 


1. Statement of the problem. The torsion problem of a solid of 
revolution under axisymmetrical loading will be treated in the following 


by means of a displacement function Wr, z), which satisfies the differ- 
ential equation 
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1.1) 


in the region of the axial section of the solid and the normal derivative 
ov 


OV 


Zz, V)) (1.2) 


is given along the boundary line of the axial section. S,(r, z) repre- 
sents the projection of the complete shear stress on the normal to the 
contour of the axial section, while 


oy 
17 . 
or 


av 
Gr 


, 
C2 


The twisting moment of the external forces, distributed over the free 
surface of the solid of revolution from one point of the axis of the 
solid to any cross-section of the latter, determined by the distance s 
along the generatrix of the solid, equals 

M (s) = 2n \7? (s) 5, Ir (s), z(s))d 
0 

Carrying out the integration along the entire length of the generator 
of the shaft from one point of the axis to the other, we arrive from 
(1.4) at a relation representing the equation of equilibrium of moments, 

which produce the twisting of the shaft. 
ri - 

Transformation to spherical coordinates 
p, 9, %, and to polar coordinates p, 6, or 
t, €, in the rz-plane, by means of the 
formulas 


p sin 9 


z=ocos# 


where p is the radius vector of a point in the axial section of the solid 
of revolution (Fig. 1), while @ is the angle between the radius vector p 
and the z-axis and p, represents the distance of an arbitrarily chosen 
point M, on the contour of the axial section of the solid, replaces Equa- 


tion (1.1) by 


ey . ey ov" 
) 


(1.6) 
ot : E2 at 





B.L. Abramian 


with the notation 


for the stress components. 


2. General solution of Equation (1.6). Substituting into (1.6) 


the formula 


W* (t, &) = T (t) @ (6) (2.1) 
and separating the variables for the purpose of determining the functions 
T(t) and d(€), we obtain two groups of equations 
(1 *) @ (&) — 46q’ (§) + A*p(E)= 0, 7" 37” (t) — MT (t) =0 
(1 — &*) g" ( (6) — M@ (8 > © 37” (t) + AT (t) =0 


The solution of Equations (2.2) is given by the functions 


. d . ' ° 
@n(§) = a [APn(&) + BQn (§)] 


n 1) t] 


an . ; l 
T , (t) em at [ —_— ES } D cosh“ 


where P (€) is Legendre’s spherical function of the first kind and nth 
order [6 ], while Q,(€) is a function of the second order and A is con- 
nected with n by means of the equation 


(2.6) 


We use only the solutions for which n is a positive natural number; 
then the functions P(e) and Q,(€) will be Legendre’s polynomials of 
the first and second order, respectively. Since the function 0’ (é) 
approaches infinity when € = 1, the coefficient B is to be taken equal 
to zero in the solution for solid shafts. 


The solution of Equations (2.3) is given by the functions 


d 


Mx (E) a | iP_, (E) + BQ rp i (§)] 


(u Via. 


Tl, (t) (C sin p,t + D cos py,t) 
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where P_ 1/2+ pw, i (€) and Q_ 1/2+ wi (€) are conical functions [6,7 ]. 


The coefficient B in (2.7) is again to be taken equal to zero in the solu- 
tion for solid shafts. 


Finally, we note that the functions 
(2.0) 


are also particular solutions of Equation 


(1.6). 


The general solution of Equation (1.6) 
is to be set up with the aid of the func- 
tions (2.4), (2.5), (2.7), (2.8) and (2.9). 


3. Torsion of a conical shaft under arbitrary loading of 
its lateral surface by shear stresses. Consider a shaft of 
circular cross-section of variable diameter, having the shape of a 
truncated cone (Fig. 2). Assume that this shaft is being twisted by con- 
centrated moments M, and M,, applied to the plane end surfaces and an 
arbitrary loading applied to its lateral surface. Using the relation 
(1.4) we have 


Vv, on | r°t.,(r, a)dr, 


On the lateral surface of the shaft the stresses 


S,ir(t, =), z(t, 


are given, where + = cos a, while f,(t) is a function sectionwise con- 


tinuous in the interval (0, t,) of bounded variation in this interval. 


In accordance with (2.7), (2.8) and (2.9) we assume the solution for 
Y*(t, &) to be of the form 
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The functions T,(t) are orthogonal with the weight e?* and they 


satisfy the relations 
(Pp 
\pP 


T,(t)dt 


In cylindrical coordinates the displacement function W(r, z) assumes 
the forn 


Y (r, 


Computing the stresses r,_ and r,-4 we 


Using the expansions 


where 


eM}, (t)T, (t)dt 


we obtain from condition .2) the expressions 
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Satisfying the first of conditions (3.1) and eliminating from the ex- 
pression thus obtained the coefficients B, and B,, we obtain 
uv; 
2n& ‘ 


ly 


where use is made of the 


and the equality 


Satisfving the second of conditions (3.1) and elimir ing trom the re- 
sulting expression the coefficients A,, B, and B,, we obtain an equality 


. i Vv 


connecting the Fourier coefficients g, and g, with tl oments M, and 


This equality represents the equi labriun equation Io! the moment 


which produce the twisting of the shaft; it has the { wing forn 


4. Special cases. 1. Truncated solid cone twisted by moments v, and M, 
applied at the ends z aand z 6. Since in this cass ie lateral sur- 
face is free of loads, we must have Bo &, . The juilibrium equation 
(3.15) assumes the known form M — M, M. 3. 11 and (3.12 we 


obtain the constants of integration 





1596 B.L. Abramian 


This leads to the Foeppl solution [1 e 


9. Truncated cone twisted by loading applied to two regions of the 
lateral surface of the shaft (Fig. 3). The plane bases of the cone are 
assumed to be free of loading (the analogous problem for the cylinder 
was considered by Pilon [8 ]). In this case 


M, = M2=0 (4.2) 


Suppose the loading is distributed over the lateral surface of the 
shaft in accordance with the law 


| Pi ‘ 1), In ay | a) 
Te. (8s Ea) Jy (t) : 
= Ps te < . _ & In b / by) 


Using Expression (3.10) we find 


*/,8, 


a, bP ( 


3 
: cos py) 


, 3 
sities \ 4, Sim pr, (ty 22) + > COS py, (ty 


0 


The displacement function is determined in this case by Expression 
(3.3), where the coefficients Ay» By and B, must be computed by means of 
Formulas (3.11) and (3.12), with relations (4.2), (4.4) and (4.5) taken 


into account. 


3. Truncated cone twisted by concentrated moments (Fig. 4). For the 
case of an infinitely long cylinder such a problem has been studied by 
Timpe [9 - 


Let the shaft be twisted by concentrated moments My and M, applied to 
the plane end surfaces of the shaft, and a moment M, applied to its 
lateral surface. 


We represent the lateral torque by a loading distributed over a region 
of width 2« of the lateral surface of the shaft according to the law 


Then the torque M, is determined according to (1.4) by the formula 
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Having computed Bo and g, in accordance 
with (4.6) and (3.10), using relation (4.7) 
and passing to the limit at « + 0, we find for 
these coefficients the following expressions: 


The displacement function is determined in 
this problem by Expression (3.3), where the 
coefficients Ay: By and B, have the values 
(3.11) and (3.12), taking into account the 
values determined by Formula (4.8). 


5. Torsion of a hemisphere. Consider a solid of revolution 
having the shape of a hollow hemisphere (Fig. 5), and assume that it is 


being twisted by a loading arbitrarily applied to the free surface of the 
solid, so that 


The functions f,; are here sectionwise continuous with bounded vari- 
ation in the respective intervals. The solution of Equation (1.6) is, in 


accordance with (2.4), (2.5), (2.7), (2.8) and (2.9), to be taken in this 


case in the form 


| " 
“t 5 | A,,sinh A, C , cosh&,t] ¢ 


14 (E) Ty (2) 


where the function 7,(t) is determined by (3.4); furthermore, the func- 


tions ¢,,, ,(€) = dP,,, ,(€)/dé, where P,,, ,(€) is Legendre’s polynomial 
of the first kind, are orthogonal in the interval (0,1) with the weight 
(1-7), and they fulfil the relations [6 ] 
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1 (E) @e 


For the stresses we find 


£9 oyv* 


G (1 


cosh Xt] D's 


we obtain 


cosho t|q 


BP” >) ByP’ 


Since the equations (see [6 | ) 


lead to 


relation (5.7) assumes the form 


G[ByP”.),(0). ) ) (5.10) 


Expanding the function f,(t) into a series (3.9) in terms of the 
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functions T,(t), we derive from (5.10) 


B 
GP, GP 


Satisfying the first of 5.! we obtair 


B,P_1,(% . : 12) 


Expanding the function f,(€) into a series in terms of the functions 
» (a , » ° 
(] . £7)! ~ Dopy 166), we find [6 | 


j, (E) 


where 


Multiplying, furthermore, Equation (5.12) by y (1 — &*) and integrat- 


ing with respect to € between the limits zero and one, we find 


[This result has been obtained with the aid of Equations (5.4) and (5.14) 


Substituting the values (5.11) into (5.15) and solving the resulting 


equation for A we find 


0! 
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(5.17) 


Multiplying Equation (5.12) byy (1- ¢ "Mens 1 (€) and integrating the 
resulting relation with respect to € between the same limits, we find, 


with the aid of (5.4) and (5.14) 


(5.18) 


Let us compute the integrals appearing in (5.18). Since the functions 
$2p4 1!) and P’ 1/2+ w,i ‘S) = y,(¢) satisfy the equations 
(5 19) 


1) 4,” (E) ”/4) Ye (E) = 0 


1) g, , (5) (4p* +- Op) Pops, (§) 


we proceed as follows: multiplying the first of these equations by 
(2 . L bo 5 + , (€) and the second by (€? - 1)y,(€), and subtracting the 


second from the first, we obtain the relation 
| oe” (o.2U) 


Integrating the latter with respect to & between the limits zero and 


one, we have, with the aid of (5.9) 


We note, furthermore, that [6 ] 
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Therefore 


yc E*) P_s (E) Pop4i (E) aE 


Substituting the values (5.21) and (5 


find 


1, (4p 


whe re 


OPep+1 (VY) 


(2p 1) (2p + 2) (4p 


Analogously, satisfying the second of conditions 
relations 


2), we obtain the 


G 


Ay |(4p 3) coshtnt; 3 sinh pf, | ( » ((4p 3) sinh & ty 


where the notations 
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are used 


Combining Expressions (5.17) and (5.28), we obtain the following re- 


lation: 


This is the equation of equilibrium for the torques twisting the shaft. 


Solving tquations (5.26) and (5.29) for 1» and “p) we find 


Finally, substituting the values (5. 1 and (5.33) into (5.3), 


: nad “<i 
we obtain the following expression for the displacement function Y* (t,€): 


~ 


sinh X 


leosecho,/ 


It is easily seen that the series occurring in Expression (5.34) are 


onvergent. 


Using Formulas (1.8) and (5.34), we can determine the stresses at anv 


arbitrary point of the axial section of the hemisphere. 
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In a brief communication [1], the author presented a mathematical model 

which was intended for describing the motion of soil-type media. In this 

paper a detailed evaluation of this model is given, including the related 
thermodynamic problems. 


Soil is a disperse medium — a mixture of mineral particles, water and 
air. The mineral particles form a porous skeleton (usually cemented to- 
gether), the pores of which are filled with water and air. If the soil is 
subjected to relatively small loads, the rigidity of the skeleton is 
sufficient to resist those loads, the medium will behave as an elastic 
one and its deformations and motions can be described by a model of a 
linear-elastic Hookean body. With increasing load, the skeleton will 
gradually break up, the mineral particles will become more compact (there 
will be a decrease in porosity) and an increasing fraction of the load 
will be borne by the water and the air; further increase in load will 
lead to fracture not only of the weaker cementing bonds but also of the 
basic mineral particles of the skeleton. Under these conditions the 
Hookean model will become inapplicable and will have to be replaced by a 
new one. In constructing such a model it is necessary to see that it re- 
duces at small loads to a Hookean model, while at high loads the proper- 
ties of the medium associated with the above-mentioned processes should 
be taken fully into consideration. In the first instance it is necessary 
to consider the obvious fact that although, on increasing the stresses 
which compress a small element of the soil, the density of an element 
may increase appreciably due to recompacting of the particles and their 
fracture, the density will decrease only insignificantly when the load is 
removed, in view of the irreversibility of the processes of recompacting 
and fracture. Therefore, the process of loading and unloading of an ele- 
ment should be described by different relations. 


Furthermore, in the fractured soil skeleton the bonds between 
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individual particles are basically reduced to their mutual contacts and 
the force interactions are represented by mutual compression and friction 
at the points of contact. Therefore, the magnitude of the final mutual 
displacement of the particles cannot influence the resulting stresses 

(in contrast, for instance, to materials of the rubber type in which the 
final deformations determine the stresses), i.e. the components of the 
stress tensor should not depend on the final shear deformations. The 
stresses should be related to the deformations of the instantaneous 
state, i.e. to the tensor of the rates of deformation. In addition, this 
relation should conserve the important property of dry friction, by 

means of which the force interaction is realized between the mineral 
particles in the case of moderate humidity. This property consists 
essentially in the uniformity of the law of dry friction as a function 

of time. This, for instance, is not the property of the relation between 
stresses and deformation rates in the model of a viscous Newtonian liquid. 
The relations pertaining to the theory of flow and plasticity of metals 
do have such a property. 


Finally, in the formation of the components of the stress tensor there 
will be not only dry friction forces between the mineral particles in 
contact but also the forces of elasticity which occur inside the particles 
themselves. Therefore, generally speaking, the elastic components have 
to be taken into consideration in the relation between the components of 
the stress tensors and the strain rates. 


Such considerations have been made in the Prandtl-Reuss plasticity 
theory [2,3 ], the viewpoint of which is utilized for describing the 
plastic shear deformation. 


It can be assumed that in an isotropic medium the character of the 
volume deformation is determined by the mean stress (or by the hydro- 
static pressure as it is referred to in the theory of solid bodies; 
thereby, the magnitude of the volume deformation is determined by the 
change in density of the medium, Therefore, as a first hypothesis, we 
apply the assumption of the existence of correspondence between the mean 


stress (pressure) p = - 1/3(0,, yy zz) and the density p which is, 


however, different for cases in which an irreversible change in volume 


occurs with increasing p, i.e. there is a plastic volume deformation, 

and in which the change in volume is reversible, i.e. the volume deforma- 
tion proceeds elastically. This is the most important difference between 
the present model of the medium and the models of various plasticity 
theories in which the volume deformation is always assumed as being 
elastic (reversible) if it is not assumed to be completely absent [2-4 ]. 
This is due to the fact that dense non-porous materials (primarily 
metals), for which the plasticity theories have been evolved, do not 

show any appreciable non-reversible volume deformations, while for soils 
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the ability to undergo such deformations is very characteristic, due to 
their disperse structure. Furthermore, they are easily susceptible to 
irreversible shear deformations, and in this respect they do not differ 
in principle from metals. 


l. Basic hypothesis and the complete system of mechanical 
equations. It is assumed that if an element of the medium is subjected 
to irreversible changes in volume, the following equation will be valid 


for interrelating the pressure with density: 
{ | | ) 


Irreversible changes in density (volume) will occur only on loading; 
it will therefore be assumed that Equation (1.1) is valid only if the 
necessary condition dp/dt > 0 is fulfilled. If, after a certain stage of 
increase in p, for which an irreversible volume-change took place, the 
pressure in the particle begins to drop, and after some such drop the 
pressure may increase without reaching the initial value which was 
reached during the irreversible deformation, so that the change in volume 
proceeds reversibly, the relation between the pressure and the density 


for this process is determined by another equation 
P,) 


In this relation the maximum pressure p_ to which the particular 
* 
particle was exposed during the previous irreversible change in volume 


will be contained as a parameter. By means of Equation (1.1) the density 


* 


p., which corresponds to p_, can be introduced: 
* 


(1.3 


and instead of p, the parameter p_ can be introduced in Equation (1.2). 
* 
For the given particle, the parameter p, as well as p, can only increase, 


and this will take place only in the case of irreversible volume de- 
formation; in the case of elastic changes in volume, 


the particles p 
‘ > 
and p_ will not change. Therefore, p 

> 


. (or p.) can be considered as a 
> 


parameter characterizing the residual (irreversible) volume deformation. 


l simple intuitjve considerations indicate 
that quaiitat ively the functions hy and if, are of the 
Fig. 1 : 


The experiments [5 | an 


form as shown in 


) ] 
< shows the same graph in the plane p, } l/p. In accordance 


was said in the introduction, the function (] 


.1) should have 
a initial elastic section in the 


range of smal] p-values. In the case of 


unloading from ; n ——<— | 
ling Irom any point | . PL a reve rsible change in volume takes place 
on the curve 


2 } | : 
(1.3), and the point which depicts this process is displaced 
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along the curve (1.2). This point can drop only to the 
which corresponds to such a state of the element when 
withstand the tensile stresses 


l 


tion of which can be written as 


from all sides and 


of such states in Figs. and 2 is shown by 


P (Po 

This relation establishes the dependence of the lox 
the density at which loosening takes place. Both thess 
obviously determined by the degree of irreversible vo] 
l. 


e 


If the medium has n« 
the 


by the parameter p, (or p.). 


0, 


Po Since in a medium which in initial natura] 


the skeleton disintegrates gradually during the process 


deformation and the bond decreases 


, with increasing 


absolute value p, should decrease. From a certain val 


wards) it can revert to zero and remain zero for al] 


(p, ). This will correspond to a total loss of the bond 
considerable irreversible volume deformation. 


In the case of very high pressures, f 


the porosity of 


completely eliminated, and the material will compress 
appreciable irreversible volume deformation in the same 


and non-porous rocks do. Therefore, it is necessary t 


sideration that p, and p, are bounded from above by c« 


values p _ ; once these limits are reached, Equa 
> 9 fae a } 
(2.2) coincide, and the entire volume deformation wil] 
ible quantity. Thus, the multitude of states on the | 
which are connected by reversible changes, 


is bounded left 


right 


is depicte 
from above and 


(1.4) and 


from the 
from the 


by the curve 
by the curve (] 


by the curve 


loose ns. 


the dashed 


AU 


‘ 


Lal 


position Po, P 


0’ 
? 


l can no longer 
The aggregate 


lines, the equa- 


ening pressure on 
yuantities are 

me deformation, 
bonds, then 
ate 


o! 


is bonded, 
irreversible 
the 


) on- 
P, 


irger values of p 
0 


in the case of 


medium may be 


the 


without any 


way as metals 


take 


rtain 


into con- 
limiting 
(1.1) and 
become revers- 


V), 


region which 


L1ons 


a 


ie Cf 


p (or p, 


DY a 


)), from below 


) for the value 
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of the parameter p, = p In the case that p, (or p,) are constant, 


the reversible changes of state in this range occur along lines of a 
single parameter family, which is determined by relation (1.2), the para- 
meter on the lines of the family is p, (or p.). Outside this region re- 
versible changes of state may occur in the case of p> p,. along the 
extension of the line p, = p,.., which coincides with a line (1.3) for 
the case that p > p 


* co 


To simplify dealing with the fairly complicated properties of the 
volume deformation of the medium described above, which is particularly 
important for the numerical solution of problems, we will give a well- 
defined analytical representation of these properties. The relations 
which follow accomplish this aim. 


In the first instance, instead of (1.1), (1.2) and (1.3), we write 


0,)€(0 P), 


Po I (Oo, Pp.) 
Furthermore, from Equations (1.4) and (1.5) we obtain 


] (0, Pp.) q (0,) or Py ¥ (p.) Pp. ( | 6) 


Finally, the condition that an irreversible volume deformation takes 
place only with increasing p, is expressed by 


(1.7) 


In this case, the operator d/dt denotes the total time derivative. The 
function e(u) in Equations (1.5) and (1.7) is a unit function: 


(1.8) 


It is obvious that, owing to relations (1.5) to (1.8), only reversible 
volume deformation (p, = const) will occur in the case of % <P <P, 
and only in the case of p = p, and dp /dt > 0 will a part of the volume 
deformation proceed irreversibly (dp. > 0). 


[t is pointed out that while the changes in p_ can, generally speak - 
" 


ing, be considerable, the changes in density in the case of purely re- 
versible volume deformation can be small, since these are determined by 
the elastic deformation of the mineral particles and the water, which is 
insignificant. Therefore, it is valid to assume that 


(1.9) 
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This condition is essential in the sequel. 


Passing to the analytical description of the shear deformation in the 
proposed model, it may be mentioned that we will formulate relations 
which in principle are apparently the most simple ones, but still in- 
corporate all the qualitative features of shear deformations in the soil 
described at the beginning of the paper. 


In spite of this they are mathematically very complicated. Particular- 
ly, following the basic ideas of the theory of Prandt|l-Reuss, we shall 
assume that under conditions when the shear deformation cannot proceed 
purely elastically, a part of the infinitesimally smal] shear deforma- 
tion of the instantaneous state of the element will become plastic (irre- 
versible) and proportional to the deviator of the stress tensor. This 
occurs under the condition that this deviator differs from zero in a de- 
finite sense (which causes the irreversible shear deformation), whereby, 
generally speaking, the magnitude of this deviation, at which plastic 
deformation starts to occur, will depend on pressure. 


The latter condition is analytically expressed in the form of a 
certain relation (plasticity condition), which is taken in the form of 
the dependence of the second invariant of this deviator on p 


F (p) 


F is a non-decreasing function of its argument. 


The form of the plasticity condition (1.10) in the proposed model also 
differs from that pertaining to the model of the theory of plasticity of 
metals in which Jo is assumed either constant during plastic deformation 
(ideal plasticity) or as depending on the characteristics of plastic de- 
formation (hardening). Equation (1.10) is a condition of the type per- 
taining to ideal plasticity, in which the plasticity limit depends on 
the first invariant of the stress tensor, i.e. the pressure p. This is 
the Mises-Schleicher-type condition [3,4,6 ]. 


In the theory of the limiting equilibrium of loose granular media and 
soils [7,8 ], in which, generally, only the two-dimensional problem is 
considered, the condition of limiting equilibrium,i.e. the condition of 
plasticity, is taken as the Coulomb friction law or, more generally, the 
failure condition of Mohr which interrelates the normal and the shear 
stresses at the slip planes. These conditions, which are convenient in 
the case of the plane problem of limiting equilibrium, are unsuitable 
for the general three-dimensional case in view of the complexity of the 
analytical representation, Therefore, the analytically simpler relation 
(1.10) is proposed, which is of the same mechanical nature as the 
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Coulomb-Mohr condition and can be considered as being an approximation 
of this. In this case we follow von Mises, who in the theory of plasti- 
city of metals substituted for Tresca’s flow condition the simpler (Mises) 
condition, which in many cases is in better agreement with experimental 


data than the Tresca condition [2,3 l. 


The correct description of the elastic part of an infinitesimally 
small deformation of the instantaneous state in the case that consider- 
able deformations are possible encounters great difficulties; these are 
due to the fact that, on the one hand, the plastic as well as elastic 
components of the infinitesimally small deformation of the instantaneous 
state are expressed by the tensor of the deformation rates and, on the 
other hand, the elastic law links the stress tensor with the tensor of 
the elastic deformations themselves and not their rates. Therefore, to 
write unified relations which link the stresses with the strain rates, 
it is necessary to write the elasticity law in the differential form. 
This applies to the case of developed flow when the total deformations 
and displacements are not small and the state, relative to which the 
elastic-deformation components are considered, changes appreciably and 
continuously, representing a non-trivial problem. 


In particular, there is difficulty in determining the rates of change 
of the stresses which should be used in the elastic law written in differ- 
ential form. Recently, W. Prager drew attention to these problems; ina 
paper presented at the All-Union Congress on Mechanics he subjected to a 
comparative analysis various published definitions of the rates of change 
with time of the stress tensor and pointed out certain advantages of the 
definition according to Jaumann [9 ]. Work by Sedov [10 ], carried out 
in connection with the above paper, deals with the problem of differen- 
tiating tensors with respect to time in a general treatment of the theory 
of finite deformations. In the light of these concepts, the elastic de- 
formations in the flow relations were taken into account incorrectly in 
our earlier work [1], and this inaccuracy is eliminated in this paper. 


For describing the elastic shear deformation, Jaumann’s definition 
of the time derivative of the stress deviator tensor [9 ] will be used. 
This leads to the following relations between the components of the 


stress deviator tensor and the strain deviator tensor: 


) a 


Cs { ¢ ; 6 AS : ( 11) 


at 


where G is the shear modulus and the derivatives qS 5; dt are determined 


according to Jaumann by means of the formula 


5 . 
"¢) 
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The quantity A should be positive when plastic shear deformation 
occurs and it should be identically zero in the case of elastic shear. 
Thus, relations (1.11) for A 0 should be considered as the definition 
of the elastic law of the given model. It can easily be shown that in 
the case of small displacements and deformations this definition reduces 


to the ordinary Hooke’s law. 


As usual, the factor A can be eliminated by means of the plasticity 


condition (1.10). For this purpose we multiply (1.11) by Sij and take 


the sum 


26M GS 


It can be shown that 


Therefore, (1.13) and (1.14), taking into consideration (1.10), yield 
for A 


Equation (1.15) will be valid only for the case that J, = F(p) and 
provided that A> 0, i.e. for 2GW— F’(p)dp/dt f these conditions 
are not fulfilled, then A 0. 


In the same way as above, all these properties of the parameter A can 


and should be expressed by means of the single analytical expression 
¢ Ja — F (p)le[2GH 

where e(u) is the unit function (1.8). Thus, relations (1.11), (1.12) 

and (1.16) give a complete description of the shear deformation. 


These relations, together with (1.5) to (1.8), the equations of motion 


as 


ty 


and the continuity equation 


form a complete closed system of the mechanical equati 


posed mode ] . 
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In analogy with the model of the viscous incompressible liquid, the 
models of the theory of plasticity and some others, the closed system of 
equations has been obtained without using the law of energy conservation. 
The problem of how the energy equations are written in such cases and, 
generally, what thermodynamic relations correspond to models of such a 


type is considered in another paper [11 }. 


2. Thermodynamics of the medium and the energy equations. 


The equation of the heat inflow can be written in the general case as 


follows [ 12 |: 


(2.1) 


where the quantity on the left-hand side of the equation represents the 
external heat inflow to the unit of volume per unit of time and «¢ is the 
internal energy per unit of mass of the medium. By using relations (1.10), 
(1.11), (1.13), (1.14) and (1.16), Equation (2.1) can be written as 


ad 


eld. F (p)je\|W on F’ (p) S 


ji 


Dividing Equation (2.2) by p and using relations (1.11) and (1. 


obtain 


( | J, F (p)] ( VW . F’ (Pp) “P | 


! 


The quantity V, will now be introduced on the basis of the formula 


V.=V,-V, V,=V,(V,) (V 


l 


where V, is the specific volume at the point of intersection of the curve 
of the elastic volume change with the axis of specific volumes (Fig. 2). 
Since, as a result of Equation (1.7), p <p_., i.e. V>V_ and, further- 

cs > 


more, Pp >Py, 1.e€. V< Vo, the following inequalities will be valid for 


y 


e 


Furthermore, from Equations (2.4) and (1.7) it follows that 


i i 
_ | a e(V, VV) 
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ind, consequently, in the case of purely reversible volume changes, 
dV /dt = —- dV/dt. Finally, due to Equation (1.9) 


(2.7) 
By using the latter, it is possible to substitute V| for V in Equa- 
tion (2.3) for all cases when 1/p = V, if quantities of the order of 
(V, 


result, this equation can be written as 


- V.)/V,, which are small compared to unity, are neglected. As a 


de , 6Q 
F (p)je 4 } (p) 


We will now determine the system of the thermodynamic parameters of 
state and the form of the thermodynamic functions of state. Let us con- 
sider at first for this purpose the reversible process. In this case 
dV. dt = 0, the last term on the right-hand side of (2.8) is also zero 
and, in accordance with the second law of thermodynamics, the external 
heat inflow per unit of mass, V.5Q/6 t, can be expressed by T dS/dt, 
where S is entropy per unit of mass and T the absolute temperature of 
the element. Thus, the equation of heat inflow (2.8) for the reversible 
process is transformed into the following thermodynamic identity: 


my Sf 
de TdsS pd ; 7G dJ. 


This relation indicates that the values 7, Vos J, have to be taken 
state parameters for the reversible process. Furthermore, the thermo- 
dynamic functions may finally depend on a simple parameter (but not a 
parameter of state!) i.e. on the quantity Ve {11 ]. The conditions of 
integrability of dS lead to the necessity of fulfilling the following 
relations: 


The most general model for the considered parameters of state is ob- 
tained if the pressure p, shear modulus G and the specific heat 
Cy 
Ve Jy 
form of functions of the arguments T, V., J, which satisfy only condi- 


tions (2.10) but are otherwise arbitrary. Particularly. using the well- 
known dependence 


(de/AT )y , with V. and J, constant, are given in the 
V , Jo 4 2 
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p= p(T, V., J3; V.) 


we obtain, by taking into consideration (2.10) 


J 
[ @ Lf 
\ oT? 26 V, as; 


0 


where G, and Cy j, are arbitrary functions of their arguments and may 
e* *2 


depend on the parameter V_. 
* 


From these relations, the internal energy and the entropy can be de- 
termined by integration: 


(2.14) 


| ds 4.\Cy..5.dT + e,(V. 


Terds 


Here «, and S, are, generally speaking, arbitrary functions of the 
parameter V_, which is not a thermodynamic parameter of state since it 
does not change in the case of reversible processes. Determination of 

the form of these functions is associated with the study of the mechanism 
of irreversible micro-processes in the medium [11 ]. For computing the 
first integral in (2.15), which for brevity is written in symbolic nota- 
tion, it is necessary to apply relation (2.10). From the known formulas, 
having available (2.14) and (2.15), expressions can be obtained for the 
remaining thermodynamic functions. 


The expressions obtained for the equations of state (2.11) and (2.12), 
the specific heat (2.13), the internal energy and the entropy (2.14) and 
(2.15), depend on J as a parameter, i.e. on the degree of plastic volume 
deformation. In the course of plastic volume deformation, the paramter 
J will decrease and the process will be thermodynamically irreversible. 
The irreversibility will also take place in the case of shear deformation 
if A > 0, and also as a result of heat conduction in the medium. In order 
to obtain the thermodynamic relations necessary for describing these 
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processes, we will proceed in the same way as in the examples considered 
in earlier work [11 ]. The basic thermodynamic assumptions consist in 
the fact that all the thermodynamic relations written above remain valid 
also for irreversible processes. However, while in writing the thermo- 
dynamic equations (2.9) and (2.10) the parameter V is assumed constant, 
in substituting Equations (2.11) to (2.15) into the equations describing 
the processes in presence of irreversibility, it is necessary to take 
into consideration the changes (the decrease) in the parameter V , which 
is determined by the differential equation (1.7). F 


The correspondence of this assumption with reality un in the final 
analysis be determined only by experiment, 


A simple particular case described by the above thermodynamic rela- 
tions, corresponding to the mechanical model evolved in the first section 
of the paper, is obtained by assuming, in addition to the hypotheses 
which follow from (1.5) on the independence of the pressure p on T and 
J 


follows from (2.12) that G does not depend on V, either, and it follows 


, the independence of the shear modulus G on T and J,. In this case it 


from (2.13) that the specific heat depends only on T and V.; consequently, 
all the specific heats will mutually coincide and the coefficient of 
thermal expansion will equal zero [11]. Formulas (2.14) and (2.15) will 
change to 


Ve 


\ p(V.; V)aV, 


0 


Thus, the full model proved to be a model with separable energy, 
whereby the entropy depends only on the temperature and V_, which is in 
complete analogy to the case of an ordinary plastic medium [11 ]. 


By substituting the equation for « (2.16) into Equation (2.8) and 
assuming for the external heat flow the law 


2 48) 


where x is the coefficient of heat conduction, and using (2.6) and (1.7 
we obtain finally the equation for the heat inflow, applicable to the 


model under consideration, in the form 


dV, 
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4 - . 


This equation serves for determining the temperature distribution, 
after solving the mechanical problem. On the right-hand side its first 
term determines the heat inflow associated with heat conduction. The 
second term determines the heat inflow associated with the dissipation 
of the mechanical energy, caused by irreversible volume deformation. This 
heat inflow equals the excess work of pressure on the plastic volume de- 
formation over the work spent on irreversible changes in the internal 
energy in changing the parameter V. In the same way as in the earlier 
work [11 ], it can be shown that this excess must not be negative. Final- 
ly, the third term determines the heat inflow which is associated with 
the dissipation of the mechanical energy due to plastic shear deformation. 
This quantity will always be nonnegative. All this, together with the 
natural condition (d S/d V (dV /dt) » 0, in the same way as in the 
earlier work [11 ], is in accordance with the requirements of the second 
law of thermodynamics that there will be no decrease in the entropy of 
any thermally insulated material volume of the medium. 


3. Character of the dissipation in the medium and its representation 
by a model. The model of the medium evolved in the previous sections con- 
tains a dissipation mechanism which realizes the transformation of 
mechanical energy into heat. The mechanical energy losses in this model 
can occur, on the one hand, during plastic volume deformation, i.e. when 
the parameter p changes. Thereby, a part of the work performed by the 
compression forces to achieve volume deformation is transformed into heat 
(the second term on the right-hand side of Equation (2.19)). On the other 
hand, they will occur if there is plastic shear deformation, i.e. if 
A > 0. Thereby, a part of the work of the shear stresses to achieve shear 
deformations will be transformed into heat (third term on the right-hand 
side of Equation (2.19)). 


Owing to the particular structure of the basic relations of the model, 
which consists in their uniformity with the progress of time, the dissipa- 
tion in the medium possesses properties of dry friction. Therefore, in a 
certain sense, the character of the motion of the medium does not depend 
on the velocity. To obtain a more accurate expression for what was said 
above, it is necessary to consider two types of motions: the first, 
motions in which accelerations in the equations of motion can be dis- 
regarded, and the second, motions in which the accelerations are essential 
(dynamic problems). 


It can easily be verified that in the first case, in the absence of 
body forces (F;° = 0), the complete system of mechanical relations (but 
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not the energy equation (2.19)) is invariant relative to the group 
transformations 


where @(t) is an arbitrary monotonically increasing function and k is an 
arbitrary positive constant (in the presence of body forces the invari- 
ance will apply in the case k = 1). This means that, for the indicated 
class of motions of the given model, the time as such is unimportant, 
the character of the motion does not depend on the speed of its evolu- 
tion, i.e. on the velocity of the process. In this respect the model is 
fully similar to the models of the theory of flow in plasticity [ 2-4 }. 
It is obvious that not every model of a continuous medium in which the 
stresses are associated with the deformation rates possesses this pro- 
perty. For instance, the Newtonian model of a viscous liquid does not 
have this property; for the motions of a viscous medium the velocity of 
the process is a very considerable factor in the determination of the 
character of such motions. 


It should be pointed out that for the case under consideration the 
energy equations (2.19) are, generally speaking, not invariant relative 
to the group (3.1). If, however, the velocities of the phenomena are 
such that the terms associated with the thermal conductivity of the 
medium in Equation (2.19) can be disregarded, this invariance will be 
maintained, i.e. the relation 


will supplement relation (3.1). 


For a second class of motion, the complete system of mechanical re- 
lations in the absence of body forces is invariant only relative to the 
sub-group of similarity with respect to time and space f the group 
(3.1), corresponding to the particular form of the function @(t) = kt 


In this case too, the energy equation will not be invariant, due to 
the presence in it of terms which are associated with heat conduction. 
If these terms can be disregarded, the energy equation will also be in- 
variant and (3.2) can supplement relations (3.3). 


In the given case the invariance of the equations relative to (3.3) 


only allows the statement that the geometrically similar motions, i.e. 


motions in which the characteristics of the boundary and initial condi- 
tions are geometrically similar, will be similar also throughout the 
same medium on fulfilling certain simple supplementary similarity condi- 
tions. 
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elucidate this a simple example is considered. Let us assume that 
in a space filled with the medium under consideration, which is at rest 
and homogeneous, there will be a detonation of an explosive charge of a 
spherical shape. It is required to determine the ensuing motion of the 
medium. In the given problem the functions sought are the radial velo- 
city v of the particles of the medium, the two principal stresses c. and 
O, and the densities p and p.. They will depend on the radial coordinate 

t and the parameters: Py, My, %6, > Dy (which are 

initially given), ro the radius of the charge, py, the density of the 
charge substance, q the quantity of heat released during combustion per 
unit mass of the charge, y the adiabatic index of the detonation pro- 
ducts of the charge and also a series of parameters Py. K; with dimen- 
sions of density and stress, which enter into the basic relations of the 
model*. It is assumed that body forces are absent. Without solving the 
problem, on the basis of dimensional analysis, it can be established 
that the dependence of the sought functions on the system of their vari- 
ables and of the constant arguments can be written as 


where V, ze ain, , R are dimensionless functions of dimensionless argu- 
ments, which are written out only for V. It follows from Equations (3.4) 
that for the similarity of two motions occurring in one and the same 
medium due to two different charges, it is necessary that both charges 
are made of the same material (or materials with equal py, q, y) and 


that the initial pressures and the density in the medium Pi> Py should 


. 
coincide for both motions and at geometrically similar points, i.e. at 


be equal in both cases. In this case the functions V, >, 2%», R, R will 
> 


points whose coordinates are connected by the relation r, riloo/T 10 
the velocities, stresses and densities will be equal at instants of 


time which are connected by the relation: ¢, pt). 


a 


The possibility of this type of similarity of motion, referred to in 
some cases as simple geometrical similarity, is obviously ensured by con- 
structing relations of the model which admit the transformation (3.3) or, 
from another point of view, by the fact that the constant parameters in 


the model relations have only dimensions of density or stress. 





The processes of heat exchange in the detonation products and between 


these products and the soil are disregarded. 
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In modeling it is necessary to bear in mind that the real motions will 
take place in a gravity field which, generally speaking, will influence 
the motion. However, in certain problems the influence f the gravity 
force may prove unimportant and then the usual difficulties associated 
with the necessity of varying the gravity acceleration forces in model- 
ing, as is required for the analogy, can be dispensed with. As an ex- 


ample, the same problem relating to an explosion will be considered. 


At the initial moment, due to the presence of gravity forces, initial 
stresses will exist in the medium, the magnitudes of which increase with 
depth in accordance with a linear law. After detonation of the charge, a 
front will propagate along the medium from its surface, which separates 
the area at rest from the area in which the medium is in motion. At the 
instant of time directly after the detonation, the area in which there 
is motion of the medium is relatively small and the stresses occurring 
therein are very considerable relative to the average initial stresses 
in this area as well as to their differences at the various points. 
Therefore, at the stage of motion under consideration, the initial 
stresses can be disregarded, and this means that at this initial stage 
the gravity forces will not have an appreciable influence. With the pro- 
gress of time, the zone in which motion takes place will increase with- 
out limits and the stresses in it will drop so that at a certain stage 
the motion will become purely elastic. However, the equations describing 
the motion at this stage (the equations of the theory f elasticity) are 
linear and, therefore, the stress fields here will represent simply the 
sum of the initial field determined by the gravity forces and the field 
of disturbances, which is the solution of the problem whose mathematical 
formulation does not contain gravity forces at all. Therefore, the field 
of the disturbances will not depend on the gravity force. It is obvious 
that the velocity field in this stage will also not depend on it. Gener- 
ally speaking, in the intermediate stage of motion, the gravity force 
will have an influence. However, it can be anticipated that this stage 
will not last long and the influence of the gravity force on the motion 
as a whole will be insignificant. 


If the explosion of the charge is at a relatively small depth, the 
front of the disturbances will break to the surface even in the first 
stage of the motion, as a result of which a funnel will be formed; in 
this case the gravity force will have no influence or he motion of the 
medium or on the stress field. However, the final dimensions of the 
funnel can be influenced indirectly by the gravity forces for instance, 
in the case of considerable dimensions of the funnel a part of the 
material which is ejected from the funnel by the explosion will fall back 


into it. Experiments carried out under such conditions in various types 


of soft soils have shown that the final characteristi of the explosion 
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(volume and shape of the funnel, distribution of the ground on the bank 
outside the funnel) and also some kinematic characteristics of the 
phenomenon during ejection of the soil from the funnel [14 a are in 
agreement with the conditions of simple geometrical analogy. All these 
experiments show that the gravity force will influence the shape and 
dimensions of the funnel only in the case of very large charges, since 
for charges weighing up to 1000 tons this influence is small. 


Further, laboratory experiments on the measurement of the kinematic 
characteristics of the motion of sand during explosion of small spherical 
charges in the absence of an open surface [15,16 | also confirm the 
validity of a simple geometrical analogy. 


Finally, our own experiments [17 ] on measuring directly the stress 


field during explosions in sandy soil, carried out under field conditions, 
have also shown that the conditions of simple geometrical analogy are 
fulfilled within the range of dimensions that have been investigated. 


Thus, the existing experimental data indicate that the structure of 
the relations of the model intended for the description of the motion of 
soils should permit a simple geometrical analogy under the conditions 
described above, i.e. that these relations should not contain constant 
parameters with dimensions that cannot be expressed by the dimensions of 
density or stress. 


The model proposed here has this property. 


4. On experimental verification of the model. The experimental results 
mentioned in the previous section indicate that the general structure of 
the relations of the model considered here is appropriate. Full experi- 
mental verification of the model requires special experiments so as to 
establish the form of the functions — the characteristics of the medium 
which enter into the relations of the model. In earlier work [1], a 
method was proposed for experimental verification of the correctness of 
the plasticity condition (1.10) assumed in the model and the determina- 
tion of the function F(p) which is contained in this condition. 


This method reduces to the following. By detonating an explosive in 
the ground being studied, a motion is produced which has a spherical or 
a cylindrical symmetry. Due to this symmetry, the orientation of the 
principal planes of the stress field is known, and it is possible to 
measure the principal stresses at various points of the moving medium by 
means of special stress pick-ups [strain gages |]. As a result of the 
measurements, the complete stress tensor can be determined as a function 
of time and distance from the center or from the symmetry axis. Then, 
constructing from the measured components of the stress tensor the ex- 
pressions J and p in relation (1.10), which will also be functions of 





On basic concepts in soil dynanics 


time and distance from the center of the charge, and excluding time as a 
parameter, it is possible to obtain the function F, for each of the above 
distances, from relation (1.10). If the function F thus constructed is 
equal for all distances and under various geometrical conditions, i.e. 
for spherical and cylindrical symmetry, this will indicate that in real- 
ity, in the case of a developed flow in the medium, the plasticity condi- 
tions of the type (1.10) are fulfilled. Simultaneously, on the basis of 
actual experiments, the real type of the function F(p) will be determined 
for the soil under investigation. We refer in this case to distances that 
are not particularly great, at which the motion is purely elastic. 


The author, jointly with V.D. Alekseenko, G.V. Rykov and A.F. Novgo- 
rodov, carried out experiments on the basis of this scheme in sandy soil 
during the summer of 1959, which confirmed the applicability of the con- 
dition of the type (1.10); it was established that for sandy soil under 
natural conditions the function F(p) for the case of p 15 ke cm? can 
be written as [17 ] 


F (p) (kp + 6) (x, 0 4.1) 


Por establishing the type of function from relations (1.2) and (1.3) 
(or (1.5)), the following experiment may be suggested. The specimen of 
soil to be investigated should be covered with a thin, easily bendable, 
shell which is impermeable to a liquid, and placed in a strong rigid 
vessel with a liquid of a known compressibility, so that the specimen is 
fully submerged in the liquid. By compressing the liquid in the vessel 
by means of a piston which is hermetic at the walls, and measuring the 
pressure produced in the liquid together with the displacement of the 
piston corresponding to this pressure, it is possible to determine from 
the measured results the relation between the pressure p and the density 
of the specimen p. Indeed, the piston will produce a uniform pressure in 
the liquid. Therefore, on the surface of the solid specimen a constant 
normal stress will act, which will produce in the assumed homogeneous 
and isotropic specimen a uniform stress field which reduces to the hydro- 
static pressure p. The specimen will thus be subjected to a geometrically 
analogous deformation which will be homogeneous and isotropic so that, 
for a given pressure in the liquid, the density at all points of the 
specimen will be equal. Therefore, with the masses of the specimen and the 
liquid being fixed and the compressibility of the liquid and the deforn- 
ability of the vessel under the effect of internal pressure being known, 
it is possible to calculate the density from the measured displacement 
of the piston. By making the measurements during increasing pressure, as 
well as during decreasing pressure, it is possible to plot the loading 


* 


function (1.3) as well as the nloading function (1.2) 


It should be noticed that the functions in relations (1.2) and (1.3) 
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do not contain the characteristics of the deformation rates. Therefore, 
for determining these functions it is sufficient to carry out the static 
Measurements just described. The assumption made in the model regarding 
the independence of the volume deformation on the deformation rate has 

to be additionally verified by experiments of one type or another. The 
experimental results considered above, which confirm fulfilment of the 
simple geometrical analogy, indicate that the velocity of deformation has 
no influence on the phenomenon as a whole and this means that, in partic- 
ular, the relations describing the volume deformation will also not de- 


pend on it. 


It should be pointed out, also, that the problem of the so-called 
"dynamic diagram" of deformation, which is sometimes discussed, has no 
meaning; in fact, if the diagrams of deformation under static and under 
dynamic conditions differ, we cannot talk about the diagram under dynamic 
conditions, since in this case the velocity of deformation does affect 
the dependence between the stresses and the deformation, i.e. under 
dynamic conditions we will have to deal not with a single diagram but 
with a family of diagrams corresponding to the various values of the in- 
variants of the tensor of the deformation rates, which in this case will 
enter into relations that link the stresses with the strains. 


Let us consider, also, the problem of experimental determination of 
the function F(p) from condition (1.10) under static laboratory condi- 
tions. Firstly, the agreement of the function F thus determined with the 
function F determined by the dynamic method described above will be a 
further confirmation of the correctness of the assumption on the charac- 
ter of the plasticity condition. Secondly, and even more important, under 
static laboratory conditions the function F(p) can be constructed for a 
wide range of values of the argument p, including very large pressures, 
while under the described dynamic conditions such determination is ex- 
tremely difficult, since we have no means of measuring the stresses in 
the area which is near to the center of the explosion, where the highest 


stresses occur, 


Under laboratory conditions, F(p) can be determined from the following 


experiment*. Into a rigid cylinder a cylindrical specimen of the soil to 


The experiment described here is similar to the experiment for deter- 
mining the so-called compression curves in soil mechanics [ 8,18,19 | 
and also experiments on the determination of the parameters of an 


oil-bearing stratum under elastic-plastic conditions [ 20 ]: the pur- 


pose of these experiments, however, differs. 
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be investigated is placed, with its diameter coinciding with the interna] 
diameter of the cylinder and height much smaller than the diameter. By 
compressing the specimen, which fits tightly into the cylinder, by a 
piston, a uniaxial strain state will be produced in the cylindrical 
specimen. There will be a deviation from the uniaxial state in the neigh- 
borhood of the lateral surface of the specimen, due to the presence there 
of friction forces on the cylinder wall. However, since the specimen has 
a small diameter-to-height ratio, this deviation from the uniaxial stress 
state, which is localized in the small layer adjacent to the wall, can 

be disregarded. By measuring the displacement of the piston and the 
pressure under the piston (or at the bottom of the cylinder) 

can plot the relation 


Using this dependence, and also relations (1.2) and (1.3), the func- 
tion F(p) can be plotted. If the experiment is carried out with a mono- 
tonically increasing pressure, it is sufficient to use only relation 
C223) 


From (1.3) and (4.2) we can obtain J, as a functii 


Excluding from Equations (1.3) and (4.3) the parameter p, we obtain a 


relation between J» and p 


At the initial stage of the experiment, when the volume and the shear 
deformation are both elastic, the following linear relations will apply 


Bo, 


where p, is the initial density and A, B, C are constants which are 
pressed by means of the elastic constants of the medium. Therefore, 
this stage relation (4.4) will coincide with the following relation 
rived from (4.5): 


On further increase of p (or @), the limit of elasticity will be 
ceeded both in volume and shear deformation in either rder, depending 
on the properties of the medium, If the expression 6 O(p) is substi- 
tuted in the last of relations (4.5), obtained by transforming (1.3) 
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we arrive at a relation between Jo and p which will coincide with (4.4) 
when the limit of elasticity in shear is not exceeded. After exceeding 
this limit, these functions will differ, and from that instant onwards 
the function (4.4) can be considered as the desired function F(p). 


Similar considerations also apply to the case of the experiment with 
unloading from various states of compression. 


Finally, another fact should be pointed out which is of paramount in- 
portance. If relation (1.3) is expressed in terms of the variables p and 
6, in accordance with the model, a curve will be obtained which possesses 
the following properties (see Fig. 1). For small values of p, the curve 
will have a straight elastic section, then it will be convex upwards, 
will reach an inflection point and, finally, after becoming convex from 
below, it will rise steeply upwards. On the basis of these geometrical 
properties of the compression diagram of the medium, it is possible to 
determine the character of the changes of the profiles of the waves of 
stresses, velocities, etc. which occur, for instance, as a result of de- 
tonation of a spherical explosive charge in the unbounded medium. 


In his paper Barenblatt [21 ] has studied self-similar (non-interact- 
ing) plane, one-dimensional motions of a non-linear-elastic medium, the 
diagram of which may possess the above-mentioned geometrical properties. 
It was established that if a sufficiently large constant pressure is 
applied to the boundary of a semi-space, a disturbance wave will propa- 
gate along the medium which is limited in the forward direction by a sharp 
front, i.e. a shock-wave. In the case of moderate values of this pressure, 
the speed of the shock-wave is relatively small so that in front of it a 
region of continuous motion will occur and the forward boundary of the 
disturbance will appear as a weak discontinuity, i.e. a characteristic. 
Finally, beginning from the value of the applied pressure that corre- 
sponds to the inflection point in the diagram, and even for smaller 
values, the disturbance will become a continuous wave, which is limited 
in the forward direction by the characteristic. 


Considering the problem on the change of form of the disturbance 
caused by a concentrated detonation in the medium under consideration, 
it can be shown that all the qualitative types of disturbance waves de- 
scribed above will occur, with successive replacement of one type of 
wave by another. To wit, in the zone near to the charge, where the 
stresses are high, disturbances will propagate which are limited in the 
forward direction by the shock-wave. As this wave recedes from the 
charge, it will decay, and its velocity will decrease. At some instant 
its velocity will be less than the velocity of propagation of elastic 
disturbances which correspond to the initial section of the diagram, so 
that elastic motion will occur in front of the pressure-wave. Then, a 
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time will come when the pressure-wave will vanish, the motion will be- 
come fully continuous and, finally, there will be a purely elastic wave 
which, with the progress of time, will recede without limits from the 
center of the explosion. 


We have carried out special experiments for verifying the described 
character of the development of disturbance waves resulting from an ex- 


plosion with the progress of time. The experiments fully confirmed the 
effects anticipated [17]. 


We note that in a highly idealized formulation, the problem of explo- 
sion considered here was recently studied by Zvolinskii [22 ]. His work 
also revealed all the stages of development of the disturbances described 
here. 


Experimental confirmation of the described qualitative feature of the 
disturbance, which can be predicted theoretically on the basis of the 
geometrical properties of the diagram of volume deformation, proves that 
this diagram does actually possess such properties. 


In conclusion, I should like to thank G.I. Barenblatt for his atten- 
tion to and interest in this work. 
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In recent years several variational problems for the shape of a body for 
minimum drag at hypersonic flight speeds have been solved on the basis 


of Newton’s law of resistance [1 ]. 


Solution of the variational problem in a more exact formulation, 
using A. Busemann’s law of resistance, was proposed in [2,3,5 |. However, 
as was shown by Hayes [3 |], in the improved formulation the contour of 
the body of minimum drag should have a discontinuity in slope at the end 
point, because then, according to Busemann’s law, an infinite negative 
pressure appears at that point, reducing the drag by a finite amount. 
The physical pressure cannot be negative, and a change in slope at the 
end-point should not, in supersonic flow, influence the pressure dis- 
tribution upstream and hence the drag. 


This disagreement with the physics of supersonic flow requires a new 
formulation of the variational problem with revised conditions, so that 
the pressure on the body contour will be everywhere nonnegative. 


A general method is given below for the solution of this problem for 
plane and axisymmetric gas flow. 


We consider flow past a body with, in general, a duct, in a plane or 
axisymmetric hypersonic gas stream. Assuming that all characteristic 
dimensions are referred to the length of the body, we take its length 
as unity. 


The drag coefficient of the body according to Busemann’s formula is 


then, after a transformation given in [2 ], equal to 
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The notation is given in Fig. 1; the 
quantity v = 1 for plane flow and v = 2 
for axisymmetric flow, and r,“ is the 
derivative at the end-point of the con- 


tour. 


In calculating the coefficient C 
for a body of revolution, the drag force 
is referred to the annular area n(r,? - re’): in the case of plane flow 
9 = 0 


sidered. The contour is assumed to be smooth and to have only finite dis- 


, and the drag force acting on only one side of the profile is con- 
continuities in second derivative at discrete points. Under these assump- 
tions it is valid to write Busemann’s formula in the form (1). 


For given values of the quantities r, and r, it follows from (1) that 


0 
the drag of the body attains an absolute minimum for the maximum value 
of the integral and the condition that r,° = 0. The corresponding con- 
tour was found in the papers mentioned above and, as was remarked, is 


not smooth. 


Writing the condition that the pressure on the contour be nonnegative 
we have, according to [2 |} 


We will solve the variational problem for a body of given lengths 
(r, and r,) under condition (2), after first proving the following 
theorem: 


Theorem. The minimum of Expression (1) for a body of given length 
under condition (2) can be attained only on a curve along which, in a 
certain finite part c <z <1, the inequality (2) becomes an equality, 
that is, the pressure vanishes. 


Proof. Assuming the contrary, let the minimum of (1) be attained on a 
certain curve r(z) along which the pressure is everywhere greater than 
zero. We then consider Expression (1) on some neighboring curve r°(z) = 
r(z) + €n (z), where n(z) is different from zero only in the interval] 


1 -~¢€, < z< 1 and possesses necessary smoothness properties (¢ and €) 
are small quantities). If the inequality (2) is satisfied strictly on the 
curve r(z), then for sufficiently small « it will be satisfied also for 
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function r°(z), since the left-hand side of (2) varies as a quantity 
Substituting r°(z) into the functional (1), we find that the 


second term in square brackets becomes, after a simple calculation 
+ O (ee, 


Now, choosing the function 9(z) with the value of its derivative 
0 (which is always possible, because it is easy to show that 

0), we obtain from (1) that the value of C, on the curve r°(z) 

than on the curve r(z). Thus, we arrive at a contradiction and, 
consequently, the desired extremal has a finite piece c < z | with 
zero pressure. All other possibilities are ruled out except the case 


which we now consider. 


put c l, the equality (2) is satisfied identically 


at this point for all values r.” > 0 (cf. also (4)). Consequently, it is 


possible to repeat in full the proof of the theorem and arrive at a 
contradiction. Here the inequality (2) can be satisfied on the comparison 


line if, for example, we set r°~ = 0 in the interval 1 — 1/2 « z ] 
and at the point z 1 — 1/2 €, introduce a finite discontinuity in the 
function 7 “(z) such that the function 7 (z) is of order unity on the seg- 


ment | - Es Zz L=- 1/2 : 
] l 


We proceed to the investigation of the manifold of curves of zero 


pressure. On this manifold the inequality (2) becomes an equality, and 
it is not difficult to see that it represents the derivative of the ex- 


pression 


Hence, in particular, it follows that it is impossible to pass the 


contour of zero pressure through the initial point z = 0. 


Eliminating the integral from (2) and (3) we obtain an ordinary 


differential equation of second order for the function r(z). The genera] 
solution, representing the family of curves of zero pressure on the seg- 


ment c < z |, has the form* 


’ 


In other variables the curve of zero pressure was first obtained by 
Lighthill [4 ]. 
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The constants of integration are found successively from the condi- 
tions that the curve has, at the point C(c, r.), the direction of the 
tangent r.° and passes through the point B(1, r,). form of the line 
of zero pressure depends, through the constant k, on the forn of the 
stream line ahead. Investigation of Equation (4) shows that if the 
pressure 1S negative on the contour in the neighborhood of the final 
point, then its final portion may be replaced by a line of zero pressure 
tangent at the juncture. On the other hand, a contour on which the 
pressure is everywhere positive can, in the neighborhood of the end-point, 
be corrected so that the pressure at the end is negative. Hence, if in 
the correction of the contour a section is replaced by line of zero 

essure, then we obtain a new contour whose drag is either less than the 
of the contour with positive pressure or differs by an arbitrarily 
mall amount. Consequently, we arrive at the conclusion that if there 
exists a contour of minimum drag in the class of curves with a section 
of zero pressure at the end, and p > 0 everywhere on this contour, then 


this minimum is the least value of the drag (1) under the condition (2). 


As a result of the theorem proved, the drag of the optimum body arises 
only from its forward portion 0 < z < c, and Equation (1) can be replaced 


by the expression 


We calculate the variation of C, considering that the quantities c, 


are variable. After an easy transformation we obtain 
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On the optimal curve (0 <z <c) the variation should vanish. In this 
connection, if we consider the very narrow class of admissible lines 
passing through the end with a constant angular coefficient r.” equal to 
the angular coefficient of the extremal integral standing in curly 
brackets (6), we conclude that in this class also the unknown curve is 
optimal. Consequently, according to (6) the Euler equation for the func- 
tion F should be satisfied. Its solution was studied in [2,5]. In [5 ] 
it was shown that along the extremal the pressure is greater than zero. 


It is convenient to carry out the investigation separately for plane 
and axisymmetric flows. Axisymmetric flow offers the greater difficulty, 
although the line of reasoning is identical in the two cases. Because 
the results of the solution for plane flow agree with the results ob- 
tained for this case by the non-rigorous solution of Hayes [3 ], we give 
the solution here only for axisymmetric flow. 


In parametric form the extremals of the above-mentioned Euler equation 
[2 ] are determined by the equations 


R (a) Zz Z(ad) Z (Qo) 
a1) Z (do) ’ ; Z (a1) — Z (do) 


{ 3 cos? a 3 cosa 
. z(a)=>= = — + — —— 
sin® a \ 4 sinta 8 sin’ a 


R (a) 


3 a 
- t n- 
5 Inta 5 


Here, the parameter a = tan ‘(dr/dz) varies within the limits 
a<a, for0<z<e. 
At the end-point of the contour the following relation holds: 


R (a) . P f*e\ 
Z (A1)—Z (Qo) 


} 


Sin a, | 8) 
1| ( 


The nose part of the optimal curve is found, as was shown, among the 
extremals of the Euler equation; it is therefore possible to seek it in 
the very narrow class of admissible lines, keeping only one of the 
extremals. 


As a result we obtain 


{ f 
dc - z(a | =" } 
R (ay) | ( 3 : R(a,) (14 r. 2) | 


R’ (a) 2’ (ao) 
“ -~ ) aa ’ C 
R (ay [2 (%) : r,.’ Cot do) Ore (9) 


Eliminating the quantities c and dc from Expression (6) with the aid 
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of (8) and (9), we have the relation 


: ,, OF 
dC M, Tl; , Ve ) rr 


c 


c 


M (Tes Te’) 


— Bray | 2 (%) — 2(@ ——— | (10) 


, ne “T 7, re |, R’ (ly) 2” (do) | 
, . —— _ — 4Z — = Z I—ZiCjecoe 
M3 (Fer Fe) 2 R (a) | (%4) R (a) (my o/ Pr.’ cot q 


The problem is now reduced to finding the juncture-point C(c, r.) of 
the extremal (7) and the line of zero pressure (4). 


We put Equation (4) at point C in the form 


A? + 3A? + 6k (=, — —) A + 6k |° 


(Qai)—-2(a 


ry R (a) 


sin’ a, [cosa 1 cosa 3 cosa Iintan® “1 
2 {sinta 4 sinta 8 sin’ a 8 2 


Taking the variation of (11), we find that 


‘r 


; c 
N (Te, Te’) = 


e 


7 ; kz’ (do) 
A 1 (Te, re ) 


" BR (a) cot ot, 


z’ (do) } 


r.’ cot Ay 


ec 


Eliminating the variations from (10) and (12), we have 


M,(r N, (re, Pe’) Ma (re, 7 (13) 


’ 


Equations (11) and (13), obtained in closed form, permit the deter- 
mination of the quantities r, and r.*. All remaining parameters, inc lud- 
ing the coordinate c of the juncture point, are then found immediately 


from (8). 
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Solution of the equations is significantly simplified if one considers 
a body depending on only the one parameter r,, for example by taking 


ro = 0. However, in axisymmetric flow it is impossible to obtain a body 
completely without a duct (as in the theory of Newton), because accord- 
ing to (8) the quantity r, cannot be taken equal to zero. Therefore, we 


require that rp be a minimum for a given r,. Then according to (8) one 


parameter is given by the condition a, 1/2 w. We will regard such a 


body as practically solid, because even for thick bodies ro/r, 1s less 


than 1 per cent. In this case, Equations (11) and (13) lead, after ele- 


mentary calculation, to a single cubic equation of the form 


Ihe quantities necessary for constructing the optimal curve are found 


in the following way. Given a value of the parameter a one then calcu- 


l , 
lates the coefficients a, 6 and l, and determines the quantity A with 
the use of Equation (14). After this the relative thickness r, of the 
body and the coordinate c of the juncture-point are found from (11) and 


(8) according to the formlas 


f | \ ; Zz (dy ry 


A? + 64 [A cot a R (a) 1 » 


ry 


Results of calculation for various values of the parameter a, 

given in the table. For a range of values of r, from about 0.1 to 
coordinate of the juncture- 
point is found to lie in the 
interval 0.6 e < 0.7 (for 
plane flow c 0.5). In Fig. 2 
the solid lines show some 
optimal curves calculated in 
the indicated manner from Equa- 
tions (4) and (8). For compar- 
ison, the broken lines show the 
form of the optimal bodies 
according to Newton [ 1 l, which 





to the scale of the figure are 
indistinguishable from a curve proportional to g?/ 4, The dependence of 
the drag of the optimal body (5) on the thickness ratio is shown in Fig. 
3 (curve 1). The corresponding dependence for the body of optimum form 
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7 


Juncture 
point 


, 
A & 
4 


Se 
Ze 


eas = a7 


according to Newton is also shown (curve 2). 

the drag of the optimal body is less than that 
Cole by 15 to 17 per cent and that of the Newtor 
22 per cent. In some cases, when re thickness 


is convenient to expand Equation (14) as a serie 


Then we have 


The author is indebted to G.G. Chernyi ) rrmulating the probl 
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This investigation is concerned with problems of the broad class of non- 
steady spatial irrotational flows of a compressible gas, which may be 
solved successfully by using the technique of tensor calculation in four- 
dimensional space. Under investigation are only certain general "intrinsic" 
properties of double waves, i.e. those properties which do not depend on 
special conditions of the motion, such as initial and boundary conditions. 


l. We shall assume that in the region of flow under consideration 
there are no strong discontinuities (shock-waves) and, also, neglecting 
the viscosity and the heat conductivity of the gas, we shall assume the 
motion to be isentropic; finally, in the equations of motion we shall 
omit outside forces (as is done, incidentally, usually in all typical 
problems of gasdynamics). Under these conditions it is the customary 
practice to limit the investigations to irrotational (potential) flows. 


We shall introduce the four-dimensional Euclidian space — the time R, 
being the fourth coordinate — which henceforth we shall call the space 


of the motion. In this space an orthogonal system of Cartesian coordi- 
nates will serve as a system of reference: 


(a) 


where v is an arbitrary constant with the dimension of a velocity and t 
is the time. 


Thereupon, starting with the three-dimensional velocity vector of the 
gas particles wv with components along the axes x) x? x? which are equal 
to Vj, Vy, V3, respectively, we shall introduce in this space of four- 
dimensional motion the four-dimensional field vector u, defined by the 
equations 
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jv» (1 1) 


lv const, 


Using this field vector u the equation of continuity may be represent- 
ed in abbreviated tensor notation* as follows: 


8 (ou*)/dac* = 0 (1.2) 


where p(x', x”, x*, x*) is the gas density. In this equation and in the 
other formulas, for which the orthogonal Cartesian coordinate system 
serves as a system of reference, the difference between the contra- and 
covariant vector components is purely formal: u* . u,. The necessity to 
differentiate them sharply arises from the moment we introduce general 


curvilinear coordinates (see Section 3). 


Emphasis is laid here upon the symmetrical form of Equation (1.2) 
with respect to all coordinates x*. In contradistinction, the structure 
of the three equations of motion for an isentropic compressible ideal 
gas, even after using the condition of irrotationality of the flow 


Ov;/Ox? = Ov;/Oz' »2.3 (1.3) 
is absolutely different with respect to time and the spatial coordinates 


v° (dv,/dz*) + 0H/dx*t = 0 1 2 3) (4.4) 


where is the "total enthalpy" 


where c is the local sound velocity and « is the isentropic index, 


(7 )? r 2 v% yp! 


Note that for steady flows the asymmetry of Equations (1.4) vanishes, 
because in this case dv; dx* = 0. At the same time we obtain inmedi- 
ately the first integral of these equations in the form of Bernoulli's 





According to this notation, every expression in which any letter index 
appears twice — one time as a contravariant (superior) and the second 
time as a covariant index (inferior) - is to be summed over all the 
values of this index. Let it be agreed that i, j = 1, 2, 3; whereas 

k, il = 2, 3, 4. 





equation, H = const. Under these conditions we may eliminate the density 
p from the equation of continuity (1.2) without much difficulty, arriv- 
ing thereby at the known differential equation of steady flow 


, ff C=A 
re) (1.6) 


It is necessary only to substitute in (1.6) the covariant derivatives 
for the partial derivatives, so that the equation will assume a covariant 


form. 


2. In the case of nonsteady flow the density, pressure, sound velo- 

city and other gasdynamic quantities will not be functions of the velo- 
city only. Therefore, the study of flows which are not steady, requires 
a quite substantial generalization of the vector space of the velocities 
v through the addition of a fourth component which would also depend on 
the density p (or on the pressure p or sound velocity c). Through that 

generalization, the equations of motion (1.4) may be made symmetrical. 

Indeed, every one of these three equations contains a corresponding de- 
rivative of the "total enthalpy" H. Therefore, it is clear that when in- 
troducing a new generalized (four-dimensional) Euclidian vector space it 


is sufficient to assume (in right-angle Cartesian coordinates) 


} I, ) 4 
| H 1) 
in order to obtain, instead of Equations (1.3) and (1.4), the equivalent 


and already wholly symmetrical system of relationships 


From these equations it follows that the four-dimensional vector field 


@ introduced here has a potential, whereas usually the velocity potential] 
2 3 4) 


r l . " . 
Q(x*, x*, x”, x”) serves as a potential function of the flow 


0F>F O27 — (2.3) 


Now we may eliminate the density p from the equation of continuity. 
Differentiating Equation (1.5) with respect to x‘ and taking into account 
(1.1) and (2.1), we find 


Then, eliminating from (1.2) and (2.4) the density p and its deri- 
vatives, we arrive at the equation 





Tensor method in theory of nonsteady spatial! flows 


If we write this equation in an expanded form and introduce the velo- 


- 
city potential d(x', x*, x*, x*), then we shall immediately obtain the 
partial deriva- 


well-known nonlinear differential equation in terms of 
ry general poten- 


tives of the second order, by which are governed the vel 


tial flows of a compressible gas. 


in due course a very important tr instormation ol 


In order to obtain 
of all, that according to (1.1) and 


this equation, we shall note, first 


(2.1) we have 


where the tensor of the second rank r lm in the chosen rthogonal Cartesian 


coordinate system (x*) is determined by the matrix 


Introducing also the symmetric tensor 


mple and short tensor 


Equation (2.5) may be written in the particularly sim 


forn 


k 44 
Note that in the coordinate system chosen (x") th mponent r 
In this way the tensor r al in distinction to 55 of (1.6), is not a 


simple unit tensor of the four-dimensional space of on Rh, since 


Structure is more complicated. 


From this situation, particularly, stem thé diffi ties discusse 


the very beginning (Section 1), and here lies also the key to their 


tion. 
3. We shall turn now from the rectilinear system of reference to an 
arbitrary system of curvilinear coordinates (x ): we 111 denote the 


curvilinear coordinates by Greek indices. 


n strict 


To accomplish this, we shall substitute everywhere, i 
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compliance with the known rule on the location of contra- and covariant 
indices in Equation (2.9), the partial derivatives with respect to the 


Cartesian coordinates dw, /dx' by the covariant derivatives V,w,. Thus, 


we obtain 


T* Vaws = 0 


where I’) .» denotes the Christoffel symbol of the second order. 


4. Every solution w of Equation (2.9) or (3.1) may be interpreted as 
a mapping of the space of motion as a whole, or of any particular part 
of it, into some region of the four-dimensional Euclidian space V,, the 
radius vectors of which are determined by the vector field w. As seen, 
this space V, is a natural generalization of three-dimensional space of 
the ordinary hodograph. The space V, is usually called a generalized 
hodograph. 


The concept of the generalized hodograph permits the construction of 
the variety of types of flows which were discussed at the very beginning. 


It is generally accepted that a wave is called of the order gq, or a 
q-wave, namely, in particular, a simple wave (q = 1), a double wave 
(q = 2) or a triple wave (q = 3), because the potential flow* of a com- 
pressible ideal isentropic gas may be mapped in the space of the general- 
ized hodograph onto the gth surface, namely onto a line, onto a surface 
proper or onto a hypersurface, respectively. 


It is clear that in all these cases we deal with a degenerate repre- 
sentation in the hodograph: some four-dimensional region of the motion 
space R, reflects onto the region V_ of the space of the generalized 
hodograph V, with the measure q < 4. Analytically this circumstance mani- 
fests itself by the fact that the functional determinant, or the Jacobian 
of the mapping functions w(x, x*, x3, x*), is identically equal to 
zero |dw, /d x! | = 0 (evidently only in the part of motion space which is 





In an earlier paper (4) it was shown that in the case of simple non- 
steady waves the potential nature of the flow follows from its very 
definition. With respect to other q-waves, this property of flow 
potential is introduced, as a rule, as an additional condition for 
the simplification of the problem. 
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occupied by the considered g-wave). Also the matrix of the Jacobian is 
of rank q. 


Consequently, a g-wave may also be determined in the following way: 
it is a potential flow, whose vector field w has only g independent com- 
ponents w, (q < m= 4) in an orthogonal Cartesian system, out of am 
possible components. 


Note. It is recalled that the two first exact solutions of nonlinear 
equations of gasdynamics, that obtained in 1860 by Riemann [1], and the 
other in 1907 by Prandtl and Meyer [2], belong to the above-mentioned 
spatial forms of flows. However, these solutions do not nearly exhaust 
the scope of the classes of motion considered here. The flows of the 
Prandtl and Meyer type form only a small subclass of simple waves; even 
in a very general interpretation, when both "Riemann invariants" are 
variable, these also represent a somewhat limited subclass of double 
waves, because they depend only on two variables: namely, on a spatial, 
for example x! = x, and on a time variable, x* ot. 

In the course of recent years the study of various wave classes has 
undoubtedly progressed. The problem of simple waves in particular, on 
the basis of several recent papers {3-7 ], may be considered, in some 
respects, to be almost solved. Significant and interesting results are 
obtained also in the theory of double waves, steady [3,8 | and nonsteady 
[9-11 ]. The triple waves are considered in [12 ]. 


5. As noted above, the study of the general properties of double waves 
reduces basically to the analysis of the geometrical construction of the 


mapping of the physical space onto the surface of the corresponding de- 
. - 


generate hodograph. In the orthogonal coordinate systems (x*) and (w 


w,) this mapping is determined by some system of functions 


with the condition that the rank of the matrix ||d w, dx*|| is equal to 
two. From this condition it follows that the system (5.1) does not per- 
mit any single-valued transformation; to be more exact, to every point P 
of the nodegraph of the double wave there corresponds in the physical 
space R, i x"} some surface [1]. On every such surface I], at all its points 
x", we have, by definition, w = const and, hence, w, const, c = const, 
p = const, p = const. For the sake of simplicity, we shall cal] these 


surfaces "isodynamical surfaces". 


In what follows we would also need, beside Equations (5.1), the para- 
metric hodograph equations of the double wave under consideration 


2, 3, 4) 
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; _ a eee 
where the rank of the matrix ||\d w/o is equal to two. 


9 7 
Note that the parameters ¢ 1 and &* serve at the hodograph surface of 
£a 9 
the double wave considered, as the curvilinear coordinates €” (a .. Be 


. ‘ 9 
of the points P. Consequently, ¢ 1 and &* may also be considered to be 
the parameters which determine the two-parameter family of the iso- 


lynamical surface. 


To simplify the investigation to follow it is convenient to introduce 
the Legendre function 


(Dp 


whose total differential d® on account of (2.3) does not contain differ- 


entials of the variables x". Then considering .2), we obtain 


iD 


From this equation it follows, first of all, that the Legendre func- 


tion for the double wave depends only on the variables ge 


(Dp (Pp (Et, =?) 


and evidently, it also assumes a constant value on every isodynamical 


surface I]: secondly 


om@m 


z 


(5.6) 


oF 


It is significant here that, according to (5.5) and (5.2), the free 

terms and coefficients of this system of equations, linear with respect 
1 ™ ~ ~ ‘ » 2 ? 

to variables x", are functions of the parameters é l and &? only. Hence 


we have the following theorem 


Theorem 1. Isodynamical surfaces form in the motion space Ryi x" {| the 
two-parameter family of surfaces I], determined by the system of two 


linear equations of first order (5.6). 


Further analysis of this system of equations shows that the geometrical 
form of the hodograph surface of double waves defines also the orienta- 
tion of the surfaces Il. Indeed, the numerical] values of the coefficients 


of these equations (5.6) define two vectors Ww Ce}, €*) in the system 


of coordinates x" of the motion space R,: 


which, because of Equations (5.6), are orthogonal to the investigated 
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plane [I]. But, on the other hand, taking into the consideration the form 
of these expressions as partial derivatives dw"/d&%, it is clear that 
they form, in the hodograph space with the system of orthogonal Cartesian 
coordinates w" = w,, the components of two vectors, tangent at the point 
P of the hodograph surface corresponding to the coordinate line él or é*. 
Assuming further, for the purpose of simplification of the formulation 
of the final results, that in both systems of coordinates x® and w" the 
axes having the same numerical indices are parallel, we obtain the second 


theorem. 


Theorem 2. Every isodynamic plane Il is orthogonal to the hodograph 
surface of a double wave at the corresponding point P of the hodograph. 


6. Based on the theorems obtained, we may, using the system of equa- 
tions (5.6), find an interesting analytic expression for the multiple- 
valued dependence of the variables x" on the curvilinear coordinates &%. 
It is easily shown that one of the possible forms of this expression is 
the following system which contains two arbitrary parameters 7 and ¢ 


aw™ aD 


HI)" Ty)” (6.4) 


where the contra- and covariant coordinates of the metric tensor of the 
hodograph surface satisfy the known relationships: 


(i (a = 7) 


aba 
° a 10 (a= x), 


5 af 


while the unit non-parallel vectors Wer). f &*) and Pans’ ee CO 


} 
are situated on the corresponding isodynamic plane {1. In order to prove 
the validity of Formula (6.1), it is sufficient to show that the first 
term on its right-hand side identically satisfies the system of equations 
(6.2). Indeed 


Ou m 


v7 > 
m , Ou OD Iwy, . 0 d® 
zt = — a : ( 

2 


oE* OE! 0g" dE* 0 

«y , , 

‘. In Section 5 were derived the general properties of double waves 
independent of the equations of gasdynamics. These geometrical properties 
are a direct consequence of the special kinematic conditions by which the 


class of irrotational (potential) double waves is defined. 


In the remainder of the investigation we use the equations of motion 
(2.9). Taking into consideration the parametric equations (5.2), we write 


the equation of motion in the form 





(7.1) 


which reveals the essential role of curvilinear coordinates £% (a = 1,2). 


We are interested here in the general "intrinsic" properties of double 
waves, i.e. the properties which do not depend on the special conditions 
of motion, that is, on the initial and boundary conditions. Keeping this 
in mind we shall try to express all the terms of Expression (7.1) in 
terms of functions of the curvilinear hodograph coordinates €% of the 
double wave. First we shall do this with regard to the derivatives 
g&* dx'. Here we make use of Equations (5.6) again, differentiating 
both its parts with respect to x": 


where x"= f"(é!, &?; n, €) according to (6.1). These equations may be 
represented in a more concise form 
(fa =1,2 ai 
(k= 1,2, 3, 4) (7.2) 
if we designate by one symbol h,, the covariant coordinates of the sym- 
metric tensor 


h xp = hea (a,B == 1,2) (7.3) 


For every arbitrarily chosen value of index k, Formulas (7.2) repre- 
sent a system of two linear equations with two unknowns 0 ¢* /d x*. We 
shall denote by H®* the algebraic addition h,g. From the foregoing we 
have the known relations 


He? — ger*eh,,, eg"! = e™* = 0 


: (7.4) 
el? — — 23! = 1/V g, g= | Bap 


; ''@ 
represent the solution of the system (7.2) in the form 


Using that expression, with the condition that h = |h a| # 0, we may 


) (7.5) 


2 
k = 1, 2,3, 4/ 


aBP _ HP dup eas 
i, 


YY oo aE* 


Expressions (6.1) and (7.3) to (7.5) serve to eliminate effectively 
the variables x“ from Equation (7.1). In this manner we arrive at the 
equation basic for the further investigation: 
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Tim 2m Mt pap _ (9 
ae* ag 
where 
dw™ 3® 
He? = gee” Fea ge se + HM)” 4 
0 : OE” OF 


But, taking into account (6.2), for the Christoffel symbol of the 
first order we obtain 


Using this expression, we readily find in Equation (7.7) in square 
brackets, among others, the expression which is reducible to the co- 
variant derivative 


,* #® — a® —, — 
enn lr. “nee wy \ <a ¥v wD = V0 
- on 0s 
Taking into consideration the relationships obtained above, we can 

now state the basic equation (7.6) in its final form 

Ow, Ow, arc? m > m, 0*w 78 
mm —— tte (73D — (HX) + SMa) — 7 ; (4.5) 
de® ag? at ‘at 


It is essential here that the values of the parameters 7 and ¢, which 
appear in this equation, are absolutely arbitrary. This shows that Equa- 
tion (7.8) is equivalent to the system of three independent differential 
equations, the first of which may be written 


OW m 


Tim 


Ow) — - 
t gayehd V v8 @ 0 (4.9) 
ag? ar” 


while two others are obtained by replacing the covariant derivative 


7) 2 je ~ wb s 
Vg by #,,)"0 wi  /IE7*0E and 7, #9? 


2) dE 0E° respectively. 


In the very structure of the equations of this system and in their 
physical interpretation an essential difference is easily noticeable. The 
last two of the given equations deal exclusively with the geometrical] 
structure of the hodograph of a double wave (we shall recall that Ter) 
and 7 2). denote unit vectors, orthogonal to the surface of this hodo- 
grab). For a detailed study of the flows themselves and of their 
particular features defined by the Legendre function ®, it is necessary 
to turn to Equation (7.9). However, the role of the differential equa- 
tion (7.9) in the theory of double waves is not confined-to this alone: 
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using it, we may, among others, easily show some interesting, quite 


general and basic properties of double waves. 


With this in mind and noting that Equation (7.9) is linear, with 
partial derivatives of the second order, we shall write immediately the 


corresponding equation of its characteristics: 


‘ 


u 


Tim 0 
OF 


y ) , 

m _ dé*d— t) 
oE™ : 

> 5 


Hence it follows that along the characteristics themselves we have 
dw,, du U (7 10) 


Writing this equation in an expanded form, we find, according to (2.8) 


Taking into account (2.7), (2.4) and .5), we obtain 
] (dv,)° (dvs)? + (dvs) lr (7.11) 


where the symbol ds means the differential of an arc of projection of 
the given characteristics in the usual three-dimensional vector space 


with Cartesian coordinates 1 Vy, V3. In this manner, the result ob- 


1? 
tained allows us to formulate a basic theorem, which reveals a close con- 


nection between the structure of hodographs of double and simple waves. 


Theorem 3. On the surface of a hodograph of an arbitrary double wave 


the same "condition of combined motion" (7.11) holds along its character- 
istics, which imposes well-known restrictions (3.5) upon the freedom of 


choice of the hodograph line of a simple wave. 
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The development of the wave process excited by the vibrations of a strip 

immersed in a fluid is investigated; the form of the undamped waves which 
are generated is found, the energy of these waves is calculated and conm- 

pared to the energy of the vibrating strip. 


The analogous problem for the case of steady motion has been examined 
by Alblas [1 ]. 


1. Let the fluid fill the part of space y> 0, z < 0. From z = 0 to 
z = -—h in the plane y = 0, there is located a strip which, beginning at 
the time t = 0, performs vibrations according to the law y = a exp [ i(kx- 
@t)]. The continuation of this strip from z = — h to z = — » is a solid 
immovable wall. At the initial time t = 0 the fluid is at rest and its 
free surface is horizontal. 


We shall set ourselves the problem of finding the form of the free 
surface of the fluid at any time t > 0. The velocity potential d(x,y,z, t) 
of the unknown wave motion must satisfy the equations 


Ag 0 (1.1) 


OF \ { {) 


j “ ; 
Oy/y=0 \ aiwe'** wl) 


0” (z, y, VU, VU) 
— = 0 


ot 


We shall seek a function p, (x, y, z, t) which satisfies conditions 


(1.1) and (1.2); for that purpose we shall represent it in the form 


Pi (2, y, 2, t) = x(y, 2) etee—-ot) (1. 


Then x(y, z) must satisfy the following equations: 
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Representing x(y, z) in the form 
“x (y, Zz) = celiv VK +02) 1 \ A (py) ev Ver cospz-+csinpz)du (¢>k) 
0 


we see that «(y, z) with arbitrary c and A(y) satisfies Equations (1.5) 
and (1.6). 


Satisfying condition (1.7), we have 


(1.9) 


i V o® — k*ce* -{ A (pn) V pw? + k? (ucos pz + osinpz) dp = a te 
0 


Making use of the solution of this equation given in [2], we obtain 


2a@ 


~ Ve—e 


Therefore 


_ 2aiw [o(i — cos ph) — p sin ph] 


, > = np Vp? + A (u* + of) 





(1.40) 


c= : (F)_. = om ~— elite wt) { celw VA 4 \ yA (p) eV FF dh (4.44) 
0 


where A(z) and c are given by Formulas (1.10). We shall represent the 
velocity potential d(x, y, z, t) in the form of a sum of three terms: 


Pp (z, y, Zz, t) = @ (z, y, z, t) + @a(z, y, 2, t) + Qs(z, y, 8, t) (1.12) 
Here 


Gs B (m) cos my exp (ilkz — #(m) t] + zV k® + m*} dm (1.13) 
D(m) cos my exp {i [ kx + ®(m)t] + 2Vk*® + m%)dm_ (1.14) 


 (m) = V g* (k* + m?) 
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It is obvious that ¢, and ¢, with arbitrary B(m) and D(m) satisfy con- 
dition (1.1), the first equation of condition (1.2) and also the second 


equation of (1.2) with the right-hand side equal to zero. Satisfying con- 


ditions (1.3), we arrive at the following equations for determining B(m) 


and D(m): 


\ [B(m) + D(m)] cos mydm = — x (y, 0) 


0 
x» 


\ [B (m) — D(m)] %(m) cos mydm = — ox (y, 0) 


0 
Henc e 


eee 
B(m) = —"y i + Ja), 


where 


-¢\ etvV *-# cos my dy, J,= \ cos my dy | nA (p) ev Yr du 
0 0 


Performing the calculations, we find 
B (m) = B,(m) + B,(m) 


¢ @+ 8(m) 
~-F-tm) [8 (41) T= 


q1 == + V ot— a 


B, (m) 


Here 5 is the Dirac delta-function and P is the symbol for the prin- 
cipal value of the integral. Now, from (1.13) we obtain 


where 


\ B, (m) cos my exp {i [ka v(m) t] 


Hen« e 
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Cf nA(u)V we k 
n*)\ —_- VI du [e 
g rTP ‘ ‘ 

{ 


M,(n) =i(n Lm). Vi, (n) 


* uA (u)V wp? 4 
tn? + pw? 


5 Up [ 


} 


Thus, the equation of the free surface of the fluid at any time t 


has the form 


where €,, So, 43 are represented respectively by Formulas (1.12), (1.18) 


and (1.21). 


2. We shall pass on to the investigation of this solution. Applying 
the method of stationary phase for large values of ky in investigating 
the integrals which enter into Expression (1.19), we see that the inte- 
grand of the second integral has no stationary points on the positive 
real axis since M,’(n) does not vanish here and the Re M,(n) < 0 on the 
contour L, which consists of the positive real axis with a circuit about 
the pole n= n® = y (o,? ~ 1) along a semi-circle lying in the lower 


half-plane. Therefore 
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p\ f (n) ekvMs(Mdn = \ f (n) ekvMa(™dn + ———— etl VB tut) 
6 (Ly) 


whe re 
f(n) 


We shall introduce the designations 
4 
V 108 , yo moun 
VY wit — 1 
It is easily seen that the equation M,* = 0 has no positive roots for 
v <v, and that it has two different positive roots for v > vy; moreover, 
Re M,(n) < 0 for v < v® on the contour L,, which consists of the positive 
real axis with a circuit about the pole along the upper semi-circle, and 
also for v > v® on the contour L,. Carrying out the calculation of the 
residue taking into account the direction of the circuit about the pole, 
we obtain the following value for the first integral of Formula (1.19): 


J (Le) (Vv « 
J5(L,) 


P\ f (n) ekvMs (dn 


where 


Making use of the Kelvin method (cf., for example, [3 ] ) to estimate 
integrals of the form (2.3) for large values of ky, we obtain from 
Formulas (1.19), (2.1) and (2.2) the following value for Goi: 


| icg ‘wexp [i (kx + | 2? kK? — wt)|--J, (Vv 


(Vv 


J, -O[(ky) "| for \ >» 44 =Ol(ky)-*| for v>yv, 

We shall pass on to the investigation of Formula (1.20). The integrand 
in this formula as a function of the variable n has no singularities on 
the real axis; therefore, using the results of the investigation of the 
expressions M,(n) and M,(n) which we carried out, we find the asymptotic 
value of oe for large values of ky 


Ol(ky)"] for v< vp Coo = O[(ky)—*] tor v> vo 
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Passing on to the investigation of the expression ¢,, we note that the 
essential difference of Expression (1.22) from the integral terms summed 
in Formula (1.19) which we investigated is that the integrand in (1.22) 
has no poles on the real axis, and therefore the symbol of the principal 
value of the integral loses its meaning here and the integration is 
carried out along the positive real axis. Using the Kelvin method to 
estimate Expression (1.22) for large values of ky, we have 


C3) = O |(ky) ty for V < Vo: Ca O | (ky) va] for Vv v, (2.6) 


The investigation of the expression ¢,, is carried out in a manner 
exactly analogous to the investigation of ¢,, and leads to the following 
result: 


tsa = O[(ky)*) tor v< vo, Cse = O[(ky)-*] torv>v, (2.7) 


We shall denote by y, that value of y beginning with which our asymp- 
totic formula is valid, and we shall introduce the additional designations 


Then Formulas (1.12), (2.4) to (2.7) give the following expressions for 
the elevation of the fluid in the region y > y,: 


1) Waves of form 


C = O [(ky)™ {for t<t% in the region y 
| for «>t in the region y 


2) Waves of form 


t = O[(ky)—*] for — the region y,<“y< 
for’! > ts in the region mt < 


3) Waves of form 


— f >t, in ‘ 
{1 —e—) sin (kx + y V o® — k* — ot) sic 2.10) 


— the region ¥i<y < mf 
The results of the investigation that has been carried out, which are 
expressed by Formulas (2.8) to (2.10), indicate that in the case under 
consideration waves whose amplitudes decrease with increasing distance 
from the vibrating strip are propagated on the surface of the fluid in 
the region y > y, for time t < t,. For time t > t, the following picture 
of the motion of the surface waves arises: in the region ¥, < ¥< vot 
steady plane progressive waves of form (2.10) are generated whose fronts 
move along the y-axis with velocity v, equal to the projection on the 
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y-axis of the group velocity of the waves; in the region v,t < y < v,t 
damped waves of form (2.9) are propagated, whose fronts move with velo- 
city v, and whose rear boundaries move with velocity v, in the positive 
direction of the y-axis; the region y > v,t is filled with damped waves 
of form (2.8), whose rear boundaries move along the y-axis with velocity 
V)- 

3. We shall find an expression for the work which is performed by the 
strip vibrating in the fluid. The work of the strip per wavelength of the 
strip at time t is represented in the form of a sum of three terms 


where 


Po! aw sin (kz — wt) dz (3.1) 


2) 


aw sin (kx wt) dz 7 (3.: 


Since 


(292 
| at 


i \ B(m)%(m) exp [ikx + Q(m)t + zV k* + m*| dm 


0 


/y=0 


where Q(m) = — t¥(m), thus after substituting in place of B(m) its value 
given by Formulas (1.16) and (1.17) and after taking into account that 


Re O(m) 0 on the contour L,, we obtain 


dm 


whe re 


piul 


kV k*4 


Evaluating Expression (3.3) and an analogous expression ", for large 


values of the time t, we have 


W. (th) V(t 


We shall pass on to the calculation of W. Since 
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«x 


= — iwet(t=—o) | cert 4 \ A (p) (w cos pz + 5 sin 2) dp | 


0 


thus after substituting this expression in Formula (3.1) we find 


ncaw'*p 


| 4 = =" ( 


, i—e—*) 


Hence we obtain that the work E performed by the strip per wavelength 
of the strip during a period of vibration of the strip has, with accuracy 


= i 
to quantities of order t 1/2 the form 


nircty 3? 


3h 


B= \ W dt 


We shall now calculate the energy which is carried away by the steady 
waves of form (2.10) which we shall write as 


V o* 


Ww 


N sin(cz’— of); cos a 


where the direction of x” makes the angle a with the y-axis. 


The energy E, carried by these waves during the time period 2a" 


through a plane of width 27k~'cos a perpendicular to the direction of 
propagation of the waves is expressed as 
nN*pgi. cosa ntctp VP — a 
Ey —_——— 5 —- sk - t« ai} 
Comparing Formulas (3.4) and (3.5), we arrive at the conclusion that 
for large values of the time ¢ the energy of the strip goes completely 


to the generation of undamped waves. 


The author wishes to express his deep gratitude to L.N. Sretenskii 
for his valuable advice during the execution of the present work. 
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Several cases have occurred recently in practice where the substance to 

be filtered is frequently in the strata in gaseous form in the initial 
state (before working). Then, when the pressure is reduced, the heavier 
components of the substance to be filtered fall out in the liquid state, 
i.e. as a condensate, a certain proportion of which saturates the rock 

and is irreversibly lost in the stratum. Until the attainment of a certain 
degree of saturation of the porous medium by liquid (saturation equi- 
librium) the liquid remains at rest. 


In this work we state the problem of filtration and put forward a so- 
lution for the simplest cases of gas-condensate mixture in a porous 
medium. It should be pointed out that some consideration has already been 
given to the problem in [1 ]. 


l. The gas velocity v, and liquid velocity Vv, in inertialess motions 
of gas-liquid mixtures through porous media are connected to the pressure 
gradient p and the degree of saturation s of a stratum by liquid by the 
following relations [1 |: 


(s) kfe(s) 


grad p, gradp (1.1) 
ae 
In these relations k is the permeability of 
the porous medium; f,(s), f,(s) are the so-called 
relative phase permeabilities for liquid and gas; 
fy, My are viscosities of liquid and gas, re- 
spectively. 


To a first approximation, quantities fi» fo» Hy» Mg are considered in- 
dependent of pressure. 
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Figure 1 shows typical curves (see, for instance, [2 |) of relative 


phase permeabilities versus degree of saturation. Typical features of 
these curves are: at saturations less than equilibrium saturation sp, 
function f,(s) is identically equal to zero, i.e. the liquid is station- 
ary. The value of s can vary between 0.2 and 0.5 depending on the rock. 
Furthermore, when s is small the values of function f,(s) are close to 
unity, i.e. the permeability for gas only slightly decreases with fall- 
out of condensate. Thus, for smal] saturations we can assume the liquid 
to be stationary, and the relative gas permeability is taken as unity. 


The relation between specific volume V of stabilized condensate, 
corrected for normal conditions, and the pressure at constant tempera- 
ture can be represented, approximately, as follows 


A (pi — P); 


Here Vo is the maximum specific volume of the condensate, Pp, is the 


pressure when condensation starts, Po is the pressure when condensation 


iS a maximum. 


We assume that the gas density does not vary during condensation, and 
we neglect compressibility of the condensate, 
both of these assumptions being justified by 
experiment. 


With low saturations it is also possible to 
neglect variations in rock porosity to the gas 
and change in the mass of the gas resulting 
from condensation. 


Thus, assuming low saturations and the usual 
characteristics of ideal gas and also isothermal gas flow during filtra- 
tion, using the equation of gas filtration [3 ], we can write 


ip , . 12 k 
2 2 a? — 
ot a AP \ <M|be 


Let us construct a differential equation to determine the change in 
saturation. In accordance with (1.2), the volume of condensate falling 
out in an arbitrary volume of stratumr in time dt is determined by the 
volume integral 


dt \\\ A = v,-grad p + m F \dt 


ot j 


where p, py, are the densities of the gas under strata and normal condi- 
tions, respectively. Fall-out of condensate leads to an alteration in 
the amount of liquid over the interval dt in volume r by 
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dt \\\ m yy dt 


If we equate these quantities and make use of arbitrary volume r, we 
arrive at the required equation for the degree of saturation in the form 


0 ) V Op 
. grad )-+ (4 
~ p at \ 


.4) 
ii 
In accordance with the above, let us assume that at the initial in- 
stant the saturation is zero everywhere in the stratum; then on integrat- 
ing Equation (1.4) we find 
, «te P ; 
A \ - —+ grad p P\ dt (1.5) 


T 
Ct 


In view of (1.1) and because of low saturation, this equation can be 
reduced to this form: 
t 
¢ q '*) 0 > 
(grad p)* dt + A \ + dt (1.6) 
@ Qo Cc 
However, bearing in mind that the gas is ideal and the motion is iso- 
therma] 
To 
Pols 


where p,, 7) are pressure and temperature corresponding to normal condi- 
tions, and 7, is the stratum temperature, so that Equation (1.6) reduces 
to the final form 
t 
s = b\ p(grad p)* dt + c[p?(z, y, z, t) — p? (2, y, z, 0)] (1.7) 
0 
AkT 4 , AT 
[em pol’; . 2 pols 


Thus, if we know the solution to the problem of gas motion with the 
given boundary and initial conditions, we can find the saturation dis- 
tribution for the motion of gas-condensate mixture from Formula (1.7). 


2. We will now deal with plane radial filtration of gas-condensate 
mixture to a single pore of small radius in an infinite stratum. 


Pressure p(r, t) and saturation s(r, t) satisfy the equations 


OD e 0? p* { Op? ‘ 2 op? 
P gt (PP P es. 


i 
ot \ Or2 r or , or ot 
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We specify the following boundary and initial conditions: 


pir, ¥) Pi, p(co,t) 
lim 2arh 222 ~~ ae 
23 r 


' : } 
rr, of 1 Be or 


where h is the thickness of the stratum, r, is the radius of the pore 


and q, is the gas flow or discharge reduced to normal conditions. 


Both here and in the following discussions the problem will be simpli- 
fied by dealing with the case where initial stratum pressure is equal to 
the pressure when condensation starts. 


Using the [l-theorem [5 ], the solutions of system (2.1) are repre- 
sented as follows: 
Pp iri : Py ~ - . q Le Pol , 
, A), } akh pT, 


2cp," 


It was demonstrated in [4] that the first equation of (2.1) can be 
linearized with sufficient accuracy as suggested by Leibenzon [3 ]. Then 
for F, we have 


F, 1/, W Ei (— */, &?) (2 6) 


If we insert (2.4) and (2.5) into the second of Equations (2.1) we 
arrive at the following ordinary differential equation for F,: 
~ dF, 


oS 2 ; 
(= » So... O98 S 
dé | ° S te dé 


(dF; \2 dF 
} > 


28,F; 


Inserting (2.6) into (2.7) and taking account of conditions F,(~,A)=1 
and F,(,A, 5,, 5,) = 0, we obtain 


1). £2\ 07% 
exp ( at*)ad 


jy A Bi (— 1/5 E%) 


3. We will discuss the transient filtration of a gas-condensate mixture 
into a straight gallery located in a semi-infinite stratum. 


Pressure p(x, t) and saturation s(x, t) satisfy the system 


bp 


We look for the solution to this system with the conditions 
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Because of the I[]-theorem the solution of system (3. 
similarity and has the form 


If we insert (3.3) into (3.1) we obtain 


1? } 


Conditions (3.2) take the form 


Results of a numerical solution to the first of Equations (3.4) 
the given conditions are presented in [6 ]. 


From the second equation (3.4) we obtain by integration 


’ 


gressive change in steady-state conditions. We deal with the so-called 
first phase. 


4. For solving the problem of Section 2, let us use the method of pro- 


The pressure distribution with steady gas filtration is determined by 


) 


h 
the formula (see, for instance, [2 


If, in the second equation of (2.1), we substitute instead of p(r, t) 
its expression (4.1) we arrive at 


For the first phase the relation R(t) is found from the expression 
(see, for instance, [7 |] ) 


R 


r 


2 In 


If we integrate Equation (4.2) and neglect small second-order quanti- 
ties we obtain 
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?} R ad 
5 A In <7 co V 1 


In Pig. 3 results are shown of numerical calculations using Formula 
(4.4) for the case qp = 10° m® per 24 hr. day, a= 0.2, h= 20 o, 
P, = 360 atm, Po = 60 atm abs, ro = 0.1 m, k = 20 md, Ho 0.028 cn, 
120 cm?/Nm®, T) = T, and for various values of R (in meters) indi- 
cated on the curves. 


For clarity, the values of r are shown on the graph. 


5. We now deal with the more general case of gas-condensate filtration 
when the liquid phase is also in motion. 


By analogy with gaseous liquid filtration, in this case the following 
differential equations can be derived: 


(5 1) 


div v, — V,-grad p 


div (pv.) m [po (1 
2 ae 


An assumption has been made in deriving (5.2) 
namely, that the mass of condensate in the gas is 





small as compared with the mass of the gas. 








In the case of steady or stable filtration Equa- 
tions (5.1) and (5.2) take the forn 


— div Vv; A+ V,:grad p 


Following Khristianovich [8 ] 
let us observe the change in the 
gas-condensate factor, which is 
the ratio of gas flow under normal 
conditions Q» to the flow or dis- 
charge of condensate Q, along a 


stream line. 


It is clearly evident that the first equation of (5.3) can be put in 
the following way: 


ev.:-grad 


Taking into account the second equation of (5.3) and substituting the 


components of velocity v, on the x-, y-, z-axes along a streamline by the 
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which are proportional to them, we arrive at 


quantities dx, dy, dz 
(5.5) 


d 


Thus along a streamline we have 


( onst 


The expression for the gas-condensate factor has the form 
[7/1 (s) Hep es 
1p, ip [ 1p, XPo] const (0.4) 


1 / Hip 
With steady filtration, therefore, the gas-condensation factor is con- 


stant along a streamline. 
From (5.7) we obtain the connection between pressure and degree of 
saturation. 


Following [8 ], we introduce a new function 
p 


H \ k.pd p 


The second equation of (5.3) can then be represented by 
(; 


AH =0 


Thus the problem of steady filtration of a gas-condensate mixture re- 
let us 


duces to that of filtering a homogeneous incompressible liquid 
inflow of gas-condensate mixture into a straight 


discuss the transient 
in a semi-infinite stratum. 


gallery located 
t) satisfy the following system 


Pressure p(x, t) and saturation s(x, 
of differential equations 


1S Py 


; 


y [pa 


We specify the following conditions 


Because of the []-theorem the systems (5.1) embody similarity and have 


the forn 
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ty i3p,° 
If we insert (5.12) into (5.10) we obtain the following system of 
ordinary differential equations for F, and for F, 


» dF PP 
Jy (.5) - ; hy, (d) = 


Fy 
f,(S) Fy fo’ (S) Fy 


Conditions (5.11) take the following form 


Dy 
In order to be able to solve system (5.13) with conditions (5.14) it 


is necessary to resort to one of the methods of numerical integration. 


The authors are deeply indebted to G.I. Barenblatt for having dis- 


cussed the results in this work. 
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The validity of the integral criterion of stability of synchronized 
motion in problems on autosynchronization of mechanical vibrators was 
first established for a number of special examples [1 |. An investigation 
of those same examples suggested the idea of the possibility of simplify- 
ing the derivation of the relations for the determination of the phases 
of rotation of the vibrators in synchronized motions. 


In this paper it is shown that, in the general case, the results of 
the investigation of synchronized motions obtained in using a simplified 
method for the determination of the phases and of the integral criterion 
of stability of motion coincide exactly with the results of the solution 
of the problem by the methods of Poincare and Liapunov [2 |. 


1. Let us consider the more general case of the problem on the auto- 
synchronization of an arbitrary number & of mechanical vibrators when the 
latter are installed on one or several solid bodies (vibrating organs) 
which are connected with each other and with a fixed base by means of a 
system of elastic elements having v degrees of freedom. The deviations 
of the mentioned bodies from the position of static equilibrium are de- 
scribed by generalized coordinates Z)+ «++, ,, While the position of the 
rotors of the vibrators is given in terms of their angles of rotation 
Pys eee, gd relative to some fixed direction. 


Synchronized motions of a system are motions of the form 


g, = 5, [@t + P,(o%)] 


where v, and x, are periodic functions of time with period 27/w, o, 
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In the treatment of the problem on synchronized motions of vibrators 
with equal and positive partial velocities far away from resonance by 
the methods of Poincaré and Liapunov [2,3 |], the initial approximation 
(generating solution) 


is easily seen to satisfy the equations* 


where L BiGss «ccs Set eee x © Das coos Gao Gao coos Ge) SFO Fune- 
l V l Vv l k ] k 


tions of the Lagrange system, while the ¥. are quantities which are 


called in [3 ] vibrational moments; L is a periodic function of ?3 of 


period 27. From the last k equations one can determine (to within an 
additive constant) the values of the "generating phases" a. a.° to 
which there can correspond synchronized motions. 


2. Before we pass to the proof of the proposition of [1 |, we shall 
prove a more general assertion which can be used with slight modifica- 
tions also in the svlution of other nonlinear problems. 


We shall show that Equations (1.4) for the determination of the 
generating phases a,” coincide with the conditions for the stability of 
the mean value over the period 27/ of Lagrange’s function of the entire 
system evaluated for the generating solution (1.2) 


and that the conditions of stability of synchronized motions, found by 
the methods of Poincare and Liapunov |2,3 ] for the case of vibrators 
which have the same positive partial velocities, can be obtained from 
the requirement that the values of the phases a,*. which correspond to 
the synchronized motion under consideration, should make the function 
\(a,, +++» @,) @ maximum, 


Let us compute the derivative dA Oa.. After some simple operations 


which involve integration by parts, the use of the relations (1.3), (1.4) 





enclosed func- 
tions of the generalized coordinates are evaluated for the 
solution (1.2). 


The square brackets with the subscript 0 denote that the 


generating 
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and a consideration of the periodicity of the solution (1.2), we obtain 


; 
W . 
jatar 2 


=} 


Thus the condition dA/da, 


0 coincides with Equations (1.4); 
the first part of the proposition is proved. 


For the proof of the second part we expand the funct eee a,) 
into a power series around the point which corresponds t< 


to the solution 
a,*, eee a,° of Equation (1.4). In view of (2.2) and (1.4) 
term of this series is zero and 


ion Ma,, 


the linear 


A(ay, » ar) — A (ay*, , ay*) 


where the omitted terms are of order higher than two in the variables 
; j*s sees @p — @,*. In order that the function A has a maximum at 
the point (a,*, ees a,°), it is sufficient that the quadratic form 
ow, : : 
Wa. ls . a. (a = 2 ) 
be definite-negative. In order that this may be true, it 
sufficient [4] that all the roots of the algebraic kth 
6.; in Kronecker’s symbol) 


aw, » 


is necessary and 
legree equation 


) a=a* 


| "Ba (2.5) 
be negative. We note that all the roots of Equation (2.5) are real be- 
cause 

ow. 


If even one of the 
(2.4) will no 


case when 


roots of Equation 


longer be a definite form, 
there are 


investigation 


(2.5) is positive 
and there is 

is unsettled and require 
of higher order 


then the form 
maximum. The 
zero roots 


in general, 
of the terms 


expansion (2.3). 


an 
in the 
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We note that in consequence of the autonomy of the initial system of 
equations, the constants a. enter into the expressions for A and ¥. only 
in the form of the differences a, — a. Hence, the indicated expressions 
do not change if each a. is replaced by an a+ ap, where a, is an arbi- 
trary constant. The function A, therefore, does not change along the 
hyper line a, 0° 0° and Equation (2.5), in this 
case, has always one zero root. This, however, does not affett the argu- 
ment on the nature of the stationary point. The requirement that the re- 
maining k-1 roots of Equation (2.5) be negative is, therefore, a suffi- 
cient condition for a maximum of the function A.If, however, one of the 
roots is positive, a maximum cannot exist. The case of more than one 
zero root is not settled. These last results are, however, exactly the 
conditions for stability of synchronized motion obtained by the methods 
of Liapunov and Poincaré [2,3 ]. 


—_ . _ > 
=a,*+a +» @p=a,* +a 


This completes the proof of the second part of the stated proposition. 


Note. The presence of the root z = 0 in our case can be proved direct- 
ly if one differentiates 


(a + dy, ..- 5 Oe + ay r (a,*,..., ae*) 


with respect to ay and then sets a, = 0. One thus obtains the result that 


S' (AW _/da. ) 


. 
s’‘a x 
— 


1 


from which it follows that if one adds to the elements of any one column 
of the determinant (2.5) the elements of all other columns then one ob- 
tains a column whose elements are equal to — z. 


We note that if the stationary character of the function A for all 
possible synchronized motions follows from Hamilton’s principle then, 
since A differs from the motion in the Hamilton sense for the correspond- 
ing system by a factor, the argument on the nature of the stationary 
point in the given case cannot be obtained by starting out with Hamilton’s 
principle, for the motion is taken over a finite and not over a suffi- 
ciently small interval of time [5 ]. 


3. For the proof of the proposition given in [1 ] one needs to prove, 
on the basis of Equation (2.3), only the relation 


OA 
3.1) 


where A, is the mean, over the period 27/w, of the value of Lagrange’s 
function Lo of the auxiliary bodies computed for the solution (1.2). Re- 
presenting Lagrange’s function L in the form 
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note that L, is a quadratic form in «,, +» ¥,, while 
is, in the given case, 


the sum of a quadratic form in the variables 


+» Dp» of a linear form in x), ag with coefficients depending 


Q): oees d, and d). oe d,. and of a periodic (with period 2”) func- 
tion (depending only on the coordinates 9). 


seen %, ) whose mean value 
over the period is zero. 


D 
Py) 


oe = 
on 


In view of what has been said, we have 


where B is a quantity independent of a), -, @,. Differentiating these 
identities, which were set up for the solution (1.2) with respect toa., 
we obtain after some simplifications 


(ys) 
* font | 
S ‘ é - ay O f OL, \) 
int } ‘ . : ’ oz al ra | 


Making use of these equations and of (2.2), we find that 


k 2 . (ra ‘aL 
oy || l | 


Qn \| dq, 


Whence, bearing in mind (1.2) and (1.3), we obtain 


v 2n 


w 

( fc 2 [ On 

+ a a}? O1, | 
Jel oO 


te) 0 OL 
r _ — 
O14, as J0 


2"/e 


d fy _ 
Zz 
diy? 
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This proves the validity of Equation (3.1). At the same time we have 


established the equivalence of the condition of stationary character of 
the function A, (a), +++, @,) to the validity of Equation (1.4) for the 
determination of the generating phases é,° a.*, and the equivalence of 


the condition of the existence of a minimum of this function to the con- 
dition of stability of the synchronized motion. 


BIBLIOGRAPHY 


Blekhman, I.I. and Lavrov, B.P., Ob odnom integral’ nom priznake 
ustoichivosti dvizheniia (On a criterion of stability of motion). 
PMM Vol. 24, No. 5, 1960. 


Blekhman, I.I., O samosinkhronizatsii mekhanicheskikh vibratorov (On 
selfsynchronization of mechanical vibrators). Izv. Akad. Nauk SSSR, 
OTN No. 6, 1958. 


Blekhman, I.I., Dinamika privoda vibratsionnykh mashin so mnogimi 
vibratorami (Dynamics of driving of vibrating machines with many 
vibrators). Izv. Akad. Nauk SSSR, OTN “Mekhanika mashinostroenie™ 


(Mechanics and machine construction) No. 1, 1960. 


Gantmakher, F.R. and Krein, M.G., Ostsilliatsionnye matritsy i aalye 
kolebaniia mekhanicheskikh sistem (Oscillatory Matrices and Saall 
Oscillations of Mechanical Systems). GTTI, 1950. 


Dzhanelidze, G.Iu. and Lur’e, A.I., O primenenii integral’ nykh i 
variatsionnykh printsipov mekhaniki v zadachakh kolebanii (On the 
application of integral and variational principles of mechanics in 
problems of oscillations). PMM Vol. 24, No. 1, 1960. 


Translated by H.P.T. 





PERIODIC OSCILLATIONS OF QUASILINEAR AUTONOMOUS 
SYSTEMS WITH TWO DEGREES OF FREEDOM 


(PERIODICHESKIE KOLEBANIIA KVAZILINEINYKH AVTONOMNYKH 
SISTEM S DVUMIA STEPENIAMI SVOBODY ) 


PMM Vol.24, No.6, 1960, pp. 1103-1109 


A.P. PROSKURIAKOV 
(Moscow) 


(Received June 29, 1960) 


1. We shall study a quasilinear vibration system with two degrees of 
freedom 


The functions Fy and F, are assumed to be analytic in their arguments 
in some region of their variation. The quantity w is a small parameter. 
The generating system (with » = 0) is a linear conservative system with 
constant coefficients, where @i9 = G)+ €y9 Co} 


s 


Let us assume that the frequency equation of the generating system 


has only positive roots. There are three cases possible: the vibration 
frequencies are different and commensurate, different and non-commensu- 
rate, and equal. 


2. Let us look more closely at the case of different and commensurate 


frequencies. Let B®) = RoW, where =) and a, are positive integers. In 


this case there exists a periodic solution of the generating system with 
a frequency Wp and a period Ty 


Let us assume that the original nonlinear system (1.1) has a periodic 
solution with a period T = T) + a, which becomes the generating solution 
with » = 0. Let us construct this solution. 
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The solution of the generating system can be represented in the form 


Sin @ f 
" 


Terms with sin Wo t do not enter the solution for an appropriate choice 


of measuring time t. The values p, and p, are determined by the formulas 


As shown in [3 l, the initial conditions for the system (1.1) 


nm (B 


The quantities 6,, fh, and 6B, are functions of » which vanish at p = 0, 
Then, according to [3] the solution of the original system (1.1) can be 


represented in the form 


, (1) (2 , 
The expansions of x ; (t) and «x ¢t) in powers of the parameters By. 


>, and w are of the form 


SIN @yl 


(2) 


(1) . : 
(t) and C,, (t) are determined by means of 


The values of C. 


formulas 
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The following functions will also be used below: 


The values Hy, {t) and H,,(t) which enter Formula (2.7) are equal to 


H;,, (t) 


in 


Explicitly, the first three functions of H(t) are 


A iy (tf) 


3. The conditions of periodicity for z(t), z(t) and their first de- 
rivatives will be 


(T 1) | 


x) Pi { 1, 


One of these conditions, for instance the periodicity condition for 
x,(t), will be used for the determination of the parameter a as an 


implicit function of the remaining parameters 


We shall seek the value of a in the form of a series in integral 
powers of these functions. Since a approaches zero as 0, and since 
the derivatives of any order of a with respect to B,. Py, and B, are equal 
to zero for t = To and ~ = 0, the expansion of a has the form 


IN, IN», 


iA a IB. 
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By successively differentiating the equation z,(T, +a) = B+ B, 
with respect to uw we find 


1 (To) Nz (To) |= 6A 


The condition for the existence of the expansion (3.2) is the inequal- 
ity Py ~ 0. 


By expanding in terms of the parameter a the left-hand sides of the 
remaining periodicity conditions and substituting into them the a’s from 
Formula (3.2) we obtain for j= 1, 2, 3 
iM aM iM 
>) }A, iB, ” i] 


Now we compute in all three conditions the first three coefficients 


of the powers of the parameter pz. The coefficients of the first power of 
p are 


V1 (To) Cy, (T9) ByN,z (To) 
M ox (Ty) Co (To) PrBoN, (7 
M1 (T)= Gor (To) — PoN 1 (To) 


The coefficients of the second power of p are 


M12 (To) = Cr2 (To) + BoNa (To) + > PrNi?(To) 


: P, V,7(T9) 


Cos (T 9) P.No (To) Co (To) Ni (To) 


The coefficients of the third power of pu are 


BoNg (To) 


ByNs (7 
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} Bo @)" Vv; (T, 


Goo (To) Ni (To) + 7 


The following notation was used in the above formulas 
P, Pr 1y@," | . Do”, /2 Pr 1y@,* 


4. Let us assume that the parameters B,. B, and 6, can be expanded in 


series 


y' 3 


Substitute the values of these parameters into Formula (3.4) and 
equate to zero the coefficients of equal powers of pw. Equating to zero 
the coefficients of the first power of pw yields in all three conditions 


My (7 ) iP Mo, (7 } U. V 51 i 


From these three equations the coefficients Ay, By and Ey are obtained. 
We shall call these equations the equations of the fundamental ampli- 


tudes. 


By equating to zero the coefficients of the second powers of p we 

obtain 

OMy 

al 

OM» 

i 

IMs) 

if 


My, (T ) 


If the Jacobian 
D(My, Mua, Ma) 
D (Ao, Bo, Eo) 


then one can determine the coefficients Ay, B 
(4.3). 


1 and E, from Equations 


By equating to zero the coefficients of the third powers of pw we obtain 


OM y OM, OM), I PMy, eM i; My 
Ay FA. B, DBe Ey AI 5 a 2 - B, y ary, 
2M, eM, } , OM, 
Py oe aR, al 1, 7 EB, i 
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and two other analogous equations. From these equations we find the 
coefficients Ay, B, and E,. Further conditions are also linear equations 
in A,, B. and E,: Thus the coefficients A,, B., and E, are determined 
successively from systems of three linear equations with one and the same 
determinant equal to the above Jacobian. If this Jacobian goes to zero, 
then for the existence of periodic solutions, it is necessary that the 
Jacobian matrix and the expanded matrix resulting from the addition of a 
column with the free terms of the equations have one and the same rank. 
For the determination of the coefficients Ay, B, and Ey one needs here an 
equation not lower than of second degree. Thus the vanishing of the 
Jacobian denotes either the absence of a periodic solution or a bifurca- 
tion of the generating solution. 


If Equations (4.2) are satisfied identically, then the solvability of 
an infinite system of equations in A,» B., and E. will be tied to the non- 
vanishing of the Jacobian 


D (My. Mes, Ms) 


: etc. 
D(A,, Bsa, Eg) 


Once the coefficients An, B. and E, are known, one can find the cor- 
rection of the period in the form of a power series in pz. We substitute 


the values of B. By and 6, into Formula (3.2) and collect terms of equal 
powers of pw. We obtain 


- . hp” 


The first three coefficients hy, ho and h, have the values 


ON) 
E,ae 


For the construction of a periodic solution of the system (1.1) with 
a period that is not dependent on the parameter yp» we perform a change of 
the dependent variable by means of the formula 


Ayu how? 


and we shall seek the solution in terms of the function r. This solution 
will have a period equal to To: 
By substituting t from Formula (4.7) into the functions C; 


nit), 
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cos @t and sin wt and expanding them into series in uw we obtain 


(ru 
cos wt COS WT hy@T sin OT u— (AQ@T sin wT 


sin wl sin WT h,@t COs @T U (howt COS WT 


The functions x, (t) and z_(t) will be represented in the form of 
series of integral powers of the parameter yp 


The generating solution is determined by Formula . . Por the 
following two coefficients we obtain 


The problem of the determination of the radius of c 
series derived in this paper has not been studied. 


onvergence of the 


5. Now we turn to the second case, where the frequencies @) and @, 


are different but non-commensurate. A periodic solution of the generat- 


ing system can be achieved with one of these frequencies. We shall seek 


a periodic solution of the original nonlinear system (1.1), which, 


for 


instance, turns into the generating system for pu 0 with 
Ww) 


the frequency 


This is a single-parameter family of solutions. The 


initial conditions 
for the system (1.1) will be in this case 
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‘ 
(9.2) 


The given case is a special case of the previous one and the solution 
for it can be obtained from formulas derived for the first case by let- 
ting there 


Consequently, the solution of the original system (1.1) in the case of 
different but non-commensurate frequencies will be of the form 
pix” 


The analysis of the given solution for systems with one degree of 
freedom [2 ] can be applied entirely to the present case. 


6. Let us study the case of equal frequencies @, = Ws, = @. It is known 
that in this case the following relation holds between the coefficients 
of the equations of the generating system: 


l 


111 , 422 


The original system (1.1) takes on the form 


uF; (x 


From this we obtain 


Because of the autonomous quality of the system one can let z,(0) 


Then the solution of the generating system will have the form 


Bb 


wW 


The initial conditions for the original system (1.1) will be 


In this case the expansions of the functions x,(t) and zx,(t) in terms 


of the parameters Py Bas Pp, and uw are of the form 
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found by means of the formula 


The quantities H;,°(t) are determined by means of Pormulas (2.11) 


where the functions F; should be replaced by F;*. 


In order to find the coefficients N, and Mn for a given case it is 


necessary to make the following substitutions in the above-obtained 
formulas for the case of different and commensurate frequencies 


P, 


The coefficients of the series which represent the solution x, (t) and 


x,(t) in the given case will equal 


1 
Ein \t j T) 


(1) (2) 


Here, instead of the quantities Cc, (7) and Cc, 1 is necessary 


to substitute the quantities Cin) and Cont), respectiv rf, according 


to Formula (6.5), and @) and w, should be replaced by 


BIBLIOGRAPHY 


Malkin, I.N., Nekotorye zadachi teorii nelineinykh kolebanii (Some 


Problems of the Theory of Nonlinear Vibrations). Gostekhizdat, 1956. 


Proskuriakov, A.P., Postroenie periodicheskikh reshenii avtonomnykh 
sistem s odnoi stepen’ iu svobody v sluchae proizvol’nykh veshchest- 
vennykh kornei uravneniia osnovnykh amplitud (The construction of 
periodic solutions of autonomous systems with one degree of freedom 
in the case of arbitrary real roots of the fundamental amplitude 
equation). PMM Vol. 22, No. 4, 1958. 





2 


O- 


A.P. Proskuriakov 


Proskuriakov, A.P., Ob odnom svoistve periodicheskikh reshenii kvazi- 
lineinykh avtonomnykh sistem s neskol’kimi stepeniami svobody (On a 
property of periodic solutions of quasilinear autonomous systems 
with several degrees of freedom). PMM Vol. 24, No. 4, 1960. 


Translated by M.I.Y. 





QUASILINEAR SYSTEMS OF NEUTRAL TYPE 
WITH A DEVIATING ARGUMENT 


(KVAZILINNEINYE SISTEMY S OTKLONIATUSHCHIMSIA 
ARGUMENTOM NEITRAL’ NOGO TIPA) 


PMM Vol.24, No.6, 1960, pp. 1109-1111 


A.M. RODIONOV 
(Moscow) 


(Received May 16, 1960) 


We consider quasilinear systems of neutral type with constant coeffi- 


cients and with constant positive deviations 


1 7] 

dzr(t) , v (p) : 

=. > 2 *pi* d=1) + pF (2 (0), 2 
1 


p=0 )= 


or, briefly 
Uzr=f+pF 


Here » is a small parameter, and 


z(t) = (2, (¢),....2, (4), f() (/1 (4), 


The function F is continuous in ¢t and has a period 27; with a constant 
small w and with values of x(t), x(t - r;) lying within a certain region 
G of the domain of these variables, it has continuous partial derivatives 
of the first order; the function f(t) is a continuous periodic function 


of period 27. 


With the aid of the principle of compressed mapping we demonstrate 
the existence of a unique periodic solution, which for uz 0 reduces to 
the solution of the corresponding generating equation. Nonresonant, re- 
sonant and "exceptional" cases are represented [4 l. 


1. Nonresonant case. We assume that no integral frequencies exist for 


the characteristic equation 


? 


A(h) A ia 
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corresponding to Equation (1). 


We shall consider a closed subset ‘p <t 2m” ) of such functions 


for which x'*) (0) - z'*) (2m )(i 0, 1, ..+, p); these functions are 
located inside the interval (0, 27) such that they are periodic with a 
period 27. In this sense we shall speak of periodic functions in the 


domain C_(—e< tft + oo), 
Pp 
We consider the generating system 


Ur = J (3) 


The left-hand side of (3) determines the operator U, having meaning 
in every case for any function zx in C,. The value of U is an arbitrary 


function in C, 


It is easy to prove that U is a linear (i.e. additive and continuous) 
operator. Since (2) has no integral frequencies, then Ux = @ only for 


x 0. 


Indeed, the operator U exists and establishes a one-to-one correspond- 
ence between the complete domains C) and C. In agreement with the theorem 
of Banakh [2 ] the inverse operator y~! is linear. It follows that 


/ 


Consequently, for a single periodic solution of the system 


have the estimate 
(4) 


where M is determined by the condition f, M. By use of the estimate 
(4) we apply the principle of compressed mapping for sufficiently small 
pp to the equation 


in a class of functions reducing for uz = 0 to the solution x°(t) of the 


generating system (3) (supposing that 1) G ). Prom this, the theorem 
follows. 


Theorem 1. The system (1) in the nonresonant case has, for a suffi- 
ciently small yz, a unique periodic solution of period 27, reducing for 
pe 0 to the solution of the generating system (3). 


2. Resonant case. Let Equation (2) have a finite number of integral 
frequencies and let d, = C, exp iN (a = 1, ..-, r) corresponding to the 
periodic solutions of the homogeneous system Ux = @. In this case a 
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periodic solution does not ordinarily exist and the function f(t) must 
satisfy certain conditions. 


Along with the system (3) we consider the conjugate system. According 
to the theorem of Riss on the domain C, the linear functional is 


where ~G!o is a periodic function of t with period 27 Vo denotes the 
set of all regular functions with ¥(0) = 0), (f, dw) is a scalar product 
of the vector functions f and dw. For determination of the conjugate 
system we have U*g = g(Ux). We obtain, after simple calculations 


Consequently, U*g = @ on the functionals with v(t 
where On is a periodic solution of the system 


x) 


— 


0 are transposed matrices (the fundamental equation 


corresponding to (5) has roots differing in sign from those for Equation 
(2)). 


Here @,;° and a 


Banakh established the theorem that the system Ux f can be solved 
only when g(f) = 0 follows from U*%g = @. 


Indeed, for the system (3) to have a periodic solution in the resonant 
case the function f(t) must satisfy the following r conditions: 


Functions f(t) satisfying the conditions (6) evidently generate a 
linear and closed set which we call N. Consequently, we have u(Cc,) = N, 
The solution of the system (3) may be written in the form 


r, (fe . Y(t \ C*M 


Here X(t) is a particular solution of the homogeneous system (3), C* 
is a constant independent of the form of f(t), since according to the 
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previously mentioned Banakh theorem the operator U is a homomorphism of 
the domain C, on WN, 


The method of successive approximations leads in the case of resonance 
to the following expressions: 


1 uF (t, z'—D (2), DD (¢ a T;), B) 


L ul, (FU-D) 


(l 


Here FO'~ 1) = wee, x6! Mee, eb Dery, wy, and LcFetm ))) 


J 


represents a particular solution of the system (7) corresponding to a 
of time; the coefficients wy 6 f are determined 


known function pi l- 1) 


from the condition of the absence of resonating terms on the right-hand 
side of the system 


_- 


Po (My ,...,M, py) =\ (FM, @,,*) dt =0 


" 


If in the class of functions reducing to the solution of the generat- 
ing system with »p = O there exists a solution to the basic system (1), 
then for » = 0 all s§ ee) must reduce to x°(t) in the successive approxi- 
mations to the exact solution x(t, nw). As is evident from (8) and (9), 
this requires that the constants M°, je eal M° be determined from the 
equation 


oo 


' ’ 
\ >) F,(t. 2° (t). 2 (t —T;), 9) Pom” (t) at = 0 (10) 
s=] 


For this, the condition 


must be fulfilled. 


One may then show that application of the principle of compressed 
mapping is similar to that in the work of Malkin [3 ]. The theorem 
follows. 


Theorem 2. In order that the system (1) have a solution x(t, mw), re- 
ducing for u = 0 to the solution of the generating system x(t), it is 
necessary that a unique periodic solution of (1) exist, reducing for 
# = 0 to the solution of the generating system, with condition (11) being 
satisfied to assure fulfilment of condition (10). 
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Note 1. The problem of finding the periodic solutions of automatic 
systems is similar to that in the case of ordinary differential equa- 
tions. 


Note 2. Special procedure is required for the exceptional case where 
Equation (2) has a countable set of integral natural frequencies [1 Be 
We remark [4] that this case is realized when 


P a »@ 
Sens ? 
i.e. Equation (1) represents a system with delay. 


In conclusion I express my sincere gratitude to L.E. El’sgol’ts for 
proposing the subject and for his interest in the work. 
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There exist many ways of investigating the stability of the nonlinear 
equation of heat conduction. The problem has been discussed in a paper by 
Bellman [1] in connection with a domain in the form of a parallelepiped: 
Mlak [2 ] considered a more general problem for a system of parabolic 
type. More references concerning this problem can be found in [1 ] and 


{32}. 


In the present paper we shall consider the stability of the solution 
of the nonlinear equation of heat conduction in a domain Cro: Making use 
of some of the ideas contained in Liapunov’s second method, we shall 
arrive at sufficient conditions for asymptotic stability. 


Let G be a bounded domain in the space E*(x), awex x). The boundary 
of G will be denoted by I. We consider the following problem for the non- 
linear equation of heat conduction in domain G for 0< t < om: 


»%@ u U on | 


Here 72 denotes Laplace’s operator in the domain G and the intensity 
of the sources distributed over the domain, it being postulated that 
f(x, t, u) = O(u) when u = O, 


Let M u(x, t) be a class of continuous functions possessing con- 


tinuous derivatives du/dt and 07 u/Ox Ox,;. Introducing the norm [3 ] 


{\ u? (x, t) dQ) (2) 


we obtain a normalized space which we denote by Cro- If d= 0, then the 


problem possesses a trivial solution u = 0. It is interesting to deter- 


mine under what conditions it can be assumed that the solution of 
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problem (1) tends to zero as t + o«,. The process of tending to zero is 
understood to be according to the norm Cro: 


Definition, The vanishing solution of problem (1) is stable if for 


any positive number « there exists a 5 such that || ul| < « for t> 0 if 
u= 0 onI and || u(x, 0)/| < 8. 


We seek a solution of problem (1) in the form 


where a,(t) denote provisionally undetermined coefficients which depend 
on time and z,(*) denote eigenfunctions of the operator V“z+Az= 0 in 
G with the boundary conditions z = 0 on the contour [’. It is seen from 
(3) that the boundary condition is satisfied automatically. If (3) is 
substituted into (1) the solution of the problem reduces itself to the 
solution of an infinite system of nonlinear ordinary differential equa- 
tions. Substituting (3) into (1) and bearing in mind the properties of 
72 


the functions Zi i.e. V z; A itis we obtain 


\) 


l 
where on the right-hand side it is understood that u stands for the ex- 
pression in (3). 


It is possible to assume that the system of functions Lz is ortho- 


normalized. 


Multiplying both sides of (4) by aj and integrating over the domain 
G, we obtain 


We shall assume a,(t) = exp (-Bt). 6. (t). The system (5) with the 
new variables b(t) assumes the form 


b.(t) r 


l 


We shall consider the positive-definite function 
The total derivative of V with respect to t, formed on the assumption 


that the variables 6. (t) satisfy the infinite system of differential 
equations (6), is 
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*) 2 @) 
, ent >} bz, \ >; b.z;\dQ 8) 


t=] )=1 


We shall suppose that the function f(x, t, u) satisfies the condition 


zii) ou ! (9) 


uniformly on «*¢G, where a(t) is an arbitrary function, but such that 
starting at some instant, a(i) exp(—(t) does not increase. 


Making use of. (9) for an arbitrary function V we obtain 
| ’ 
5 b.z,\ dQ 
-_- tt 
i=] 


Here — = denotes the smallest characteristic value of the operator 
“) e ; 
“z2+Az 0 in domain G and z 0 on contour |’. Remembering that 


s) 


- 


amounts to the same 
(11) 


We shall assume that exp(— 6t).a(t) does not increase starting from 


some t ty, and that at instant t = ty 


V2a(to) eV (t.))*< 9 (12) 


Remembering that V(t ‘ 2¢€, and choosing ¢ so small as to satisfy 


the inequality — A + n< 0, we obtain (dV/dt),_ 0, and con- 
min t= to 


sequently inequality (12) remains valid also for t > ty. 


Taking into account inequality (12), inequality (11) leads to 


nv, t>b 


If A... > 6+ 7 then the derivative of the positive-definite function 
VY is negative, and consequently the function V cannot increase from 
t= ty onwards. It follows that all solutions of the system (6) which 


enter domain (12) cannot leave it later. Since 
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as |ju!}—0O then ! 


We shall assume that in the neighborhood of the vanishing solution 
for a finite segment 0 <t <t(T > ty) the solution is unique. Then there 
must exist a domain of initial values b,7(0) + b,*(0) ... < 50> 0) for 
t= 0, such that all solutions of system (6) which leave this domain 
enter the domain b,7(0) + b,7 (0) + ... <€ for t= t,. To every system 
b (0) there corresponds an initial function @(xz) which satisfies the con- 
dition ||¢ (x) ||? - b,7(0) + b,7 (0) + ..., where b,(0) are the Fourier 
coefficients of element d(x). 


The preceding result will now be formulated as a theorem. 


The norm of the solution of problem (1) in domain Cro tends asymptotic- 
ally to zero as t + o, if: 


a) the function f(z, t, uw) on the right-hand side of Equation (1) 
satisfies the condition 


where the characteristic number | 4, p. 162 ] of the positive function 
a(t) is larger than §; 


b) the norm of the initial function (x) 


oO 


wl 
c) the smallest positive number Anis of the operator V“z+Az 
domain G with z= 0 on contour I is 


A min 
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In the solution of many problems in hydrodynamics, in the theory of 
elasticity and in the theory of filtration there occur integrals with 
regular kernels of the Cauchy type taken along intervals of the real 
axis. These integrals can be reduced to either one of the following two 


types: 


If the function f(t) satisfies Holder’s [1,2 | condition on the inter- 


val [—{, 1], then if x> 1 these integrals are ordinary regular Riemann 
integrals. At the point x 1 the integral G can have a singularity of 


the logarithmic type. 


Below we derive formulas which make it possible to obtain approximate 
expressions for the integrals G(x) and E(x) and to estimate the error in 
the approximation. The derived formulas contain functions defined in 
terms of known elementary functions or in terms of rapidly converging 


series. Tables are given for some of these functions. 


1. We introduce into our consideration Chebyshev’s polynomials of the 


first and second kind 


| 
cos 


and also the variable x** defined by the equations 
zr— Vx 


It is not difficult to show that T(t) and U,(t) satisfy the relations 


1690 
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Let us assume that the function f(t), which enter 
G(x) and E(x), satisfies Holder’s condition on the 
Then the integrals G(x) and E(x) can be represented 


series 


where 


Indeed, it follows from the theory Fourier 


serie 
in this case can be represented « the interval! 


Chebyshev’s polynomials < 1 j 


4 


is a series in terms 


Let us substitute the series 7 f(t) im the ntegral G(x) and 


series (1.6) for f(t) in the integral E(x). Makin ise of the rela- 


on (1.3) we obtain Formulas (1.4). The use of these formulas for the 


computation of the integrals G(x) and £(x) is not recommended because 


the series (1.4) frequently converge quite slowly, while the coefficients 
a, and 6. of the arbitrary function f(t). have to be 


method of numerical integration. Whenever the sums 


right-hand sides can be found in closed form, then 


tl 


the exact values of the integrals G(x) and E(x). 


us consider the functions which are defined n the 


interval 
the equations 


\' 
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We note the following properties of these functions. The functions 
ed and M,°?) (x) have singularities of the logarithmic type at the 
point «x l 


VW,'" (2x) 


The remaining functions are continuous on the interval [o,1]. The func- 


tions Ni) (x) and Nn, °?) (x) can be expressed in the form 


In Tables 1 and 2, given in this work, are presented the values of 
some of the functions MSS) (x), w,°*) (x), N,‘*) (x) and td evaluated 


with accuracy to four places. 





m,) mu. 








0003 0 0001 | 0 0-001 | 07002 ' O 07001 | 05002 | 0 0004 
0027 | 0 0009 0 0001 0004 | 0 0003 "02002 | 0 02004 
0100 | 0 0031 | 0 0010 0 0003 0022 | 0 0005 0001 0 02003 
"0236 | 0.0076 0025 | 6.0008 0072 | 0.0017 0004 | 0 0001 
0493 | 0.0153 | 0.0049 | 0.0016 0188 | 0.0044 | 0.0011 | 0.0003 
0932 | 0.0278 | 0.0087 0.0028 0431 0 0097 0023 0 0006 
1673 | 0.0473 0144 0 0046 0 0917 0 0196 0045 0.0010 
2986 | 0.0773 | 0.02225 | 0.0070 | 0.1908 | 0 0375 0081 | 0.0019 
5722 | 0.1259 | 0.0341 | 0.0102 | 0.4254 | 0.0713 | 0.0143 | 0.0031 
oO 0.2337 | 0.0518 | 0.0147 | co 1 0.1612 | 0.0253 | 0.0051 


SO WIWMPUM whe 





Making use of Equations (1.2) and (1.3), one can easily show that the 
functions introduced satisfy the following integral relations: 
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yi 


) : 
S’ t which appear 


The functions p,\*)(t) and q;' 


and (2.4) are defined by the equations 


> 


These functions were introduced in [3 |] where some of their properties 
were pointed out. The same work [3 ] contains tables for these functions 
which were computed with an accuracy of up to four places. 


0 0003 0 0001 0 02004 0 001 24M r )' ) 04004 
0 0026 0 OOOY OOUS 0 OOOT / { M2 (iwi 
0 OOR5 0 0O2Y 0 0010 OO0O3 

0 0195 0 0067 0 0023 VOUS 

0 0384 0 0128 0 0015 

0 0596 0 0214 0 0026 

0 0893 0 0327 ( ; 0040 0456 

0 1253 0 0469 { ; 0059 0726 

0 1672 | 0 0640 23° 0082 | 0 0867 

0. 2146 0 0840 ) 0 ) O111 0. 1534 
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Next we define the function f' 8 (#) by means of the equation 


—] 
cos 


and call it the trigonometric derivative of the sth order of the function 
9 
f(t). We denote by a {29) ¢g, .; —1,1) the class of functions satisfying 


the following conditions: 


1) Every function f(t) belonging to this class possesses a continuous 
including the 


rn 


) 
trigonometric derivative fis (t) (s bs eso? WS CO Oe 
(2k — 1) order on the interval [-1,1 l, except at the point t 0. 


trigonometric derivative of order 2k of this function satisfies 


owing inequality: 


3) At the point t 0 the function f(t) and its trigonometric deriva- 


-{ . , . . 
tive can have a discontinuity of the first kind, i.e. 


e ; 
The class of functions a, (29) (m,,: —~1,1) is a type of generalization 


of the class wT? cm: a, 6) considered by Nikol’skii [4,5 l. 


We introduce the following notation: 


where a, and b. are Fourier coefficients defined by Formulas (1.5). 





type 


Integrals with regular kernels of the Cauchy 


We introduce the number Nin, k) defined by the equatiorz 


In [3 } there were given two representations of the function 
fice W, -—1,1) which involved the functions p. Ss) ¢e) and 

(s) . 
q; (t). 


vale | 


Theorem 1. Let 


Then the following two representations of the functior on the inter- 
are valid: 


val [-1,1 


S 


\ 


where Pa t) satisfy the inequalities 
Vf N (n, k), 
We note that the quantities a,° and .,” are repres the form 


for defining 4,” and 6 if the derivative 
polynomials involving 
upper bounds for then, 


used 
construct ath-degree 


establish 


formulas can be 
Next, we 
and 6 x 


These 
9 
f£2® ce) is known. 


the quantities a, x°% 


the function 


**y and 
Then the finite 


2. Let f(t) 


Theorem 


Sums 
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~~ 


(2k) 


(2k) and 6 are defined by (3.11), satisfy the inequalities 


where a 


iM 


9 ) 
Proof. Let us substitute in (3.12) in place of a their 
expressions from (3.11), and obtain 


In the sequel we will assume that a >2, for if a 1 one can easily 


see that the inequality (3.13) is satisfied. Indeed 


The sums which occur in Formulas (3.14) can be represented in the form 


Hence, we 
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From this it can be easily seen that 


Making use of Formulas (1.1) to (1.5) and of some properties of 


Chebyshev polynomials T(t) and U(t ), one can show that the following 


inequalities hold: 
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g the inequality (3.17) with the aid of 


means of the estimates (3.23) 


4. The results of the preceding section make it possible to obtain 


approximate formulas for the evaluation of the integrals G(x) and E(x). 


Theorem 3. Let ‘ de 1; ~1,1). Then 


whereby 


substitute into the integrals E(x) and G(x) for f(t) 





Integrals with regular kernels of the Cauchy type 1699 


Expressions (3.8) and (3.9), respectively. Making use of Equations (1.3), 


(2.3) and (2.4), we obtain 


(1) ( . 
It remains to prove that RK, (x) and - isfy the inequal- 


ities 


\i ** 


. { 
If one introduces into consideration the sums 0, x ) and g., 
defined by Equations (3.12), one obtains the following equation for every 


( ) 
. (s a. 2): 


R,, (2) S) 


n+1 


\! 


Trie=n--- 1 


Let us estimate each term of the last series with 
and the inequalities 
in ™ +1 el < 
m <_ (m 4 4)°*r! ™ 2k (n 4 4)? 


mat -+) 


obtain the result 


| R,, (z)|< M,, 


which was to be proved. 


We note three special cases when Formulas (4.1) 
fied. 


The function f(t) and its derivatives are continuous at the poin 


i (z) = G, (a) 49° [yr2— PAF FOO) (x00) 4 yg2 OY Mg aory) 


G (z) — G6,” (2) 
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= 1)*" l (1! yy) (x**) 4 1222) Mt {2 (x**)) - 


e Fy 
q ’ 


S) a 
pa ’ 


m=1 


EB (2) — EB, (x) < 2M,,N (n, k) 


n 


9 


2. The function f(t) is an even function, i.e. f( -—t) = f(t): 


G (2) = G\* (x) hs 1)* iy" 1) yg ,'** 1) (x**) f= 7 UN, ') (x**)] = 
n 
1 
2 >) Dorn 
m=] 


G (4) — G,"*? (x)| « 2M,,N (2n — 1, k) 


1) 4g?) (2**) — 1" “Dy, (™*) (z**)) = 
E,, (a) | < 2M,,N (2n, k) 


3. The function f(t) is odd, i.e. f(-— t)= f(t): 


k 
G (z) = G6," (x) - > (—1)° [722 Yas," (2°?) — 729 —-Dy,(28—-D (gy) — 


G (z) — C6, (2) |< 2M QV (2n, k) (4.8) 


E (2) = E," (z) 


h 
NI (— 4)° t ix{™ 1) 9,2) (2°*) p28 yy, ( ) (x**)| - 


s ! 


n 
© Gu ot, BE (2) — E,, (2) | < 2M, N (2n — 1, k) (4.9) 


m=] 


As an example which 


illustrates the method presented let us consider 
the integral 


; V2 id 
E (zx) = yin (1<2 & oo) (4.10) 


Here the function f(t) = w7(t)/4 is even. Hence, one can use the special 


case (4.7) and Formulas (4.2) for the evaluation of this integral. Making 
use of Formulas (3.1) to (3.6), we obtain 
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. x 
1)" > (sign t) V 1 
: 


ak (4m? — 4 


Substituting the quantities found into (4.7), we obtain 


A n 
E(x) zE (k) (x) - y N,‘™ (2°) - 2 ( 


*n j } 2 ——— 
—) : (2m)"" r 


Formula (4.11) makes it possible to compute with the aid of (4.12) the 
integral (4.10) within any degree of accuracy. On the other hand, with 
the aid of Formula (1.4), or directly through integration, one can find 
the exact value of the integral (4.10) in terms of the elementary func- 


tions 
E (z) = rtan” (x — Yz?— 1) 


Let us compute the approximate values of the considered integral at 
various points of the interval [1, «~] and then compare these values with 
the exact values. We then obtain the following results 


10 10 10 
10 cosh | pn 9 cosh In ra cosh In 7 cosh II 
-E (x) 0.78540 0.73689 0.69161 0.64999 0 61248 
E® (x) 0.7853 07370 0.6916 0.6499 0.61: 
10 10 10 10 
z cosh In 5 cosh In j cosh In 3 cosh In 5 cosh In 


E (2) 0.57956 0.55173 0.52948 0.51323 0.5 


E® (x) 0. 5796 0 5517 0.5295 0.5132 U9 


This shows that the approximate values ot the integral (4.10), com- 
puted by means of Formula (4.11) for n= 2, k = 2, differ from the exact 


values only by at most 1 at the fourth decimal place. The inequality 
(4.12) in this case takes the form 


E (x) — E,™ (x)| < 0.0324 


that is, Formula (4.11) is actually more exact than is indicated by the 
inequality (4.12). 
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In conclusion, the author considers it his duty to thank V.M. Egorov 


for his help in the preparation of the tables. 
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The system of equations for the hydrodynamic approximation of an ideal 
plasma consisting of N kinds of ions (k 1, ..., N) takes the form 


on 
+ diva,yv , divH = 0, div E 
at K 


, € OE 


al 


rotH 


The first two equations are the momentum and continuity equations for 
the ions of species k, and the rest are Maxwell’s equations. The inertial 
term in the momentum equation is given in the form of I.S. Gromeka; H 
and E denote the intensity of the magnetic and electric fields, pm the 
magnetic permeability, « the dielectric constant and c the speed of 


light. Fy represents the potential of external forces, v, the velocity, 


Py the partial pressure, ny the number of particles per unit volume, ¢, 


and =, the charge and the mass, all pertaining to species ek. 


The plasma is considered either as a "cold" (p, 0) or an incompress- 


ible (nm, const) or, again, a barotropic (p, = p,(n, medium. 
When the curl operator is applied to the momentum equation and use is 
made of the equation for the electric induction, there results 


JQ, 


a 


rotv, 2, Q, 
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The conservation of the partial vorticity Q, is analogous to the con- 
servation of vorticity in ordinary hydrodynamics as shown by Helmholtz 


[4]. Hence, the vortex lines corresponding to Q, are "glued" to the 


particles of the k species, and the flux of the partial vorticity Q, 
across an arbitrary material surface, made up of particles of species k, 
is conserved. Furthermore, the circulation of the vector 


Vv, + (He, em,) A (il rot A) 


along arbitrary closed contours, made up of particles of species k, is 
also conserved. We remark that the conservation of the partial vorticity 
ceases as a result of viscous forces and collisions between particles of 
different species. 


For the cold electron-ion plasma the vorticity-conservation laws were 
noted in[{1]. In [2], where the plasma was described by a system of 
magnetohydrodynamic equations for a binary (electron-ion) medium, the 
conservation of the partial vorticity for the ionic component was brought 
out. 


For the cases of the steady two-parameter and the steady vortical 
plasma motions the integral form of the conservation of the partial 
vorticity was noted in [3 ]. 


In conclusion, the author wishes to express his deep appreciation to 
V.S. Tkalitch for his interest and valuable advice. 
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1. The behavior of the turbulence spectrum in the range of high wave 
numbers, corresponding to the range of viscous dissipation, has been 
studied in a number of papers. Up to the present, however, this question 
cannot be regarded as solved. This question is equivalent to the study 
of the velocity-correlation function for small separations, since the 
correlation function 


[v; (M) v, (M")| [2 (M) (M 


where r is the separation between the neighboring points M and M’, is 
related to the spectral tensor ®; ;(«) by the relation 


D. (r) 9 \\\ a ett) @, (x) dx 


The tensor 9; ; is determined by a unique scalar function - the spectral 
density E(x): 
E (x) 


@.,. (x) se 
2x? 


In connection with the fact that the present statistical theory of 
turbulence does not provide a closed system of equations for the moments, 
which in principle would permit a solution of the questions mentioned 
above, we are forced to have recourse to various kinds of hypotheses, 
which permit an approximate closure of the system of equations for the 
moments of ®; 5. A detailed survey of these kinds of hypotheses can be 
found in [1 ]. 


The spectrum of turbulence is known only in the inertial range for 
values of the wave number much lower than the numbers corresponding to 
the internal scale of the turbulence. In this range the spectral density 
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. — 5/3 
E(x) decreases with increasing wave number, as «K - In the range of 


the internal scale, where the action of viscosity becomes apparent, the 
intensity of turbulent pulsations rapidly decays, and the spectrum must 
fall much more quickly. The behavior of the structure function of velo- 
city fluctuations is known not only for scales which are large but also 
for scales which are small by comparison with the internal scale ro * 
wv? « )i/4 where v is the kinematic viscosity, ¢« is the dissipation of 


energy of turbulent motion per unit mass. If r >> ro: then the invariant 


of the structure tensor Di; (its trace) increases with increasing r as 
» 


r - When r ro the trace D;; r*. The first attempt to determine the 
structure function throughout the entire range of scale was made by 


Obukhov [2,3 & who made use of the hypothesis of constancy of asymmetry 
const, D , (M) — v, (M’)P (3) 


The index l1 denotes the projection on the direction r. In the inertial 
range Dit r, whilst Di} pels so that in fact S = constant. When 
r ro the role of the third moments is negligible, and the stated hypo- 
thesis cannot greatly distort the results. In fact, a correlation func- 
tion was obtained with the correct asymptotic forms for large and small 
distances. However, not every function, even if it has the correct asymp- 


totic behavior, can be a correlation function. 


The fundamental requirement of the correlation function lies in the 
fact that the corresponding spectrum, or more exactly the spectral dens- 
ity, must be positive for all values of the wave number, since it repre- 
sents the density of kinetic energy per unit mass in the wave space. 
Generally speaking, it was previously not clear whether Obukhov’s cor- 
relation function satisfied this requirement. Below in this paper we shall 
carry out the calculation of the spectrum under the hypothesis of con- 
stant asymmetry and shall show that for certain values of the wave number 
the spectrum has negative values. In conclusion we shall compute correla- 
tion functions which correspond to different forms of spectral decay for 
high wave numbers; from these it will be clear that the character of the 
spectrum in this range does not influence the form of the correlation 


function in the corresponding range very strongly. 


2. The hypothesis of constant asymmetry allows one to obtain from 
Kolmogorov’s equation [2,3 | the equation for the determination of the 
correlation function 

3) , (4) 


where 6(x) is the normalized longitudinal correlation function (components 
of the velocity taken in the direction r), while x is the length taken in 
the definition of the scale. The normalization here is as follows: 
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The value xz 1 approximately corresponds to the inter 
turbulence. When x << 1, B= 1/2 x”, and when x >> 1, 
the intermediate region Equation (4) is integrated numeric: 
graph of the function A(x) is given in [2,3 |. 


Let us suppose for the moment that the turbulence 
homogeneous but in fact purely homogeneous. Then the following expres- 


sions hold: 
R.. (vr) <= \\\ @,. (x) e™ dx 


1 


Sn 


\\\ 25 “dr 


ed 


where Ri i(r) and ®; ;() are the correlation function and the correspond- 
ing spectrum. Let us apply the Laplace operator to Expression (5) and 
then apply the Fourier transform to the result. We ther btain 


\\ AR.. (r) ¢ 


AD, *%) Qn 


Completing the series of transformations, using 
tropy and continuity, and averaging with respect to 


the following formula for the spectral density 


where f is the longitudinal correlation function, Let 

over, of the fact that the derivative of the correlati 

equal to the derivative of the correlation function D. 

(— 1/2). Since only the derivatives enter into Formula (8), it is 
also for the case of locally homogeneous turbulence. Introducing 


normalization quoted above, we obtain 


where C is a certain constant determined by the scale 


function 6(x) is determined by Equation (4). The left-t 
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expression is a universal function of the normalized wave number ek, 


Let us present certain results of the numerical integration of Ex- 
pression (9); the method of integration is given below in an appendix: 


k : 1 0 ) : 75 
F tk » 124 4 2704 3.62: 0 1725 0 0034 
} 85 9 0 $7 5x 107 


F (k) = —0,_0097 0, 0029 .0124 0. 0000 0.0001 0.0000 


The function F(k) first passes through zero when k = 6.5. The accuracy 

of the calculation in the neighborhood of k= 8 is estimated as half a 

unit in the third decimal place (see appendix). Accordingly, the results 

of the calculation testify to the fact that the spectrum of turbulence 

for the hypothesis of constant asymmetry becomes.negative for certain 

values of the wave number, although these negative values are relatively 
small. The rather well-established zeros of 

lg F(n) F(k) for large wave numbers confirm the 
theoretical proposition concerning rapid de- 
crease of the spectrum in the range corre- 
sponding to the zone of viscous dissipation, 
and also provide an indication of the suffi- 
cient accurary and reliability of the rather 
complicated system of calculation of the 
function F(k). In Fig. 1 we present graphs 
of F(k) on a logarithmic scale - curve l., 








Curve 2 is the spectrum smoothed according 
to Gauss (see (10) below). When k << 1 the 
following asymptotic expansion holds good: 


This asymptote is represented in the figure by a dotted line. The 
calculated points for k< 1 lie well on this line. When k >1 the func- 
tion F(k) rises above the asymptotic line, which indicates that the 
spectral density E(k) falls more slowly than k~ 9/3. this also does not 


argue in favour of the hypothesis of constant asymmetry. 


Similar calculations were made for the spectrum of temperature fluctu- 
ations, corresponding to the correlation function defined by the equation 
of Iaglom [4 l, under the hypotheses of constant asymmetry for pulsations 
of velocity and constancy of the coefficient 


N D,,, (r) Dy lt) V Diy (r) 


[v, (M) — v, (M’)] [T (M) — T (M’)f? 
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Here Di} and Des are the correlation functions of velocity and tempera- 
ture. The spectra so obtained also have negative ranges. 


3. Correlation functions for the whole range of scale can be con- 
structed giving a spectrum of turbulence which is positive everywhere. 
The form of the spectrum is known only for x << 27 ro. When « >> 2n/r 
the spectrum rapidly falls to zero, since the intensity of pulsations 


0 


of velocity on these scales falls rapidly as a result of the action of 
viscosity. The decrease of the spectrum according to any particular power 
law arouses great suspicion, since it would denote that certain high de- 
rivatives of the velocity do not exist. If we assume that all derivatives 
of the velocity exist, then it can easily be concluded that the spectrum 
decreases with increasing «x more quickly than any power of «x. A very 
simple form of spectrum, having at the same time a certain theoretical 
basis, is the following: 


where A and a are certain constants which are specified later. When 

K SS Ko Expression (10) gives the required form of spectrum. Since the 
Navier-Stokes equations are of parabolic type, the pulsations of velocity 
generated by coarse scale vortices are smoothed in the small scales to 
the Gaussian function (or close to it), which to a certain extent justi- 
fies Expression (10). 


For the trace of the correlation tensor Ds; we have the spectral ex- 


pansion (obtained from (1) averaged with respect to angle) 


‘ —a** 
SINn*r\ +s 
— x ° 

xr 


x," 


Let us transform to the dimensionless variables 


By suitable choice of the parameters A and a, we can cause the main 
terms of the asymptotic expansions for x << 1 and x >> 1 to coincide with 
the cOrresponding expansions of the trace of the correlation tensor, 
calculated under the hypothesis of constant asymmetry. Both correlation 
functions have identical internal scales, defined as the abscissa of the 
point of intersection of the asymptotes. The integral (11°) is calculated 
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with the help of the known integral [5 } 


where M is the degenerate hypergeometric function, and employing the 
principle of analytic continuation to the values of A we require. As a 
result we obtain 


The asymptotic expansions of the trace of the correlation tensor Bj 
are found with the help of the relations 
d 
- oe (2°55, ,) 
2x az ef 
where (,, and f,, are the longitudinal and transverse correlation func- 
tions. The first few terms of the expansion of 6;; when x >> 1 are de- 


rived in [3 ]. The expansion of 6,, when x << 1 can be found by integrat- 


ing Equation (4) in series. The leading terms of the expansion are the 
following: 


Using the known expansions of the degenerate hypergeometric function, 
we can select the parameters A and a so that the leading terms of the 
asymptotic expansions coincide, 


The correlation function and the corresponding spectrum have been 
calculated also under the assumption of Tatarskii [6 ] 


Be" 
FE (x) a 


The corresponding trace of the correlation tensor can also be caicu- 
lated and satisfied by the choice of the parameters B and K, necessary 
to the requirements of the asymptotic expansions. 


The results of the calculations for the three different correlation 
functions are as follows: 
3, = 2.523 (1 — 0.4362? + 0.7652‘), 


1.2742*), whenr 


- 1.0422), 
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2.752" (1 — 0.! “4 Olz 


2.752 (1 — 0.537027 * & Olx 


= : 


52°" (1 — 0.18442—"* + 0.0021 sin (7.6932 


Here B, is the structure function calculated under the hypothesis of 
constant asymmetry, . is the structure function corresponding to the 
spectrum smoothed according to Gauss and B, corresponds to the spectrum 
of Tatarskii. These correlation functions are depicted in Fig. 2. 


20° } 7 When zx >> 1 the function fp, has 
f small oscillations arising as a re- 





sult of the steep cut-off of the 


spectrum, but in the figure these 





oscillations are scarcely visible. 





As is clear from the figure, the 
nature of the decay of the spectrum 
for high wave numbers does not affect 
the form of the correlation functions 





very strongly. 





Up to now we have not succeeded 














experimentally in approaching very 
closely to the internal scale of 
turbulence. 


However, new methods of investiga- 
tion, for example, the dispersion of 
sound in a turbulent atmosphere [7 # allow one to hope that the spectrum 
of turbulence can be directly measured even in the region where the 
effect of viscosity is beginning to make itself apparent. Experiment will 
then decide which of the models is closest to reality 


Appendix. Let us describe the calculation of the fun 
7 I B 


In principle, knowing the function 6(x), from Equation (4) we can de- 
fine also its required derivatives. However, the function 6(x) is known 
in the form of a table with a rather small number of values, and the de- 
termination even of the first of its derivatives by this method leads to 
large errors. Therefore, we are led to seek another approach. 


For z << 1 and x >> 1 we have found the asymptotic expansions 
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YU (2°) 


a ¢ 
36 4s 


These expansions may be used when x < 0.5 and x > 5.0. For the deriva- 
tive B(x) = y(x) we obtain from (4) the equation 


Let us make the substitution: y v . Then for v(x) we obtain 


the simpler equation 


which can also be integrated by the method of Runge-Kutta for values of 


~~ 


x from 0.5 to 5.0, Relating 8” and B” to v(x) gives the relations 


As a result 


y) + a2 (Avy 


The accuracy of calculation of this expression in the stated interval 
is quite satisfactory. 


For the calculation of the function F(k) with different values of k, 
Filon’s method was used [8], which is a particular modification of 
Simpson’s method to the case of rapidly oscillating trigonometric func- 
tions. This method was used for values of x from 0 to 5, and since for 


f(x) the asymptotic expression is known it is not difficult to calculate 


the asymptotic representation for the integral from 5 to «. Precise esti- 
mates of the error of Filon’s method are, generally speaking, unknown. We 
may imagine, however, that it is determined in just the same way as the 
error of Simpson’s method, i.e. it is equal to 1/15 of the difference 
between the values of the integral as calculated, and as calculated with 
twice the interval size. All values of the function F(k) presented in the 
table were calculated with the interval 0.1. The value of F(k) when 

k 8.0, calculated with interval 0.2, turns out to be equal to — 0.0211. 
Therefore we can say that F(8.0) = — 0.0424 t+ 0.0014. 


In conclusion, I express my thanks to A.M. Obukhov for posing the 
problem and giving advice, and also to L.A. Diky and V.I. Tatarskii for 
useful advice in the process of carrying out the work. 
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This paper is concerned with the filling of an empty spherical bubble in 
a viscous liquid. The existence of two different types of motion is dis- 
covered: bubbles, which are smaller than a critical size, are filled 
slowly in an infinitely long time; the filling of large bubbles takes 


place rapidly with an unlimited accumulation of energy during collapse. 


A quantitative formula is obtained for the critical radius of the 
bubble. 


Assume that for some reason a bubble has formed inside the liquid, 
which in the future can again be filled under the action of the surround- 
ing pressure. The problem of the filling of a spherical bubble in an in- 
viscid incompressible liquid was studied by Rayleigh. He found, in par- 
ticular, that the velocity motion of its surface towards the center 
grows indefinitely as r 3/ , as the bubble completes the process of 
collapsing, i.e. an unlimited accumulation of energy takes place. This 
phenomenon is assumed to be a possible explanation for the rapid wear in 
screw propellers and turbines which operate under cavitation conditions. 


The collapse of bubbles at a metal surface can damage it severely. 


Now let us study the Rayleigh problem for the viscous liquid. Such a 
statement of the problem corresponds more nearly to the actual conditions, 
although it still does not give an accurate description of the phenomenon, 
since it does not take into account the compressibility of the liquid, 
the inevitable presence of its vapor in the bubble and the possible in- 
stability of the slope of the bubble. 


Assume that a spherical bubble of radius a was formed in a liquid of 
density p, pressure Po (far from the bubble) and viscosity 7. There is 
no pressure inside the bubble and the initial velocity is zero. 


The motion of the bubble will be spherically symmetric and can be de- 
scribed by the Navier-Stokes equations of the form 
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Here u(r, t) is the velocity, p(r, t) is the pressure. 


The viscosity does not enter Equation (1) because 
équations it occurs in the term 


the general 


rrad div u rot rot u 


which in our case is identically equal to zero. This is so because 
div wu 0, since the liquid is incompressible and rot u 


spherical symmetry. 


0 because of 


The normal stress Gan at the free surface of the bubble 


ary with a vacuum), and since 9. = — p +2 du/dr then 


is zero (bound- 


i.e. the viscosity has entered the boundary condition. Here and in the 


following, the index 1 denotes a value at the boundary. The second bound- 
ary condition is 


From (1) we obtain 


This is substituted into the second equation of (1 integrated from 


to o«, taking into account the boundary conditions on 
some simple calculations we obtain 


p, and after 


Here v is the kinematic viscosity. Let us introduce 
variables 


1on-dimensional 


rk 
} rs 


where R is the Reynolds number. Then Equation 
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The initial condition is of the form C(R) = 0 (i.e. u,(a) = 0). As we 
see, the problem under study has a family of solutions which depends on 
the number R. One of them, R = w(yv = 0), coincides with the Rayleigh so- 
lution. Por this family, the velocity near the center grows as ¢ ~ a~ */2. 


Let us study the behavior of the velocity near the center in the case 
of nonzero viscosity. For studying the value g~ we represent Equation 
(3) in the form 


(4) 


The point (a= 0, ¢ - 0) for this equation is a multiple singular- 
ity, shown in Fig. 1. 


The loci of the zeros and infinities are shown in Fig. 1 by means of 
heavy lines and identified by 0 and «, whereas the integral curves are 
denoted by the light lines. The dot-dash line OA is the only integral 
curve which emanates from the origin with a finite slope. Its slope x is 


determined from (4) by substitution of the solution gers = za heara= 0, 


and it becomes x = 1/8. The locus OB of the zeros passes by lower; its 
slope is — 3/8. The integral curves above OA enter a node, where é i q 3/2. 


Below OA they represent a saddle where 


as a» 0. Both of these results are verified by. substitution in (4) with 
a- 0. The curve which corresponds to the solution is that which leads 


. 


towards a point corresponding to the initial condition, i.e. a= R, C = 0. 


a, 
z 7 x, 

















Generally speaking, for different numbers R the solutions may belong 
to different families: in the case of the node they correspond to an un- 
limited increase of the velocity ¢ ~ a~ 5/2: in the case of the saddle 
point they correspond to a decelerated motion of the bubble with ¢ ~ a, 
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as a result of which its filling occurs only after an infinite time. 


In the intermediate case, which corresponds to the dividing line OA, 
the filling occurs after a finite time, and the velocity near the center 
grows as ¢ ~ a~ *, The Reynolds number corresponding to the dividing 
line is the critical Reynolds Number. It separates two fundamentally 
different classes of solutions. Its critical value R R can be deter- 
mined by constructing the separatrix froma = 0 (near that point its 
asymptotic representation is known: ra =-— 1/8 a~') to ¢ 0, where 
a= R. Its construction, which is accomplished with the aid of numerical 


integration (3), yields 


7 J 


For R< 8.4 the filling of the bubble takes place slowly in an in- 
finitely long time. The accumulation of energy is completely dissipated 
by the viscosity. 


For R> 8.4 the velocity near the focus grows indefinitely as in the 
Rayleigh problem (without viscosity), i.e. as const 7 des” but with a 
smaller value of | const|.In the interim case for R 8.4 the bubble is 
filled in finite time, and the velocity of the focus grows indefinitely, 
but more weakly, as _ 

The schemes of all three cases of motion are shown in Fig. 2. For 


given Po P and vy one can speak of a critical radius a of the bubble 


8.4 v | 


For a< a the energy accumulation is completely dissipated by the 
> 


viscosity. 


The velocity at the end of the filling of small bubbles 


does not depend on the density and on their initial radius a. In practice, 
the critical radius a is very small, i.e. the viscosity dissipates the 
accumulation only in bubbles of very small size; for instance, for 

Po = 1 ata= 10° bar in water ( = 0.01, p = 1) 6a 0.8 micron, and in 
glycerin (v = 6.8, p = 0.8) 6 « 0.5 mm, 


Translated by M.I.Y. 
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We shall consider here a method for the construction of some non-similar- 
ity solutions of the equation of plane isothermal unsteady motion of a 
gas in a porous medium, based on the use of self-similar solutions for 


the same equation [1,2 B 


1. It is known that the solutions of the form t* f(xt *), e** f( te” *) 
and et * t(xze”*), where a and f are constants satisfying certain relations, 
exhaust all the self-similar solutions of the equation. To these prob- 
lems correspond the following boundary and initial dependences for the 


density p(x, t) at x = 0 and t = O respectively: 


Using some particular gas motions, those with similarity solutions, 
we can obtain a solution for cases in which the function p(0, t) of the 
growth of the pressure at the zero section (x = 0) is a piecewise smooth 


continuous function. 


In addition, the following should also be pointed out. From one point 
of view, the function p(0, t) of the solution may be taken to be "exact" 
(the meaning of this concept will be clarified later); on the other hand, 
an estimate of p(0, t) may be obtained from below or from above; in this 
case we can use the theorem of Barenblatt and Vishik on the monotone de- 
pendence of the solution of the differential equation of Boussinesq on 
initial and boundary conditions [3 ]; this can be generalized without 
difficulty to the larger general class of the differential equations 
which appear in gas and liquid filtration in a porous medium. 
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2. We will make use of some results of [2 ]. We limit ourselves to 
Plane flows of a gas with fixed temperature. The equation in this case 
has the following form: 


The solution of Equation (2.1) for boundary and initial conditions 


has the form 


where f(€) is determined by the following problem: 


Reference [2] presents a table of the function f(é, p) obtained as a 
result of integrating (2.4) with the help of power series. Our analysis 
of the function shows that for 3 > p > 0.5 all curves may be replaced 


with great accuracy with broken lines 


for 


where eo is the coordinate of the wave front, determined from the graph 
¢ 


€, = €(p) introduced in [2]. 


Thus, for 3 > p> 0.5 the function f(€) in (2.5) can be obtained with 
sufficient accuracy for all practical purposes for the construction of the 
solution of Equation (2.1). 


We note that for the case p = 1 the solution 1~ ¢/€,, where ¢, 


is accurate in the exact sense. 


It appears that the function f(€) (2.5) can be very simply worked out 
for the solution for the case of the piecewise smooth function p(0, t), 
constructed from sections of the following curves: 


for 1 for 
where ti» T+ Py» Po» %, aNd o, are constants connected (as we shall see 
below) by some relations. For that, it is evident that 3 >P, o 2 0.5. 
The solution is obtained in the following form. 
5yty?* <= Gy (ty + 1)” 


At the time t¢t t 


, the density distribution, corresponding to the case 
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, 71, according to (2.5) has the following form: 
‘ ‘. 
0, (2, t,) Ht” {i—-— 


a 
Eo (pr) (Gre Beh Pye | 


the same value of time but for the condition 
0 (0, t) = oa (t + 4)” 


the density distribution will be 


. 
Oo (x, ty) So (t, + 1)?! 1 — 
Eo (pe) (Gee! (t, 4 q)itP2)'/2 | 
We require at that value of time a density distribution which satis- 
fies both (2.8) and (2.10). Thus, taking into account (2.9), we obtain 
Eo (pi) o gtrP)/2 Eo (pe) op /*(t, (+P2)/2 (2.11) 
For condition (2.9) and (2.11) superposition of the values J, Gf 
and ty shows that Expressions (2.8) and (2.10) will obviously be "exact" 
solutions (in the sense considered above) of the problems corresponding, 


respectively, to the intervals t.> t> 0 and t >t 


1° 
Example. Let p,(0, t) = O,t, p,(0, t) = on(t + r)*, In this case, 


from the graph of €,(p) in[3 ], €)(1) = y 2 and €,(2) = 1.1138. Thus, 
from Formulas (2.9) and (2.11) we have 


{ 1138 oe /*(t; 4 T)’? 


From this r = 0.613 th, % = 0.384 g/t). Thus, for a piecewise smooth 


continuous function of the density at x = 0 of the form 


, f orf (ty >t >0) 
o(U, 1) ‘ 
| 0.384 (c / t;) (0.613 t) + 2)? (t > ty) 


the solution has the following form: 


1 22] 4 ae. 


] 
— — 
1.1138 (0.384 oy / ty)'/* (0.613 t; + 2)? 


3. In the preceding section we were able to obtain "exact" solutions 
for non-similarity cases because the power exponent p corresponded to 
the linear character of the density distribution in the x-variable. 
Evidently less satisfactory results will be obtained for piecewise smooth 
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continuous functions with exponent p smaller than 0.5. However, actual 
density distributions, which do not require more exactness, with é « eo 
can be approximated [4] with a straight line of the form 1- €/€,, and, 
as indicated above, the solution for piecewise smooth continuous func- 
tions can be extended to all values of the exponent from zero to three. 
However, it is next necessary to estimate "from below" and "from above" 
the solutions obtained by the method presented. It is especially in- 
portant in those cases where the profiles of the density distribution to 
be studied have an essentially convex or concave forn. 


The idea of the estimate can be stated in the following way: suppose 
that for a power law of growth of density at the x= 0 p(0, t)= a, tPl 
there is obtained at t = t) the density distribution 


‘ in . 
Py (2, ty) 31 ty” fy (xo, ‘Vee . 2 (1+Ps) “) (3 1) 


For t > t the law of density growth at x= 0 will be p(0, ¢t) = 
o,(F + t)?2. To this law there corresponds for t = t, the following 
density distribution: 


" P 1 / Ly , 
Og (x, t) = Ge (T + t1)”* fe (zag “*c!* (¢ + t,)~ ATP /2 (3.2 
f 1 ) 


where for no values of the parameters r, a) and 0, of the functions f, 
and fo can the density distributions coincide. 


(1), 


Now consider two solutions p t), p'?) (x, t) of Equation (2.1), 


where pcs, t,)? p'?) (x, 


p'?)co, ¢). 


t,) for t= ¢, and for t> t¢ ep") co, t) = 


] a 


We choose the parameters which appear in the boundary conditions for 
the solutions pi?) and p*??, in such a manner that 


0 (x, i> (xz, ty) >¢ x . o” (0, t) 


Pi,2 


Then, according to the theorem of Barenblatt and Vishik [3 ], the 
following inequality must hold: 


eo) (x, t) >p, (zt) >p™ (x,t) = for t 


2) 


The choice of the majorant p)) and the minorant p' depends on the 


conditions of the problem. * 





It should be noted that in [3 ] an indication is given of the possi- 
bility of using this theorem for estimating the solution of Equation 
(2.3). 
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Example. Let 


0 (0, t) 6, t for ty} >t>0, p (0, t) 


For t = t, the density distribution has the form 


nth | 4 


L 


l 


For the same moment of time t, the density distribution corresponding 


l 
to an instantaneous growth of density at the zero section [ p 0] ata 


time r‘?? up to the value ao, ao,t, will be 


he 


sini 1 
75E1] — z@ (4 


In the figure the line labeled 1 and the curve 2 are contructed 
according to Formulas (3.6) and (3.7), where the interval of time rfl) 
is chosen so that the equality condition at the gas front for both cases 


is satisfied, that is 


From here, with the substitution €9 (1) 


1» we have p 2) 0.617 t 


1° 

In this case it is appropriate to choose (3.7) as majorant pt), that 
(1) 

) ( 


‘ 
a Po(x, t), where ¢ > t, and for p° a function correspond- 


is, f 
ing to an instantaneous growth of the density at the zero section to a 


9 
r (2). 


certain value Koa.,(k 1) for t it is necessary to choose « and 


9 
r \4) 


in such a way that the whole curve 3 of the density distribution at 
the moment tft ty lies under the line 1 and the tangent to it (see 
figure). 


By graphical means it was found that x = 0.93, r 


( 2 , 
Thus, p 1) and p' ’ must have the following form 


and condition (3.4) for the function p,(x, > will be satis- 
fied. 
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The area of the strip contained between 2 and 3 in the figure 
roughly 15 per cent of the area lying below curve 2. 


From this it follows that Q‘!)/o‘?) ~ 1.15, where © 
volumes of fluid entering the porous medium at the time 


(1) There- 


sponding to p 
fore, when calculating the volume 
of the fluid in any case, the 
bounded variant in the error must 
not be greater than 15 per cent. 
From this it follows that the re- 
lative error is of order 7 to 8 


per cent. 
We observe that 


for t—« 


In a completely analogous manner problems can also be solved for the 
more common case 


We do not carry out the calculation in detail here > observe only 


? 
that Po 0.25, g6)) sf?) - 1.08 for ¢t t 


1° that is, he error recti- 


linearly approximated will be of the order of 4 per 


4. is known that the similarity solution 


which corresponds to the exponential law of growth p Py, expla 
at x 0[41], can be approximated by the straight 


Evidently it is possible on the basis of this t« btain the solution 
for the case in which p(0, t) is a piecewise smooth function consisting 
of an exponential and power dependency. 

the density at «x 9, O< ft t, vary accordi! t a power 
ty the density behaves like the exponential , 
: (1) (2) 7 
consider the solutions p and p corresponding o the follow- 


law of growth of the density at «x 
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1) 


We choose « so that the density distribution at the end of the first 
stage is contained in a strip of the distribution pes, t,) and 
p 2), t,); thus, according to [3 l, relations (3.3) are satisfied. 
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The paper investigates the plane strain of an anisotropic rigid plastic 
body in the presence of stresses which correspond to the side of the 


yield prism suggested by Ivlev [1 Ss 


1. In the works of Ivlev [1 - Hu [2 ] and Sawezuk [3 | use was made 

of piecewise linear conditions for plastically anisotropic bodies. In 
[2,3 ], im the formulation of the yield con- 
ditions, the authors considered cases when 
the principal axes of stress and the principal 
axes of anisotropy were coincident at every 
point in an orthotropic body. There are, how- 
ever, few problems for which these conditions 
are satisfied. 


In the formulation of piecewise linear 

yield conditions for anisotropic bodies a 

change in the orientation of the principal 

axes of stress in an element of the body re- 

lative to a fixed system x, y, z is, in 

general, a factor which must be taken into 
account. The yield condition suggested by Ivlev [1 | for bodies with 
Plastic anisotropy of the most general kind do, in fact, take this factor 
into account. In the general case of plastic anisotropy the yield points 
in tension and compression are different and depend on the direction 
cosines given by the direction of the tension or compression relative to 
the axes x, y, 2z. 


On the assumption that the yield condition is independent of the mag- 
nitude of the hydrostatic pressure and that the yield curve is not con- 
cave, the yield condition for an ideal plastic anisotropic body can be 
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interpreted in the principal stress space as a six-sided prism, the sides 


of which are parallel to the line a; Os O.. 


< 


The yield condition (Fig. 1) is of the following form [ 1 | 


are the yield points in 
tension 


are the yield points in 
compression in the 
direction of the princi- 


pal axes of stress. 


2. Let us consider the equilibrium of an anisotropic rigid plastic 
cylinder of infinite length, with generators parallel to the z-axis, 
under the action of a surface load which is constant along the generators. 
An isotropic body under such conditions would experience plane deforma- 
tion. In a body which has the most general form of anisotropy plane de- 
formation is not possible. Let us suppose that the body under considera- 
tion undergoes so-called pure plane deformation in such a way that the 
components of the stress tensor and the tensor of rate of strain are in- 


dependent of z, and 


(2.1) 


It follows from (2.1) that the direction of the z-axis is a principal 
direction for the stress tensor and the tensor of rate of strain. 


Consequently, the orientation of the principal directions of stress 
relative to the x, y, z-system can be determined from the angle @ between 
the first principal direction and the x-axis. We note that the plastic 
state which satisfies condition (2.1) is given by points lying on the 
sides of the yield prism, 


If 9,>9%,> 9%, the side (FA) corresponds to the plastic state and 


has the equation 


(ky = ky (q), ‘ $2 (@)) 2.2) 





Plane strain of plastically anisotropic bodies 


If we take the left-hand side of (2.2) as the plastic potential, we 
find that the condition €» 0 can be satisfied only when k, (@) So(D). 
It follows that certain conditions must be satisfied concerning the 
anisotropy of the body under consideration. If the body is orthotropic, 
then for the plane deformation given by (2.1) it is essential that the 
yield point Y(@) in tension-compression satisfies the condition that 
Y(@) Y(@ = 1/2 wm). A consideration of plane deformation of an ortho- 
tropic body with the yield condition used by Hill als leads to this 
fourfold symmetry of the yield point in tension-compre 


We note that the plane deformation corresponding t an edge of the 
yield prism which was considered by Ivlev in [1] does not cover all 
cases of the plane deformation of an anisotropic body, ince in this 
case there are no limitations on the nature of the anisotropy, and trans- 
ition in the limit to the isotropic case of plane deformation is not 
possible. 


From now on we shall assume that the body we are considering satisfies 
the above requirements. In particular, the yield points in tension and 
compression for an orthotropic body are the same, and the condition of 


plasticity (2.2) in the case of plane deformation reduces to the form 
6) — 6, == Y (9g) (2.3) 


Transferring now to components in a system of Cartesian coordinates, 
we find that 


Equation (2.4) can easily be satisfied by substitut I f expressions 


given by the transformation formulas 


p ++ ¥ (q) cos 29, | - ¥ (q) sin 2¢, > ¥ (@) sin 2g 


where 


Substituting Expressions (2.5) into the equilibrium equations, we ob- 
tain 


Op : 
25- — (2Y sin 29 - 


Oz 
oP 
» 


' ow , ’ 
1. ) c 9 } _n 
25, (2Y cos 2@ +- } sin 2@) 3. 


The set of equations -7) has two real families of rthogonal 
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characteristics, the equations of which are 


2Y sin 29 — Y’ cos 29 + V Y? + 4Y? 


2Y cos 29 + Y’ sin 29 





Along the characteristics there exist the relations 


i ——— 
P+ G(q@) = const (c =F \ V Y ‘2+ 4Y2 dg) (2.9) 


Equations (2.5) through (2.9) coincide with the corresponding equa- 
tions of Ivlev [1] (if the misprints in the latter are corrected), but 
they refer to the stresses on the face of the yield prism. 


If we consider the left-hand side of the yield condition (2.4) as the 
plastic potential and make use of (2,6),we can establish the flow law in 
the following form: 


where €. fy Yey 2Fre the components of rate of strain. 


It will be convenient here to introduce the function wW as the angle 
between the first principal direction of rate of strain and the x-axis 
2Y sin 29 — Y’ cos 2p 


Ob —_ 
tan 2y 2Y cos 2p +- Y’ sin 29 


(2.11) 

From (2.10), (2.11) and (2.5) we can easily find the set of equations 
which gives the velocity components Cas vy: 
Ov Ov 


cot2p| a (2.12) 


: Ou 

Equations (2.12) are of the hyperbolic type and their characteristics 
coincide with those of (2.7). After substitution of (2.11) the equation 
of the characteristics is considerably simplified and becomes 


dy dx- > 2 - j (2.13) 


Thus, the characteristics are slip-lines (by slip-lines we mean lines 
of maximum rate of shear strain). In view of the anisotropy they do not 
normally coincide with the lines of maximum shear stress. 


If we now denote the components of the rates of strain along the slip 
lines a and f by u and v, we have from (2.12) the following equations: 





(2.14) 


which show that the rates of linear strain along the slip-lines are zero. 
After transforming (2.14) we obtain the well-known Geiringer relations 


du—vdp=0 along the line a dv + udp =0 along the line B (2.45) 


3. It can easily be shown that there exist particular solutians to 
Equations (2.7) — the so-called integrals of the equations of the plane 
problem in the theory of plasticity. In general, the solution reduces to 
an examination of the boundary-value problems analogous to those for an 
isotropic body. The boundary conditions are given by the formulas 


L «» ’ 
5 P 1. 5 Y (@) cos 2(@ — a), c. 2. (p) sin 2 (@ — @) (3.1) 


n 2 


where oc, and r, are the normal and tangential components of the stresses 
on the surface of the body, which is in a plastic state, and a is the 
angle between the normal to the surface and the x-axis. 


We shall consider now the line of discontinuity of stress. From the 
condition of continuity of the stress components Co, and r, on the lines 
of discontinuity we obtain the following relations: 


i as P 
pt+~ Y (@*) cos 2(@* - 6) = p> +7 Y (@-) cos 2(g 9) 


> Y (p*) sin 2 (g* — f) :~ ¥ (p-) sin 2(9- —_ @ 


where 0 is the angle between the normal to the line of discontinuity and 
the x-axis. 


The angle @ can be found from (3.3) as follows: 


{ —1 Y (@*) sin 29+ — Y (@-) sin 29- 
§ = Fr tan Y (@*) cos 29 = (—-) cos 29- 


or §= y en (3.4) 


In contrast to the case of an isotropic body the line of discontinuity 
in general is nowhere the bisector of the angle formed by the slip-lines. 
In the case of an orthotropic body it can bisect this angle only when 
the line of discontinuity coincides with one of the principal axes of 
anisotropy of the material. 


In our particular case of plane deformation the extremum theorems can 
be formulated in an analogous manner to the theorems for an isotropic 
body [5,6 ]. The assumptions that the yield curve is not concave and that 
the angular change at the yield point is limited enable us to establish 
two basic inequalities which formulate the extremum properties. 
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4. As an example we shall consider the problem of finding the limit- 
ing load for an obtuse-angled wedge under the action of a uniform pres- 
sure q applied to one side of the wedge. We shall assume that the 
material is orthotropic and behaves as a 
rigid plastic body. We shall take the 
principal axes of anisotropy of the 
material as the coordinate system x, y, 

z. The angle between the axis of syn- 
metry of the wedge and the y-axis will 
be denoted by «€ (Fig. 2). 


It is apparent that the triangular 
areas ABO, COD are in a state of uniform 
stress. These two areas are connected by 
the centered field BOC. 


In ACOD¢,=y- 1/27-—€, p, = — q+ 1/2Y(%,); the angle ¥, between 


OC and the x-axis can be found from Equation (2.11). 


In AAOB d, = —(y + €), Py = — 1/2Y¥(@,); the angle w, between OB and 


the x-axis can also be found from (2.11). 


Thus, having found Wy and Wo, we can construct the triangular areas 
AOB and COD and then join them with the centered fan BOC. The limiting 
load qg* can be found most easily from the condition that 7 is constant 


over the whole area. 


It follows from (2.9) that 
Pi + G (q) 2 + G (p,) 


The limiting load is therefore 
Pr 
1 [ , ‘ : 4 > t+ sear 
q° r | Y (Qi) + Y (2) 1 \ VY’? + 4yY “dq 
“i ws 
In the case of an isotropic body we simply put Y(d) = ¢,* const, 
€ 0, d= Ww in order to derive the well-known formula for the limiting 


load for an obtuse wedge [5 |]. 


In a similar way we can find very simply the limiting load required 
to compress a flat piece of material into a half-plane and solve several 
other problems. 
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Self-similar techniques allow one to find exact solutions in a number of 
problems, while in a wider class of problems they allow one to obtain 
approximate solutions. These techniques are examined in general terms in 
[1]. There exists also a large number of papers, in particular the work 
of Barenblatt [2,3 ], Barenblatt and Zel’dovich [4,5 ], in which the 
method of self-similar solutions is successfully applied to various prob- 
lems of the nonstationary motion of continuous media. 


Self-similar solutions as a means of obtaining exact solutions of the 
equations of dynamic plasticity in plane problems have been investigated 
by the author [6]. The aim of the present note is to show how approxi- 
mate solutions for a wider class of problems may be obtained. 


1. The nonsteady motion of an ideally plastic medium in a state of 
plane strain is described by the following system of equations [7 }: 


0S. OT xy u OTL, 


Ox oy 
oy 


du | Oy Ou On 


Ou | Ox — Ov/ Oy’ Oz Oy 


Expressing the stresses in terms of the functions y and @ by means of 
the formulas 


) 


k sin 2¢ 


OP 2) 
Oy 2k 


cos 2q 
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cot 2g 


C1 


If we introduce new independent variables 


then the system (1) on the form 


O"g 
Ou 
oF 


Ou 


S <q 
sin <F 


cot <@| 


For t,* this system passes to the system of equations of self- 


similar motions which was examined in [6]. The quantity t, can be re- 


0 
garded as a characteristic time of the nonstationary process, which for 
self-similar motions is infinite, but which in a wider class of motions 
is finite. To obtain an approximate solution for large values of t 


one 


0 
naturally expands in powers of rf 


Substituting the expansions (1) into Equations (3), and setting equal 
to zero the coefficients of like powers of r, we obtain successive 
systems of equations of zeroth, first, second, etc. order of approxima- 
tion. 


The zeroth-order system is a system of self-similar equations. Let us 
examine in detail the first—order approximation. 


The corresponding equations have the form 


, 
(0)74 


<q 
’ ) 





, , , : (1) 
This is a system of four linear equations in the unknowns j » @ 


( : en ; 
yt) v A). We assume that the solution of the self-similar equations 


has already been obtained; hence, all quantities of zeroth order can be 
regarded as known. We then determine the characteristics of the system (5). 


To do this it is necessary to solve the equations of the system for the 


partial derivatives, together with the expressions for the total differ- 
(1) gi) yi)? yi) 


entials of the functions y The equation for the de- 
termination of the directions of the characteristics has the form 
ai, 0, where the coefficients of the determinant a;, are the follow- 


ing 


It is easily seen that the fourth-order determinant decomposes into 
two determinants of second order, giving two equations for the determina- 
tion of du/dA. It turns out that each of these equations leads to an 
expression for the characteristic directions of the following form: 


ul T 


tan @ 


i 


Hence, at each point of the A, p-plane there are two real character- 
istic directions, each with a multiplicity of two, so the system (5) is 
hyperbolic in the entire A, p-plane. 


The hyperbolicity of the system (5) allows one to develop numerical 
methods of solution that are analogous to the methods applied in static 
plasticity and gasdynamics. One of the possible versions of difference 
equations, which allow one to carry out the numerical integration of the 
system of nonlinear equations of self-similar motion, was investigated 
in [6]. In the present case the difference equations will be somewhat 
more complicated because the unknown function ¢'?? appears along with the 
velocities in the last two equations for the first-order approximation. 
On the other hand, the present problem is simpler in that the system (5) 
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is linear, so that its characteristics are known beforehand. It is 

essential to note that, as follows from Formula (7), the characteristic 
directions of system (5) coincide with the characteristic directions of 
the system of self-similar equations, so that they may be considered as 


known if the zeroth-order approximation is known. 


2. The equations which have been obtained allow one to find approxi- 
mate solutions for a number of dynamic plasticity problems. The self- 
similar problem of the propagation of a constant pressure p over the sur- 
face of a half-space was investigated in [6]. Let us assume that it is 
required to solve the more difficult problem where p depends on time. We 


in the form 


represent the pressure on the surface of the body 


i If p is expanded in a power series 





then for the equations of the first-order 
approximation we have the following combina- 
tion of boundary-value problems (figure). In the triangle ABD we have a 
Cauchy problem; in the fan ADC a degenerate Goursat problem; and in OAC 
a mixed problem. As a result, one may find the stresses and velocities 
in the entire plastically deformed region of the A, p-plane. In a con- 
pletely analogous fashion one may solve the problem of the propagation 
of pressure when the wave-front velocity depends on time. 
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ERRATUM 


Erratum to the article by A.P. Proskuriakov, "Oscillations of quasilinear 
nonautonomous systems with one degree of freedom near resonance." (PMM 
Vol. 23, No. 5, 1959). 


Due to an oversight on my part, the equations for functions Yio(t). 
¥,,{*), Yi2(*) given on p. 1225, lines 19-21 are not correct. Incorrect 
also is the assertion that "Analogous equations hold for Yoo (t), Yo, (t), 
Yoo(t)." 


However, these equations are not even required. It is not difficult 
to see that 


y(t) = (Ox(t)/0Ay), yo(t) = (Ax(t)/0B,) 


are particular solutions of variational equations (4.1), which constitute 
the fundamental system. Consequently, to find the functions y,(*) and 
¥o(t) it is sufficient to differentiate with respect t« Ay and By the 
coefficients of the expansion of the solution x(t) into a series of in- 
teger powers of the parameter p, determined by Formulas (1.4), (3.7), 
(3.8). FPormulas (4.3) give the correct values of the sought functions. 


A.P. Proskuriakov 
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